Mathematics of Imaging Xiang Hao
Assignment01

1) Consider the rocket example 3 page 125. What is the solution to the optimization problem
if L? norm of u(t) is minimized instead.

Solution 1:
= [T u(t)2dt + A (T = tyu(t)dt — (1+ Z2))

F(u+ eh) = fo u(t) + eh(t)2dt + A(f; (T —t)(u(t) — eh(t))dt — (1 + 7))

dRuteh) — [To(u(t) + eh(t >>h<t>dt+A(ff(ﬂt)h(t)dt)

dF(uter)) —fo 2u(t)h(t)dt + A fy (T = )h()de) = [ (2u(t) + AT = t))h(t)dt

So, 2u(t) + AM(T'—t) =0, and u(t) =—3(T —t).

Since, fo Ju(t)dt =1+ Z= we get

ST = tyu(tydt = — [ (T g (T —t)dt = =2 [ T? = 2Tt + 2dt = —3(T% — Tt* + L3)|T = —2(1% -
T3 4+ 1 T3): /\T?,ilJr

So, A = —6+7£>‘3T?

So, u(t) = SE3I°(T — 1)

Solution 2:
The L? norm of u(t) is (fOT lu(t)|2dt)2. We want to minimize it with constraint fOT(T —tu(t)dt =1+ T;

<T—tu>=1+22 l[ull2 = ming,.cpre [[u — m*[|2, where M

denotes the space generated by T-t, a subspace of L0, T].

If u is any function satisfying the constraint, min

From theorem 2 of the book, on page 121,

min,,-cpre |Ju —m*|a = SUP e, [af[p<1 < M U >= MaX||(T—t)a||,<1(1 + T;)a
(T = t)alla = (Jy (T —t)a)?dt)> = (a*(T* — 37%)) = ZTal

Since ||(T' — t)al|2 < 1, we get |a| < g

)2

o

. 2 2
So, min_y., oy, a2 [[ull2 = max)r—nap<i(1+ 5 )a=max, s (1+ F)a=(1+%5 2 4 V2T

(B + Y2 = V2(-1)Fs + 2 =0, we get T = /2

So, min 9 = 2.

<T—tu>=1+L22 [[ul]
The optimal u must be aligned with (7" — t)g

2) Each student is asked to pick a problem from Chapters 4 or 5 that interests them most and
solve it. Please post your solutions to the wiki so that your colleagues can comment on them.

Question 12 on Page 139
Lo(z) = Yi_g azka(5) = az02(0) + a212(0.5) + assz(1)

Let p = a + bt + ct?
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L(p) = [y P(t)dt = [y a+bt + ct2dt = (st + 1ot + at)[y = Le + Lo+ a.
Lg(p) = a20a —+ a21(a + %b —+ iC) =+ GQQ((J, =+ b —+ C) = (a20 =+ a1 =+ GQQ)G —+ (% —+ a22)b —+ (%(anl + QQQ)C

Since L(p) = La(p), we get agy + az1 +aze = 1, %2 + agy = %, Ll +agy =

W=

So, ago = §,a21 = 3,a2: = §-
So, La(z) = t2(0) + 22(0.5) + $x(1)
3) Question 21 on page 76

Q can be decomposed in to LTL since Q is a SPD matrix, then 27 Qz = 27 LT Lz = (L2)T Lz. Let y=Lx,
then « = L~ 'y. Let B = AL™', then the problem can be restated as:

minimize the norm of y subject to By = b.
Suppose 4o has the minumum norm, yo = (8B)7, 8 is a 1xm matrix

Based on the projection theorem,

By —y0) =0

Byy=By=0»b

B(BB)T =1

BBTBT =b

BT = (BBT)"'b = (ALY (AL~ H)T)~1b



