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o U(a) = {BP™) > a| f(B) < f(a)}
o L(a) ={y?V <a| f(v) > f(a)}



Discrete Morse Function

Definition

A function f : K — R is a discrete Morse function if for every
a?) c K

o (i) [U(a)| <1 and
o (ii) |L(a)| < 1.

Definition

A simplex a'?) is critical if (i) |U(c)| =0 and (ii) |L(a)| = 0. A
critical value of f is its value at a critical simplex.



Level Subcomplex
K¢ = Uj“(oz)gc UB<a b.

KO0) K(1)=K2) K(3)=K(4) K(5)=K

The level subcomplexes of the discrete Morse function shown in Figure 2.2(ii)




Discrete Gradient Vector Fields

o Since any noncritical simplex «P) has at most one of the sets
U(a) and L(«) nonempty, there is a unique face vP~1 < o
with f(v) > f(a) or a unique coface 3Pt > o with

f(B) < fla).

@ Denote by V the collection of all such pairs {o < 7}.

@ Then every simplex in K i1s in at most one pair in V' and the
simplices not in any pair are precisely the critical cells of the
function f.

@ We call V' the gradient vector field associated to f.

@ We visualize V' by drawing an arrow from « to 5 for every
pair {a < B} € V.




Discrete Gradient Vector Fields

@ Data reduction: collapsing the pairs in V' using the arrows.

@ By a V-path, we mean a sequence

0P < BT 5 () L gt S L gt)) 5 o)

where each {«a; < ;} is a pair in V. Such a path is nontrivial
if » > 0 and closed if a,1+1 = ap.

Theorem ( )

If V' is a gradient vector field associated to a discrete Morse
function f on K, then V' has no nontrivial closed V -paths.




Draw the DVF




Which simplices are critical?




Cancelling critical points.



FIGURE 2. A gradlent vector field on the torus.
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FIGURE 1. A discrete Morse function on the torus.



MORSE THEORY

Smooth and Discrete




FIGURE 3. A discrete vector field on a triangulated torus. There

are four critical cells: the top-center triangle (dark gray), the top
and right edges of the center square (indicated with thicker lines),

and the vertex obtained by identifying the four corners.
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FIGURE 4. A family of discrete gradient fields on the circle. The
slices are numbered left to right as 0,1,...,7.



FIGURE 6. Left: A simplicial complex M with a discrete gradient
V. The critical cells of V are a, e, f, and v. Right: A refinement
N of M and a refinement W of V. The new critical cells h(a) and
h(e) are indicated.
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FIGURE 15. Reduced cell decomposition of a head CT scan.



Structural Inference of
High-dimensional Data

A topological view




Review:
Persistent Homology
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Stability of
Persistence Diagrams




Homological features encoded as barcodes or persistent diagrams

Death

Birth

Figure: Barcode Figure: Persistence Diagram



Figure 2: Left: two close functions, one with many and the
other with just four critical values. Right: the persistence dia-
grams of the two functions, and the bijection between them.



Bottleneck Distance

We need some definitions. For points p = (p1,p2) and ¢ =
(q1,g2) inR?, let||p — q|| . be the maximum of |p; —q1| and |p2—
q2|. Similarly for functions f and g, let | f — g|| ., = sup, |f(z)—
g(x)|. Let X and Y be multisets of points.

DEFINITION. The Hausdorff distance and the bottleneck distance
between X and Y are

du(X,Y) = max{supinf [z —y||,,supinf ||y — x| ,}
x Y y <
d5(X,Y) = infsup |lo — 7(z)]].

where £ € X and y € Y range over all points and ~y ranges over
all byjections from X to Y. Here we interpret each point with mul-
tiplicity k as k individual points and the bijection is between the
resulting sets.



Bottleneck Distance Stability

dp(X,Y) = infsup||lz — (2]l

MAIN THEOREM. Let X be a triangulable space with continu-

ous tame functions f, g : X — R. Then the persistence diagrams
satisfy dp(D(f),D(9)) < [|f — 9ll -




Space of
Natural Images

[CarlssonnlshkhanovSilva2008]
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Highlight

In this paper we continued the qualitative (topological) approach to the study of the space of 3 by 3
patches coming from natural images initiated in [8]. Perhaps the key advantage of this approach is
that it allows one to find highly non-linear yet extremely important subsets within the data which
otherwise would be very hard to discover using more common statistical techniques.

a collection of 4 - 10° 3 by 3 patches



High-level techniques

- Persistent homology
- The space of patches: preprocessing
- Klein bottle



Klein Bottle

- Created by identifying points of a
unit square:
(—-1,t) © (1, -0
(s,—1) e (s, 1)

(s, 1) S
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3 by 3 patches parametrized by the Klein bottle




How do we infer the Klein bottle?

- Via persistent homology...
- The (persistent) homology of the space of (many) images matches
that of a Klein bottle under Z2 homology.



Back to homology

- Any cycle on the sphere can shrink to a point

bo 4 b1 v b2 s

1 0 1




Back to homology

~ Not all cycles on the torus can shrink to a point

bo 4 b1 v b2 s

1 2 1



Back to homology

.\ “_ Not all cycles on the Klein bottle can shrink to a point

—d

bo s b1 v bz =

1 1 0
C

- Under Z2 homology, the rank is identical to that of a torus



Persistent homology
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Figure 9: PLEX results for X (100, 10) in M



Application

- Image compression: replace the high-contrast patches of the given
image by the points on the surface of the embedded Klein bottle
that best approximate them.
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Four exemplars from each of the twenty five classes

the UIUC Texture data set.

Figure 14

Figure 12: The 61 materials in the CUReT data set
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Analysis of
Scalar Fields
over Point Cloud

[ChazalGuibasOudot2008]
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[ChazalGuibasOudot2008]
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Figure 1: Top row, left: a noisy scalar field f defined over a sampled
planar square domain X; center and right: approximations of the 0- and
I-dimensional persistence barcodes of (— f) generated by our method from
the values of f at the sample points and from their approximate pairwise
geodesic distances in X. The six long intervals in the O-dimensional barcode
correspond to the six prominent peaks of f (including the top of the crater),
while the long interval in the 1-dimensional barcode reveals the ring shape
of the basin of attraction of the top of the crater. Bottom row: approximate
basins of attraction of the peaks of f, before (left) and after (right) merging
non-persistent clusters, thus revealing the intuitive structure of f.



Figure 1: Top row, left: a noisy scalar field f defined over a sampled
planar square domain X, center and right: approximations of the 0- and
I-dimensional persistence barcodes of (— f) generated by our method from
the values of | at the sample points and from their approximate pairwise
geodesic distances in X. The six long intervals in the O-dimensional barcode

correspond to the six prominent peaks of f (including the top of the crater),
while the long interval in the 1-dimensional barcode reveals the ring shape
of the basin of attraction of the top of the crater. Bottom row: approximate
basins of attraction of the peaks of f, before (left) and after (right) merging
non-persistent clusters, thus revealing the intuitive structure of f.
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High-level techniques

- Persistent homology
- Merge low persistent clusters while maintain high persistent clusters



e PR
9 {’QJ A% 14X
R o
',;v‘v a 7T Ly "‘\"‘.. - . > ab L] v ',,‘V.'__' . S e N v
R O\ 7\)’" 4{‘: ,\‘g‘w\f‘;‘ "1‘1,‘- ’ & :O.\’j-?.‘ :\é"'i‘?’\;
K ¥ M 2

o7 E A e e S S A S e Al YA
e R TN Yot L Sl Wy S T A *‘?"
L PR AR R

»
-
’

- . -
Yo

-10

A2+

-14 -




-

»
-
i

» Y
A
; ')'(’.“

=

.
.
.
. 4,
O

4y
4
A

5.51_&
LIS
avig i

4 M 3 .‘. ’
\i')?\'.

: ~\ ‘.-..

X b o

AR L AT
g,‘..'»'!:i,@-:fm
.-s.'ﬁ"t:‘§n;>"-:'
K0 '.\'. i .}.&".
ST g NG WA SR
S
e

Euclidean distances, and the estimated density function f (center and right). The 3-d view of [ illustrates how noisy this function can be in practice,
thereby emphasizing the importance of our robustness result (Theorem 3.2). The bottom row shows the estimated basins of attraction of the peaks of f,
before (left) and after (right) merging non-persistent clusters. The 0-dimensional persistence barcode of (— f) (center) contains two prominent intervals
corresponding to the two main clusters. Since the estimated density is everywhere non-negative, the barcode has been thresholded at 0. Thus, intervals
reaching O correspond to independent connected components in the Rips graph. Among those, the ones that appear lately are treated as noise and their

basins of attraction shown in black, since their corresponding density peaks are low.
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Euclidean distances, and the estimated density function f (center and right). The 3-d view of f illustrates how noisy this function can be in practice,
thereby emphasizing the importance of our robustness result (Theorem 3.2). The bottom row shows the estimated basins of attraction of the peaks of f,
before (left) and after (right) merging non-persistent clusters. The 0-dimensional persistence barcode of (—f) (center) contains two prominent intervals
corresponding to the two main clusters. Since the estimated density is everywhere non-negative, the barcode has been thresholded at 0. Thus, intervals
reaching O correspond to independent connected components in the Rips graph. Among those, the ones that appear lately are treated as noise and their
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Figure 3: Segmentation result on a sampled hand-shaped 2-D domain. The segmentation function is the (normalized) diameter of the set of nearest
boundary points. The barcode shows six long intervals, corresponding to the palm of the hand and to the five fingers. The results before and after merging
non-persistence clusters are shown respectively to the left and to the right of the barcode.

[ChazalGuibasOudot2008]



Thanks!

Any questions?

You can find me at: beiwang@sci.utah.edu
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