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Optical Flow and Motion

e We are interested in finding the
movement of scene objects from time-
varying images (videos).

e |Lots of uses

— Motion detection

— Track objects

— Correct for camera jitter (stabilization)
— Align images (mosaics)

— 3D shape reconstruction

— Special effects

— Games: http://www.voutube.com/watch?v=JILkkom6tWw

— User Interfaces: http://www.youtube.com/watch?v=0Q3gT52sHDI4
— Video compression



http://www.youtube.com/watch?v=JlLkkom6tWw
http://www.youtube.com/watch?v=Q3gT52sHDI4

Tracking — Rigid Objects




Tracking — Non-rigid Objects

(Comaniciu et al, Siemens)




Tracking — Non-rigid Objects




Optical Flow:
Where do pixels move to?




Optical Flow:
Where do pixels move to?




What is Optical Flow (OF)?

il ! Optical Flow

[(t+1)
1 (1), 1p;} Velocity vectors {V.}

Optical flow is the relation of the motion field:
» the 2D projection of the physical movement of points relative to the observer
to 2D displacement of pixel patches on the image plane.

Common assumption:
The appearance of the image patches do not change (brightness constancy)

1(pt) = 1(py +7,,t+1)

Note: more elaboratetracking models can be adoptedif moreframes areprocess all atonce



Optical Flow: Correspondence

Basic question: Which
Pixel went where?
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Structure from Motion?
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* Known: optical flow
(instantaneous
velocity)

* Motion of camera /
object?



Optical Flow i1s NOT 3D
motion field
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Optical Flow iIs NOT 3D
motion field

http://en.wikipedia.org/wiki/File:Opticfloweg.png




Definition of optical flow

OPTICAL FLOW = apparent motion of
brightness patterns

|deally, the optical flow is the projection of the
three-dimensional velocity vectors on the image
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Optical Flow - Agenda

e Brightness Constancy

e The Aperture problem

e Regularization

e |Lucas-Kanade

e Coarse-to-fine

e Parametric motion models
e Direct depth

e SSD tracking

e Robust flow

e Bayesian flow
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Start with an Equation:
Brightness Constancy

v

Time: t Time: t + dt

(2, 9)
\c}isplacement = (u,v)

Point moves (small), but its
brightness remains constant:

Iy1(x,y) =l (x+u,y +v)

dl
I = constant > — =0
dt

(2 + u,y + )




Mathematical formulation

| (X(1),y(),t) = brightness at (X,y) at time t

Brightness constancy assumption (shift of location
but brightness stays same):

I(x+%é’[,y+dy

—o,t+ot)=1(x,Vy,t
" it )=1(X,y,1)

Optical flow constraint equation (chain rule):
dl ol dx odldy al
dt ox dt oy dt ot

0




The aperture problem

dx dy
U=—, V=—
dt dt
ol ol ol
I, =—, Iy:_’ l, = —
OX oy ot
Horn and
Schunck
optical flow
equation

1 equation in 2 unknowns



Optical Flow: 1D Case

Brightness Constancy Assumption:

f(t)=1(x(t),t)=1(x(t+dt),t+dt)

of (X) _y -
po — () Because no change in brightness with time
ol (ij ol
+ — =0
oxl\ ot ) ot
|, % l;
I t
— V = — —
I X

Gary Bradski & Sebastian Thrun, Stanford CS223 http://robots.stanford.edu/cs223b/index.html



http://robots.stanford.edu/cs223b/index.html

Tracking in the 1D case:

I (X,1)

21

Gary Bradski & Sebastian Thrun, Stanford CS223 http://robots.stanford.edu/cs223b/index.html


http://robots.stanford.edu/cs223b/index.html

Tracking in the 1D case:

I (X,1)

X

i

X

Assumptions:

Ol 0l G ot .
i | = — Vs —— * Brightness constancy
OX |, otf,_, l, » Small motion




Tracking in the 1D case:

Iterating helps refining the velocity vector

I (X,1)

V<=V evious — I—t Converges in about 5 iterations
X



From 1D to 2D tracking

(axj ol
+— =0
Aot) ot

)22
at) oyllat) ot

|

ol
1D: P

ol
2D: PW

Shoot! One equation, two velocity (u,v) unknowns...



Optical Flow

Brightness Constancy

The Aperture problem
Regularization
Lucas-Kanade
Coarse-to-fine

Parametric motion models
Direct depth

SSD tracking

Robust flow

Bayesian flow



How does this show up visually?
Known as the “Aperture Problem”

Gary Bradski & Sebastian Thrun, Stanford CS223
http://robots.stanford.edu/cs223b/index.html
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Aperture Problem Exposed

Motion along just an edge is ambiguous

Gary Bradski & Sebastian Thrun, Stanford CS223
http://robots.stanford.edu/cs223b/index.html
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How does this show up visually?
Known as the “Aperture Problem”

Gary Bradski & Sebastian Thrun, Stanford CS223
http://robots.stanford.edu/cs223b/index.html
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Optical Flow vs. Motion:

Aperture Problem

Barber shop pole:
http://www.youtube.com/watch?v=VmqQs613SbE

Barber pole 1llusion

Z axis

\JA

il

== =
== =
=

Barber's pole Motion field Optical flow


http://www.youtube.com/watch?v=VmqQs613SbE
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Normal Flow Notation
What we can get ®!!| ru+1v+1,=0

At a single 1mage pixel, we get a line: 1

Tu+lv=-—I

v ! X Y 4 u=|:u:| V[:|:jx:|
v y

IXU‘FI},V‘FIt =0

“Normal flow”

We get at most “Normal Flow” — with one point we can only detect
movement perpendicular to the brightness gradient. Solution is to take
a patch of pixels around the pixel of interest.




Recall: Aperture Problem




Recall: Aperture Problem







Aperture Problem and Normal Flow

g I I
I v=u—+-—"
I, I, 1,

e Let(u’, v’) be true flow

e True flow has two components
— Normal flow: d
— Parallel flow: p

e Normal flow can be computed
e Parallel flow cannot




Computing True Flow

e Schunck
e Horn & Schunck
e Lukas and Kanade




Possible Solution: Neighbors

Two adjacent pixels which are part of the same rigid
object:
* we can calculate normal flows v, ; and v,,

* Two OF equations for 2 parameters of flow: v = (Z)

VIl'ﬁ_Itl — O
VIZ'ﬁ_ItZ — O




Schunck: Considering Neighbor Pixels

e |f two neighboring pixels move with same velocity
— Corresponding flow eqguations intersect at a point in (u,v) space
-~ Find the intersection point of lines
— It more than 1 intersection points find clusters
- Biggest cluster is true flow

v

Alper Yilmaz, Fall 2005 UCF




Schunck: Considering Neighbor Pixels

Cluster center provides velocity vector common
for all pixels in patch.

Jepson, Toronto: http//www.cs.toronto.edu/pub/jepson/teaching/vision/2503 /opticalFlow.pdf




Optical Flow

Brightness Constancy

The Aperture problem
Regularization: Horn & Schunck
Lucas-Kanade

Coarse-to-fine

Parametric motion models
Direct depth

SSD tracking

Robust flow

Bayesian flow



Horn & Schunck algorithm

Horn and Schunck’s approach — Regularization

Two terms are defined as follows:

e Departure from smoothness
e, = ffﬂ({uf, +uy) + (vl + vy))dedy
e Error in optical flow constaint equation
€. = ffﬂ(EIu + Ev + E,)dxdy
The formulation is to minimize the linear combination of e, and e,
€. + Ae,

where A is a parameter.

Note: In this formulation, u and v are functions of  and y. Physi-
cally, u is the z-component of the motion, and v is the y-component
of the motion.



Horn & Schunck algorithm

Additional smoothness constraint
(usually motion field varies smoothly in the image
— penalize departure from smoothness)

e, = [J ((l +u)) +(v; +v)))dxdy.

OF constraint equation term
(formulate error in optical flow constraint) :

e = [[ (Lu+1,v+1,) dxdy,

‘ minimize es+Aec ‘




Horn & Schunck algorithm

Variational calculus: Pair of second order
differential equations that can be solved iteratively.

e Define an energy function and minimize
f

E(x,y)=(ul, +vI, +1.) + A(u: +u_f +v] +v_f‘:)

e Differentiate w.r.t. unknowns ¢ and v

oF of o @ou @ du |
o 21 (ul +vI,+1,)+ = TR ELHHIHW)
oF laplacian of u

— =, WLV 1)+ 2 +v}TF\

laplacian of v




Horn & Schunck algorithm

Ix(Ixu + Lv+ It) + AAu =0

Iy(Ixu + Lv+ It) + AAv =0
Approximate Laplacian by weight averaged computed in a
neighborhood around the pixel (X,y):
Au(x,y) =u(x,y) —u(x,y)
Av(x,y) = v(x,y) — v(x,y)
Rearranging terms:
0=1I(Lu+ Lv+ I.) + Au — )
=u(A+ 1) + vL 1, + LI, — u

0=1L(Lu+Lv+1)+Av—7)
=v(A+12) +ul L, + LI, — A0
2 equations in 2 unknowns, write v in terms of u and plug it
in the other equation




Horn & Schunck algorithm

A= vl L, — L,
u =

A+ IZ
AV —ul, I, — 1,1
vV =
A+ 15

2 equations in 2 unknowns, write v in terms of u and plug it
in the other equation

u=u__ —1 IIHWE +I'F1Jm3 +Ir v=yv -] Ixumg +I.vvma,g +Ir
avg X 2 2 ave y 5 :
I +1+4 241+

e |teratively compute u and v
—~ Assume initially uand v are 0
- Compute u,,, and v, , in a neighborhood




Horn & Schunck algorithm

The Euler-Lagrange equations :

- Sp _OF
ox ™ oy
FV—QFV —QFV =0
ox * oy "

In our case
F =(ug +uy)+(v; +v))+ A(Lu+ 1, v+1,)°,
so the Euler-Lagrange equations are
Au=A(Lu+1v+I)Il,,
=A(Lu+1v+I1)1,,
o> 0

A=—+— s the Laplacian operator

ox> oy’



Horn & Schunck algorithm

Remarks :

1. Coupled PDEs solved using iterative

methods and finite differences

ou
E = AU — ﬂ(lxu+lyv+lt)lx,

oV
P = AV — A(Lu+ 1L v+I)l,

2. More than two frames allow a better

estimation of It

3. Information spreads from corner-type
patterns



Discrete Optical Flow Algorithm

Consider image pixel (|9 J)

* Departure from Smoothness Constraint:

1 2 2
Sij = Z [(ui+1,j _ui,j) T (ui,j+1 _ui,j) +
2 2
(Vi+1,j _Vi,j) T (Vi,j+1 _Vi,j) ]
*Error in Optical Flow constraint equation:
(11 ] ij \ 2
C; = (I, Ui +1, vi +17)

» We seek the set {Ui j } & {Vi j }that minimize:

NOTE: {U. } & {V.
€= Z Z (SU +A Cij ) show up{in Jniore t{hajn}one
L)

term




Discrete Optical Flow Algorithm

* Differentiating € w.rt V|, & U,, and setting to zero:

ﬁ=2(Uk|_U_k|)+2/1(|>l<duklJrliydvklJfltkl)“(d =0
ou,,

oe B — K K Ky kl
@——2(Vk|—Vk|)+2/1(|XUk|+|ka|+|t ), =0
Vkl

. V_kl & U_k| are averages of (U, V) around pixel (k |)

Update Rule: . | kI (N ukl Iy Kl \,n Vkl n | kI

un+1:un kI

Sy a1
L Iklu Iklv Ikl

n+1 n x Y T T kl

Ve =Vig —

1+/1[(|xk') +(1,)°1




Horn-Schunck Algorithm
Discrete Case

Derivatives (and error functionals) are
approximated by difference operators

Leads to an iterative solution:

n+l1 Tl __ —
Uy~ =Uy —al, L0+ LV + 1

o T x i

1+ A( + 1))

n+1 _ n
Vi =V —al,

U,V 1s theaverage of values of neighbors




Intuition of the lterative Scheme

Constraint\

line

The new value of (U,v) at a point 1s equal to the average of
surrounding values minus an adjustment in the direction of
the brightness gradient




Horn - Schunck Algorithm

begin

el

for = 1taMdo fori:=|teido bepin
calcubate the values £, (i j,0), E{ij.1), and E {7 . {] using
a selectad approximatiog fc}rrnu]a.
| =pecial eases for imagze points at the image border
have to he taken into accomnr §|
initialige the values w4, f) and Wi, /5 with zero
end {forl;

choose 2 switable weighting value A: [egd=101
chaose 2 suitable number my 2 1 oF iterations: [ my=8}
R.=1; { iteration counter |

while # £ sty do begin
forj=1toNde fori=1toMdo begin
H = L—fu{:’—],j}i—#l[f+1,j}+u{£.j— 4+ ai, f+1]);
= d(v{i— LA+ V(i + U+ ve = 1)+ ofi f4+ 1)
{ traat Irnage points ar the image border separately )
E{b Lt + £, (4 J 007 < By G o)
] ,?.,[:Ef[.!',_,r'. i+ .Ez[a';j. r}:]

Wi fh=0 - E (L fa)y WL ii=v—o-E [ e
end {for};
mi=n+l
end {while}

_— "




Example
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Results
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Figure 12-9. Estimates of the optical flow shown in the form of needle diagrams
Figure 12-8. Four frames of a synthetic image sequence showing a sphere slowly after 1, 4, 16, and 64 iterations of the algorithm.
rotating in front of a randomly patterned background.
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Figure 12-10. (a) The estimated optical flow after several more iterations. (b)
The computed motion field.




Optical Flow Result
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Horn & Schunck, remarks

1. Errors at boundaries

2. Example of regularisation
(selection principle for the solution of
illposed problems)




Results of an enhanced system




Results

http://www-student.informatik.uni-bonn.de/~gerdes/OpticalFlow/index.html
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Results

http://www.cs.utexas.edu/users/jmugan/GraphicsProject/OpticalFlow/
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Optical Flow
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Lucas & Kanade

*Assume single velocity for all pixels within a patch.
Integrate over a patch.

e Similar to line fitting we have seen

- Define an energy functional

e Take derivatives equate itto 0
e Rearrange and construct an observation matrix

E:Z(ufx+vfy+fr)z

CE
o D2 (ul, +vI, +1,)=0

cE
=> 21 (ul, +vI, +1,)=0

?




Lucas & Kanade
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Lucas & Kanade

Au=B A'Au=4"'B ITu=4"'B u=A"'B
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Lucas-Kanade: Integrate over a Patch

Assume a single velocity for all pixels within an image patch

E(u,v)= z(l (x, Vu+1I,(x, y)v+[t)z

x,yeld —dEé‘l‘J V) 321 (Lu+1v+1,)=0

Solve with: dE(“ Y oS o1 (Lutty+1)=0

DX, m_ 21

PIZAES Y 1 e bR

v
On the LHS: sum of the 2x2 outer product
tensor of the gradient vector

Y vivit ==Y v,







Discussion

Horn-Schunck: Add smoothness constraint.
By \2 v\ 2 au. \2 au. \2
= 2 2 T x y y
fﬂ{w v+ 1.)" + A [(ﬂx) +(§y) +(§T) +(§y) ]..rzﬂzy

Lucas-Kanade: Provide constraint by minimizing over
local neighborhood:

Z HJE{I: 'F}WI{.T, i, f] .7+ It{.T._ Y, t]]g

x, el

Horn-Schunck and Lucas-Kanade optical methods
work only for small motion.

If object moves faster, the brightness changes
rapidly, derivative masks fail to estimate
spatiotemporal derivatives.

Pyramids can be used to compute large optical flow
vectors.



Iterative Refinement
(Iterative Lucas-Kanade)

e Estimate velocity at each pixel using one
iteration of Lucas and Kanade estimation

e Warp one image toward the other using
the estimated flow field

(easier said than done)
e Refine estimate by repeating the process




Reduce the Resolution!




Optical Flow
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Limits of the (local) gradient method

1. Fails when intensity structure within window 1s
poor

2. Fails when the displacement 1s large (typical
operating range 1s motion of 1 pixel per
iteration!)

—  Linearization of brightness is suitable only for small
displacements

Also, brightness 1s not strictly constant in images

— actually less problematic than it appears, since we
can pre-filter images to make them look similar




Revisiting the Small Motion Assumption

\
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¢ |s this motion small enough?

- Probably not—it’s much larger than one pixel (2nd
order terms dominate)

— How might we solve this problem?




Coarse-to-fine Optical Flow Estimation

pyramid of image H

u=1.25 pixels

u=2.5 pixels

u=>5 pixels

U=

Gaussian pyramid of image |



Coarse-to-fine Optical Flow Estimation

) ._. run iterative OF

1
1
1
1
1
1
1

upsample

run iterative OF <+ -

1
1
1
1
1

Gaussian pyramid of image |






Video Segmentation




Next:
Motion Field
Structure from Motion




Motion Field

e Image velocity of a point moving Iin the scene

Z dr

Scene point velocity:  V, = —
Image velocity: V; =—
Lt
> , o 1 . I, r,
erspective projection: —— I, = ~ —
PP .z Z

0]

Motion field
dr'i v(ro °Z)Vo _(Vo 'Z)ro v(r XVO)XZ

v, =t o 2No _ :
& ") r.2)







