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Edge Enhancement

Inhomogeneous diffusion may actually enhance edges, for a
certain choice of g().

1D example:

Lets(x) = &b, and ¢(s) = g(s)s = g(Ix)lx.

The 1D heat equation becomes

0 0
It = Gix(g(IX)IX) = (fofﬁ(S)
= ¢'(s)k
g(lx) is the rate of change of edge slope with respect to time.
0 0
a(lx) - 87('0

= ¢"(S)I5 + &' (S)hox



Edge Enhancement
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For a step edge with Iy > 0 look at the
inflection point, p.

Observe that Iy« (p) = 0, and Iy (p) < O.
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0

§(|X) = ()l + ¢/ (5)hoe

For a step edge with Iy > 0 look at the
inflection point, p.

Observe that Iy« (p) = 0, and Iy (p) < O.

0 /
a(lxxp) = ¢'(s)hox (P)

The sign of this quantity depends only on
¢'(s).



Edge Enhancement

At the inflection point:

0 /
a('xxp) = ¢'(s)hox (P)

@ If ¢'(s) > 0, then %(IX)(p) < 0 (slope is decreasing).
@ If ¢'(s) <O, then %(IX)(p) > 0 (slope is increasing).

Since ¢(s) = g(s)s, selecting the function g(s) determines
which edges are smoothed and which are sharpened.
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Edge Enhancement

The function ¢(s) = g(s)s

@ $(0)=0

@ ¢/(s) >0fors <K
@ ¢'(s) <O0fors>K
@ lims_ ¢(s) — 0



Edge Enhancement

The function g(s)

Perona and Malik suggest two possible functions (s = ||V1||):

[IV1]

g(vI)) = e

|

g(IVI|) = 1+ (ISMyie



Edge Enhancement

Effect of varying K on g()
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Figure: K=2,4,6



Edge Enhancement

Effect of varying « on g()
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Figure: «=1,3,5,7,9



Edge Enhancement

Effect of varying K and a on c()
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Edge Enhancement

Effect of varying K
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Figure: K = 3,5,10, 100.



Edge Enhancement

Effect of varying « on c()
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Figure: a«=1,2,3,5.
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Discretized Inhomogeneous Heat Equation

Explicit Formulation

g,lt =c(x,y,t)V?l + Vc - VI

Using centered differences for the Laplacian and gradients:

St — 1
) Y t t t t t
N = CX,y(Ix—l,y + Ix—|—1,y + Ix,y—l + Ix,y-&-l - 4|X,y)
CX+17y — folzy Ix+17y — Ixflry
b (Gt Bty daty Z ey,
C —Cxy_1.| —lyy_
+ ( X,y +1 X,y 1)( X,y+1 X,y 1)

2 2
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Implicit Formulation

@ Same diagonal structure as homogeneous heat equation?
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Discretized Inhomogeneous Heat Equation

Implicit Formulation

@ Same diagonal structure as homogeneous heat equation?
Yes.

@ Symmetric? No.
@ Diagonal dominance? Data dependent.
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Perona-Malik Implementation

Explicit Formulation

ol
ot

By splitting the Laplacian and averaging the forward and backward
differences in the gradient:

c(x,y,t)V?l + Ve - VI

bt — 1%
t t
N = CX,y[(Ix 1y — I ) (|x+1y IX,y)
+ (|>t<y 1 )+(|xy+1 It,y)]
ac IX+17y Iny IX7y Ixflzy
o 2 * 2 )
¢ Ixy+1 —lxy | Ixy —lxy-1
+ @( > + > )
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Perona-Malik Implementation

Explicit Formulation

gl c(x,y,t)V2l + Vc - VI
M = (ny,lac)(ﬁ

A Yo 20x ety

b Gyt 3 o)y

b Gy~ 3l -

b Gy 3 )y -

It7y)
ly)
M y)

hey)
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Perona-Malik Implementation

Explicit Formulation

1dc
Cx7y+§(97X ~ Cx—i—%,y
1c c
XY T 29x T Xz

o
l

g(sx,y + SX+1,y)

X+3Y 2
Sx,y + Sx—1y
Cx7%7y ~ g( 2 )

Where sy y = |[VI(X,Y)]].
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Perona-Malik Implementation

Explicit Formulation

B =y Sky F Sxciy o t

WSS )
+ gL )
+og(RLIEI L )
b og(PETII G 1y
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Perona-Malik Implementation

Anisotropic Implementation

Compute g() using the projection of the gradient along one
direction.
For example, in g(22 31y, |t

ol

Sy = 1)
ol

Sx+1y = ’87(X+1,Y)’

Computing sy y using forward differences, and sy 1y using
backward differences

Sxy = |lxiiy = Ixyl
Sx+1y = “x+1,y_|x,y|7

s0 g( 23y — g([I(x +1,y) — I(x,y)]).
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Perona-Malik Implementation

Explicit Formulation

bt — 18

- 9([lx-1y — ey ) (k- )
+ 9(lk+1y — |x,y‘)(|x y)
+ 9(lky-1— |x,y‘)(|>t<,y 1 |t y)
+ 9(lxy+1 — IX,y|)(|>t<,y+1 )

The authors use 17 to denote finite differences. This is not the
gradient operator (V).
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Perona-Malik Implementation

@, = s Unlij = licay—lij
Vslij = ligaj —lij
57
i = lijer—
Iw,, = Liay r\li.i Igij=liy15 VE bl i+l bl
® O ® vwlij = lij-1—1ij
s,
@1&,, =Jij1
_ ey = 9(lwnlijl)
Image neighborhood cs = g(|vshil)
system i M
ce; = 9( velijl)
cw,; = 9( vw lijl)
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Perona-Malik Implementation

Explicit Formulation

The previous explicit formulation
L gt
X,y X

A

+ o+ 4

can be rewritten as

|t+l
X

= g(llx-1y —
9(|lx+1y —
Il y-1—

9(Ihy+1 —

by D,
bey ) (st
'x,yl)(li
hey (1%

y+1

t
+ cg; Ve lij+Ccw; Vw lij)

t
= Ixy +ACn; UN lij+Cs; Vs lij
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Discrete Maximum Principle

Let IMij = max(l, In, Is, IE, IW)

t+1 t
Ix,y = Ix,y + )\(CNi,j YN Ii,j + Csiyj Vs Ii,j

+ Cg,; VE lij +Cw,; Vw lij)

I}(fg,l Iy (1— Aen,; +Cs,; +Ce; +Cw,;))

+ eI+ Csls +Ce e+ O wi )
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Discrete Maximum Principle

Let IMij = max(l, In, Is, IE, IW)

= Iy T A(Cn; U lij +Cs ;s i
+ Cg,; Ve lij +ow; Vw lij)

|t+l
X7y

|>t<—,§/l = |>t<,y(1 - )‘(CNi,j +Cs;; +Cg + CWi,j))

+ AlenIny; +Csyls +Ce g +Cwilwy;)
Since all ¢c’s and X\ are positive and between 0,1:

S I,tv'” (1 — )\(CNL] + CSi,j + CEi,j + CWi,j))
+ Ilt\/lij ()\(CNi,j + CSi,j + CE”. + CWi,j))

_ t
= Iy,

|t+1
X,y
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Adaptive Parameter Setting

Set K every iteration

Compute a histogram, f;, of || V||

EEBEE B

£

Find K such that 90% of the pixels have gradient magnitude < K.
(If Zib:l fi > 0.9n2 then bin b corresponds to gradient magnitude K).
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The rest of the paper...

Edge Detection

Due to
@ Edge enhancement
@ Edge localization

edge detection algorithms will benefit from using this nonlinear
diffusion process rather than using linear diffusion (Gaussian
convolution).



The rest of the paper...

Energy Minimization and Markov Random Field
Models

@ The ’anisotropic’ diffusion algorithm minimizes 'some
energy function.

@ Smoothness — conditional dependence on nearest
neighbors (Markovian property)
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Introduction

The problem with inhomogeneous diffusion

@ Noise on edges will not be reduced.

Even with the anisotropic implementation of Perona-Malik,
noise on diagonal edges will not be handled properly.



Anisotropic Diffusion
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Introduction

The problem with inhomogeneous diffusion

The inhomogeneous heat equation

ol .

N div(c(x,y,t)VI)

only controls the magnitude of intensity (or heat) flow.
The anisotropic heat equation

ol .

— =div(D t)VI

5 = dv(D(x,y. V1),

where D(x,y,t) is a matrix-valued function, can also control the

direction of intensity (or heat) flow.
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Introduction

Next:

Wednesday:

@ Susan Lemieux will continue the MRI acquisition lecture.
Friday:

@ Weickert "A review of nonlinear diffusion filtering”.

@ The physical laws of heat flow and diffusion.

@ Anisotropic diffusion filtering.
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