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Saint Venant source modeling approach
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[Hanrath, Dissertation in Maths, RWTH Aachen, 2019]

T h e Ve n a n t S O u rce m o d e I [Wolters, Lecture scriptum]
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Instead we now want to compute u,,,, for the monopole problem and solve

V - (cVumon)

Uvumon n

Axi = .

for u,;mon.-
The u symbolizes the electric potential. In the first equation wg;, is the electric
potential of the dipole and in the second equation u,,., is the electric potential of
a monopole distribution.

Those potentials should be the same. To ensure this, we use Multipole expansion
to expand the dipole potential and the monopole distribution potential.
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The Venant source model

For this, we require the assumption
Assumption 4. LetR™. Letxq,...,x,, v, x2_ € Qy, fulfill that a small ball around

the origin with radius § € R>? exists such that x1,...,z, € Bs(0) := {z € Q, |
|z| < &6} and a op € RT such that

o(x) =o¢ for all x € Bs(0). (3.3.1)
We define 0y as the mazimal § € R such that (3.3.1)) holds.

We will also need the definition
Definition 4. For the expansion of the monopole distribution we define

91 :=inf {0 € R| §p > 61 > max{|z1]|,...,|zn|}}-

So we choose the norm

[0l == llvll Lo Bs, (0)\Bs, (0))-
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The Venant source model

The potential of the dipole, which is also the solution of |2, can be represented by
the fundamental solution

Pp(z) =

" 4moy |z|3

(3.3.4)

This potential is a pure dipole potential and cannot be expanded further. Every
moment except the dipole moment is zero.
The potential of the monopole distribution is
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The Venant source model

Multipole expansion transforms the potential of the monopole distribution into an
infinite sum, where every summand is the respective higher order moment [31].
We then can conclude with the definitions of the scalar product and the [o>-Norm,
that

1

[z =il

= (|2* + |zil* = 2(ws, )71/

—1/2
|CL’| |'/'1:’Z|2 2 ’ xiax> /
7|2

forall e € {1,...,n}.

With the last factor we have used the Taylor expansion with the simplified function
(14 y)~ Y2, where we substituted ||:f;||22 — <2|'i|i2’$> with v.

This Taylor expansion can be used only for y < 1, which means that |xz| > |z;|
must hold.

Inserting and re-substituting gives the expression

n

. gi - |z’ |
(7)) = y— l;i:l P Py(cos(6;)), (3.3.6)

where P;(z) are the Legendre Polynomidis of order I € N and 6; is the angle between
the position vectors of the evaluation point z and the monopole location x;.
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The Venant source model

Ideally, we would then want to compute the strength of the monopole distribution
in such a way that the potentials are the same.

This would mean to solve the problem

Problem 6. Given are the monopole locations x1,...,xr, and the dipole potential
®p. Compute qq,...,q, such that

n

_> 00
1 (M, x) G - ||’
|®p — Pullx = min : e 47TJOE g [ ————Pi(cos(0;))
1

) 4o
(q15--5Gn) 0 =1 s

We can minimize the norm with the help of comparing the coefficients of both
expansions.

Unfortunately, this would require solving an infinite sum of equations.
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The Venant source model

To compute the loads ¢; with a computable algorithm, we have to reduce the prob-
lem to a finite number of sums.

The dipole potential contains only the second order term — every other term is equal
to zero. Terms within the monopole expansion decay with at least éil. Hence, the

0
decision to cut the potential of the monopoles after the third term seems reasonable.
What remains is to compute qq, ..., g, fulfilling

n

e[
Z Mﬂ(cos(ﬁi)) — min.

I+1
=

2 [ [
Let ®p(x) := ﬁ Z%:o e %Pl(cos(ﬁi)). With the definition of the scalar
pI‘OdUCt we acquire
Die ersten Legendre-Polynome lauten:

Po(:r) =1
P(z)==

Py(z) = %(3932 _1)

2 B >
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The Venant source model

If one then compares both potentials, one has to fulfill the following conditions:

1 n
0 = i
drog| x| ;q

1 <]V[),:1:> 1 zn: x
4rog |z|P  4mog|z|? ._1%%7 ||

B 1 T Y G (333i Q x; — |33z'|213><3) .
Amog2|z|? \ |z|’ 2

These conditions should hold for all z € €2, so they are transformed into equations
independent of x, namely
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We can interpret these condition_s> as linear equations of ¢qq,...,q, and thus we get
a matrix X and vectors 7 and t such that

1 ()
1 c. qo
929
3323
|31:1|2 3 - :1:21 |:z:2|2 3-:17”%— |:1:n|2

|:I:1|2 3. ZCQQ |:1:2|2 3°$n%—|$n|2

-:1:1 —|x1]? 3-w93 —|x0)? ... 37,2 —|7,|?

3-x11T19 3-291:-T29 ... 3-Tpi:Tpo
3'5611'5(313 3'5621'5623 3'£En1

\ ) 3. 13- T19 3-x93-T29 ... 3-Tp3-

N J N

0
v v
7

::X

Computing the 7 now means to minimize the functional

F(q) =X 7 - 7|3 - min.
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The Venant source model

Since the number of degrees of freedom n is in general larger than the
number of determined parameters on the left-hand side in (9), no unique
solution exists. To select a solution with minimal energy, which is a

physiologically plausible approach, we define a regularization matrix W
by (W)(m,s) = (HA)_CmHz)r/ *Sms for r =1 or r = 2 to solve (9). Now, the
vector g is the result of minimizing the functional

- = 2 — .2
FA(C]) = Hf _XC]HQ + M'WCIHQ (10)

with )_(J and t; defined as in (9). The first term measures the difference
between the original dipole moment and our approximation, whereas the
second term penalizes loads of large absolute value |g;|. Thereby,
spatially high-frequent, unphysiological sources with large absolute
values that do not contribute to the far-field, so-called blind sources, are
avoided (Louis, 2013). Furthermore, this additional term ensures the
uniqueness of the solution of minimizing F,.
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The Venant source model

Differentiation with respect to the g; yields the solution of the mini-
mization problem:

(11)

and as result for the vector g,

T

g=(X' X+ WW) X1

The choice r = 2 for the regularization matrix results in a spatial
concentration of loads around the dipole node, since large products AX;g;
are penalized. The parameter 4 should be chosen as small as possible in
order to approximate the desired moments accurately, but large enough
to avoid indetermination of the linear system.
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The Venant source model

In the direct Venant potential approach that uses the blurred dipole, the total

potential ®(x) =~ P,(x) =}, @;(x) g,[f lis projected into the FE space and, using

variational and FE techniques, the linear system

Kni, (6.126)

— lVenant,h
with the same stiffness matrix as in (6.111) is derived. The right-hand side vector

l\,enam € RNt has only C non-zero entries at the neighboring FE nodes to the

considered dipole location.

Right-hand side vector has only about 27 (for tetrahedra
models) non-zero entries and can be computed similarly
fast as PI.




Whitney source modeling approach



[Bauer, Pursiainen, Vorwerk, Kostler & Wolters, IEEE TBME, 2015]
[Pursiainen, Vorwerk & Wolters, Phys Med Biol, 2016]
[Miinalainen, Rezaei, Us, Niiling, Engwer, Wolters & Pursiainen, Neurolmage, 2019]

Whitney source model

Fig. 6. Two views of a linear Nédélec’s edge-based face function restricted to
a single tetrahedron 7'. The face F' and edge £ C F' determining the function
have been visualized with light blue and red (bold line) color, respectively.

One of the three edge based face functions of a Whitney source model
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[Pursiainen, Vorwerk & Wolters, Phys Med Biol, 2016]
[Miinalainen, Rezaei, Us, Niiling, Engwer, Wolters & Pursiainen, Neurolmage, 2019]

Whitney source model

Figure 3. On the left: A lowest order Raviart-Thomas basis function is supported on
two adjacent tetrahedral elements. On the right: The vector field of a Raviart-Thomas
basis function restricted to one tetrahedral element.

On the right: Whitney source built up of all three edge-based face functions (each weighted with 1/3)
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Source model extent

Fx) -
‘y W\ ) ‘\
Grey matter configuration  Overlapping configuration

Figure 1. A schematic visualization of a situation in which a focal primary source current
(large arrow) is approximated using a configuration of six finite element mesh nodes (point
stencil). Left: If all the mesh nodes are contained in the compartment of the grey matter (grey
layer), the correct volume current field resulting from this source might look like indicated
by the dark field lines. Right: If one or more nodes in the configuration overlap with
compartment (light grey layer) other than that of the grey matter, then the volume current
and thereby also the electric potential obtained will differ from the actual distribution with
regard to both topography (field lines) and magnitude (field line color) due to the conductivity
Jump between the compartments (Appendix). Consequently, the focality (compactness) of the
source configuration is vital in order to avoid forward errors.
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Source model extent

(©

Elements sharing a given
node

~16-27 FE mesh nodes

e Elements that share a face
with a given element

e 8 FE mesh nodes

e A single element
e 4 FE mesh nodes

e 4 dipolar sources

e 4 FI sources (black)

e 4 monopolar sources ~16-27 monopolar sources




Summary: FEM source models
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Summary: FEM source models

For FEM based forward modeling, the following source models exist:
Subtraction source model (Holtershinken et al., SIAM SISC, 2024;
Drechsler et al., Neurolmage, 2009; Wolters et al., SIAM SISC,
2007)
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Summary: FEM source models

For FEM based forward modeling, the following source models exist:
« Subtraction source model
- Partial integration (Pl) source model (Wolters et al., ICS, 2007)
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Summary: FEM source models

 For FEM based forward modeling, the following source models exist:
« Subtraction source model
» Partial integration (Pl) source model
* Venant source model (Hanrath, 2019; Vorwerk et al., 2019)
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Summary: FEM source models

 For FEM based forward modeling, the following source models exist:
« Subtraction source model
» Partial integration (Pl) source model
« Saint-Venant source model

 Whitney source model (Bauer et al., 2015; Pursiainen et al., 2016;
Miinalainen et al., 2019)
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Structure of the lecture

Convergence analysis for FEM subtraction approach (sections
6.5.1-6.5.3 of lecture scriptum)

Other source models (section 6.5.4 of lecture scriptum)
Overview: Multi-layer sphere model (section 6.2 of lecture scriptum)

Forward modeling results



[de Munck and Peters, IEEE TBME, 1993]
[Wolters, Lecture scriptum]

The multi-layer sphere model

6.2 Analytical solutions in multi-layer sphere models

6.2.1 The potential in a multilayer sphere model

De Munck [68] and de Munck and Peters [73] derived series expansion formulas
for the direct problem (6.1) with boundary condition (6.2) and reference potential
(6.3) for a mathematical dipole (6.4) in a multilayer sphere model as shown in
Figure 6.2. A rough overview of the formulas will be given now. Refer to the
original literature for a more detailed derivation.

V. (6V®)=V.i’ =J inQ, WP(0) = Vi (x) := V- M8(x —xo) .
(cV®,n)|- =0,

CID(xref) =0.




[de Munck and Peters, IEEE TBME, 1993]

The multi-layer sphere model [Wolters Lecture scriptun

Figure 6.2: The multilayer sphere model.

As shown in Figure 6.2, the model consists of shells N up to 1 with radii
ryv < ry_1 < ...<r and constant radial, 6™4(r) = cslj?‘d € R™, and tangential

tang
J

€ R*, within each layer ;| < r <r;. Itis assumed
in the following, that the source at position xy with radial coordinate ry € R is in
a more interior layer than the measurement electrode at position x, € R3 on the
outer surface with radial coordinate r. = r; € Rand ro < rj, <re.

conductivity, "¢ (r) =




[de Munck and Peters, IEEE TBME, 1993]

The multi-layer sphere model [Wolters Lecture scriptun

6.2.2 Series expansion formulas for a monopole source

The potential for a monopole source, J”(x) = d(x —Xp ), can be expressed by the
spherical harmonics expansion

oo

AT on = Z (2n+ 1)R,(ro,re )P, (cos ) (6.42)
n=>0

with mo, the angular distance between source and electrode as shown in Fig-
ure 6.2, P, the Legendre polynomials [394] and R,, the solution of the inhomoge-
neous differential equation

9 (rzcrad(r)jRn(ro, r)) —n(n+1)6"8(r)R,(ro,r) =8(ro—r).  (6.43)

ar ar

As will be shown now, the solution of the above equation, i.e., the coefficients
R, can be computed analytically and the series (6.42) converges.




[de Munck and Peters, IEEE TBME, 1993]

The multi-layer sphere model [Wolters Lecture scriptun

Jo—1
{Mfo (r07r10+1) _HNMj(rj?rj+1)
J:

Rn(rOare) —

1
{—rz 1 M,-<rj,r,-+1>}
Jj=N

2
In this formula, itis (o =ro/rj, < 1 and {; =rj+1 /rj < 1, and, with

Fjvi _ .

_ Fj+l o' n vj+1
S] (rj? Fj+1 ) — —Grl-advj(vj—i—l) ? Sj (rj? Fj+l ) — vj‘(v.,'-f-l)(irjad
‘ vi+1 :

Fj+1 Fj

the matrices M are defined as

w2 1 _ 1
Mj(rj,rjit1) =" S;(rjsrjs1)+

St
2Vj—+—1 J

ZVJ'—+—1 J

: an
Vj(”l) = 5(—1 e \/1 —{-4n(n_|_ I)th g/c;ad)




[de Munck and Peters, IEEE TBME, 1993]

The multi-layer sphere model [Wolters Lecture scriptun

6.2.3 Series expansion formulas for a dipole source

The spherical harmonics expansion for the mathematical dipole (6.4) was ex-
pressed in terms of the gradient of the monopole potential (6.42) with respect to
the source point xq [68; 73],

u(xp,x.) = (M, gradyumon (Xo,Xc))-
With the help of

X0, X . A
( ro’r ) = %(xe — COS W),
e

X0 .
gradyro = r_o =X grad, cos g, = grad,,

a simple substitution yields the dipole potential

4mu(xo, X, ) = (M, SoX, + (S1 — cos 00,50 )X0)

1 (o]
So = — Z (2n+1)R,(ro,r.)P.(cos wy, )
0 p=1

oo

S| = Z(2n+ DR, (ro,re) P, (cos ).

n=1




[de Munck and Peters, IEEE TBME, 1993]

The multi-layer sphere model [Wolters Lecture scriptun

The derivative of the Legendre polynomial can be computed by means of the
recursion

P,(cos®) = nP,_(cos ) + cos®P, _,(cosm).

P, (cosm) =

dcos®

The computation of R/ (ry,r.) can again be performed analytically




[de Munck and Peters, IEEE TBME, 1993]

The multi-layer sphere model [Wolters Lecture scriptun

A low convergence speed of the series (6.47) and (6.48) is found if the source
approaches the electrode . Therefore, an asymptotic approximation
was proposed [73], yielding the series of differences

F()A

So =
0= roR%

Z{2n+1) n(ro,re) — Fo A"} P! (cos oo, ) (6.49)

+ Z {(2n+1)R},(ro,r.) — FinA" } P,(cos @,) (6.50)

n=1

with a higher speed of convergence !. Refer to the further derivations below and
the original literature for the definition of Fy, F;, A and R (all those terms are
independent of n and can be computed from the given radii and conductivities of
layers between source and electrode and of the radial coordinate of the source)
and for a derivation of the above series of differences. The computation of the
series (6.49) and (6.50) are stopped after the k’s term, if the following criterion is
fulfilled

= (2k+ 1)R|, — FikAF. (6.51)

In the following simulations, a value of 10~ is chosen for v in (6.51). Using
the asymptotic expansion (see below), no more than 30 terms are needed for the
series computation at each electrode.




Structure of the lecture

Convergence analysis for FEM subtraction approach (sections
6.5.1-6.5.3 of lecture scriptum)

Other source models (section 6.5.4 of lecture scriptum)
Overview: Multi-layer sphere model (section 6.2 of lecture scriptum)
Forward modeling results

The local subtraction approach



[Li et al., Neurolmage, 2014]

Cortical thickness in infants

 The cortical thickness in infants is smaller than in adults
* Important for our developments in EU-project www.childbrain.eu (2015-2019)



http://www.childbrain.eu/

[Li et al., Neurolmage, 2014]

Development of cortical thickness

2 weeks 3 months 6 months 9 months 12 months 18 months

Fig. 2. Reconstructed longitudinal inner and outer cortical surfaces of a representative infant from 2 weeks to 18 months of age by the proposed method. The first row shows the longi-
tudinal inner (red curves) and outer (blue curves) cortical surfaces embedded in their respective image spaces. The second and third rows show the longitudinal inner and outer surfaces,
respectively, color-coded by the cortical thickness.




[Li et al., Neurolmage, 2014]

Development of cortical thickness

g
w N

2.7772.779 __

2.8 2611 F==F~
¥

24 | 2248

#"'*’

5 12131

0 3 6 9 12 15 18
Months

N
N

Thickness (mm)
N
(43}

3 months

6 months

12 months

18 months

Fig. 13. Vertex-wise mapping of the average developmental trajectory ofthe cortical thickness (mm) of 13 infants from 2 weeks to 18 months of age, obtained using our proposed method.
Also, the mean value and standard deviation of cortical thickness at each age, obtained from 13 infants, are shown in the top-right panel.




[Li et al., Neurolmage, 2014]

Development of cortical thickness

B Decrease

Fig. 14. Regions with statistically-significant cortical-thickness increase between each pair of successive time points of 13 infants from 2 weeks to 18 months of age, using TFCE (p < 0.05).
No region showed the statistically significant decrease of cortical thickness during the first 18 months of life.




Cortical thickness in infants

If cortical thickness is smaller than in adults, it might also be smaller relative to the
resolution of MRI and resulting FEM volume conductor models

Therefore, appropriate FEM source models are needed especially for infants
Distance of the sources to the next conductivity jump at the interface brain/CSF
might go down to less than 2 mm, possibly even only 1 mm

However, highly eccentric sources are known to cause modeling errors
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Pl, Venant, full subtraction and projected
(or approx.) subtraction source models



[Drechsler, Wolters, Dierkes & Grasedyck, Neurolmage, 2009]
[Wolters, Lecture scriptum, 2016]

Model and sensors

4-layer sphere model:

Radii: 92, 86, 80, 78mm; 748 regularly distributed electrodes:
Cond.: 0.33, 0.0042:0.042, 1.79, 0.33 S/m On a sphere with radius: 92mm
Sources: Needle electrode (“point in space”)
Depth of Imm below CSF up to midpoint




[Meijs, Peters, Boom & Lopes da Silva, Med.& Biol. Eng.& Comput., 1988]
[Meijs, Weier, Peters & van Oosterom, IEEE Trans. Biomed. Eng., 1989]

Validation: Error measures

Relative error
num ana
[P — panall,

RE =
(I) ana

Magnitude error

| |(I)nu.7n | |2
(I) ana

(I) num pana B
M H‘I’;TH) MAG =




[Drechsler, Wolters, Dierkes & Grasedyck, Neurolmage, 2009]
[Wolters, Lecture scriptum, 2016]

“Optimal” FE mesh for the subtraction
approac/h
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Tetrahedra mesh: Coarse in brain, fine in CSF/skull/skin compartment:
Nodes: 360,056
Elements: 2,165,281



[Drechsler, Wolters, Dierkes & Grasedyck, Neurolmage, 2009]
[Wolters, Lecture scriptum, 2016]

Quadrature order for full subtraction approac

Model tet39k, tangential sources Model tet39k, radial sources
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Fig. 2. Relative error for tangentially (left) and radially (right) oriented dipoles with quadrature orders of 1, 2 and 7: Model tet39k (top row), tet287k (middle row) and tet360k
(bottom row). Note the different scaling for the RE.




[Drechsler, Wolters, Dierkes & Grasedyck, Neurolmage, 2009]
[Wolters, Lecture scriptum, 2016]

Convergence behavior of full subtraction

Radial sources, quadrature order 2

! ; ! ' tet3%k
tet287k

tet360k i
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[Drechsler, Wolters, Dierkes & Grasedyck, Neurolmage, 2009]
[Wolters, Lecture scriptum, 2016]

RDM and MAG of full subtraction approach

Model tet360k, tangential and radial sources — Model tet360k, tangential and radial sources

tangential ——
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Fig. 4. RDM (left) and MAG errors (right) for model tet360k for tangentially and radially oriented dipoles.
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Wpoltre'lbLﬁ'nér scriptum, 2016]
Model tet39k, radial sources
_ / '
projected —— | L
f

Full against projected subtraction a

[Drechsler, Wolters, Dierkes & Grasedyck, Neurolmage, 2009]
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[Drechsler, Wolters, Dierkes & Grasedyck, Neurolmage, 2009]
[Wolters, Lecture scriptum, 2016]

“Optimal” FE mesh for the subtraction
approac/h
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Tetrahedra mesh: Coarse in brain, fine in CSF/skull/skin compartment:
Nodes: 360,056
Elements: 2,165,281



“Optimal” FE mesh for the subtraction
approach

Comparison of potential approaches Comparison of potential approaches
Model: 360,056 nodes, 2,165,281 elements Model: 360,056 nodes, 2,165,281 elements
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TETGEN tetrahedra mesh, coarse in brain, fine in CSF/skull/skin compartment:

Nodes: 360,056
Elements: 2,165,281




Dipole fit localization error

DeMunck forward, FEM dipole fit localization error
Nodes: 360,056; Elements: 2,165,281

s w

ot
(1 r r 1 r ©r [ [ [ '}
L | 1 | |

Euclidian distance (in mm)
N

(S

o

5
5
5
4
5
3
5
2
5
1
.5
0

77.0 67.0 57.0 47.0 370 270 170 70 60 50 40 30 20 1.0

Distance of source from CSF compartment (in mm)

W Subtraction tang W Venant tang
O Subtraction rad m Venant rad




“Optimal” FE mesh for the direct potential
approaches
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Tetrahedra mesh, regularly refined in all 4 compartment
Nodes: 161,086
Elements: 987,582




“Optimal” FE mesh for the direct potential
approaches

Comparison of potential approaches

Comparison of potential approaches
Model: 161,086 nodes; 987,582 elements

Model: 161,086 nodes; 987,582 elements
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TETGEN tetrahedra mesh, volume constraint of 5 in all 4 compartments:
Nodes: 161,086
Elements: 987,582




Dipole fit localization error

DeMunck forward, FEM dipole fit localization error
Nodes: 161,086; Elements: 987,582
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Higher degree FEM basis functions for full
subtraction source model



[Florian Griine, Master thesis Mathematics, University of Miinster, 2014]
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[Florian Griine, Master thesis Mathematics, University of Miinster, 2014]

4 layer sphere model and meshes

Gewebetyp Radius [mm| Leitfahigkeit [S/m]

Gehirn T8 33
Liquor : 1.79
Schadel '_ 0.0042
Haut 0.33

Tabelle 4.1: Parametrisierung des 4-Schalen-Kugelmodells




[Florian Griine, Master thesis Mathematics, University of Miinster, 2014]

4 layer sphere model and meshes

Abbildung 4.1: Schnitt durch das feine Rechennetz (tet519K) des vierschichtigen Kopf-
modells. Die Elektroden sind grin gefarbt. Die anderen Farben reprasentieren die unter-
schiedlichen Gewebetypen.




[Florian Griine, Master thesis Mathematics, University of Miinster, 2014]

4 layer sphere model and meshes

Abbildung 4.2: Links: Detailansicht des grobe Rechennetzes (tet64K). Rechts: Detailan-

sicht des feinen Rechennetzes (tet519K). Die Farben représentieren die unterschiedlichen

Gewebetypen.




[Florian Griine, Master thesis Mathematics, University of Miinster, 2014]

4 layer sphere model and meshes

Rechennetz  #Knoten #Elemente #DoF Py #DoF P, #DoF P4

tet64K 64.060 371.947 64.060 507.956 1.703.636
tetb 19K 518.730 3.159.575 518.730  4.232.665 ——

Tabelle 4.2: Daten der Rechennetze (tet64K) und (tet519K) fiir die Validierung




[Florian Griine, Master thesis Mathematics, University of Miinster, 2014]

Difference measures between analytical and
numerical EEG forward solution

Unum Uana
RDI\'I( bnum s ana . H

|| unum ” Uana ||3 9

|| Unum H’

I\IAG( Lnum ana) = S——

[ tama |1

RDM(%)=RDM / 2*100

MAG(%) = |1 — MAG]| - 100%




[Florian Griine, Master thesis Mathematics, University of Miinster, 2014]

Boxplots

Boxplot

Der Boxplot (auch Box-Whisker-Plot oder deutsch Kastengrafik) ist ein
Diagramm, das zur grafischen Darstellung der Verteilung eines mindestens unterer unteres oberes  oberer
ordinalskalierten Merkmals verwendet wird. [11 [21 [3] Es fasst dabei verschiedene "Whisker" Quartil Median ~ Quartil  "Whisker"
robuste Streuungs- und LagemaBe in einer Darstellung zusammen. Ein Boxplot
soll schnell einen Eindruck dartiber vermitteln, in welchem Bereich die Daten
liegen und wie sie sich Uber diesen Bereich verteilen. Deshalb werden alle Werte

AusreiBer I
o @ I

der sogenannten Funf-Punkte-Zusammenfassung, also der Median, die zwei

T T

Quartile und die beiden Extremwerte, dargestellt. _1'5 10 5

Inhaltsverzeichnis [Verbergen] Ein horizontaler Boxplot Giber einem Zahlenstrahl dargestellt
Der Median oder Zentralwert ist ein Mittelwert in der Statistik und ein Lageparameter. Der Median einer Auflistung von Zahlenwerten ist der Wert, der an der
mittleren (zentralen) Stelle steht, wenn man die Werte der GroBe nach sortiert. Beispielsweise ist fur die Werte 4, 1, 37, 2, 1 die Zahl 2 der Median, ndmlich
die mittlere Zahlin 1, 1, 2, 4, 37.

BoXx [Bearbeiten | Quelltext bearbeiten |

Die Box entspricht dem Bereich, in dem die mittleren 50 % der Daten liegen. Sie wird also durch das obere und das untere Quartil begrenzt, und die Lange
der Box entspricht dem Interquartilsabstand (englisch interquartile range, IQR). Dieser ist ein MaB der Streuung der Daten, welches durch die Differenz des
oberen und unteren Quartils bestimmt wird. Des Weiteren wird der Median als durchgehender Strich in der Box eingezeichnet. Dieser Strich teilt das
gesamte Diagramm in zwei Bereiche, in denen jeweils 50 % der Daten liegen. Durch seine Lage innerhalb der Box bekommt man also einen Eindruck von
der Schiefe der den Daten zugrunde liegenden Verteilung vermittelt. Ist der Median im linken Teil der Box, so ist die Verteilung rechtsschief, und umgekehrt.




[Florian Griine, Master thesis Mathematics, University of Miinster, 2014]

Boxplots

Antenne (Whisker) [Bearbeiten | Quelitext bearbeiten ] a0

Durch die Antennen werden die auBerhalb der Box liegenden Werte dargestellt. Im Gegensatz zur 2
Definition der Box ist die Definition der Antennen nicht einheitlich. 700

600

Eine mogliche Definition, die von John W. Tukey stammt, besteht darin, die Laénge der Whisker auf
maximal das 1,5-Fache des Interquartilsabstands (1,5xIQR) zu beschranken. Dabei endet der Whisker 50
jedoch nicht genau nach dieser Léange, sondern bei dem Wert aus den Daten, der noch innerhalb dieser a0
Grenze liegt. Die Léange der Whisker wird also durch die Datenwerte und nicht allein durch den 300 v
Interquartilsabstand bestimmt. Dies ist auch der Grund, warum die Whisker nicht auf beiden Seiten 345,484

200 1 Bereich ohne Ausreier

. . o . . " . = " 2 =(154,621)

gleich lang sein missen. Gibt es keine Werte auBerhalb der Grenze von 1,5xIQR, wird die Ldnge des . Lﬁﬁffﬁ'i'fi‘iiiw
Zeit

Box-Plot mit Whiskern der Lénge 1,5xIQR &

Whiskers durch den maximalen und minimalen Wert festgelegt. Andernfalls werden die Werte
auBerhalb der Whisker separat in das Diagramm eingetragen. Diese Werte kénnen dann als
ausreiBerverdéchtig behandelt werden oder werden direkt als AusreiBer bezeichnet.

Haufig werden AusreiBer, die zwischen 1,5xIQR und 3xIQR liegen, als ,milde” AusreiBer bezeichnet
und Werte, die Gber 3xIQR liegen, als ,extreme“ AusreiBer. Diese werden dann auch meist 1000

unterschiedlich im Diagramm gekennzeichnet. a00

Eine weitere mégliche Definition ist diese, dass die Whisker bis zum gréBten bzw. kleinsten Wert aus
den Daten reichen. In dieser Darstellung sind dann keine AusreiBer mehr erkennbar, da die Box
inklusive Whisker die gesamte Spannweite der Daten abdecki.

In einer anderen Variante erfolgt die Berechnung des unteren Whisker als 2,5-%-Quantil und die
Berechnung des oberen als 97,5-%-Quantil. Innerhalb der Whiskergrenzen liegen somit 95 % aller q
beobachteten Werte. In dieser Darstellung gibt es also (je nach Quantilsdefinition) ab einem

bestimmten Stichprobenumfang immer einzeln dargestellte Punkte (die man dann nicht automatisch als

AusreiBer interpretieren sollte). ’ 1

= (154, 924)

Zeit

Box-Plot derselben Daten mit Whiskern vom &
Minimum bis zum Maximum der Daten
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Higher order basis functions for subtraction

Gitter: tet64K, Dipole: radial
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Abbildung 4.3: RDM fur radiale Dipole, dargestellt durch Boxplots. Jede Box reprasentiert

25 Dipole. Die Boxen wurden zur besseren Darstellung seitlich verschoben. Die senkrechten
Linien des Gitters geben die tatsachliche Exzentrizitat der Dipole wieder. Die Kurven
zeigen zusatzlich das arithmetische Mittel des RDM.
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Higher order basis functions for subtraction

Gitter: tet64K, Dipole: radial
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Higher order basis functions for subtraction

Gitter: tet64K, Dipole: radial
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Higher order basis functions for subtraction

Gatter: tet519K, Dipole: radial

mn Or

0.39mm

Gitterweite h = 1.56mm

—

)i

(=]

(=)}
|

— T T T T T T T T J ' T T T T T T 1 Y%
0.9 0.99
Exzentrizitit




[Florian Griine, Master thesis Mathematics, University of Miinster, 2014]

Higher order basis functions for subtraction

Gitter: tet519k, Dipole: radial
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Higher order basis functions for subtraction

Gitter: tet519K, Dipole: tangential
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Higher order basis functions for subtraction
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[Florian Griine, Master thesis Mathematics, University of Miinster, 2014]

Higher order basis functions for subtraction

Rechennetz  #Knoten  #Elemente #DoF Py #DoF P, #DoF P

tet64K 64.060 371.947 64.060 507.956 1.703.636
tet519K 518.730 3.159.575 518.730  4.232.665 ——

Tabelle 4.2: Daten der Rechennetze (tet64K) und (tet519K) fiir die Validierung
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[Florian Griine, Master thesis Mathematics, University of Miinster, 2014]

Computational amount of work for
subtraction source model

Ausgefiihrt wurden die Simulationen auf einem Rechencluster von Amazon Web Services
[2]. In Verbindung mit dem Interface StarCluster des MIT [25], kann dort auf einfache
Weise Hardware gemietet werden. Unsere Simulationen wurden auf einer Instanz mit einer
Intel(R) Xeon(R) CPU E5-2680 v2 @ 2.80GHz und 60 GB RAM durchgefiihrt. Die CPU

besteht aus zehn physikalischen Kernen die insgesamt bis zu 32 Threads unterstiitzen.

tetbdK P;  tetb4dK P, tet64dK P tetbl9K P; tetb19K P

Residuum Assemblieren 2.84s 10.39s 73.10s H.52s 86.69s

LGS Losen 1.23s 51.42s 523.79s 28 1168.90s
Gesamtzeit fiir Dipol 5.54ds 63.71s 599.36 s 35.89 s 1273.10s

Tabelle 4.3: Sequenzielle Rechenzeiten




[Florian Griine, Master thesis Mathematics, University of Miinster, 2014]

Computational amount of work for subtraction
source model in DUNEuro

tet519K, P, - tet519K, P,

Assemblierung Assemblierung

LGS 16sen LGS 16sen
Gesamt : Gesamt

theor. Max. L i theor. Max.

4 8
# Threads

SSORKk-CG was used for non-overlapping domain decomposition as a solver.
AMG-CG solver might further decrease computational speed



Pl, Venant and Whitney source models
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Source model extent and number of right-hand side
non-zeros/computational amount of work

TABLE III
NUMBER OF FINITE-ELEMENT MESH NODES NEEDED TO MODEL A SINGLE
DIPOLE SOURCE

Source orientation ~ Whitney  St. Venant  PI

free ~ 27
fixed ~ 27

(F) %

e Elements that share a face Elements sharing a given
with a given element node
e 8 FE mesh nodes ~16=27 FE mesh nodes e 4 FE mesh nodes

~16-27 monopolar sources

For free source orientation : ©

e A single element

e 4 dipolar sources
e 4 FI sources (black)

e 4 monopolar sources
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4 layer sphere model

TABLE 11
PARAMETERIZATION FOR THE ISOTROPIC FOUR-LLAYER SPHERE MODEL

Compartment Scalp Skull CSF  Brain

Outer shell radius (mm) 92 86 80 78
Conductivity (S/m) 0.33 0.0042 1.79 0.33

FEM mesh generation: Constrained Delaunay Tetrahedralization with maximal
tetrahedra volume of 1.12 mm?3 using TetGen, resulting in a tetrahedral mesh
with 801K nodes

200 electrodes, regularly distributed over the outer surface

200 sources for each of the following eccentricities: 0.2, 0.4, 0.6, 0.8, 0.99
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Difference measures between analytical and
numerical/simulated EEG forward solution

Relative Difference Measure (topography difference)

100 Ugana Usgim

RDM (uapa, Usim) =

2 Huana 2 HusimH‘Z 9

MAGnitude error

H Usim ‘ ‘ 2

MAG(_uana-, usim) = 100

| Qana |2
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Synthetic dipole location and position for Whitney model

Fig. 1. Whitney basis function supported on two tetrahedra 77 and 75 with
source locations (A)—(D) and resulting synthetic dipole for (D) shown by the
arrow.
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Whitney source model: Best synthetic source position

=> (D) is best!

06

Fig. 3. Synthetic source positions for Whitney approach: RDM (top) and
MAG (bottom) for points (A)—(D) as synthetic source positions as shown in

Fig. 1 in 9% error
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Whitney source model with arbitrary or fixed orientation

Fig. 2. (Left) To approximate a dipole with an arbitrary orientation, the PBO
method utilizes a minimal symmetric combination of elements including a given
tetrahedron (dark gray) together with those that share a face with it (light gray).
(Right) In case that a very accurate tetrahedralization in the middle of the
gray matter compartment (light gray) has been produced, source locations and
radially inwards-pointing source orientations can be fixed [32], [33].
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Comparison of source models:
Part I: Synthetic source positions and orientations

02 04 06 o8 099

Fig. 4. Fixed source positions and Orientations: RDM (top) and MAG

(bottom) in % error
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Comparison of source models:
Part ll: Random source positions and orientations

{lst venant [P | |
...................... - kit - SN . SO . — S

1
i

04

Fig. 5. Random source positions and orientations: RDM (top) and MAG
(bottom).




Discussion: Subtraction source model

 Pro:
» Theoretically well understood
* Localized subtraction is also very fast (Holtershinken et al., 2023)
 Contra:
« Highest sensitivity/inaccuracy for high eccentricities: For model
with 519K nodes and P2 basis functions still up to 8% maximal
RDM and 1.5% MAG at 0.99 eccentricity (0.78 mm to CSF): Such
errors might cause trouble in applications
* Full subtraction is computationally very expensive (will need
newest generation of computers, parallelization)
* Less realistic source model (mathematical point-dipole)



Discussion: Pl source model

 Pro:
« Very local, fits in one element
« Computationally very fast
* With less than 2% RDM and 1.5% MAG at 0.99 eccentricity (0.78
mm to CSF) good enough for application

 Even more realistic than the mathematical point-dipole
 Contra:

« Slightly less accurate than Whitney or Venant
* No resolution within an element when using P1 basis functions



Discussion: Venant source model

* Pro:
* With less than 1.7% RDM and 1% MAG at 0.99 eccentricity (0.78
mm to CSF) very accurate source modeling approach
« Computationally very fast
 Even more realistic than the mathematical point-dipole
 Contra:
 Less local, needs about 27 nodes that have to fit into the cortex,
which might get difficult in infant models



Discussion: Whitney source model

* Pro:
» Theoretically well understood
« Computationally very fast
 Even more realistic than the mathematical point-dipole
 Contra:
« In (Bauer et al., 2015) still slightly less accurate than Venant, but
this was solved by face and edge-based bases functions in
(Pursiainen et al., 2016), however, on the cost of a larger extent



Structure of the lecture

Convergence analysis for FEM subtraction approach (sections
6.5.1-6.5.3 of lecture scriptum)

Other source models (section 6.5.4 of lecture scriptum)
Overview: Multi-layer sphere model (section 6.2 of lecture scriptum)
Forward modeling results

The local subtraction approach
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THE LOCAL SUBTRACTION APPROACH FOR EEG AND
MEG FORWARD MODELING*

MALTE B. HOLTERSHINKENT, PIA LANGE?!, TIM ERDBRUGGERT,
YVONNE BUSCHERMOHLES, FABRICE WALLOISY, ALENA BUYXI,
SAMPSA PURSIAINEN# JOHANNES VORWERK'T CHRISTIAN ENGWER# 6 AND
CARSTEN H. WOLTERS'

Abstract. In FEM-based electroencephalography (EEG) and magnetoencephalography (MEG)
source analysis, the subtraction approach has been proposed to simulate sensor measurements gener-
ated by neural activity. While this approach possesses a rigorous foundation and produces accurate
results, its major downside is that it is computationally prohibitively expensive in practical applica-
tions. To overcome this, we developed a new approach, called the local subtraction approach. This
approach is designed to preserve the mathematical foundation of the subtraction approach, while also
leading to sparse right-hand sides in the FEM formulation, making it efficiently computable. We
achieve this by introducing a cut-off into the subtraction, restricting its influence to the immediate
neighborhood of the source. We perform validation in multilayer sphere models where analytical so-
lutions exist. There, we demonstrate that the local subtraction approach is vastly more efficient than
the subtraction approach. Moreover, we find that for the EEG forward problem, the local subtraction
approach is less dependent on the global structure of the FEM mesh when compared to the subtrac-
tion approach. Additionally, we show the local subtraction approach to rival, and in many cases even
surpass, the other investigated approaches in terms of accuracy. For the MEG forward problem, we
show the local subtraction approach and the subtraction approach to produce highly accurate ap-
proximations of the volume currents close to the source. The local subtraction approach thus reduces
the computational cost of the subtraction approach to an extent that makes it usable in practical
applications without sacrificing the rigorousness and accuracy the subtraction approach is known for.
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The local subtraction approach

1 Patch Q° mmml Patch boundary 99>
B Transition Region € K  Source position zo

Fig. 1. 2-dim. visualization of a realization of the construction described
inlemma 1. The whole square is €2. In the yellow region we have x = 1,
in the white region we have x = 0.
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The local subtraction approach

Define a
bilinear form a : H'(Q) x H'(Q) — R by

a(w,v) :/<0Vw,Vv> av (7)
Q

and a linear form [ : H*(Q) — R by

—/(aV(X~u°°),Vv>dV
Q)

- [ v ds - [ (0"Vu, voav, ®)
o> =

where 7 1s the unit outer normal of €2°°. Then the continuous
Galerkin localized subtraction approach 1s given by the prob-
lem of finding u¢ € H*(Q) such that for all v € H'(Q2) we
have a(u®,v) = l(v).
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[Beltrachini, J Neur Eng, 2019]

The local subtraction approach

Finally, we want to elaborate on the computation of
the FEM right-hand side. Let K be a mesh element and
F' a face of a mesh element

we need to compute integrals of the form
Ip :/ (0°Vu, V) dV, (11)
K

Is :/<0°°Vu°°,77><pd5, (12)
F

e / (0¥ (x - u™), Vo) dV (13)
K.

We call Ip a patch integral, Is a surface integral and It a
transition integral.

In the case of isotropic 0°° and piecewise affine trial
functions on tetrahedral meshes, analytical expressions for
the patch and surface integrals were derived
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The local subtraction approach

(b) mesh_brain

(a) mesh_init

Figure 3: Circular sections of the meshes used in the numerical tests.
(a) shows the initial mesh with a high concentration of nodes in the
CSF and skull compartment. (b) shows the mesh from (a) after
refining the brain compartment. (c) shows the mesh from (a) after
refining the skin compartment. Mesh (a) consists of ca. 800k nodes,
mesh (b) consists of ca. 1.8 million nodes and mesh (c) consists of
ca. 1.3 million nodes.
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The local subtraction approach

0 1 2 3 4 5 6 7 &8 9 10 11 12 13 14 sub.
extensions

Fig. 4. Relative error in the EEG case for 1000 tangential dipoles at
0.99 eccentricity for different numbers of vertex extensions during patch
construction, computed using mesh_init. The rightmost yellow boxplot
shows the errors when employing the analytical subtraction approach
from [10].

relative error

01 2 3 4 5 6 7 8 9 1011 12 13 14 sub.
extensions

Figure F.2: Relative error in the EEG case for 1000 tangential dipoles
at 0.99 eccentricity for different numbers of vertex extensions during
patch construction, computed using mesh_skin (see Figure 3(c)).
The rightmost yellow boxplot shows the errors when employing the
analytical subtraction approach from [14].



[Holtershinken, Lange,..., Engwer & Wolters, SIAM SISC, 2024]

The local subtraction approach

T H- R -

0.05
source model

Bl ana. sub.
0.04 4 EE multipole venant

B loc. sub
0.03 - ;
0.02 -
0:01 - | i ! i

0.00 1 1 1
0.8803 0.936 ().9639 0.9778 0.9848 0.9883 0.99

Fig. 5. Accuracy comparison of EEG forward simulations using the
subtraction, multipolar venant, and localized subtraction potential ap-
proaches for radial dipoles at different eccentricities using mesh_init. The
y-axis shows the relative error. The physiologically relevant sources at
1-2mm distance from the CSF are highlighted.
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The local subtraction approach

0.05
source model

B ana. sub.
0.04 4 B multipole venant
B loc. sub.

0.03 -

:

N
.24 E ;
11LLlnkd

0.00 -

0.8803 0.936 0.9639 0.9778 0.9848 0.9883 0.99

Fig. 6. Accuracy comparison of MEG forward simulations using the
subtraction, venant, and localized subtraction potential approaches for
tangential dipoles at different eccentricities using mesh_init. The y-axis
shows the relative error. The physiologically relevant sources at 1-2mm
distance from the CSF are highlighted.
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The localized subtraction approach

TABLE I

FORWARD SIMULATION TIMES FOR 1000 SOURCES AT AN

ECCENTRICITY OF 0.99 IN mesh _init

Approach

loc. sub.

sub.

mul. venant

EEG time (s)

0.93

655

0.02

MEG time (s)

13

18925

0.04

TABLE llI

FORWARD SIMULATION TIMES FOR 1000 SOURCES AT AN

ECCENTRICITY OF 0.99 IN mesh_brain

Approach

loc. sub.

sub.

mul. venant

EEG time (s)

0.96

1396

0.02

MEG time (s)

6.8

43175

0.04




Thank you for your attention!
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