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High-Dimensional Data

Gene Expression

Diffusion Tensor Images
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Simulations



High-Dimensional Data

• Supervised: Characterize the function

• Unsupervised: Characterize the space



Exploratory Analysis

• Feedback about the structure of the data

• Supports building and validating models

• Formation of new hypotheses about 
process/system that generated the data



• Plotting of raw data or projections
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Exploratory Analysis in High-D
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• Plotting of raw data or projections

Exploratory Analysis in High-D



• High-dimensional data requires 
methods that provide a holistic view

• Two (not exclusive) approaches:

• Clever visualizations of raw data

• Summary representations

! !

Exploratory Analysis in High-D



Curse of Dimensionality

X ∼ Uniform([0,1]d)

P(X ∈ Sd) =
πd/2

Γ(d/2+1)
2d

limd→∞ P(X ∈ Sd) = 0
f̂ (x) = E[Y |X = x]
g(y) = E[X |Y = y]
yi = ∑N

k=0 P(Ck|xi)(ak +bkxi)
ri(y) = E[X ∈Ci|Y = y]
Ci = {xi : src(xi) = xmin,sink(xi) = xmax}
ri(y) = E[X ∈Ci|Y = y]
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• Volume increases exponentially with 
dimensionality

• Example:  Ratio of (hyper) sphere to cube 
volume

•
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Curse of Dimensionality
• Example: Density estimation, histogram with 10 

bins per dimension
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Curse of Dimensionality
• Bellman 1961: Sample size grows exponentially with 

dimensionality  for approximation of functions.

• Barron 1993: Sample size independent of 
dimensionality with additional regularity conditions

• Complexity limited by sample size

• Restriction to simple functions (supervised)

• Reduce dimensionality of domain (un-/supervised)

Bellman, R.  Adaptive control processes: a guided tour. 1961

Barron, A. R. Universal approximation bounds for 
superpositions of a sigmoidal function. 1993
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High-Dimensional Data

Genes - PCA

DTI - Constrained PCA

Shape - Partial least squares
(Linear subspace)

Simulations



Dimension Reduction
• Dimensionality of observation          Variability

• Find low-dimensional representation of variability

λg : Ω → Λ
λ : Ω → Λ
g : Λ → Rd

Λ = [0,1]
Ω ⊂ Rd

λg = maxs{s : �y−g(s)�= infs̃�y−g(s̃)�}
E[Y |λg(Y ) = s]
g(s)
λ (y)
g(s)≡ E[Y |λ (Y ) = s]
�=

d(g,Y )2 = E
�
�g(λg(Y ))−Y�2

�
(1)

d(λ ,Y )2 = E
�
�g(λ (Y ))−Y�2

�
(2)

q(λ ,Y )2 = E




�
(g(λ (Y ))−Y ) ,

d
ds

g(s)
����
s=λ (Y )

�2


 . (3)

1



Use Cases for Vis
• Scaffolding for an interactive exploratory 

visualization



Use Cases for Vis
• Hot topic: Uncertainty visualization

• Distribution over possible data realizations / 
visualizations

• Typical framework. Encode a most likely solution and 
augment with variability

• Major challenge: Perceptual efficient encoding of 
appropriate summary statistics of the data set



Dimension Reduction
• Reduce m-dimensional data set Y to n-

dimensional representation X.

• Preserve information in Y in reduced space X

• Geometry (distances, angles, ...)

• Statistics (density, entropy, ...)



Some Linear Methods
• Principal Component Analysis:

• Preserve variance / Minimize 
orthogonal distance to data 
points

• Linear Discriminant Analysis:

• Discrimination between groups

• Sliced inverse regression:

• Linear prediction



Principal Components

• Closed from solution

• Eigen-decomposition of 
covariance matrix

• Set of orthogonal vectors 
(principal components)

• Eigenvalues are the amount of 
variance in each component

pc1

pc 2



• Input:  N pairwise distances

• Finds configuration of N points in low 
dimensional space such that pairwise 
distance are preserved

Multidimensional Scaling



• What if there is no good set of points?

• Distortion

• Many algorithms that emphasize differently

• Small versus large distances

• Classical MDS - Closed form solution

• Equivalent to PCA if distances from 
points in Euclidean space

Multidimensional Scaling



• Possible negative eigenvalues

• Not embeddable in Euclidean space

• Can contain important information

Classical MDS



Nonlinear Structure

• PCA “fails” for data sets with non-linear 
structure
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Manifold Learning

• Assumption:  Y sampled from a low 
dimensional manifold embedded in a high 
dimensional space

2D parameterization

2D manifold in 3D



Manifold Learning

PCA - LinearManifold - Non-linear



Manifold Learning

Linear MeanManifold Mean



Popular Algorithms
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Isomap
• Approximate geodesic distances     by 

shortest path in nearest neighbor graph

• Preserve approximate geodesics

•  

• Multidimensional scaling

X ∼ Uniform([0,1]d)

P(X ∈ Sd) =
πd/2

Γ(d/2+1)
2d

limd→∞ P(X ∈ Sd) = 0
minx = ∑i, j[δ̂ (yi,y j)−d(xi,x j)]2

var(PY )
X = PY
yi = ∑N

k=0 P(Ck|xi)(ak +bkxi)
ri(y) = E[X ∈Ci|Y = y]
Ci = {xi : src(xi) = xmin,sink(xi) = xmax}
ri(y) = E[X ∈Ci|Y = y]
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Properties
• Only relies on accurate local 

distances

• Shortcuts in graph - very bad 
approximation

• Quality measure based on graph 
embedding
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Laplacian Eigenmaps
• Given a manifold      find functions

such that                      is minimized

• The low dimensional embedding is

• Small gradient implies that close by points 
will be mapped close together
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Properties

• Again only local distances important

• No quality measure of the embedding
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Spectral Methods

• Isomap, Laplacian eigenmaps, LLE, Kernel PCA, 
and a whole set of related variations

• Based on eigendecomposition of a similarity 
matrix 

• Closed form solution, relatively fast, simple



Principal Curves
Curve that passes through the middle of a density

T. Hastie, W. Stuetzle, Principal curves
Journal of the American Statistical Association 1989



• Quantitative measure of manifold fit

• Principled approach to reconstruct and 
project unseen data points

• Lots of methods to do fitting by minimizing 
reconstruction error (neural nets, regression, 
local PCA, ...)

Principal Curves



Fitting

Samuel Gerber, Tolga Tasdizen, Ross Whitaker "Dimensionality Reduction 
and Principal Surfaces via Kernel Map Manifolds", (ICCV 2009)



Model Complexity
• Minimizing reconstruction error favors 

curves that pass close to the data points



Regularization
• Defeats purpose of exploratory analysis

• Violates principal curve properties



Cross-Validation
• No overfitting in traditional sense



Results
• Initialization

• Ground truth 

• Small 
bandwidth

�
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����
s=λ (y)

�
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gσ(s) =
�

Ω δ (λ (y)− s)yd p�
Ω δ (λ (y)− s)d p

=

�
λ−1(s) yp(y)Jλ(y)−1dHn−1(y)
�

λ−1(s) p(y)Jλ(y)−1dHn−1(y)
. (6)

gσ(s) =
�

Ω Kσ(s−λ (y))yd p�
Ω Kσ(s−λ (y))d p

(7)

q(λ ,Y )2 = 0 (8)

d
dσ

q̂(λ ,Y )2 =

�
∂

∂σg
q̂(λ ,Y )2,

∂
∂σλ

q̂(λ ,Y )2
�

(9)

λ (y) =
∑n

j=1 K(y− y j)z j

∑n
j=1 K(y− y j)

(10)

d̂(λ ,Y )2 = 1
n ∑n

i=1�g(λ (yi))− yi�2

q̂(λ ,Y ) = 1
n

n

∑
i=1

�
g(λ (yi))− yi,

d
ds

g(s)
����
s=λ (yi)

�2

(11)

2

�
(g(λ (y))− y) ,

d
ds

g(s)
����
s=λ (y)

�
= 0 (5)

E[Y |λ (Y ) = s] = lim
σ→0

gσ(s) =
�

Ω δ (λ (y)− s)yd p�
Ω δ (λ (y)− s)d p

=

�
λ−1(s) yp(y)Jλ(y)−1dHn−1(y)
�

λ−1(s) p(y)Jλ(y)−1dHn−1(y)
. (6)

gσ(s) =
�

Ω Kσ(s−λ (y))yd p�
Ω Kσ(s−λ (y))d p

(7)

q(λ ,Y )2 = 0 (8)

d
dσ

q̂(λ ,Y )2 =

�
∂

∂σg
q̂(λ ,Y )2,

∂
∂σλ

q̂(λ ,Y )2
�

(9)

λ (y) =
∑n

j=1 K(y− y j)z j

∑n
j=1 K(y− y j)

(10)

d̂(λ ,Y )2 = 1
n ∑n

i=1�g(λ (yi))− yi�2

q̂(λ ,Y )2 =
1
n

n

∑
i=1

�
g(λ (yi))− yi,

d
ds

g(s)
����
s=λ (yi)

�2

(11)

2



Results
• Initialization

• Principal 
component
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Some examples
• 1965 images of different facial expression (20x28)
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Manifold in Brain Space

Space of Smooth Images

Manifold induced by

diffeomorphic image

metric

Learned data

manifold

Samples/images

Frechet mean on

metric manifold

Frechet mean on

data manifold



Space of Brain Images

! !



Remarks
• Be aware of the specifics of the method

• Quantify quality of summary / approximation

• How to measure distances (metric) often more 
important than dimension reduction method.

• Summary representation provides a cognitive 
model. 

Gene clusters vs. manifold



Modeling High-Dimensional 
Scalar Functions

Visual exploration of high-dimensional scalar functions
S. Gerber, P-T. Bremer, V. Pascucci, and R. Whitaker, IEEE TVCG, 2010.

Morse-Smale regression
S. Gerber, O. Ruebel, P-T. Bremer, V. Pascucci, and R. Whitaker, Journal 
of Computational and Graphical Statistics, 2012 (to appear)

Data analysis with the Morse-Smale complex: The msr package for R
S. Gerber and K. Potter, Journal of Statistical Software, 2012 (to appear)



Problem Setting
• Given a sample from a scalar function

• Goals:

• Visualize / explore the structure of

• Build an interpretable regression 
(approximation) model  



Crime Rates
Population
Percentage urban
Police per population
Person per family
Income
Employment
Rent cost
Number of homeless
Household size
Poverty levels
......

(    )=  crime rate

http://archive.ics.uci.edu/ml/datasets/Communities+and+Crime

http://archive.ics.uci.edu/ml/datasets/Communities+and+Crime
http://archive.ics.uci.edu/ml/datasets/Communities+and+Crime


Climate Simulations
rhminh - high stable cloud formation
rhminl - low stable cloud formation
rligice - liquid drop size sea ice
rligland -liquid drop size land
rligocean-liquid drop size ocean
isf - ice stokes factor
capnc - particle density land/ocean
capnsi - particle density sea ice
capnw - particle density warm land
conke - evaporation
icritic - cold ice conversion
icritw - warm ice conversion
r3lcrit - liquid conversion
ricr - richardson number
c0_hk - shallow convection efficiency
cmftau - characteristic time scale
alfa - cloud downdraft flux
c0_zm - deep convection efficiency
dmpdz - fractional mass
ke - air entertainment
tau - consumption time scale

(     ) =  flux

Visus image courtesy of K. Potter



Visualization / Exploration

• Simple in 2D: Regression of       on       



What to Visualize?
• Goal: 

• Summary representation of 
geometry of height field

• Strategy:  

• Extract important features

• Extremal Points

• Regions of similar behavior

• Summary representation & 
Dimension reduction



Methodology
• Segment surface (Morse-Smale complex)

• Summary for each partition of the segmentation

• Embed in 2D/3D for visualization



Morse-Smale Complex
• Segmentation of the domain 

• Regions with similar gradient flow with a single 
source (minimum) and sink (maximum)



Segmentation Summaries
• 1D domain summary with regression curve for each 

partition 

• Estimate with kernel regression

• Not estimating the surface

f̂ (x) = E[Y |X = x]
g(y) = E[X |Y = y]
yi = ∑N

k=0 P(Ck|xi)(ak +bkxi)
ri(y) = E[X ∈Ci|Y = y]
Ci = {xi : src(xi) = xmin,sink(xi) = xmax}
ri(y) = E[X ∈Ci|Y = y]

1



Segmentation Summaries

Per partitionComplete Domain

f̂ (x) = E[Y |X = x]
g(y) = E[X |Y = y]
yi = ∑N

k=0 P(Ck|xi)(ak +bkxi)
ri(y) = E[X ∈Ci|Y = y]
Ci = {xi : src(xi) = xmin,sink(xi) = xmax}
ri(y) = E[X ∈Ci|Y = y]

1

• Morse-Smale decomposition preserves extrema



So Far ... 
• Segmentation based on Morse-Smale Complex

• Monotonic regions

• Kernel regression 1D summary for each partition 

• Regression curves still in 



Embedding in 2D
• 1. Embed extremal points

• Preserve geometric location as best possible

• No underlying structure - 2D principal component analysis



f̂ (x) = E[Y |X = x]
g(y) = E[X |Y = y]
yi = ∑N

k=0 P(Ck|xi)(ak +bkxi)
ri(y) = E[X ∈Ci|Y = y]
Ci = {xi : src(xi) = xmin,sink(xi) = xmax}
ri(y) = E[X ∈Ci|Y = y]

1

Embedding in 2D
• 2. Embed regression curves separately

• Sample regression curves - piecewise linear approximation

• Preserve as much of the geometry as possible -
2D principal component analysis for each curve

• Transform to match to extremal points



Some 2D Examples

An intuitive description of  the overall 
structure of the function



Crime data



Crime data
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Climate Simulations

Kernel regression



administrivia

1



2

-for final projects that have been 
approved, email me:
-working title
-group member names
-two or three sentence description



3

http://www.cs.utah.edu/~miriah/cs6964/%23projects
http://www.cs.utah.edu/~miriah/cs6964/%23projects
http://www.cs.utah.edu/~miriah/cs6964/%23projects
http://www.cs.utah.edu/~miriah/cs6964/%23projects
http://www.cs.utah.edu/~miriah/cs6964/%23projects
http://www.cs.utah.edu/~miriah/cs6964/%23projects


LAST TIME

4



THE SMARTPHONE CHALLENGE

5



part 6

6

-get back into large groups

-share sketches

-turn in abstraction and individual 
sketches



L13: Tabular Data

REQUIRED READING
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