
Analysis	  of	  vector	  fields	  is	  indispensible	  in	  many	  applications	  in	  science	  and	  engineering	  

But,	  such	  techniques	  require	  a	  “meaningful”	  reference	  frame	  for	  time-‐varying	  flows	  	  

•  Despite	  their	  success	  for	  time-‐independent	  flows,	  these	  techniques	  cannot	  be	  used	  for	  time-‐varying	  data	  
•  The	  streamlines	  of	  time-‐varying	  flows	  are	  useful	  only	  in	  a	  “meaningful”	  reference	  frames	  
•  Most	  existing	  techniques	  only	  focus	  on	  uniformly	  moving	  frames,	  which	  is	  not	  sufficient	  for	  many	  practical	  cases	  

Analyzing	  time-‐varying	  flows	  per	  time-‐step	  using	  the	  internal	  reference	  frame	  [1]	  

•  We	  decompose	  the	  flow	  at	  each	  time-‐step	  into	  meaningful	  components	  that	  represent	  
•  internal	  phenomena	  of	  the	  flow,	  e.g.,	  combustion	  
•  external	  influences	  on	  the	  flow,	  e.g.,	  fuel	  influx	  

•  This	  decomposition	  creates	  new	  reference	  frame	  that	  
•  reveals	  the	  internal	  and	  otherwise	  hidden	  flow	  features	  
•  allows	  streamlines	  to	  capture	  particle	  behavior	  in	  the	  flow	  
•  simplifies	  the	  analysis	  by	  applying	  streamline-‐based	  techniques	  independently	  at	  each	  time-‐step	  
•  features	  can	  then	  be	  tracked	  in	  time	  to	  understand	  their	  temporal	  behavior	  

•  This	  decomposition	  is	  computed	  in	  a	  data-‐driven	  manner	  without	  any	  assumptions	  
•  in	  a	  scalable	  and	  highly	  parallelizable	  manner	  
•  in	  a	  computationally	  less	  expensive	  manner	  than	  the	  state-‐of-‐the-‐art	  

Using	  streamline-‐based	  techniques	  to	  analyze	  time-‐varying	  flows	  

•  These	  ideas	  make	  the	  well-‐established	  streamline-‐based	  techniques	  applicable	  to	  time-‐varying	  flows	  
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Aero-‐dynamical	  designs	  of	  automobiles,	  airplanes,	  wind	  turbines,	  etc.	   Study	  of	  wind	  patterns	  and	  ocean	  currents.	  	  Study	  of	  mixing,	  transport,	  and	  circulation.	  

The	  von	  Karman	  vortex	  street	  Illustrated	  on	  the	  left	  cannot	  be	  detected	  in	  the	  simulated	  data	  using	  streamlines	  on	  the	  right.	  

253EXPERIMENTAL HYDRODYNAMICS OF SWIMMING

FIG. 10. Comparison of theoretically expected patterns of wake flow behind a stationary cylinder (A) and a heaving and pitching foil (B).
Incident fluid flow in both panels is from left to right. The bluff body in A generates a drag wake composed of staggered counterrotating
vortices with interspersed jet flow (gray arrows) oriented upstream (i.e., a von Kármán street). As the streamlined foil in B oscillates it also
leaves a staggered wake of vortices, but because the sense of vortex rotation is opposite to that shown in A this wake is termed a reverse von
Kármán street. This actively generated wake produces jet flow between alternating vortex pairs that is oriented downstream. In reaction to
these momentum jets, forward thrust is exerted on the foil.

each stride is partitioned among the three fin systems
as shown in Figure 11A; note that the soft dorsal fin
contributes 12% of total thrust on average. During
slow turning maneuvers in sunfish (described above),
the soft dorsal fin is also active, shedding a laterally
oriented momentum jet at the end of the body-rotation
phase (Drucker and Lauder, 2001a). Both the pectoral
and dorsal fins, therefore, exert laterally oriented wake
forces during this unsteady swimming behavior, with
the dorsal fin generating an average of 35% of the total
(Fig. 11B). The fact that the soft dorsal fin produces
approximately 10% of the total thrust generated by all
fins during steady swimming, and more than one-third
of the total lateral force during turning, underlines its
active role in propulsion. The partitioning of swim-
ming force among multiple fins is likely a widespread
characteristic of the teleost locomotor system, but as
yet has received very little experimental study.

9. DPIV shows that wake interaction among fins may
enhance thrust production
The observation that more than one fin can shed a

vortex wake at the same time suggests the possibility
of hydrodynamic interaction among nearby propulsors.
Theoretical studies of fish locomotion have empha-
sized the potential for wake interaction among fish fins

to increase propulsive efficiency (Lighthill, 1970; Wu,
1971; Yates, 1983; Weihs, 1989). Experimental work
in non-biological systems has demonstrated that vortex
trails shed by upstream bodies can intercept and affect
the strength of developing vortices generated by bod-
ies downstream. Specifically, it has been shown that
the drag wake of an upstream bluff body can interact
in either a constructive or destructive way with the
near-field thrust wake produced by a downstream os-
cillating foil (Gopalkrishnan et al., 1994; Anderson,
1996; Triantafyllou et al., 2000). The type of interac-
tion observed depends on the sign of vortex rotation
and the encounter phase of the foil with respect to the
upstream vortices. For two adjacent foils shedding a
thrust wake, as in a swimming fish, annihilation or
reinforcement of vorticity will also depend on encoun-
ter kinematics.
Using DPIV, Drucker and Lauder (2001a) examined

the dynamics of wake interaction between the soft dor-
sal fin and tail of bluegill sunfish. Given the proximity
of these fins (see Fig. 11A), both constructive and de-
structive interactions among wake vortices are theo-
retically possible. During steady swimming slightly
above the gait transition speed (1.1 L sec21), both fins
exhibit a sinusoidal pattern of motion with a mean
phase lag of 120 msec. A horizontal laser light sheet
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Decomposing	  the	  flow	  highlights	  the	  internal	  features	  in	  the	  left	  (von	  Karman	  vortex	  street)	  and	  the	  external	  influences	  in	  the	  right.	  	  
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Streamline-‐based	  analysis	  is	  very	  useful	  in	  	  
analyzing	  time-‐independent	  flows	  

•  Analysis	  based	  on	  streamlines	  (tangent	  curves	  to	  	  
the	  flow)	  successfully	  captures	  the	  particle	  	  
behavior	  in	  the	  flow	  

•  Such	  techniques	  allow	  extract	  of	  meaningful	  	  
features	  through	  robust,	  combinatorial,	  and	  	  
higher-‐order	  analysis	   2D	  Flow	  Topology	  
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Figure 5: Vortex traces in the flow behind the cylinder. From top-left to bottom-right, with increasing Re, the speed of vortices

increases as expected. To reduce clutter, only those vortex traces are shown that exist for the entire time range.

inconsistent with theory. In particular, the vortex street is ex-
pected to be vertically symmetric (with horizontal offsets)
about the center of the cylinder at all times because both
the cylinder and the inlet velocity are vertically symmet-
rical. However, for slower and faster frames, the instanta-
neous flows are observed to be moving, more or less, down-
ward and upward respectively. Notice also that the amount
of background flow exhibited in the slower frame is signifi-
cantly reduced, while the faster frame exhibits inverse flow
at the top of the domain.

Finally, we analyze the flows for increasing Reynolds
numbers, Re = 100, 125, 140, and 165, corresponding to
a fixed kinematic viscosity and u = 0.92, 0.98, 1.01, and
1.1. We compute the vortices for the simulation time range
[2,12.5] consisting of 201 snapshots, one at a time. Fig. 5
shows the trace of some of the vortices extracted from these
snapshots using one spatial domain to encode time. As ex-
pected, the locations of the critical points track the inher-
ent motion of the vortices allowing accurate measurement
of the “speed" of the vortex cores. Our results confirm that
the vortices move slightly slower than (! 91% of) the in-
let velocity. In the shown example, the speed of vortices are
! 0.85, ! 0.89, ! 0.92, and ! 1. Note that flows in the in-
ternal frame are stable enough such that no actual tracking
of the vortices was necessary to produce this results; instead
the figures simply show the position of the vortex core at the
given time steps. As another consistency check, we note an
approximation to shedding frequency computed using our
technique increases with increasing Reynolds number – a
trend consistent with theory.

5.2. Lifted Ethylene Jet Flame

Next, we study the direct numerical simulation of a turbu-
lent lifted ethylene jet flame [YRSC11], which represents
a compressible and highly turbulent flow. In this case, fuel
is injected from the bottom of the domain creating a strong
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Figure 6: Comparison of the topological decomposition of

the lifted ethylene jet flame in the original (left) and the in-

ternal (right) frames of reference. The natural harmonic flow

(middle) describes the motion of the internal frame. Only 8

critical points are identified in the original frame, while 62

critical points describe the complex dynamics of this simu-

lated flow in the internal frame. The internal frame for this

[800"2025] data took ! 186 sec. to compute.

background flow towards the top. The natural harmonic flow,
which represents the motion of the internal frame, reveals
an elliptical shape (see Fig. 6(b)) consistent with the non-
uniform velocity profile (faster flow in the middle) imposed
by the simulation. This is an example of non-inertial frames
that cannot be compensated for using Galilean-invariant
techniques. In contrast, our technique successfully decou-
ples this frame.

As shown in Fig. 6(c), analyzing a single snapshot of
the flow in internal frame of reference reveals two global
counter-rotating vortices rather than a streak of smaller vor-
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Understanding	  the	  motion	  of	  von	  Karman	  vortex	  street	  using	  streamline-‐based	  techniques	  on	  individual	  time-‐steps.	  
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Figure 5: Vortex traces in the flow behind the cylinder. From top-left to bottom-right, with increasing Re, the speed of vortices
increases as expected. To reduce clutter, only those vortex traces are shown that exist for the entire time range.

of Q-criteria [Hun87] computed in the simulation’s frame.
The result asserts that the vortex identification using Q can
create false-positives and false-negatives, e.g., the olive and
the green colored particles, respectively. Notice that the olive
pathline does not swirl around the vortex core, while the
green pathline does. In contrast, the topologically identified
vortex in the internal frame captures the true swirling be-
havior of the particles, from a single time-step and at much
lower computational expense.

5.2. Lifted Ethylene Jet Flame

Next, we study the direct numerical simulation of a turbu-
lent lifted ethylene jet flame [YRSC11], which represents
a compressible and highly turbulent flow. In this case, fuel
is injected from the bottom of the domain creating a strong
background flow towards the top. The natural harmonic flow,
which represents the motion of the internal frame, reveals an
elliptical shape (see Figure 6(b)) consistent with the non-
uniform velocity profile (faster flow in the middle) imposed
by the simulation. This is an example of non-uniformly mov-
ing frames that cannot be compensated for using Galilean-
invariant techniques. In contrast, our technique successfully
decouples this frame.

As shown in Figure 6(c), analyzing a single snapshot
of the flow in internal reference frame reveals two global
counter-rotating vortices rather than a streak of smaller vor-
tices one may have expected. Instead, the smaller vortices
are nested in these global rotating structures. The figure also
highlights the flow that runs through the domain from bot-
tom to top, along with all the smaller structures that exist on
either side of this through-flow. As is clear from the figure,
none of these intrinsic features are visible in the simulation’s
reference frame (see Figure 6(a)).

Figure 7 shows traces of vortices for time
[0.00174,0.00175], confirming that the vortices are
temporally coherent. While many vortices are small and
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Figure 6: Comparison of the topological decomposition of
the lifted ethylene jet flame in the simulation’s (left) and the
internal (right) reference frames. The natural harmonic flow
(middle) describes the motion of the internal frame. Only 8
critical points are identified in the original frame, while 62
critical points describe the complex dynamics of this simu-
lated flow in the internal frame. The internal frame for this
[800⇥2025] data took ⇡ 186 sec. to compute.

Figure 7: The traces of vortices show the presence of stable
rotational structures in the ilfted ethylene flame.

cancel out with saddles in the simulation, some that are
stable and persist for the entire time-range are shown.
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Analysis	  of	  the	  lifted	  ethylene	  jet	  flame	  in	  the	  internal	  frame	  (right)	  
reveals	  nested	  vortices.	  None	  of	  these	  structures	  are	  visible	  in	  the	  
original	  reference	  frame	  (left).	  The	  motion	  of	  the	  reference	  frame	  
(middle)	  	  is	  more	  general	  than	  uniform	  motion.	  

Analysis	  of	  the	  jet	  in	  cross-‐flow	  (bottom-‐left)	  
reveals	  the	  counter	  rotating	  vortex	  pair	  (top-‐left)	  

and	  the	  turbulence	  near	  the	  jet’s	  orifice	  (top-‐
right)	  as	  expected	  by	  the	  simulation	  model	  

(bottom-‐left).	  	  The	  background	  flow	  (bottom-‐
right)	  is	  non-‐trivial	  and	  cannot	  be	  handled	  using	  

existing	  techniques.	  


