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Camera
What?
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Camera 
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Pinhole Camera
What?

Simulation of Human Retina

Simulation of Human Eye Pupil (Pinhole)

Simulation of Human Eye

Scene Object

Scene object being  
capture (projected)
on the retinal plane



Camera
What?

p = (u,v)

Pixels 

P = (Xw,Yw,Zw)

Meters, inches … 

3D world Image plane



The World to the Camera
What?



Outside the Camera
What?
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Extrinsic Parameters



Inside the Camera
What?



What?

Inside the Camera



Inside the Camera – Normalized 
Retina
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Inside the Camera – Image Plane
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Inside the Camera – Image Plane

What?
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Inside the Camera – Image Plane

What?
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Camera Model

What?

World Frame

Camera Frame

Normalized Retina

Image Plane
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Camera Calibration
What?
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Camera Calibration
Why?
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Camera Calibration
Why?
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Camera Calibration
What is needed?

• Equations relating known coordinates 
of 3D points and 2D pixels to solve for 
camera parameters.

• Set of measurements (3D points and 
corresponding 2D pixels).



3D Measurements
How?
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3D Measurements
How?



2D Measurements
How?

• User intervention.
• Linear hough transform (to search for 

straight lines), corners will be points of 
intersection, yet how to correspond this 
with 3D points ?!!!

• Corner detectors …



2D Measurements
How?



Camera Equations
How?
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Linear Approach to Camera 
Calibration

How?

• We decompose the calibration process 
into:
– Estimation of the projection matrix.
– Extraction of camera parameters from the 

projection matrix.



Projection Matrix Estimation
How?
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Projection Matrix Estimation
How?

Arrange them in 2N linear equations in m’s in the form Pm = 0

1 1 1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1 1 1

2 2 2 2 2 2 2 2 2 2

2 2 2 2 2 2 2 2 2 2

1 0 0 0 0
0 0 0 0 1

1 0 0 0 0
0 0 0 0 1
. . . . . . . . . . . .
. . . . . . . . . . . .
. . . . . . . . . . . .

1 0 0 0 0
0 0 0 0 1
N N N N N N N N N N

N N N N N

X Y Z u X u Y u Z u
X Y Z v X vY v Z v

X Y Z u X u Y u Z u
X Y Z v X v Y v Z v

P

X Y Z u X u Y u Z u
X Y Z v X

- - - -
- - - -
- - - -
- - - -

=

- - - -
- - N N N N Nv Y v Z v

é ù
ê ú
ê ú
ê ú
ê ú
ê ú
ê ú
ê ú
ê ú
ê ú
ê ú
ê ú
ê ú- -ë û

[ ]   , , T
3433131211 m,m,........,mmmm =



Projection Matrix Estimation
How?

• Use singular value decomposition  to 
decompose P as P = USVT

• The solution is the eigenvector V corresponds 
to the smallest singular value (related to the 
smallest eigenvalue) in the main diagonal of 
S. 



Projection Matrix Decomposition

How?
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Synthetic Data
Let’s do it …



Groundtruth M
Let’s do it …



Corresponding 2D Pixels
Let’s do it …



Projection Matrix Estimation 
Let’s do it …



Projection Matrix Estimation 
Let’s do it …



Projection Matrix Decomposition

Let’s do it …



Projection Matrix Decomposition

Let’s do it …



Projection Matrix Decomposition

Let’s do it …



Evaluation
Does it work ?!!!



Camera Equations
Recall 

…
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Nonlinear Approaches
What?

• Find an optimal solution in a least-squares sense.

• Iterative, hence require initial solution.

• Depend on equations derivatives.

• Rely on first-order Taylor expansion of functions in 
the neighborhood of the current estimated solution.

• Examples:
– Newton’s method.
– Gauss-Newton method.
– Levenberg method.
– Levenberg-Marquardt method.



Newton’s Method – p=q
What?
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where

Find δx such that f(x+δx)=0 
given the current estimate of the solution
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Newton’s Method– p=q
What?

Camera ParametersChange of solution in 
the current iteration

Camera equation evaluated
Using the solution in the current iteration

The value of the Jacobian (first derivative) of the camera 
equation by substituting by the solution of the current iteration

( ) ( )fJ x x f xd = -

Now it is linear again … solve for δx
It is in the form of

Ax = b
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Newton’s Method – p>q
What?

Use Newton method for p=q to solve F(x) =0

2( ) ( ) 2 ( ). ( ) 0E x f x f x f xÑ =Ñ = Ñ =

1( ) ( ) ( ). ( ) ( ) ( ) 0
2

T
fF x E x f x f x J x f xÑ =Ñ = =@

( ) ( )FJ x x F xd = -
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Apply Newton method to solve for δx 
in each iteration but with different A and b

Hessian



Gauss-Newton’s Method
What?

22( ) ( ) ( ) ( ) 0fE x x f x x f x J x xd d d+ = + » + =

Avoids getting the gradient of E, hence avoid Hessian 

( ) ( ) 0ff x J x xd+ =

( ) ( )fJ x x f xd = -
According to the definition of pseudo-inverse

. .i e
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f f fJ x J x x J x f xd = -

( )( ) ( ) ( ) ( ) ( ) ( )T T T
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Compare to Newton’s method …



Damping Factor
What?

Error Gradient Surface Error Gradient Surface

Our Solution Our Solution

Error Gradient Surface

Our Solution



Levenberg Method
What?

( )( ) ( ) ( ) ( )T T
f f fJ x J x Id x J x f xµ d+ = -

Damping factor varies according to the behavior 
of the error in the current iteration

Levenberg-Marquardt Method

( )( )( ) ( ) ( ) ( ) ( ) ( )T T T
f f f f fJ x J x diag J x J x x J x f xµ d+ = -



Defining Equation Variables
Let’s do it …



Defining Expressions of Intrinsic and 
Extrinsic Matrices

Let’s do it …



Defining Expressions of Camera 
Equation and Error Measure

Let’s do it …



Jacobian Expression (Sample)

Let’s do it …



Setting Initial Solution

Let’s do it …



Iteration Initialization

Let’s do it …



Jacobian and Error Evaluation
Let’s do it …



δx Evaluation
Let’s do it …

( )( ) ( ) ( ) ( )T T
f f fJ x J x Id x J x f xµ d+ = -

( )( )( ) ( ) ( ) ( ) ( ) ( )T T T
f f f f fJ x J x diag J x J x x J x f xµ d+ = -



Compute Updated Parameters
Let’s do it …



Error Resulted from Updating
Let’s do it …



Accept Update?!!
Let’s do it …

Move slower … we are approaching the solution

Move faster … we are away from the solution



Evaluation
Does it work ?!!!



Thank you


