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introduction

electroencephalography (EEG) and magnetoencephalography (MEG)
are techniques used to investigate brain activity, with a unique time
resolution

EEG → electric potential distribution

MEG → magnetic field

even if generated by the same sources, MEG and EEG signals differ
and carry complementary information

source reconstruction is an important procedure in many applications

combined EEG and MEG complementary information provides
outperforming source reconstructions in presurgical epilepsy diagnosis
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forward problem in EEG and MEG

solving the EEG forward problem means solving a
partial differential equation

solving the MEG forward problem needs the EEG forward problem
solution and it consists in solving an integration problem
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EEG Forward Problem

the goal is to evaluate the electric potential u{
∇ · (σ∇u) = ∇ · jp, in Ω ⊆ R3

∇u · n = 0 on ∂Ω

where

σ conductivity of the brain

jp = M · δr0 dipole source

M dipole moment;
δr0 Dirac delta centered in r0.

analytical solution in sphere
model (de Munck et al., 1988)

numerical solution in realistic
models
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MEG Forward Problem

the goal is to evaluate the magnetic B-field B (Biot-Savart):

B(r) =
µ0

4π

∫
Ω

j(r′)× r− r′

|r− r′|3
d3r′

=
µ0

4π

∫
Ω

(
jp(r′) + js(r′)

)︸ ︷︷ ︸
electric current density

× r− r′

|r− r′|3
d3r′

=
µ0

4π
M× r− r0

|r− r0|3
+
µ0

4π

∫
Ω

js(r′)× r− r′

|r− r′|3
d3r′

= Bp(r) + Bs(r)

where js depends on the EEG forward solution u
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MEG Forward Problem

the goal is to evaluate the magnetic flux Φ

Φ =

∫
S

B · ds =

∫
S

(∇× A) · ds =

∮
C=∂S

A · dc

where

B magnetic field

A magnetic vector potential

S face of the sensor

C = ∂S contour of the coil

analytical solution out of a
sphere model (Sarvas, 1987)

numerical solution once u is
computed
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forward problem: ingredients

head model:

electrical features
geometrical features

sensor model

source model

method:

vast spectrum of different numerical methods
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head model - 1
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head model - 1
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head model - 2
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head model - 3

realistic modeling of the volume conductor has strong effects on both
EEG and MEG (superficial sources)

numerical inaccuracies are negligible compared to modeling effects

guideline:
1 CSF
2 grey/white matter distinction
3 white matter anisotropy
4 skull compacta/spongiosa
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numerical methods to solve partial differential equations

Boundary Element Method (BEM)

Finite Element Method (FEM)

Finite Volume Method (FVM)

Finite Difference Method (FDM)
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numerical methods

Boundary Element Method (BEM)

Finite Element Method (FEM)

Continuous Galerkin (CG)
Discontinuous Galerkin (DG)
Unfitted Discontinuous Galerkin (UDG)
Mixed Fomulation
Immersed
...

Finite Volume Method (FVM)

Finite Difference Method (FDM)
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numerical methods

Boundary Element Method (BEM)
(Mosher et al., 1999; Kybic et al., 2005; Acar and Makeig, 2010; Gramfort et al., 2011; Stenroos and Sarvas, 2012)

Finite Element Method (FEM)
Continuous Galerkin (CG)
(Bertrand et al., 1991; Marin et al., 1998; Schimpf et al., 2002; Drechsler et al., 2009; Pursiainen et al., 2016)

Discontinuous Galerkin (DG)
(Engwer et al., 2017)

Unfitted Discontinuous Galerkin (UDG)
(Ning et al., 2016)

Mixed Fomulation
(Vorwerk et al., 2017)

Immersed
(Vallaghé et al., 2008)

...

Finite Volume Method (FVM)
(Cook and Koles, 2006)

Finite Difference Method (FDM)
(Wendel et al., 2008; Vatta et al., 2009; Montes-Restrepo et al., 2014)
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Galerkin method to solve a pde

Strong Formulation

↓

Weak ( Variational) Formulation

↓

Discrete Weak ( Variational) Formulation
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Strong Formulation

↓

Weak Formulation

↓

Discrete Weak
Formulation

?u : ∆u = f

↓

?u ∈ V :

∫
Ω

(∆u = f )v dΩ ,∀ v ∈ V

?u ∈ V :

∫
Ω
∇u∇v dΩ =

∫
Ω
fv dΩ ,∀ v ∈ V

↓

?uh ∈ Vh : a(uh, vh) = l(vh) ,∀ vh ∈ Vh

Au = f

20 / 66



Strong Formulation

↓

Weak Formulation

↓

Discrete Weak
Formulation

?u : ∆u = f

↓

?u ∈ V :

∫
Ω

(∆u = f )v dΩ ,∀ v ∈ V

?u ∈ V :

∫
Ω
∇u∇v dΩ =

∫
Ω
fv dΩ ,∀ v ∈ V

↓

?uh ∈ Vh : a(uh, vh) = l(vh) ,∀ vh ∈ Vh

Au = f

20 / 66



Strong Formulation

↓

Weak Formulation

↓

Discrete Weak
Formulation

?u : ∆u = f

↓

?u ∈ V :

∫
Ω

(∆u = f )v dΩ ,∀ v ∈ V

?u ∈ V :

∫
Ω
∇u∇v dΩ =

∫
Ω
fv dΩ ,∀ v ∈ V

↓

?uh ∈ Vh : a(uh, vh) = l(vh) ,∀ vh ∈ Vh

Au = f

20 / 66



Strong Formulation

↓

Weak Formulation

↓

Discrete Weak
Formulation

?u : ∆u = f

↓

?u ∈ V :

∫
Ω

(∆u = f )v dΩ , ∀ v ∈ V

?u ∈ V :

∫
Ω
∇u∇v dΩ =

∫
Ω
fv dΩ ,∀ v ∈ V

↓

?uh ∈ Vh : a(uh, vh) = l(vh) ,∀ vh ∈ Vh

Au = f

20 / 66



Strong Formulation

↓

Weak Formulation

↓

Discrete Weak
Formulation

?u : ∆u = f

↓

?u ∈ V :

∫
Ω

(∆u = f )v dΩ , ∀ v ∈ V

?u ∈ V :

∫
Ω
∇u∇v dΩ =

∫
Ω
fv dΩ ,∀ v ∈ V

↓

?uh ∈ Vh : a(uh, vh) = l(vh) ,∀ vh ∈ Vh

Au = f

20 / 66



Strong Formulation

↓

Weak Formulation

↓

Discrete Weak
Formulation

?u : ∆u = f

↓

?u ∈ V :

∫
Ω

(∆u = f )v dΩ , ∀ v ∈ V

?u ∈ V :

∫
Ω
∇u∇v dΩ =

∫
Ω
fv dΩ ,∀ v ∈ V

↓

?uh ∈ Vh : a(uh, vh) = l(vh) , ∀ vh ∈ Vh

Au = f

20 / 66



Strong Formulation

↓

Weak Formulation

↓

Discrete Weak
Formulation

?u : ∆u = f

↓

?u ∈ V :

∫
Ω

(∆u = f )v dΩ , ∀ v ∈ V

?u ∈ V :

∫
Ω
∇u∇v dΩ =

∫
Ω
fv dΩ ,∀ v ∈ V

↓

?uh ∈ Vh : a(uh, vh) = l(vh) , ∀ vh ∈ Vh

Au = f

20 / 66



Lagrange-type elements: d.o.f. node-based, shape functions
are continuous
L2 - conforming elements: d.o.f. cell-based, continuity
across element interfaces is not required
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CG-FEM and the subtraction approach - EEG

the goal is to evaluate the electric potential u{
∇ · (σ∇u) = ∇ · jp, in Ω ⊆ R3

∇u · n = 0 on ∂Ω

split u and σ
u = u∞ + ucorr

σ = σ∞ + σcorr

where u∞ is solution of Poisson equation in an unbounded and
homogeneous domain with conductivity σ∞

24 / 66



CG-FEM and the subtraction approach - EEG

the goal is to evaluate the electric potential u{
∇ · (σ∇u) = ∇ · jp, in Ω ⊆ R3

∇u · n = 0 on ∂Ω

split u and σ
u = u∞ + ucorr

σ = σ∞ + σcorr

where u∞ is solution of Poisson equation in an unbounded and
homogeneous domain with conductivity σ∞

24 / 66



CG-FEM and the subtraction approach - EEG

when multiplying with a test function vh ∈ Vh and integrating by parts we
obtain the weak formulation:

CG - FEM (Drechsler et al., 2009)

find ucorrh ∈ Vh ⊂ H1 s.t.∫
Ω
σ∇ucorrh · ∇vhdx = −

∫
Ω
σcorr∇u∞ · ∇vhdx −

∫
∂Ω
σ∞∇u∞ · nvhds)

(the solution exists and it is unique)
(derivation of the weak form on the smart board)
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CG-FEM and the subtraction approach - MEG

B(r) = Bp(r) + Bs(r)

Bs(r) =
µ0

4π

∫
Ω

js(r′)× r− r′

|r− r′|3
d3r′

Bs(r) =
µ0

4π

∫
Ω
σ∇u(r′)× r− r′

|r− r′|3
d3r′

Bs(r) =
µ0

4π

∫
Ω

(σ∇u∞(r′) + σ∇ucorr (r′))× r− r′

|r− r′|3
d3r′
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the Discontinuous Galerkin method in EEG
[Engwer et al., SIAM J. Scientific Comp., 2017]
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schematization

C0: skull (very low conductivity)

C1: CSF

C2: skin
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schematization: CG FEM

C0: skull (very low conductivity)

C1: CSF

C2: skin
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conservation of charge ∫
∂K
σ∇u · nds =

∫
K
fydx

for any control volume K ⊂ Ω

the strong solution of the Poisson equation fulfills this property, i.e.
there is a conservation property for the correction potential:∫

∂K
jcorr · nds =

∫
K
f corrdx

where

jcorr = σ∇ucorr
f corr = −∇ · σcorr∇u∞

in general, a conforming discretization does not guarantee this
property
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triangulation and h

A triangulation T (Ω) of a domain Ω is:

a finite set of disjoint open sets Ee

forms a partition of Ω

h denotes the mesh width, h := maxdiam(E )|E ∈ T (Ω)

Broken polynomial spaces

piecewise polynomial spaces on a triangulation of Ω

V k
h :=

{
v ∈ L2(Ω) : v |E ∈ Pk(E )

}
,

where Pk denotes the space of polynomial functions of degree k

jump and average operators

JuK := u|Eene + u|Ef
nf , u := σf

σe+σf
u|Ee + σe

σe+σf
u|Ef
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Symmetric Interior Penalty Galerkin (SIPG) - formulation

find ucorrh ∈ V k
h s.t.

a(ucorrh , vh) + J(ucorrh , vh) = l(vh), ∀vh ∈ V k
h

lhs=

=

∫
Ω
σ∇ucorrh · ∇vhdx −

∫
Γint

σ∇ucorrh JvhKds

−
∫

Γint

σ∇vhJucorrh Kds + η

∫
Γint

σ̂γ
hγ

Jucorrh KJvhKds

rhs=

−
∫

Ω
σcorr∇u∞ · ∇vhdx +

∫
∂Ω
σ∞∇u∞ · nvds +

∫
Γint

σcorr∇u∞JvhKds
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Symmetric Interior Penalty Galerkin (SIPG) - properties

Theorem

for η > 0 sufficiently large, the SIPG discretization has a unique solution;
consistent with the strong problem

Lemma

the SIPG discretization fulfills a discrete conservation property, with

~jcorr = {σ∇hu
corr
h } − η σ̂γ

ĥγ
Jucorrh K

f corr = −∇ · σcorr∇u∞
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schematization: DG FEM

C0: skull (very low conductivity)

C1: CSF

C2: skin

39 / 66



the Discontinuous Galerkin method in EEG
[Engwer et al., SIAM J. Scientific Comp., 2017]
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the Discontinuous Galerkin method in EEG
[Engwer et al., SIAM J. Scientific Comp., 2017]

fulfills the property of conservation of charge

a conservative flux

the electric flux js has two different representations:

js,NONcons and js,cons

js,NONcons does not fulfill the conservation of charge property

js,cons does

in a CG-FEM discretization only js,NONcons can be reppresented,

in a DG-FEM both.

→ curing “skull leakage” effects

uses directly voxel-based representation of the head
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results

convergence and comparison CG - DG

leaky scenarios analysis
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convergence and comparison

4 layer spherical head model

compartment outer radius conductivity

brain 78 mm 0.33 S/m

CSF 80 mm 1.79 S/m

skull 86 mm 0.01 S/m

skin 92 mm 0.49 S/m

Table: head model features
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convergence and comparison

hexahedral meshes with different resolutions (1mm, 2mm, 4mm)

10 randomly distributed sources for 10 different eccentricities

relative difference measure:

RDM(u, v) = || u

||u||2
− v

||v ||2
||2

logarithmic magnitude error:

lnMAG (u, v) = ln

(
||u||2
||v ||2

)
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Figure: convergence - RDM
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Figure: convergence - lnMAG
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leaky scenario statistics

skull thickness num leaks

seg 2 res 2 r82 2 10,080

seg 2 res 2 r83 3 1,344

seg 2 res 2 r84 4 0

Table: leaky head models: 428,185 nodes; 407,907 elements

Figure: r82 Figure: r83 Figure: r84
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Figure: leaky - RDM
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Figure: leaky - lnMAG
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skull leakages of volume current - 4
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the Discontinuous Galerkin method in MEG
[Piastra et al., Frontiers in Neuroscience, 2018]

effects of fulfilling the property of conservation of charge?
how is the general DG-FEM behavior?

“skull leakage” scenarios?
how can this method be accessible for our Neuroscience community?
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Bs(r) =
µ0

4π

∫
Ω

js(r′)× r− r′

|r− r′|3
d3r′

Bs,NONcons(r) = µ0
4π

∫
Ω js,NONcons(r′)× r−r′

|r−r′|3 d
3r′

Bs,cons(r) = µ0
4π

∫
Ω js,cons(r′)× r−r′

|r−r′|3 d
3r′
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the Discontinuous Galerkin method in MEG
[Piastra et al., Frontiers in Neuroscience, 2018]

effects of fulfilling the property of conservation of charge?
how is the general DG-FEM behavior?

“skull leakage” scenarios?
how can this method be accessible for our Neuroscience community?

simulation in a sphere model
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the Discontinuous Galerkin method in MEG
[Piastra et al., Frontiers in Neuroscience, 2018]

effects of fulfilling the property of conservation of charge?
how is the general DG-FEM behavior?

“skull leakage” scenarios?
how can this method be accessible for our Neuroscience community?
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the Discontinuous Galerkin method in MEG
[Piastra et al., Frontiers in Neuroscience, 2018]

effects of fulfilling the property of conservation of charge?
how is the general DG-FEM behavior?

“skull leakage” scenarios?
how can this method be accessible for our Neuroscience community?

sphere model: RDM% mean= 1.5% and MAG% mean = 0.1%
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the Discontinuous Galerkin method in MEG
[Piastra et al., Frontiers in Neuroscience, 2018]

effects of fulfilling the property of conservation of charge?
how is the general DG-FEM behavior?

“skull leakage” scenarios?
how can this method be accessible for our Neuroscience community?

simulation in a sphere model with leakages
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the Discontinuous Galerkin method in MEG
[Piastra et al., Frontiers in Neuroscience, 2018]

summary

a conservative representation of the flux increases the accuracy of
DG-FEM results in MEG

for the finest mesh resolution of 1 mm, sources with a distance of
1.59 mm from the brain-CSF surface, DG-FEM yielded mean RDM%
of 1.5% and mean MAG% of 0.1% for the magnetic field

skull leakages do not play a role for the MEG modality

in a combined EEG and MEG (EMEG) source reconstruction analysis
is desirable to employ the same forward model for both EEG and
MEG data

DG-FEM complements, and in some cases as the skull leakage
scenarios, outperforms CG-FEM in EEG or combined EMEG
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the Discontinuous Galerkin method in MEG
[Piastra et al., Frontiers in Neuroscience, 2018;12:30]

proof of concept:
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outline

general introduction

continuous Galerkin for EEG and MEG

discontinuous Galerkin for EEG and MEG

unfitted discontinuous Galerkin for EEG

summary
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the Unfitted Discontinuous Galerkin method in EEG
[Nüßing et al., IEEE Trans. on Biom. Eng., 2016]

good conservative properties of the DG-FEM

uses hexahedral meshes

eliminates geometrical error

obtains same accuracy as DG-FEM in tetrahedral model

ouperforms DG-FEM in hexahedral model

controlled computational costs
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summary

the subtraction approach cures the singularity on the right-hand side
of the EEG forward problem (Wolters et al., 2007; Drechsler et al.,
2009)

CG-FEM can suffer from skull leakages (directly in EEG (Engwer et
al., 2017), indirectly in MEG (Piastra et al., 2018))

SIPG (DG) - FEM fulfills conservation law, it has the same accuracy
as CG-FEM and voxel-based representations can be used directly
(Engwer et al., 2017)

UDG-FEM use level set function directly and outperforms DG-FEM
on hexahedral meshes (Nüßing et al., 2016)
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Structure

• Validation of different FEM forward approaches in TES 
and EEG

• CutFEM

• Mixed FEM



Validation and evaluation of new FEM forward approaches

[Vogenauer, Master Thesis in Mathematics, 2019]
[Piastra,…, Wolters, Frontiers in Neurosci., 2018]

[Engwer, Vorwerk, Ludewig & Wolters, SIAM J. Sci. Comp., 2017]



[Vogenauer, Master Thesis in Mathematics, 2019]

TES: Validation and evaluation of surface-based tetrahedral FEM
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TES: Validation of Continuous Galerkin (CG) and Discontinuous Galerkin
(DG) FEM in 2 mm hexahedral meshes with 4 mm skull thickness

[Vogenauer, Master Thesis in Mathematics, 2019]
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CG-FEM: Unphysical current flow through an FE node

”Skull leakages” when using standard FEM 
in insufficiently resolved hexahedral models

[Vogenauer, Master Thesis in Mathematics, 2019]
[Piastra,…, Wolters, Frontiers in Neurosci., 2018]

[Engwer, Vorwerk, Ludewig & Wolters, SIAM J. Sci. Comp., 2017]



DG-FEM: 
Continuous radial current flow component over tissue boundaries
Discontinuous potential over tissue boundaries

Discontinuous Galerkin- (DG-) FEM in hexahedral models

[Vogenauer, Master Thesis in Mathematics, 2019]
[Piastra,…, Wolters, Frontiers in Neurosci., 2018]

[Engwer, Vorwerk, Ludewig & Wolters, SIAM J. Sci. Comp., 2017]
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EEG: Validation of Unfitted DG (UDG) FEM
[Nüßing, Wolters, Brinck & Engwer,…UDG-FEM for EEG..., IEEE Trans Biomed Eng, 2016]



EEG: Validation of Unfitted DG (UDG) FEM
[Nüßing, Wolters, Brinck & Engwer,…UDG-FEM for EEG..., IEEE Trans Biomed Eng, 2016]



Structure

• Validation of different FEM forward approaches in TES 
and EEG

• CutFEM

• Mixed FEM



Level sets and cut elements
[Erdbrügger, Master thesis in Maths, 2021]

[Nüßing, PhD thesis in Maths, 2018]



CutFEM for tDCS and EEG
[Erdbrügger, Master thesis in Maths, 2021]

[Nüßing, PhD thesis in Maths, 2018]



Comparing CutFEM and CG-FEM
[Erdbrügger, Master thesis in Maths, 2021]

[Nüßing, PhD thesis in Maths, 2018]



Comparing CutFEM and CG-FEM
[Erdbrügger, Master thesis in Maths, 2021]



Comparing CutFEM and CG-FEM for EEG
[Erdbrügger, Master thesis in Maths, 2021]
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[Vorwerk, Engwer, Pursiainen & Wolters, IEEE Trans Med Imag, 2017]

Mixed FEM
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[Vorwerk, Engwer, Pursiainen & Wolters, IEEE Trans Med Imag, 2017]

Mixed FEM



Comparing mixed FEM and CG-FEM for EEG
[Vorwerk, Engwer, Pursiainen & Wolters, IEEE Trans Med Imag, 2017]



Comparing mixed FEM and CG-FEM for EEG
[Vorwerk, Engwer, Pursiainen & Wolters, IEEE Trans Med Imag, 2017]



Comparing mixed FEM and CG-FEM for EEG
[Vorwerk, Engwer, Pursiainen & Wolters, IEEE Trans Med Imag, 2017]



Summary
• BEM forward approaches In 3-compartment headmodels are the current 

standard, but FEM models allow inclusion of further inhomogeneity or 
anisotropy, which might be important (-> talk of Maria Carla Piastra)

• Different FEM approaches are available in DUNEuro and it is intructive in 
applications to check sensitivity to different forward approaches

• Fitted (CG- or DG-FEM) and unfitted FEM (UDG or CutFEM) show accurate 
results, their choice should mainly depend on the mesh properties 

• While mixed FEM and DG-FEM are “current preserving”, CG-FEM is not, but 
this seems only relevant, if thin compartments with considerably different 
conductivities have to be modeled with limited resolution

• Unfitted FEM, especially CutFEM
• showed less deviation in the 3-layer/4-layer test case scenarioand thus 

facilitates modeling of “touching skull and brain surfaces” and might 
thus facilitate mesh generation

• outperformed CG-FEM in most categories for both EEG and tDCS
• needs less degrees of freedom and thus less memory
• is more expensive for matrix setup (which has to be done only once)



Future outlook: Project PerEpi
(funded by ERA PerMed)



Thank you for your attention!

Münster SIM-NEURO workgroup
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