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Abstract

A simple, but accurate, formal volume density optical
model is developed for volume rendering scattered data
or scalar fields from the finite element method, as op-
posed to scanned data sets where material classification
1s tnvolved. The model is suitable either for ray tracing
or projection methods and allows maximum flexibility
in setting color and opacity. An expression is derived
for the light intensity along a ray in terms of six user-
specified transfer functions, three for optical density and
three for color. Closed form solutions under several dif-
ferent assumptions are presented including a new exact
result for the case that the transfer functions vary piece-
wise linearly along a ray segment within a cell.

1 Introduction

An exact simulation of light interacting with a volume
density or cloud is quite complex and requires the use
of Radiative Transport Theory [2, 6]. However, for the
purpose of scientific visualization, less complex simula-
tions can be satisfactory.

One of the first computer graphics models for clouds
was reported by James Blinn [1] of the Jet Propulsion
Lab. He described a method to synthesize an image of
the rings of the planet Saturn which consist of clouds of
reflective ice particles in orbit about the planet.

Blinn’s model deals with the scattering, shadowing and
transmission of light propagating through the cloud. It
assumes that a ray of light is reflected (scattered) by

only a single particle, i.e. multiple reflections are con-
sidered negligible. This simplifying assumption will be
true if the reflectivity (albedo) of each particle is small.
Blinn’s model also deals with the shadowing or block-
ing effect of other particles after a light ray has been
scattered by a single particle. And, it deals with the
transparency (transmittance) of the cloud layer, that is,
the amount of light coming from behind the cloud not
blocked off by particles. The brightness or intensity of
the cloud at each pixel is calculated by ray integration,
that is, by integrating along a ray from the eye passing
through the pixel. Many subsequent cloud models are
based to some extent on Blinn’s model.

Kajiya and Von Herzen [5] give an alternative model
which deals with multiple scattering against particles
with high albedo; and they further develop Blinn’s low
albedo model and give a ray tracing algorithm for it.
Light propagating through clouds is also discussed by
Max [9, 10], Rushmeier and Torrance [12] and Ebert and
Parent [3]; however, these techniques are not directly
applicable to volume rendering.

Up to this point in the development, the light sources
have been outside the cloud and the model has described
how the particles in the cloud scatter, absorb and trans-
mit this light.

For the purpose of volume rendering for scientific visual-
ization, a slightly different volume density model is used
in which the cloud itself emits light. Two basic models
can be used for this. In the first model, the scalar field
being visualized is modeled as a cloud of light emitting
particles. We will refer to this as the particle model.
In the other model, the scalar field is represented as a
cloud expressed as continuous glowing medium. Each
point of the medium both emits and absorbs light. We
will refer to this second model as the continuous model.
The two models are really two different explanations of
the same physical phenomenon. For a single transfer



function, which is all the particle model allows, the two
models give the same mathematical formula for the de-
rived intensity. By neglecting shadowing on the way in,
Blinn’s single scattering model turns out to be the same
as the particle model if the phase factor is neglected.

The optical model is the most crucial part of a volume
renderer but it also can be the most confusing part.
Therefore it is important that the underlying model be
clearly understood. Earlier models such as in [13, 17]
lacked some generality and/or were not easy to com-
prehend. Qur paper presents a new continuous model
which is rigorous and quite general, yet is intuitive and
easy to understand.

The next section reviews the particle model and also
makes some aspects of its derivation more rigorous.
Then, in Section 3, we present the continuous optical
model for a volume density. This model 1s suitable ei-
ther for ray tracing or for projection methods and allows
maximum flexibility in setting color and opacity. An
expression for the light intensity along a ray through
a volume, in terms of six user-specified transfer func-
tions, three for optical density and three for color, is
derived. Closed form solutions under several different
assumptions are presented, including a new exact result
for the case that the transfer functions vary piecewise
linearly along a ray segment within a cell. A method
is described which allows isosurface shading within a
volume rendering.

2 The Particle Model

Paolo Sabella [13] first described a particle model for
volume rendering which he called the density emitter
model. It is based on Blinn’s model but assumes the
particles emit their own light, rather than scattering
light from a source. Sabella models the density of parti-
cles, not the particles themselves. The size of the parti-
cle 1s considered to be small compared to other dimen-
sions so the density of the particles can be regarded as
a continuous function.

In Sabella’s model, the density of particles at any point
a = (z,y,z) is defined by considering a volume element
of the cloud dV centered at a. If dVp is the volume
occupied by the particles in dV, then the density func-
tion is defined to be p(z,y,2z) = dVp/dV. If v, is the
volume of a single particle, then the expected number
of particles in a region R of the cloud is:
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A volume rendered image is created by setting a pixel’s

color to the intensity of light perceived by the eye along
a ray from that pixel to the eye through the volume.
Consider a cylinder with cross section ¢ whose axis is a
ray to the eye, parameterized by length ¢, which enters
the cloud at #; and exits at ¢5. Assume the density func-
tion is parameterized along the ray as p(z(t), y(t), z(2)),
or just as p(t). An infinitesimal segment S of this
cylinder, centered at ¢ and of length d¢, has volume
dV = o dt, and contains Ngy = ﬂﬁvg particles. If the
particles are all spheres with radius r, then v, = %71'7’3,
and each has projected area wr?. So if they all glow dif-
fusely on their surfaces with intensity x, the total light
power crossing the front surface of S is

kariNay = krrip(t)o dt/(%ﬂ'?‘?’) = 3;_:/3@) dt

The power is distributed over an area o, so the inten-
sity (power per unit area) contributed by this segment is

35 p(t) dt. We have assumed dt is infinitesimal, so that

the particles do not occlude each other. But on the path
from the interior position ¢ to the front edge 5 of the
cloud, occlusion can take place. To calculate the prob-
ability that this ray from t to t5 is unoccluded, take
another cylinder C' about it, of radius r, the particle
radius. The ray will be unoccluded if there are no par-
ticle centers within C'. From Equation 1, the expected
number N¢ of particles inside C' is:
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If the density is small enough that the chances of mu-
tual overlap are small, the particles can be assumed
to be independently distributed. Then the probabil-
ity P(0;C) that there are no particle centers in the
cylinder is given by the Poisson distribution formula

P(0;C) = e~Ne = ¢ NOLS

Therefore, the intensity of light reaching the eye due to
dV is: X
3K _a [t u) du
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The total intensity I reaching the eye due to all contri-

butions between ¢; and ¢ is:
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If we assume the intensity at ¢; is zero, that is, there is
a black background, and we let 7 = % and ¢ = kT, we
get:

ta to
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t1
For Equation 2 to hold, the density must be small as
required by the Poisson distribution. The density can
either be set equal to the scalar field S which is being vi-
sualized, or a single user defined transfer function f can
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Figure 1: A 2D view of a cloud with a ray P(t) to the eye parameterized by length ¢.

be used, i.e. p(x,y,z) = f(S(z,y,z)). Sabella uses nu-
merical methods to estimate the integral in Equation 2
by sampling along the ray.

When the indefinite integral fot p(u)du can be tabu-
lated or calculated analytically, and when ¢ and 7 are
constants, Max, Hanrahan and Crawfis [8] show how
Equation 2 can be simplified to a closed form expres-
sion which can be evaluated for each cell through which
the ray passes. In addition, they take ¢ and 7 as vectors
with three components, red, green and blue. This has
the effect of scaling the single transfer function differ-
ently for each of the three components of color. The
images created by this method are very accurate ren-
derings of the volume density; however, the process is
computationally intensive and really is intended to be
implemented in microcode.

It may be possible to modify Sabella’s model to include
three separate transfer functions for red, green and blue
emitted light by assuming that a fraction of the parti-
cles emit light of a certain color. Then the density of
the red-emitting particles, for example, will vary with
a density function p,(z,y, z), and similarly for the blue
and green particles. However, these three color particle
densities need to be related to the attenuation particle
density p which appears in the exponent in Equation 2.
It seems easier to make this generalization in the con-
tinuous model which 1s described below.

3 The Continuous Model

We now consider the second model, the continuous
model for a volume density. This formulation and de-
velopment is new and has not been presented before.
We benefit greatly from the earlier work of Shirley and
Tuchman [14] and Wilhelms and Van Gelder [17].

The goal is to provide a simple, but accurate, formal
model on which to base direct volume rendering of scalar
fields defined on irregular meshes and to maximize the
flexibility of use of transfer functions. It is intended
for use with scalar field data from the finite element

method, or scattered data, as opposed to scanned data
sets where material classification is involved. The model
is suitable either for ray tracing or for projection meth-
ods.

The model is simplified to the bare minimum needed
to clearly display the internal structure of the scalar
field. No attempt is made to produce a highly realistic
simulation of an actual cloud.

3.1 Model Development

In this model, the volume density can be thought of
as a luminous or glowing gas cloud, such as neon or
a glowing plasma, that selectively absorbs light of cer-
tain wavelengths and emits self-generated light. The gas
cloud has two physical properties, optical density and
chromaticity, both of which are functions of the scalar
field being visualized.

The optical density of the gas at any point is wavelength
A dependent and is given by the function p(z,y,z,A) >
0. The chromaticity is specified by a chromaticity func-
tion k(z,y,z,A) > 0. These two functions are de-
fined in terms of six user-specified transfer functions
Pry Pg, Pby Kr, Kg, Ky, so for example, p(z,y, z,red) =
pr(S(z,y,z)), where S is the scalar field being visual-
ized.

Let P(t) be a ray to the eye parameterized by length
t which enters the cloud at P(%g) and exits at P(t,),
and let ¢ be a point on the ray centered in the interval
(t+ %,t — %); see Figure 1. Let the notation p(t, A)
stand for p(P(t), A), and similarly for (¢, A).

The meaning of the optical density p(¢, A) is that, in the
limit as At goes to zero, p(¢, A)At is the fraction of light
of wavelength A entering At that is occluded over the
distance At. The chromaticity (¢, A) has the meaning
that, in the limit as A? approaches zero, (¢, A)p(t, \) At
is the intensity of light of wavelength (color) A emitted
at the point P(t). Henceforth, I(¢, A) will represent the
cumulative intensity of light of wavelength A at ¢ due to
all contributions up to the point ¢.



The 1nten81ty of light reaching ¢ + &% is:
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Simplifying, we get'
I+ 80 - I(t- 8L ) _
At
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In the limit as At goes to zero, we get:

ar(t,)) _

dt

Equation 3 is instantiated once for each of the three
component wavelengths of light: red, green and blue.
In each of these equations, p, k and I are functions only
of t; therefore, Equation 3 is really a set of three linear
first order differential equations. For example, for red

light:

(8 \)I(£,3) + At V)o(£,0) 3)

dr.(t

WD | o 1.0) = w0151
These equations can be solved by numerical methods,
for example by the fourth-order Runge-Kutta method,
or by linking to a ODE solver subroutine.

Alternatively,
ft p(u,X) du
e’ to

by wuse of the integrating factor

, we can rewrite Equation 3 as:
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Integrating both sides from tg to 2, usmg the boundary
condition that the intensity at ¢q 1s I(¢g, A), yields:
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(The limits of integration of the integrating factor were

chosen so as to satisfy the boundary condition.) By
combining the two exponentials in the first term, we
get:

tn tn
I(tn,/\):/ e A T
to
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(4)
Equation 4 can not be solved in closed form for the gen-
eral case. However, if the transfer functions vary piece-
wise linearly along a ray segment within a cell, then this
equation can be integrated exactly on a cell by cell ba-
sis. This solution is given in Section 3.3 after parameter
functions are introduced in Section 3.2.

If the chromaticity is assumed to be constant along a
ray then, by the same method that Max [8] used for
Equatlon 2 or by a simple transformation of Equation 4,
a closed form solution for Equation 4 can be obtained:

= [ p(u), du = [ o) ar
e tg to

(5)

If we further assume that both the optical density and
chromaticity are constant along a ray, then from Equa-
tion 5 or by integrating Equation 3 by separation of
variables, we get:

I(tn,\) = s(\)(1 = ) + I(to, \)e

I(tn,A) = s(X) (1 — e_p(A)(t"_tU)) +1(tg, A) S_P(A)(tn—tﬂ)) (6)
—_— —————
A B

The term labeled B is the transmittance of the region,
the fraction of light of wavelength A entering the re-
gion at ¢y that reaches ¢,. The opacity « i1s one minus
the transmittance or 1 —e~?(M(tn=%0) and represents the
fraction of light of wavelength A that enters the region
at tg that is occluded while passing through the region.
Term A represents the attenuation of the light emit-
ted within the region itself. Equation 6 is the alpha
compositing formula described by Porter and Duff [11]
which they call the atop operator.

The restriction that the optical density and/or chro-
maticity be constant along a ray is not too serious since
the cloud is discretized into cells. The ray integration
can be evaluated by discretizing the ray in exactly the
same way that is used in finite element analysis and
then integrating on a cell by cell basis, thus the density
and/or chromaticity can vary from cell to cell.

Equation 6 can be evaluated for each cell by letting
k(A) and p(A) be the average chromaticity and density
respectively along the ray between ¢; and 5, the points
where the ray enters and exits the cell:

h‘()\,tl) + ﬁd(}\,tz)

Kava(N) = -

and similarly for the optical density. Since it is common
to linearly interpolate the scalar field within a cell, this
approximation is acceptable. Volume renderers based
on Equation 6 are discussed in [14, 19]; both renderers
use the visibility ordering algorithm described in [20] .
For further efficiency, the opacity a of the cell along the
ray,

a=1_ e PN)(t2—t1) (7)



can be approximated by

a=pA)(t2 — 1) (8)

provided p(A)(t2 —t1) < 1.0. Photographs of images
that compare the use of Equations 7 and 8 are shown
in [18]. The calculation can be further simplified if the
optical density is assumed to be independent of wave-
length, so only four user-defined transfer functions are
required. If Equation 7 is used, then the exponential
need be evaluated only once per cell.

If it is desired to specify the opacity and color in the
range (0, 1), the optical density and chromaticity whose
range is (0,00) can be normalized to the range (0,1), as
p=1—e"?and k = 1 —e™*, where p is the normalized
density and & is the normalized chromaticity.

3.2 Shading, Gradients & Parameter

Functions

For shading contour (level) surfaces, the intensity at a
point on the surface can be made to vary as a function
of the angle between the surface normal vector and a
vector to a point light source. One way to incorporate
surface shading into the model is discussed at the end
of Section 3.3.

The surface normal at any point p on a level surface of
a scalar field S is the direction of the gradient of S at p.
For tetrahedra, the gradient will be constant throughout
the cell. For other types of cells used in the finite ele-
ment method, the gradient can be computed from the
parameter function for the type of cell involved. The
parameter function S., sometimes referred to in visu-
alization as the interpolation function, gives the value
of the scalar field within any given cell. The parameter
function may be linear, quadratic, cubic, etc. For exam-
ple, for a 4 node tetrahedron, the parameter function is
linear; and so the scalar field within a cell is given by
the parameter function:

Se(z,y,2) = 1 + cax + cay + caz (9)

An appendix gives parameter functions for other com-
mon cells and also discusses how the parameter func-
tions relate to the shape or basis functions.

Since the scalar field value is known at the four vertices
of the cell and the coordinates of the vertices are known,
Equation 9 becomes a set of 4 simultaneous equations
which can be solved for ¢1, ¢9, ¢35 and e4.

The parameter functions will generally not be C'-
continuous at the boundary between cells; and so the
gradient will not be C°-continuous between cells. If the

change in the gradient between cells is large then the
shading will show anomalies from cell to cell. This can
provide useful feedback to the scientist regarding the
quality of his/her mesh. However, if smooth shading is
desired, an average gradient at each vertex may be cal-
culated by averaging the gradients at the centroids of
all cells that share the vertex.! The surface normal at
any point in a cell can then be calculated by interpolat-
ing the gradients at the cell’s vertices. A more accurate
average vertex gradient can be calculated by weighting
the gradients at the surrounding centroids by the in-
verse of the distance to the centroid. Other methods
are described in [4].

3.3 Exact Solution for Linear Parame-
ter and Transfer Functions

Equation 4 can be integrated exactly on a cell by cell ba-
sis if the transfer functions vary piecewise linearly along
aray segment within a cell. This can be done as follows.

If the scalar field data has been generated by the fi-
nite element method, then, within a cell, the scalar field
is given by the parameter function S.(z,y,z). This is
shown for a linear tetrahedron in Equation 9.

We would like to express S, as a function of ¢, the ray
parameter. In parametric form, a ray through the cell
is expressed as:

r = oy + ast (10)
y =01+ Pat (11)
2= + Yot (12)

where (a1, 31,71) is the point where the ray enters the
cell and (ag, f2,72) is a unit vector along the direction
of the ray.

Substituting Equations 10, 11 and 12 into Equation 9
gives, for the case of linear tetrahedral elements:

Se(t) =v+ wt (13)

where v = ¢1+esay+c301 +cayr and w = cyay+c308:+
C4"}/2.

Now the transfer functions must be considered. Let sqg =
Se(to) be the scalar field value at the point where the
ray enters the cell, and s, = S.(¢,) be the value at the
exit point. If the transfer functions are piecewise linear,
as they are in Figure 2, then they can be considered to
be composed of m+ 1 piecewise linear intervals (sg, s1),
(s1,82) .-+, (Si,8i41)y -+, (Sm, Sn). See Figure 2 where
five intervals are shown. The intensity of light at ¢,, can

1When a mesh is rectilinear, a finite difference scheme [15, 7,
16] can be used to approximate the gradient.
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Figure 2: Example piecewise linear transfer functions p, and &, for red light. sy and s, are the values of the scalar

field at the points where the ray enters and exits the cell.

be calculated by integrating Equation 4 over each of the
(m+1) intervals. The value of ¢ at s1,s2,...,8p can be
found from Equation 13. For example: ¢; = (s1 —v)/w.

For red light, the terms involving p, and &, in Equa-
tion 4 are p,(s) = a+ bs and k,(s)p,(s) = f + gs + hs?
or in terms of ¢, using Equation 13:

pr(t) = a+ bv+ bwt

ke (D)pr(t) = f + gv + hv? + gwt + 2hvwt + hwt?

over any interval on which k and p are both linear.
Hence a table lookup procedure may be used to return
the coefficients a, b, f, g and h for any given interval; v
and w are calculated from the ray entry and exit points
and the parameter function for the cell. For example,
for the first interval (sg,s1) shown in Figure 2, a = 5,

b=-3,f=85,g=-5.1and h=0.
For red light, Equation 4 can then be written as:

tit1 tig1
— (ai+b;v+bwu)du
Ir(tig1) =/ e ft (fi + giv + hiv?
t

i

tig1l,
— (a;+b;v+b;wt)dt
+giwt + 2hvwt + hiw?t?) dt + I (t;)e ft

simplifying, we get:

tig1 tig1,
— + d
Ir(ti+1):/ A AR “(a3 + aat + gst?) dt
t

i

+Ir(t;) _f:m(qwqmdt
riiz )€ t

where q1 = a; + bv, @2 = biw, g3 = fi + giv + hiv®,
qa = g;w + 2h;vw and q5 = hjw?.
The second term can be integrated easily to give:

2 2
g2t got
i41 2

s —qiti——5%)

I (ti)e_(qltl‘*'l"’

The first term can be evaluated by completing the
square of the exponent and then using integration by
parts. We verified our hand calculations with Mathe-
matica, version 2.0, and report here the Mathematica
output for the first term:

9294 — 9195 + g295ti41
2

93
929+ — N1 q; + 9295t elti—tip1)(2q1+qatitqatiy1)/2 +
92
\/E( 20, 20: _
5(9592 — 919294 + 9795 — 9295)
q§~5e(Q1+Q2tz+1)2/(2Q2)

91 + g92li41 91 + q2t;
Erfi — Erfi
( ( Ty ) ( oy )

In this expression, the argument to Erfi is either real,
when ¢z > 0, undefined if g3 = 0, or pure imagi-
nary, when ¢s < 0. Erfi(z) is shorthand for two func-
tions, depending on whether z is real or pure imagi-
nary. If z is real, Erfi(z) = \/l; Ox eu” du, while if z
is pure imaginary, of the form =z = b, with real b,
Erfi(ib) = i% [} e du. When gy < 0, the i in the
latter expression cancels the i in the denominator ¢2-.
Thus, we need only prepare one dimensional tables for
these two integrals, or use subroutines to approximate
them. (The second integral is closely related to the in-
tegral of the Gaussian error function, for which subrou-
tines and tables already exist.)

If g3 = 0, then the first term takes a different form, and
integration by parts or Mathematica gives:

(Qf% —q19a + 295 + Q%Q4tz‘+1 — 2q195ti41 + Qf%t?_H)
9
(a2qs — q19a + 205 + a2 qati — 2q105t; + g gst2) et (ti—titn)

'

This is a new result. It remains to be seen if these



expressions can be evaluated so as to permit interac-
tive rendering. Certainly, they can be used to gener-
ate benchmark images against which images generated
by approximate solutions, such as those given in Equa-
tions 5 and 6, can be compared. And, they can be used
for the generation of presentation quality images. Ac-
curate approximations need to be investigated.

Surface shading is helpful for understanding the orien-
tation of (iso)surfaces that may appear in a volume ren-
dered image. However, for the remainder of the image
shading is not appropriate and may even make the im-
age harder to understand. An interval in the density
map which produces an isosurface is distinctive, for ex-
ample a tall narrow rectangular pulse or a delta func-
tion. If such intervals are flagged, surface shading can
be turned on only for those intervals.

4 Conclusion

We have presented a continuum-based volume density
optical model specifically for direct volume rendering
of scattered data or scalar fields from the finite element
method, as opposed to scanned data sets where material
classification is involved. The model has been developed
so as to be intuitive and also to maximize the flexibility
of use of transfer functions. Six user-specified transfer
functions, three for optical density and three for color,
are permitted. The model is suitable either for ray trac-
ing or for projection methods.

Wilhelms and Van Gelder [17] outline a continuous
model and develop differential equations for cumulative
intensity and transmittance based on it. Our model
benefits from their development, but also differs from
their model in a number of respects. For example, in our
model the opacity does not appear as a factor in the de-
nominator of the cumulative intensity; and color inten-
sity is linked to opacity, i.e. color and optical density are
multiplicative factors. The value of the former property
is that the cumulative intensity is well behaved for very
small or zero opacity. The latter property means that if
the transfer functions are defined such that (a) the op-
tical density at a point in the volume is very small, 1.e.
the medium is almost totally transparent at that point,
and (b) the color intensity is maximum at that point,
then the overall contribution will be minimal. These
differences need further investigation.

Closed form solutions under several different assump-
tions have been presented, including a new result for the
case when the transfer functions vary piecewise linearly
along a ray segment within a cell. This new exact so-
lution needs to be implemented and the rendering time

and image quality compared with those resulting from
implementations of Equations 5 and 6 and with results
from other volume density models. Also, the utility of
the three density transfer functions introduced by the
continuous model needs to be investigated.
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Appendix

The parameter function for a 4 node tetrahedron is given in Sec-
tion 3.2. For the other three most common 3D elements (cells),
the parameter functions are as follows. For an undistorted 10
node (quadratic) tetrahedron:

So(€,y,2) = c1+camtesyteaztest teerydery +esyzteoz’ +eionz
For an 8 node (trilinear) brick:

Sc(z,y,2) = c1 + oz + cay+ caz + cszy + ceyz + crzz + caxyz
For a 20 node undistorted (quadratic) brick:

Sc(z,y,2) = o+ crt+cy+csz+cszy+cerz+ cryz +
csx® + coy® + cr02? + crizyz + craaiy +
cswy® + craw’z + crsw2® + crey’z +
crryz® + c1sz’yz + crowy’ 2 + cooryz?
When the elements are distorted by the use of an isoparametric
mapping function, then the mapping function needs to be inverted
and the interpolation performed in the undistorted element using
the parameter function. (In order to assure convergence in the
finite element method, the mapping function must be invertible.)

The topic of visualization of distorted elements is not dealt with
here but it is an important issue that needs to be faced.

The parameter function can in general be expressed in terms of
the scalar values s; at the i vertices of the cell:

Se(w,9,2) = Y Ni(w,9,2)s:
7

For a linear tetrahedron, this becomes:
Se(w,y,2) = Ni(w,y,2)s1+Na(z,y, 2)s2+Na(z,y, 2)ss+Na(2, 9, 2)s4

The coefficients N;(z,y, z) are referred to as the shape or basis
functions for the cell. Thye are polynomials of the form discussed
above; for example on the 4 node tetrahedron they are linear.
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