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Persistence Image



Computing persistence image

Adams et al. (2017)



Computing persistence image

Given a normalized symmetric Gaussian with mean u = (ux, uy) ∈ R2

and variance σ2:

gu(x, y) =
1

2πσ2
e−[(x−ux)

2+(y−uy)2]/2σ2

Fix a nonnegative weighting function f : R2 → R that is zero along the
horizontal axis, continuous, and piecewise differentiable.

For a persistence diagram B, the corresponding persistence surface
ρB : R2 → R is the function

ρB(z) =
∑

u∈T (B)

f(u)φu(z).

Fix a grid in the plane with n boxes (pixels) and assign to each the
integral of ρB over that region.

Adams et al. (2017)



Classification using persistence image

Adams et al. (2017)



SVM and Kernel SVM



SVM

SVM: Separating the training points with the maximal margin

Margin: distance to the nearest training point of any class

If margin increases, then generalization error decreases

Perceptron does not optimize the separation distance.
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l1: not a good linear classifier; l2: small margin; l3: maximal margin.



SVM

Training data: (x1, y1), · · · , (xn, yn), where xi ∈ Rd, yi ∈ {+1,−1}.
Goal: Find maximum margin hyperplane that separates the training data
points with +1 and −1 labels.

Margin: distance between the hyperplane and the nearest point.

Support vectors: points on the margin.

Move a support vector moves the decision boundary.

Move thee other points/vectors has no effect on the decision boundary.



SVM: margins

w: a normal vector defining the hyperplane (not necessarily normalized)

b/||w||: offset of hyperplane from the origin along normal vector w.

w
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<latexit sha1_base64="hKuN/ckSY95a+0g3iTGOXmevDm8=">AAAB8HicbVBNSwMxEJ31s9avqkcvwVbw0rJbBL0IBS8eK9gPaZeSTbNtaJJdkqxalv4KLx4U8erP8ea/MW33oK0PBh7vzTAzL4g508Z1v52V1bX1jc3cVn57Z3dvv3Bw2NRRoghtkIhHqh1gTTmTtGGY4bQdK4pFwGkrGF1P/dYDVZpF8s6MY+oLPJAsZAQbK92XHp/KwVXZK/UKRbfizoCWiZeRImSo9wpf3X5EEkGlIRxr3fHc2PgpVoYRTif5bqJpjMkID2jHUokF1X46O3iCTq3SR2GkbEmDZurviRQLrccisJ0Cm6Fe9Kbif14nMeGlnzIZJ4ZKMl8UJhyZCE2/R32mKDF8bAkmitlbERlihYmxGeVtCN7iy8ukWa14bsW7rRZr51kcOTiGEzgDDy6gBjdQhwYQEPAMr/DmKOfFeXc+5q0rTjZzBH/gfP4A+PePJQ==</latexit><latexit sha1_base64="hKuN/ckSY95a+0g3iTGOXmevDm8=">AAAB8HicbVBNSwMxEJ31s9avqkcvwVbw0rJbBL0IBS8eK9gPaZeSTbNtaJJdkqxalv4KLx4U8erP8ea/MW33oK0PBh7vzTAzL4g508Z1v52V1bX1jc3cVn57Z3dvv3Bw2NRRoghtkIhHqh1gTTmTtGGY4bQdK4pFwGkrGF1P/dYDVZpF8s6MY+oLPJAsZAQbK92XHp/KwVXZK/UKRbfizoCWiZeRImSo9wpf3X5EEkGlIRxr3fHc2PgpVoYRTif5bqJpjMkID2jHUokF1X46O3iCTq3SR2GkbEmDZurviRQLrccisJ0Cm6Fe9Kbif14nMeGlnzIZJ4ZKMl8UJhyZCE2/R32mKDF8bAkmitlbERlihYmxGeVtCN7iy8ukWa14bsW7rRZr51kcOTiGEzgDDy6gBjdQhwYQEPAMr/DmKOfFeXc+5q0rTjZzBH/gfP4A+PePJQ==</latexit><latexit sha1_base64="hKuN/ckSY95a+0g3iTGOXmevDm8=">AAAB8HicbVBNSwMxEJ31s9avqkcvwVbw0rJbBL0IBS8eK9gPaZeSTbNtaJJdkqxalv4KLx4U8erP8ea/MW33oK0PBh7vzTAzL4g508Z1v52V1bX1jc3cVn57Z3dvv3Bw2NRRoghtkIhHqh1gTTmTtGGY4bQdK4pFwGkrGF1P/dYDVZpF8s6MY+oLPJAsZAQbK92XHp/KwVXZK/UKRbfizoCWiZeRImSo9wpf3X5EEkGlIRxr3fHc2PgpVoYRTif5bqJpjMkID2jHUokF1X46O3iCTq3SR2GkbEmDZurviRQLrccisJ0Cm6Fe9Kbif14nMeGlnzIZJ4ZKMl8UJhyZCE2/R32mKDF8bAkmitlbERlihYmxGeVtCN7iy8ukWa14bsW7rRZr51kcOTiGEzgDDy6gBjdQhwYQEPAMr/DmKOfFeXc+5q0rTjZzBH/gfP4A+PePJQ==</latexit><latexit sha1_base64="hKuN/ckSY95a+0g3iTGOXmevDm8=">AAAB8HicbVBNSwMxEJ31s9avqkcvwVbw0rJbBL0IBS8eK9gPaZeSTbNtaJJdkqxalv4KLx4U8erP8ea/MW33oK0PBh7vzTAzL4g508Z1v52V1bX1jc3cVn57Z3dvv3Bw2NRRoghtkIhHqh1gTTmTtGGY4bQdK4pFwGkrGF1P/dYDVZpF8s6MY+oLPJAsZAQbK92XHp/KwVXZK/UKRbfizoCWiZeRImSo9wpf3X5EEkGlIRxr3fHc2PgpVoYRTif5bqJpjMkID2jHUokF1X46O3iCTq3SR2GkbEmDZurviRQLrccisJ0Cm6Fe9Kbif14nMeGlnzIZJ4ZKMl8UJhyZCE2/R32mKDF8bAkmitlbERlihYmxGeVtCN7iy8ukWa14bsW7rRZr51kcOTiGEzgDDy6gBjdQhwYQEPAMr/DmKOfFeXc+5q0rTjZzBH/gfP4A+PePJQ==</latexit>

w
x
� b

=
0

<latexit sha1_base64="tMYZHL00WxW0Yvl9SROwFYq3dCs=">AAAB73icbVBNSwMxEJ2tX7V+VT16CbaCF8tuEfQiFLx4rGA/oF1KNs22oUl2TbJqWfonvHhQxKt/x5v/xrTdg7Y+GHi8N8PMvCDmTBvX/XZyK6tr6xv5zcLW9s7uXnH/oKmjRBHaIBGPVDvAmnImacMww2k7VhSLgNNWMLqe+q0HqjSL5J0Zx9QXeCBZyAg2VmqXH5/Ogiu33CuW3Io7A1omXkZKkKHeK351+xFJBJWGcKx1x3Nj46dYGUY4nRS6iaYxJiM8oB1LJRZU++ns3gk6sUofhZGyJQ2aqb8nUiy0HovAdgpshnrRm4r/eZ3EhJd+ymScGCrJfFGYcGQiNH0e9ZmixPCxJZgoZm9FZIgVJsZGVLAheIsvL5NmteK5Fe+2WqqdZ3Hk4QiO4RQ8uIAa3EAdGkCAwzO8wptz77w4787HvDXnZDOH8AfO5w+ME47t</latexit><latexit sha1_base64="tMYZHL00WxW0Yvl9SROwFYq3dCs=">AAAB73icbVBNSwMxEJ2tX7V+VT16CbaCF8tuEfQiFLx4rGA/oF1KNs22oUl2TbJqWfonvHhQxKt/x5v/xrTdg7Y+GHi8N8PMvCDmTBvX/XZyK6tr6xv5zcLW9s7uXnH/oKmjRBHaIBGPVDvAmnImacMww2k7VhSLgNNWMLqe+q0HqjSL5J0Zx9QXeCBZyAg2VmqXH5/Ogiu33CuW3Io7A1omXkZKkKHeK351+xFJBJWGcKx1x3Nj46dYGUY4nRS6iaYxJiM8oB1LJRZU++ns3gk6sUofhZGyJQ2aqb8nUiy0HovAdgpshnrRm4r/eZ3EhJd+ymScGCrJfFGYcGQiNH0e9ZmixPCxJZgoZm9FZIgVJsZGVLAheIsvL5NmteK5Fe+2WqqdZ3Hk4QiO4RQ8uIAa3EAdGkCAwzO8wptz77w4787HvDXnZDOH8AfO5w+ME47t</latexit><latexit sha1_base64="tMYZHL00WxW0Yvl9SROwFYq3dCs=">AAAB73icbVBNSwMxEJ2tX7V+VT16CbaCF8tuEfQiFLx4rGA/oF1KNs22oUl2TbJqWfonvHhQxKt/x5v/xrTdg7Y+GHi8N8PMvCDmTBvX/XZyK6tr6xv5zcLW9s7uXnH/oKmjRBHaIBGPVDvAmnImacMww2k7VhSLgNNWMLqe+q0HqjSL5J0Zx9QXeCBZyAg2VmqXH5/Ogiu33CuW3Io7A1omXkZKkKHeK351+xFJBJWGcKx1x3Nj46dYGUY4nRS6iaYxJiM8oB1LJRZU++ns3gk6sUofhZGyJQ2aqb8nUiy0HovAdgpshnrRm4r/eZ3EhJd+ymScGCrJfFGYcGQiNH0e9ZmixPCxJZgoZm9FZIgVJsZGVLAheIsvL5NmteK5Fe+2WqqdZ3Hk4QiO4RQ8uIAa3EAdGkCAwzO8wptz77w4787HvDXnZDOH8AfO5w+ME47t</latexit><latexit sha1_base64="tMYZHL00WxW0Yvl9SROwFYq3dCs=">AAAB73icbVBNSwMxEJ2tX7V+VT16CbaCF8tuEfQiFLx4rGA/oF1KNs22oUl2TbJqWfonvHhQxKt/x5v/xrTdg7Y+GHi8N8PMvCDmTBvX/XZyK6tr6xv5zcLW9s7uXnH/oKmjRBHaIBGPVDvAmnImacMww2k7VhSLgNNWMLqe+q0HqjSL5J0Zx9QXeCBZyAg2VmqXH5/Ogiu33CuW3Io7A1omXkZKkKHeK351+xFJBJWGcKx1x3Nj46dYGUY4nRS6iaYxJiM8oB1LJRZU++ns3gk6sUofhZGyJQ2aqb8nUiy0HovAdgpshnrRm4r/eZ3EhJd+ymScGCrJfFGYcGQiNH0e9ZmixPCxJZgoZm9FZIgVJsZGVLAheIsvL5NmteK5Fe+2WqqdZ3Hk4QiO4RQ8uIAa3EAdGkCAwzO8wptz77w4787HvDXnZDOH8AfO5w+ME47t</latexit>

b/||w||
<latexit sha1_base64="CKbb7uPqynFk6eB91ThtfGl1LFQ=">AAAB8HicbVBNTwIxEJ3FL8Qv1KOXRjDxhLvERI8kXjxiIh8GNqRbutDQdjdtV0MWfoUXDxrj1Z/jzX9jgT0o+JJJXt6bycy8IOZMG9f9dnJr6xubW/ntws7u3v5B8fCoqaNEEdogEY9UO8CaciZpwzDDaTtWFIuA01Ywupn5rUeqNIvkvRnH1Bd4IFnICDZWeigHF5PJ02RS7hVLbsWdA60SLyMlyFDvFb+6/YgkgkpDONa647mx8VOsDCOcTgvdRNMYkxEe0I6lEguq/XR+8BSdWaWPwkjZkgbN1d8TKRZaj0VgOwU2Q73szcT/vE5iwms/ZTJODJVksShMODIRmn2P+kxRYvjYEkwUs7ciMsQKE2MzKtgQvOWXV0mzWvHcindXLdUuszjycAKncA4eXEENbqEODSAg4Ble4c1Rzovz7nwsWnNONnMMf+B8/gBMUpAE</latexit><latexit sha1_base64="CKbb7uPqynFk6eB91ThtfGl1LFQ=">AAAB8HicbVBNTwIxEJ3FL8Qv1KOXRjDxhLvERI8kXjxiIh8GNqRbutDQdjdtV0MWfoUXDxrj1Z/jzX9jgT0o+JJJXt6bycy8IOZMG9f9dnJr6xubW/ntws7u3v5B8fCoqaNEEdogEY9UO8CaciZpwzDDaTtWFIuA01Ywupn5rUeqNIvkvRnH1Bd4IFnICDZWeigHF5PJ02RS7hVLbsWdA60SLyMlyFDvFb+6/YgkgkpDONa647mx8VOsDCOcTgvdRNMYkxEe0I6lEguq/XR+8BSdWaWPwkjZkgbN1d8TKRZaj0VgOwU2Q73szcT/vE5iwms/ZTJODJVksShMODIRmn2P+kxRYvjYEkwUs7ciMsQKE2MzKtgQvOWXV0mzWvHcindXLdUuszjycAKncA4eXEENbqEODSAg4Ble4c1Rzovz7nwsWnNONnMMf+B8/gBMUpAE</latexit><latexit sha1_base64="CKbb7uPqynFk6eB91ThtfGl1LFQ=">AAAB8HicbVBNTwIxEJ3FL8Qv1KOXRjDxhLvERI8kXjxiIh8GNqRbutDQdjdtV0MWfoUXDxrj1Z/jzX9jgT0o+JJJXt6bycy8IOZMG9f9dnJr6xubW/ntws7u3v5B8fCoqaNEEdogEY9UO8CaciZpwzDDaTtWFIuA01Ywupn5rUeqNIvkvRnH1Bd4IFnICDZWeigHF5PJ02RS7hVLbsWdA60SLyMlyFDvFb+6/YgkgkpDONa647mx8VOsDCOcTgvdRNMYkxEe0I6lEguq/XR+8BSdWaWPwkjZkgbN1d8TKRZaj0VgOwU2Q73szcT/vE5iwms/ZTJODJVksShMODIRmn2P+kxRYvjYEkwUs7ciMsQKE2MzKtgQvOWXV0mzWvHcindXLdUuszjycAKncA4eXEENbqEODSAg4Ble4c1Rzovz7nwsWnNONnMMf+B8/gBMUpAE</latexit><latexit sha1_base64="CKbb7uPqynFk6eB91ThtfGl1LFQ=">AAAB8HicbVBNTwIxEJ3FL8Qv1KOXRjDxhLvERI8kXjxiIh8GNqRbutDQdjdtV0MWfoUXDxrj1Z/jzX9jgT0o+JJJXt6bycy8IOZMG9f9dnJr6xubW/ntws7u3v5B8fCoqaNEEdogEY9UO8CaciZpwzDDaTtWFIuA01Ywupn5rUeqNIvkvRnH1Bd4IFnICDZWeigHF5PJ02RS7hVLbsWdA60SLyMlyFDvFb+6/YgkgkpDONa647mx8VOsDCOcTgvdRNMYkxEe0I6lEguq/XR+8BSdWaWPwkjZkgbN1d8TKRZaj0VgOwU2Q73szcT/vE5iwms/ZTJODJVksShMODIRmn2P+kxRYvjYEkwUs7ciMsQKE2MzKtgQvOWXV0mzWvHcindXLdUuszjycAKncA4eXEENbqEODSAg4Ble4c1Rzovz7nwsWnNONnMMf+B8/gBMUpAE</latexit>

b
<latexit sha1_base64="vKVmqHiCt/nnf1Vq3nBSxr515Mg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IUQY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpoRpUB+WKW3MXIOvEy0kFcjQH5a/+MGZphNIwQbXueW5i/Iwqw5nAWamfakwom9AR9iyVNELtZ4tTZ+TCKkMSxsqWNGSh/p7IaKT1NApsZ0TNWK96c/E/r5ea8MbPuExSg5ItF4WpICYm87/JkCtkRkwtoUxxeythY6ooMzadkg3BW315nbTrNc+teff1SuMqj6MIZ3AOl+DBNTTgDprQAgYjeIZXeHOE8+K8Ox/L1oKTz5zCHzifP3eujTI=</latexit><latexit sha1_base64="vKVmqHiCt/nnf1Vq3nBSxr515Mg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IUQY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpoRpUB+WKW3MXIOvEy0kFcjQH5a/+MGZphNIwQbXueW5i/Iwqw5nAWamfakwom9AR9iyVNELtZ4tTZ+TCKkMSxsqWNGSh/p7IaKT1NApsZ0TNWK96c/E/r5ea8MbPuExSg5ItF4WpICYm87/JkCtkRkwtoUxxeythY6ooMzadkg3BW315nbTrNc+teff1SuMqj6MIZ3AOl+DBNTTgDprQAgYjeIZXeHOE8+K8Ox/L1oKTz5zCHzifP3eujTI=</latexit><latexit sha1_base64="vKVmqHiCt/nnf1Vq3nBSxr515Mg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IUQY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpoRpUB+WKW3MXIOvEy0kFcjQH5a/+MGZphNIwQbXueW5i/Iwqw5nAWamfakwom9AR9iyVNELtZ4tTZ+TCKkMSxsqWNGSh/p7IaKT1NApsZ0TNWK96c/E/r5ea8MbPuExSg5ItF4WpICYm87/JkCtkRkwtoUxxeythY6ooMzadkg3BW315nbTrNc+teff1SuMqj6MIZ3AOl+DBNTTgDprQAgYjeIZXeHOE8+K8Ox/L1oKTz5zCHzifP3eujTI=</latexit><latexit sha1_base64="vKVmqHiCt/nnf1Vq3nBSxr515Mg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IUQY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpoRpUB+WKW3MXIOvEy0kFcjQH5a/+MGZphNIwQbXueW5i/Iwqw5nAWamfakwom9AR9iyVNELtZ4tTZ+TCKkMSxsqWNGSh/p7IaKT1NApsZ0TNWK96c/E/r5ea8MbPuExSg5ItF4WpICYm87/JkCtkRkwtoUxxeythY6ooMzadkg3BW315nbTrNc+teff1SuMqj6MIZ3AOl+DBNTTgDprQAgYjeIZXeHOE8+K8Ox/L1oKTz5zCHzifP3eujTI=</latexit>

2/||w||
<latexit sha1_base64="CkhaDDAfMwgBZOHlXqCFkaQ2MRo=">AAAB8HicbVBNTwIxEJ3FL8Qv1KOXRjDxhLvERI8kXjxiIh8GNqRbutDQdjdtV0MWfoUXDxrj1Z/jzX9jgT0o+JJJXt6bycy8IOZMG9f9dnJr6xubW/ntws7u3v5B8fCoqaNEEdogEY9UO8CaciZpwzDDaTtWFIuA01Ywupn5rUeqNIvkvRnH1Bd4IFnICDZWeihXLyaTp8mk3CuW3Io7B1olXkZKkKHeK351+xFJBJWGcKx1x3Nj46dYGUY4nRa6iaYxJiM8oB1LJRZU++n84Ck6s0ofhZGyJQ2aq78nUiy0HovAdgpshnrZm4n/eZ3EhNd+ymScGCrJYlGYcGQiNPse9ZmixPCxJZgoZm9FZIgVJsZmVLAheMsvr5JmteK5Fe+uWqpdZnHk4QRO4Rw8uIIa3EIdGkBAwDO8wpujnBfn3flYtOacbOYY/sD5/AECQo/U</latexit><latexit sha1_base64="CkhaDDAfMwgBZOHlXqCFkaQ2MRo=">AAAB8HicbVBNTwIxEJ3FL8Qv1KOXRjDxhLvERI8kXjxiIh8GNqRbutDQdjdtV0MWfoUXDxrj1Z/jzX9jgT0o+JJJXt6bycy8IOZMG9f9dnJr6xubW/ntws7u3v5B8fCoqaNEEdogEY9UO8CaciZpwzDDaTtWFIuA01Ywupn5rUeqNIvkvRnH1Bd4IFnICDZWeihXLyaTp8mk3CuW3Io7B1olXkZKkKHeK351+xFJBJWGcKx1x3Nj46dYGUY4nRa6iaYxJiM8oB1LJRZU++n84Ck6s0ofhZGyJQ2aq78nUiy0HovAdgpshnrZm4n/eZ3EhNd+ymScGCrJYlGYcGQiNPse9ZmixPCxJZgoZm9FZIgVJsZmVLAheMsvr5JmteK5Fe+uWqpdZnHk4QRO4Rw8uIIa3EIdGkBAwDO8wpujnBfn3flYtOacbOYY/sD5/AECQo/U</latexit><latexit sha1_base64="CkhaDDAfMwgBZOHlXqCFkaQ2MRo=">AAAB8HicbVBNTwIxEJ3FL8Qv1KOXRjDxhLvERI8kXjxiIh8GNqRbutDQdjdtV0MWfoUXDxrj1Z/jzX9jgT0o+JJJXt6bycy8IOZMG9f9dnJr6xubW/ntws7u3v5B8fCoqaNEEdogEY9UO8CaciZpwzDDaTtWFIuA01Ywupn5rUeqNIvkvRnH1Bd4IFnICDZWeihXLyaTp8mk3CuW3Io7B1olXkZKkKHeK351+xFJBJWGcKx1x3Nj46dYGUY4nRa6iaYxJiM8oB1LJRZU++n84Ck6s0ofhZGyJQ2aq78nUiy0HovAdgpshnrZm4n/eZ3EhNd+ymScGCrJYlGYcGQiNPse9ZmixPCxJZgoZm9FZIgVJsZmVLAheMsvr5JmteK5Fe+uWqpdZnHk4QRO4Rw8uIIa3EIdGkBAwDO8wpujnBfn3flYtOacbOYY/sD5/AECQo/U</latexit><latexit sha1_base64="CkhaDDAfMwgBZOHlXqCFkaQ2MRo=">AAAB8HicbVBNTwIxEJ3FL8Qv1KOXRjDxhLvERI8kXjxiIh8GNqRbutDQdjdtV0MWfoUXDxrj1Z/jzX9jgT0o+JJJXt6bycy8IOZMG9f9dnJr6xubW/ntws7u3v5B8fCoqaNEEdogEY9UO8CaciZpwzDDaTtWFIuA01Ywupn5rUeqNIvkvRnH1Bd4IFnICDZWeihXLyaTp8mk3CuW3Io7B1olXkZKkKHeK351+xFJBJWGcKx1x3Nj46dYGUY4nRa6iaYxJiM8oB1LJRZU++n84Ck6s0ofhZGyJQ2aq78nUiy0HovAdgpshnrZm4n/eZ3EhNd+ymScGCrJYlGYcGQiNPse9ZmixPCxJZgoZm9FZIgVJsZmVLAheMsvr5JmteK5Fe+uWqpdZnHk4QRO4Rw8uIIa3EIdGkBAwDO8wpujnBfn3flYtOacbOYY/sD5/AECQo/U</latexit>



SVM: hard margin

Assume the training data is linearly separable

Constraint: for each xi
Either wxi − b ≥ 1 if yi = 1
Or wxi − b ≤ −1 if yi = −1

Each training data point must lie on the correct side of the margin

Rewrite the constraint as

yi(wxi − b) ≥ 1,∀1 ≤ i ≤ n

Problem statement as an optimization: minimize ||w|| subject to the
above constraint.

Equivalently, maximize the margin 1/||w|| subject to the above
constraint.

w∗, b∗ that solve the optimization problem determines our classifier:
assign each test data point x a label of sgn(w∗x− b∗).



SVM: soft margin

Assume the training data is not linearly separable

Define Hinge loss for a training point xi:

ci = max(0, 1− yi(wxi − b))

Problem statement: minimize the following loss function

1

n

n∑
i=1

max(0, 1− yi(wxi − b)) + λ||w||2

λ: parameter that determines the tradeoff between increasing the margin
size and ensuring xi lies on the correct side.

If λ is sufficiently small, λ||w||2 is negligible, similar to the hard margin.



SVM: Primal

ci = max(0, 1− yi(wxi − b))
ci is the smallest nonnegative number satisfying yi(w · xi − b) ≥ 1− ci.
Optimization problem:

minimize
1

n

n∑
i=1

ci + λ||w||2

subject to yi(w · xi − b) ≥ 1− ci and ci ≥ 0, for all i.



SVM: Dual

Rewrite the optimization problem as a dual maximization problem:

maximize f(c1 . . . cn) =

n∑
i=1

ci −
1

2

n∑
i=1

n∑
j=1

yici(xi · xj)yjcj ,

subject to
n∑
i=1

ciyi = 0, and 0 ≤ ci ≤
1

2nλ
for all i.

This is a quadratic function of the ci subject to linear constraints, it is
efficiently solvable by quadratic programming.

w =
∑n

i=1 ciyixi.
Let si be a support vector.
yi(w · si − b) = 1 ⇐⇒ b = w · si − yi.



Quadratic Programming

The quadratic programming problem with n variables and m constraints
can be formulated as follows:

c: a real-valued, n-dimensional vector
Q: an n× n-dimensional real symmetric matrix
A: an m× n-dimensional real matrix
b: an m-dimensional real vector.

Find an n-dimensional vector x, that will

minimize
1

2
xTQx + cTx

subject to Ax ≤ b



Quadratic Programming

Commonly used methods: Conjugate gradient, etc.

https://en.wikipedia.org/wiki/Conjugate_gradient_method

https://en.wikipedia.org/wiki/Conjugate_gradient_method


From SVM to Kernel SVM

A subset of the training data points x1, · · · , xn are support vectors,
denoted as s1, · · · , sk.

SVM: w can be written as a linear combination of the support vectors:

w =

n∑
i=1

ciyisi.

Kernel SVM: w is rewritten in the transformed space,

w =

n∑
i=1

ciyiΦ(si).

Kernel K(xi, xj) = 〈Φ(xi),Φ(xj)〉 = Φ(xi) · Φ(xj)



Kernel SVM: Dual

maximize f(c1 . . . cn) =

n∑
i=1

ci −
1

2

n∑
i=1

n∑
j=1

yiciK(xi, xj)yjcj ,

subject to
n∑
i=1

ciyi = 0, and 0 ≤ ci ≤
1

2nλ
for all i.

This is a quadratic function of the ci subject to linear constraints, it is
efficiently solvable by quadratic programming.

w =
∑n

i=1 ciyiΦ(xi).
Let si be a support vector.
b = w · Φ(si)− yi.



Deep Learning with Topological Features



Deep learning and TDA

Hofer et al. (2017)
Main idea: transform persistent diagram via an input layer to be used by a

neuron network



Project topological signature

Hofer et al. (2017)



w1-stable input layer

Hofer et al. (2017)



Neural Networks in a Nutshell



Reading Materials

Neural Network: a type of non-linear classification/regression model.

The goal of this lecture:

Not a complete overview of neural networks or deep learning
But rather a high level view of the technique and its connection to TDA

http://neuralnetworksanddeeplearning.com/

http://deeplearning.stanford.edu/tutorial/

http://www.deeplearningbook.org/

More on class schedule page...

http://neuralnetworksanddeeplearning.com/
http://deeplearning.stanford.edu/tutorial/
http://www.deeplearningbook.org/


A Single Neuron

http://ufldl.stanford.edu/tutorial/supervised/MultiLayerNeuralNetworks/

http://ufldl.stanford.edu/tutorial/supervised/MultiLayerNeuralNetworks/


A Neural Network

http://ufldl.stanford.edu/tutorial/supervised/MultiLayerNeuralNetworks/

http://ufldl.stanford.edu/tutorial/supervised/MultiLayerNeuralNetworks/


A Neural Network

http://neuralnetworksanddeeplearning.com/chap1.html

http://neuralnetworksanddeeplearning.com/chap1.html


Forward propagation

Multiplying input with weights and add bias before applying activation
function at each node.

http://ufldl.stanford.edu/tutorial/supervised/MultiLayerNeuralNetworks/

http://ufldl.stanford.edu/tutorial/supervised/MultiLayerNeuralNetworks/


Visualizing the inner working of neural networks

http://playground.tensorflow.org/

http://playground.tensorflow.org/


Topological spaces that are not triangulable



Freedman’s E8 Manifold

Topological manifolds of dimensions 2 and 3 are always triangulable by
an essentially unique triangulation (up to piecewise-linear equivalence).

Some compact 4-manifolds have an infinite number of triangulations, all
piecewise-linear inequivalent.

For dimension greater than 4, there exist manifolds that do not have
piecewise-linear triangulations.

There exist compact manifolds of dimension 5 (and hence of every
dimension greater than 5) that are not homeomorphic to a simplicial
complex, i.e., that do not admit a triangulation.

Freedman’s E8 manifold (in 4-dimension): it is not triangulable as a
simplicial complex.

https://people.math.osu.edu/davis.12/talks/Milwaukee-13short.pdf

https://en.wikipedia.org/wiki/Triangulation_(topology)

https://people.math.osu.edu/davis.12/talks/Milwaukee-13short.pdf
https://en.wikipedia.org/wiki/Triangulation_(topology)
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