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Abstract
In this work, we propose a controlled simplification strategy for degenerated points in symmetric 2D tensor fields that is based
on the topological notion of robustness. Robustness measures the structural stability of the degenerate points with respect to
variation in the underlying field. We consider an entire pipeline for generating a hierarchical set of degenerate points based
on their robustness values. Such a pipeline includes the following steps: the stable extraction and classification of degenerate
points using an edge labeling algorithm, the computation and assignment of robustness values to the degenerate points, and the
construction of a simplification hierarchy. We also discuss the challenges that arise from the discretization and interpolation of
real world data.

CCS Concepts
• Human-centered computing → Scientific visualization; • Computing methodologies → Scientific visualization;

1. Introduction

Topology provides a powerful instrument for the structural analysis
of complex data. A major breakthrough for research in topological
data analysis is the introduction of stability measures based on the
notion of persistence [ELZ02], that lead to hierarchical simplifica-
tions of data. However, most of the persistence-based simplification
is restricted to the study of scalar fields. There is a large potential
for the application of topological simplification for vector field and
tensor field analysis.

For the analysis of 2D tensor fields, topology provides a segmen-
tation of the domain into regions of similar behavior using tensor
lines, i.e., lines following the eigenvector directions of tensors. The
degenerate points are the topological features important in deter-
mining the irregularities within those segmentations [ASNZH11].
Such a structural analysis of tensor fields can be beneficial in a wide
range of applications. For example, a direct application of topolog-
ical segmentation is surface re-meshing [ACSD∗03,MK04] guided
by the curvature tensor field. In material science, directional prop-
erties of the tensor fields are interesting for the analysis of stress
tensor fields. Kratz et al. have shown recently that tensor lines play
an important role in the analysis of stress propagation in mate-
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rial [KSZ∗14]. In diffusion tensor imaging (DTI), tensor lines are
related to neural fiber tracts in the brain.

Topology has not been used much in the field of tensor field anal-
ysis; however, together with the right simplification strategy, it can
add a valuable new perspective. The most important requirement
in applying tensor field topology to real world applications is the
extraction of the topology representing the core structure of data,
that is stable with respect to small changes in the field. In regions
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Figure 1: A topological skeleton of a 2D slice from a stress tensor
field. The background texture is aligned to the eigenvector fields.
Left: the red and blue lines represent the full topological skeleton
of the major and minor eigenvector fields. Right: the structure of
the field that one would like to extract, here sketched by hand.
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of high isotropy, however, the topological skeleton of a tensor field
typically becomes very complex, with many degenerate points. A
large collection of the topological features is not stable under small
changes of the field and therefore is less significant from a global
perspective. The full topological skeleton of a slice of a stress ten-
sor field is shown in Fig. 1(a). In comparison, Fig. 1(b) shows a
hand sketch of a desirable, ideal topological summary. A scheme
to simplify the topology by removing less stable and thus signifi-
cant structures (the noise) while preserving the significant ones (the
signal) is therefore necessary.

In this work, we focus on extracting and simplifying the topol-
ogy of a 2D symmetric tensor field by assigning stability measures
to degenerate points. Wang and Hotz [WH17] have introduced the
theoretical notion of robustness for tensor fields, which measures
the stability of degenerate points with respect to perturbations of
the fields. We build upon this theoretical formulation and focus on
algorithmic investigations, implementational details and its appli-
cations to real world datasets. In particular:

• We present a framework that generates a hierarchy among pairs
of degenerate points based on their robustness. Such a hierarchy
serves as the basis for a hierarchical simplification scheme where
points with low robustness are candidates for simplification (can-
cellation).

• We discuss the entire algorithmic pipeline from the stable ex-
traction of degenerate points to the computation of the hierarchy.
The proposed algorithm is designed to be simple and consistent
for data given on a triangulated domain. The entire pipeline does
not require the computation of eigenvectors and eigenvalues and
is purely based on the tensor components.

• We extract and classify degenerate cells using an edge-labeling
approach, which restricts all numerical computations to a pre-
processing step. To deal with degenerate cases, such as degener-
ate points on edges or vertices, we propose a symbolical pertur-
bation of the field that consistently pushes the degenerate points
into neighboring cells.

• For evaluation, we apply the robustness framework, for the first
time, to real world data sets from mechanical engineering and
DTI, discuss the interpretability of the results, and demonstrate
the potential of such a framework for tensor field analysis.

2. Related work

Tensors as linear mappings between vectors play an important role
in many applications ranging from stress tensors in mechanical en-
gineering, to diffusion tensors in medicine, and curvature tensors in
geometry. Accordingly, there has been much work dealing with ten-
sor field visualization. An overview of the most important methods
can be found in the state-of-the-art report by Kratz et a. [KASH13].
Here, we discuss the most relevant ones surrounding tensor field
topology and topological simplification.

Tensor Field Topology. Since the introduction of tensor field topol-
ogy to visualization by Delmarcelle [Del94], some efforts have
been made in simplifying the topology of tensor fields. Tricoche
has contributed various approaches to simplify tensor fields in his
PhD thesis [Tri02]; for instance, merging degenerate points for can-
cellation based upon their connectivity by separatrices [TSH01].

Tricoche et al. [TS03] have also proposed a method to merge clus-
ters of degenerate points which either cancel or generate higher
order degenerate points, using geometric criteria such as proxim-
ity. Thereby, the connection of degenerate points with a separa-
trix is not required. Their method can be generally applied with
any importance measures. Zhang et al. [ZHT07] have proposed a
system for tensor field design, which also includes a tensor field
editing and simplification step. This system includes a user-guided
smoothing procedure within a specified region that keeps the val-
ues fixed on the boundary. This procedure is not an explicit de-
generate point merging but a repeated averaging process. Simi-
lar tensor field smoothing approaches have been applied by Al-
liez et al. [ACSD∗03] and Marinov et al. [MK04] for surface re-
meshing. Nair et al. [SNAHH11] have introduced an implicit sim-
plification via adopting the triangulation of the domain without
changing the tensors given on the vertices. The emphasis in all this
work is on the simplification procedure of the tensor field; however,
no topological importance measure for a hierarchical cancellation
of the degenerate points is introduced. In contrast to our work, the
notion of stability with respect to perturbations of the fields has not
been considered in any of these simplification strategies.

Robustness for Vector Fields. Robustness is closely related to the
notion of persistence [ELZ02], which has successfully introduced
a hierarchical structure of topological features for scalar fields. Mo-
tivated to find a similar hierarchical structure for vector fields, the
concept of robustness has been introduced to rank vector field crit-
ical points by their stability. Robustness is based on the algebraic
concept of well diagrams and well group theory [EMP10, EMP11,
CPS12]. It quantifies the stability of critical points with respect to
the minimum amount of perturbation required to remove them. For
the analysis and visualization of vector fields, robustness has been
applied to 2D and 3D fields [SWCR14, SWCR15, SRW∗16]. A
robustness-based vector field simplification strategy has been intro-
duced independent of the topological skeleton [SWCR14]; for 3D
vector fields, robustness gives rise to the first simplification method
using critical point cancellation [SRW∗16]. Recently, the concept
of robustness has been extended to tensor field topology [WH17].
This theoretical framework establishes the basis for the computa-
tional approach presented in this paper.

Comparison with Previous Work. The work in [SWCR15] es-
tablishes the theoretical and algorithmic framework for robustness-
based simplification of steady and unsteady vector fields. While
the simplification frameworks of both vector and tensor fields are
based on the well group theory, the one for tensor field requires ad-
ditional, nontrivial algorithmic development (such as the study of
tensor field perturbation and anisotropy vector field mapping, see
Section 3.2). In addition, there is practically no overlap in terms
of implementation between the vector field and tensor field setting.
While [WH17] explores robustness for tensor fields theoretically
and analytically, we discuss nontrivial algorithmic aspects, includ-
ing degenerate point extraction and robustness computation in the
piecewise linear (PL) settings. In addition, we investigate real world
applications. Our main contribution is the implementation and con-
struction of hierarchical relations among degenerate points based
on robustness to support simplification of the topology.
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3. Background

In this section, we briefly review some basics on tensor field topol-
ogy and introduce the concept of robustness from topological data
analysis. We keep the relevant technical details to a minimal and re-
fer to [WH17] for an in-depth description of robustness for tensor
field topology. We restrict our attention to the setting of symmetric
tensor fields of second order, defined on a 2D domain R2; when
talking about tensors for the rest of this paper, we always refer to
2D symmetric tensors of second order.

3.1. Background in Tensor Field Topology

In tensor field topology, the topological skeleton segments the do-
main in regions of uniform tensorline behavior. The skeleton con-
sists of tensor lines connecting the degenerate points, where both
eigenvalues are the same [Del94]. We review relevant concepts
such as symmetric tensor field, eigenvectors, degenerate points,
separatrices, and space of deviators.

2D Symmetric Second-Order Tensor Fields. In the context of
this paper, a tensor T is a linear operator that associates any vector v
with another vector u= T ·v, where v and u are vectors in R2. Given
a basis of R2, a tensor T can be represented by a symmetric 2× 2

matrix, T =

[
t11 t12
t12 t22

]
. A symmetric tensor field T is a mapping

that assigns to each position x = (x1,x2) ∈ R2 a symmetric tensor,
that is, T : R2→T 2, where T 2 denotes the set of all second-order
symmetric tensors.

At a fixed location x ∈ R2, set T(x) = T . The eigenvectors
ei ∈ R2 with associated eigenvalues λi of T are defined by the
eigenvector equation T ei = λiei (for i ∈ {1,2}) and ei 6= 0. We im-
pose an ordering of the eigenvectors such that λ1 ≥ λ2. We refer to
the larger and smaller eigenvalues as the major and minor eigenval-
ues, respectively; their respective eigenvectors are called the major
and minor eigenvectors. We then define the two eigenvector fields,
referred to as the major and minor eigenvector fields, respectively.
These eigenvector fields are not continuous at the degenerate points
defined below.

Degenerate Points and Separatrices. Degenerate points x0 ∈ R2

are defined as points where the eigenvalues are identical λ1(x0) =
λ2(x0). In this case the isotropic tensor T is proportional to the unit
tensor, and its eigenvector directions are not uniquely defined. Such
points play a similar role for tensor field topology as do zeros for
vector field topology.

Isolated degenerate points can be classified by their winding
number, which counts the number of rotations of the eigenvector
field when moving along a simple curve enclosing the degenerate
point. This number is an integer multiple of 1/2. The winding num-
ber does not depend on the curve as long as it does not include
another degenerate point. Linear fields have two different kinds of
degenerate points: trisectors with winding number -1/2 and wedge
points with winding number +1/2, as shown in Fig. 2. The occur-
rence of half-integer-valued winding numbers is the most funda-
mental difference between vector fields and eigenvector fields, be-
cause eigenvectors have no orientations. According to the index

theory for functions, the degree (or index) of a degenerate point is
twice its winding number. For a path-connected component C⊆R2

containing a set of degenerate points {x1,x2, ...,xn}, the degree
deg(C) of the tensor field restricted to the boundary ∂C is the sum
of the degrees at the poionts xi.

Separatrices are tensorlines (i.e., lines tangential to the eigenvec-
tor field) connecting the degenerate points. Three separatrices are
always attached to a trisector. Wedge points always have at least
one separatrix attached; however, the number of attaching separa-
trices is not limited.

2π

2π0

2π0

2π

Figure 2: Typical structure of the eigenvector field in the vicinity
of degenerate points for linear tensor fields. The winding number
of a degenerate point counts the number of rotations when circling
once around the degenerate point. In the linear case, degenerate
points have a winding number of ±1/2. Top: a trisector with wind-
ing number -1/2. Bottom: a wedge point with winding number +1/2.
Space of Deviators. The space of deviators D2 is a subspace of the
space of symmetric tensors T 2 containing only traceless tensors.
The deviator D is the projection p of a tensor T onto the space of
deviators. It can be interpreted as the anisotropic part of the tensor
and is defined as

D := p(T ) = T − tr(T )
2

I, (1)

where I represents the unit tensor and tr(T ) is the trace of T . We
use the following notation for its matrix representation:

D =

[
∆ F
F −∆

]
. (2)

If the tensor T is degenerate, then D is also degenerate. The
eigenvectors of D coincide with the eigenvectors of T . The topo-
logical structure of the deviator field D : R2 → D2 (formed by D)
is the same as that of the original field T : R2 → T 2 (formed by
T ). The structure of D will serve as the basis for the topological
analysis of the original tensor field.
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3.2. Robustness for Tensor Fields

In this section, we review the work in [WH17], which establishes
the theoretical formulations of robustness for tensor field topol-
ogy. The robustness quantifies the stability of degenerate points
with respect to the minimum amount of perturbation in the tensor
fields required to remove them. Although the robustness for vec-
tor field topology [CPS12, SRW∗16, SW14, SWCR15, WRS∗13]
is a well-founded framework based upon the well group the-
ory [EMP10, EMP11], when transferring the theory of robustness
for vector fields to tensor fields, the essential questions are: (i) how
should perturbations of tensor fields be defined and how can they
be interpreted as easily tractable properties of the fields; and (ii)
how can we relate these properties to our features of interest, that
is, the degenerate points.

In the following section, we first define the r-perturbation for
tensor fields, and then we introduce an isometric mapping to an
anisotropy vector field, which establishes a correlation between the
perturbation and the stability of degenerate points. The isometry
of the space of deviators equipped with the Frobenius norm and
the space of vectors equipped with the L2 norm give access to
the framework developed for measuring the robustness of vector
fields [CPS12, WRS∗13].

Tensor Field Perturbation. The distance between two tensor fields
is defined based on the Frobenius norm for tensors. For a tensor T ∈
T 2 given in its matrix form, its Frobenius norm ‖T‖F is defined
such that ‖T‖2

F = ∑
2
i=1 ∑

2
i= j t2

i j = λ 2
1 +λ 2

2 . For the deviator part D
of T , ‖D‖2

F = 1
2 (λ1− λ2)

2, where λ1 and λ2 are the eigenvalues
of T . This corresponds to an anisotropy measure typically used for
failure analysis of stress tensors. The Frobenius norm induces a
metric on T 2, that is, for T,T ′ ∈T 2: dF (T,T ′) = ‖T −T ′‖F . Let
D and D′ be their corresponding deviator parts. Since computing
the deviator of a tensor represents a projection on the subspace D2,
we have dF (D,D′)≤ dF (T,T ′).
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t22<latexit sha1_base64="OGdUtiIfTojvPbs1+EFzKZBTBI0=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFhPBKtyl0UoCNpYRzAckR9jb7CVL9vbO3TkhHPkTNhaK2Pp37Pw3bpIrNPHBwOO9GWbmBYkUBl332ylsbG5t7xR3S3v7B4dH5eOTtolTzXiLxTLW3YAaLoXiLRQoeTfRnEaB5J1gcjv3O09cGxGrB5wm3I/oSIlQMIpW6lZxkNXrs+qgXHFr7gJknXg5qUCO5qD81R/GLI24QiapMT3PTdDPqEbBJJ+V+qnhCWUTOuI9SxWNuPGzxb0zcmGVIQljbUshWai/JzIaGTONAtsZURybVW8u/uf1Ugyv/UyoJEWu2HJRmEqCMZk/T4ZCc4ZyagllWthbCRtTTRnaiEo2BG/15XXSrtc8t+bd1yuNmzyOIpzBOVyCB1fQgDtoQgsYSHiGV3hzHp0X5935WLYWnHzmFP7A+fwB9nWPOw==</latexit><latexit sha1_base64="OGdUtiIfTojvPbs1+EFzKZBTBI0=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFhPBKtyl0UoCNpYRzAckR9jb7CVL9vbO3TkhHPkTNhaK2Pp37Pw3bpIrNPHBwOO9GWbmBYkUBl332ylsbG5t7xR3S3v7B4dH5eOTtolTzXiLxTLW3YAaLoXiLRQoeTfRnEaB5J1gcjv3O09cGxGrB5wm3I/oSIlQMIpW6lZxkNXrs+qgXHFr7gJknXg5qUCO5qD81R/GLI24QiapMT3PTdDPqEbBJJ+V+qnhCWUTOuI9SxWNuPGzxb0zcmGVIQljbUshWai/JzIaGTONAtsZURybVW8u/uf1Ugyv/UyoJEWu2HJRmEqCMZk/T4ZCc4ZyagllWthbCRtTTRnaiEo2BG/15XXSrtc8t+bd1yuNmzyOIpzBOVyCB1fQgDtoQgsYSHiGV3hzHp0X5935WLYWnHzmFP7A+fwB9nWPOw==</latexit><latexit sha1_base64="OGdUtiIfTojvPbs1+EFzKZBTBI0=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFhPBKtyl0UoCNpYRzAckR9jb7CVL9vbO3TkhHPkTNhaK2Pp37Pw3bpIrNPHBwOO9GWbmBYkUBl332ylsbG5t7xR3S3v7B4dH5eOTtolTzXiLxTLW3YAaLoXiLRQoeTfRnEaB5J1gcjv3O09cGxGrB5wm3I/oSIlQMIpW6lZxkNXrs+qgXHFr7gJknXg5qUCO5qD81R/GLI24QiapMT3PTdDPqEbBJJ+V+qnhCWUTOuI9SxWNuPGzxb0zcmGVIQljbUshWai/JzIaGTONAtsZURybVW8u/uf1Ugyv/UyoJEWu2HJRmEqCMZk/T4ZCc4ZyagllWthbCRtTTRnaiEo2BG/15XXSrtc8t+bd1yuNmzyOIpzBOVyCB1fQgDtoQgsYSHiGV3hzHp0X5935WLYWnHzmFP7A+fwB9nWPOw==</latexit><latexit sha1_base64="OGdUtiIfTojvPbs1+EFzKZBTBI0=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFhPBKtyl0UoCNpYRzAckR9jb7CVL9vbO3TkhHPkTNhaK2Pp37Pw3bpIrNPHBwOO9GWbmBYkUBl332ylsbG5t7xR3S3v7B4dH5eOTtolTzXiLxTLW3YAaLoXiLRQoeTfRnEaB5J1gcjv3O09cGxGrB5wm3I/oSIlQMIpW6lZxkNXrs+qgXHFr7gJknXg5qUCO5qD81R/GLI24QiapMT3PTdDPqEbBJJ+V+qnhCWUTOuI9SxWNuPGzxb0zcmGVIQljbUshWai/JzIaGTONAtsZURybVW8u/uf1Ugyv/UyoJEWu2HJRmEqCMZk/T4ZCc4ZyagllWthbCRtTTRnaiEo2BG/15XXSrtc8t+bd1yuNmzyOIpzBOVyCB1fQgDtoQgsYSHiGV3hzHp0X5935WLYWnHzmFP7A+fwB9nWPOw==</latexit>

T 2
<latexit sha1_base64="mvqG06QlD6BfE99z68SwvqHQf4I=">AAAB+HicbVC7TsMwFL0pr1IeDTCyWLRITFXSpUyoEgtjkfqS2lA5rtNadZzIdpBK1C9hYQAhVj6Fjb/BaTNAy5EsHZ1zr+7x8WPOlHacb6uwtb2zu1fcLx0cHh2X7ZPTrooSSWiHRDySfR8rypmgHc00p/1YUhz6nPb82W3m9x6pVCwSbT2PqRfiiWABI1gbaWSXq8MQ6ynBPG0vHurVkV1xas4SaJO4OalAjtbI/hqOI5KEVGjCsVID14m1l2KpGeF0URomisaYzPCEDgwVOKTKS5fBF+jSKGMURNI8odFS/b2R4lCpeeibySylWvcy8T9vkOjg2kuZiBNNBVkdChKOdISyFtCYSUo0nxuCiWQmKyJTLDHRpquSKcFd//Im6dZrrlNz7+uV5k1eRxHO4QKuwIUGNOEOWtABAgk8wyu8WU/Wi/VufaxGC1a+cwZ/YH3+AO7kkpU=</latexit><latexit sha1_base64="mvqG06QlD6BfE99z68SwvqHQf4I=">AAAB+HicbVC7TsMwFL0pr1IeDTCyWLRITFXSpUyoEgtjkfqS2lA5rtNadZzIdpBK1C9hYQAhVj6Fjb/BaTNAy5EsHZ1zr+7x8WPOlHacb6uwtb2zu1fcLx0cHh2X7ZPTrooSSWiHRDySfR8rypmgHc00p/1YUhz6nPb82W3m9x6pVCwSbT2PqRfiiWABI1gbaWSXq8MQ6ynBPG0vHurVkV1xas4SaJO4OalAjtbI/hqOI5KEVGjCsVID14m1l2KpGeF0URomisaYzPCEDgwVOKTKS5fBF+jSKGMURNI8odFS/b2R4lCpeeibySylWvcy8T9vkOjg2kuZiBNNBVkdChKOdISyFtCYSUo0nxuCiWQmKyJTLDHRpquSKcFd//Im6dZrrlNz7+uV5k1eRxHO4QKuwIUGNOEOWtABAgk8wyu8WU/Wi/VufaxGC1a+cwZ/YH3+AO7kkpU=</latexit><latexit sha1_base64="mvqG06QlD6BfE99z68SwvqHQf4I=">AAAB+HicbVC7TsMwFL0pr1IeDTCyWLRITFXSpUyoEgtjkfqS2lA5rtNadZzIdpBK1C9hYQAhVj6Fjb/BaTNAy5EsHZ1zr+7x8WPOlHacb6uwtb2zu1fcLx0cHh2X7ZPTrooSSWiHRDySfR8rypmgHc00p/1YUhz6nPb82W3m9x6pVCwSbT2PqRfiiWABI1gbaWSXq8MQ6ynBPG0vHurVkV1xas4SaJO4OalAjtbI/hqOI5KEVGjCsVID14m1l2KpGeF0URomisaYzPCEDgwVOKTKS5fBF+jSKGMURNI8odFS/b2R4lCpeeibySylWvcy8T9vkOjg2kuZiBNNBVkdChKOdISyFtCYSUo0nxuCiWQmKyJTLDHRpquSKcFd//Im6dZrrlNz7+uV5k1eRxHO4QKuwIUGNOEOWtABAgk8wyu8WU/Wi/VufaxGC1a+cwZ/YH3+AO7kkpU=</latexit><latexit sha1_base64="mvqG06QlD6BfE99z68SwvqHQf4I=">AAAB+HicbVC7TsMwFL0pr1IeDTCyWLRITFXSpUyoEgtjkfqS2lA5rtNadZzIdpBK1C9hYQAhVj6Fjb/BaTNAy5EsHZ1zr+7x8WPOlHacb6uwtb2zu1fcLx0cHh2X7ZPTrooSSWiHRDySfR8rypmgHc00p/1YUhz6nPb82W3m9x6pVCwSbT2PqRfiiWABI1gbaWSXq8MQ6ynBPG0vHurVkV1xas4SaJO4OalAjtbI/hqOI5KEVGjCsVID14m1l2KpGeF0URomisaYzPCEDgwVOKTKS5fBF+jSKGMURNI8odFS/b2R4lCpeeibySylWvcy8T9vkOjg2kuZiBNNBVkdChKOdISyFtCYSUo0nxuCiWQmKyJTLDHRpquSKcFd//Im6dZrrlNz7+uV5k1eRxHO4QKuwIUGNOEOWtABAgk8wyu8WU/Wi/VufaxGC1a+cwZ/YH3+AO7kkpU=</latexit>D2

<latexit sha1_base64="26yGldn9aFTKmKFBokuRjKK0AUI=">AAAB+HicbVC7TsMwFL0pr1IeDTCyWLRITFXSpUyoEgyMRaIPqQ2V4zqtVceJbAepRP0SFgYQYuVT2PgbnDYDtBzJ0tE59+oeHz/mTGnH+bYKG5tb2zvF3dLe/sFh2T467qgokYS2ScQj2fOxopwJ2tZMc9qLJcWhz2nXn15nfveRSsUica9nMfVCPBYsYARrIw3tcnUQYj0hmKc384d6dWhXnJqzAFonbk4qkKM1tL8Go4gkIRWacKxU33Vi7aVYakY4nZcGiaIxJlM8pn1DBQ6p8tJF8Dk6N8oIBZE0T2i0UH9vpDhUahb6ZjJLqVa9TPzP6yc6uPRSJuJEU0GWh4KEIx2hrAU0YpISzWeGYCKZyYrIBEtMtOmqZEpwV7+8Tjr1muvU3Lt6pXmV11GEUziDC3ChAU24hRa0gUACz/AKb9aT9WK9Wx/L0YKV75zAH1ifP9ZkkoU=</latexit><latexit sha1_base64="26yGldn9aFTKmKFBokuRjKK0AUI=">AAAB+HicbVC7TsMwFL0pr1IeDTCyWLRITFXSpUyoEgyMRaIPqQ2V4zqtVceJbAepRP0SFgYQYuVT2PgbnDYDtBzJ0tE59+oeHz/mTGnH+bYKG5tb2zvF3dLe/sFh2T467qgokYS2ScQj2fOxopwJ2tZMc9qLJcWhz2nXn15nfveRSsUica9nMfVCPBYsYARrIw3tcnUQYj0hmKc384d6dWhXnJqzAFonbk4qkKM1tL8Go4gkIRWacKxU33Vi7aVYakY4nZcGiaIxJlM8pn1DBQ6p8tJF8Dk6N8oIBZE0T2i0UH9vpDhUahb6ZjJLqVa9TPzP6yc6uPRSJuJEU0GWh4KEIx2hrAU0YpISzWeGYCKZyYrIBEtMtOmqZEpwV7+8Tjr1muvU3Lt6pXmV11GEUziDC3ChAU24hRa0gUACz/AKb9aT9WK9Wx/L0YKV75zAH1ifP9ZkkoU=</latexit><latexit sha1_base64="26yGldn9aFTKmKFBokuRjKK0AUI=">AAAB+HicbVC7TsMwFL0pr1IeDTCyWLRITFXSpUyoEgyMRaIPqQ2V4zqtVceJbAepRP0SFgYQYuVT2PgbnDYDtBzJ0tE59+oeHz/mTGnH+bYKG5tb2zvF3dLe/sFh2T467qgokYS2ScQj2fOxopwJ2tZMc9qLJcWhz2nXn15nfveRSsUica9nMfVCPBYsYARrIw3tcnUQYj0hmKc384d6dWhXnJqzAFonbk4qkKM1tL8Go4gkIRWacKxU33Vi7aVYakY4nZcGiaIxJlM8pn1DBQ6p8tJF8Dk6N8oIBZE0T2i0UH9vpDhUahb6ZjJLqVa9TPzP6yc6uPRSJuJEU0GWh4KEIx2hrAU0YpISzWeGYCKZyYrIBEtMtOmqZEpwV7+8Tjr1muvU3Lt6pXmV11GEUziDC3ChAU24hRa0gUACz/AKb9aT9WK9Wx/L0YKV75zAH1ifP9ZkkoU=</latexit><latexit sha1_base64="26yGldn9aFTKmKFBokuRjKK0AUI=">AAAB+HicbVC7TsMwFL0pr1IeDTCyWLRITFXSpUyoEgyMRaIPqQ2V4zqtVceJbAepRP0SFgYQYuVT2PgbnDYDtBzJ0tE59+oeHz/mTGnH+bYKG5tb2zvF3dLe/sFh2T467qgokYS2ScQj2fOxopwJ2tZMc9qLJcWhz2nXn15nfveRSsUica9nMfVCPBYsYARrIw3tcnUQYj0hmKc384d6dWhXnJqzAFonbk4qkKM1tL8Go4gkIRWacKxU33Vi7aVYakY4nZcGiaIxJlM8pn1DBQ6p8tJF8Dk6N8oIBZE0T2i0UH9vpDhUahb6ZjJLqVa9TPzP6yc6uPRSJuJEU0GWh4KEIx2hrAU0YpISzWeGYCKZyYrIBEtMtOmqZEpwV7+8Tjr1muvU3Lt6pXmV11GEUziDC3ChAU24hRa0gUACz/AKb9aT9WK9Wx/L0YKV75zAH1ifP9ZkkoU=</latexit>

T
<latexit sha1_base64="BMae/tXzJl7X2mE6bbL/6JJSvHU=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsarQyJjSVGQBK4kL1lDzbs7V1250zIhZ9gY6Extv4iO/+NC1yh4EsmeXlvJjPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJx8SpZrzNYhnrbkANl0LxNgqUvJtoTqNA8sdgcjv3H5+4NiJWLZwm3I/oSIlQMIpWeqi2qoNyxa25C5B14uWkAjmag/JXfxizNOIKmaTG9Dw3QT+jGgWTfFbqp4YnlE3oiPcsVTTixs8Wp87IhVWGJIy1LYVkof6eyGhkzDQKbGdEcWxWvbn4n9dLMbz2M6GSFLliy0VhKgnGZP43GQrNGcqpJZRpYW8lbEw1ZWjTKdkQvNWX10mnXvPcmndfrzRu8jiKcAbncAkeXEED7qAJbWAwgmd4hTdHOi/Ou/OxbC04+cwp/IHz+QNlao0u</latexit><latexit sha1_base64="BMae/tXzJl7X2mE6bbL/6JJSvHU=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsarQyJjSVGQBK4kL1lDzbs7V1250zIhZ9gY6Extv4iO/+NC1yh4EsmeXlvJjPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJx8SpZrzNYhnrbkANl0LxNgqUvJtoTqNA8sdgcjv3H5+4NiJWLZwm3I/oSIlQMIpWeqi2qoNyxa25C5B14uWkAjmag/JXfxizNOIKmaTG9Dw3QT+jGgWTfFbqp4YnlE3oiPcsVTTixs8Wp87IhVWGJIy1LYVkof6eyGhkzDQKbGdEcWxWvbn4n9dLMbz2M6GSFLliy0VhKgnGZP43GQrNGcqpJZRpYW8lbEw1ZWjTKdkQvNWX10mnXvPcmndfrzRu8jiKcAbncAkeXEED7qAJbWAwgmd4hTdHOi/Ou/OxbC04+cwp/IHz+QNlao0u</latexit><latexit sha1_base64="BMae/tXzJl7X2mE6bbL/6JJSvHU=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsarQyJjSVGQBK4kL1lDzbs7V1250zIhZ9gY6Extv4iO/+NC1yh4EsmeXlvJjPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJx8SpZrzNYhnrbkANl0LxNgqUvJtoTqNA8sdgcjv3H5+4NiJWLZwm3I/oSIlQMIpWeqi2qoNyxa25C5B14uWkAjmag/JXfxizNOIKmaTG9Dw3QT+jGgWTfFbqp4YnlE3oiPcsVTTixs8Wp87IhVWGJIy1LYVkof6eyGhkzDQKbGdEcWxWvbn4n9dLMbz2M6GSFLliy0VhKgnGZP43GQrNGcqpJZRpYW8lbEw1ZWjTKdkQvNWX10mnXvPcmndfrzRu8jiKcAbncAkeXEED7qAJbWAwgmd4hTdHOi/Ou/OxbC04+cwp/IHz+QNlao0u</latexit><latexit sha1_base64="BMae/tXzJl7X2mE6bbL/6JJSvHU=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsarQyJjSVGQBK4kL1lDzbs7V1250zIhZ9gY6Extv4iO/+NC1yh4EsmeXlvJjPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJx8SpZrzNYhnrbkANl0LxNgqUvJtoTqNA8sdgcjv3H5+4NiJWLZwm3I/oSIlQMIpWeqi2qoNyxa25C5B14uWkAjmag/JXfxizNOIKmaTG9Dw3QT+jGgWTfFbqp4YnlE3oiPcsVTTixs8Wp87IhVWGJIy1LYVkof6eyGhkzDQKbGdEcWxWvbn4n9dLMbz2M6GSFLliy0VhKgnGZP43GQrNGcqpJZRpYW8lbEw1ZWjTKdkQvNWX10mnXvPcmndfrzRu8jiKcAbncAkeXEED7qAJbWAwgmd4hTdHOi/Ou/OxbC04+cwp/IHz+QNlao0u</latexit>

T 0
<latexit sha1_base64="1XnwZMlqSW2xgtfxGQQNhf+Jt9M=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFhPRKtyliZUEbCwj5AuSI+xt9pIlu3vH7p4QjvwFGwtFbP1Ddv4b95IrNPHBwOO9GWbmBTFn2rjut1PY2t7Z3Svulw4Oj45PyqdnXR0litAOiXik+gHWlDNJO4YZTvuxolgEnPaC2X3m956o0iySbTOPqS/wRLKQEWwyqdq+ro7KFbfmLoE2iZeTCuRojcpfw3FEEkGlIRxrPfDc2PgpVoYRThelYaJpjMkMT+jAUokF1X66vHWBrqwyRmGkbEmDlurviRQLrecisJ0Cm6le9zLxP2+QmPDWT5mME0MlWS0KE45MhLLH0ZgpSgyfW4KJYvZWRKZYYWJsPCUbgrf+8ibp1mueW/Me65XmXR5HES7gEm7AgwY04QFa0AECU3iGV3hzhPPivDsfq9aCk8+cwx84nz/GDY1f</latexit><latexit sha1_base64="1XnwZMlqSW2xgtfxGQQNhf+Jt9M=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFhPRKtyliZUEbCwj5AuSI+xt9pIlu3vH7p4QjvwFGwtFbP1Ddv4b95IrNPHBwOO9GWbmBTFn2rjut1PY2t7Z3Svulw4Oj45PyqdnXR0litAOiXik+gHWlDNJO4YZTvuxolgEnPaC2X3m956o0iySbTOPqS/wRLKQEWwyqdq+ro7KFbfmLoE2iZeTCuRojcpfw3FEEkGlIRxrPfDc2PgpVoYRThelYaJpjMkMT+jAUokF1X66vHWBrqwyRmGkbEmDlurviRQLrecisJ0Cm6le9zLxP2+QmPDWT5mME0MlWS0KE45MhLLH0ZgpSgyfW4KJYvZWRKZYYWJsPCUbgrf+8ibp1mueW/Me65XmXR5HES7gEm7AgwY04QFa0AECU3iGV3hzhPPivDsfq9aCk8+cwx84nz/GDY1f</latexit><latexit sha1_base64="1XnwZMlqSW2xgtfxGQQNhf+Jt9M=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFhPRKtyliZUEbCwj5AuSI+xt9pIlu3vH7p4QjvwFGwtFbP1Ddv4b95IrNPHBwOO9GWbmBTFn2rjut1PY2t7Z3Svulw4Oj45PyqdnXR0litAOiXik+gHWlDNJO4YZTvuxolgEnPaC2X3m956o0iySbTOPqS/wRLKQEWwyqdq+ro7KFbfmLoE2iZeTCuRojcpfw3FEEkGlIRxrPfDc2PgpVoYRThelYaJpjMkMT+jAUokF1X66vHWBrqwyRmGkbEmDlurviRQLrecisJ0Cm6le9zLxP2+QmPDWT5mME0MlWS0KE45MhLLH0ZgpSgyfW4KJYvZWRKZYYWJsPCUbgrf+8ibp1mueW/Me65XmXR5HES7gEm7AgwY04QFa0AECU3iGV3hzhPPivDsfq9aCk8+cwx84nz/GDY1f</latexit><latexit sha1_base64="1XnwZMlqSW2xgtfxGQQNhf+Jt9M=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFhPRKtyliZUEbCwj5AuSI+xt9pIlu3vH7p4QjvwFGwtFbP1Ddv4b95IrNPHBwOO9GWbmBTFn2rjut1PY2t7Z3Svulw4Oj45PyqdnXR0litAOiXik+gHWlDNJO4YZTvuxolgEnPaC2X3m956o0iySbTOPqS/wRLKQEWwyqdq+ro7KFbfmLoE2iZeTCuRojcpfw3FEEkGlIRxrPfDc2PgpVoYRThelYaJpjMkMT+jAUokF1X66vHWBrqwyRmGkbEmDlurviRQLrecisJ0Cm6le9zLxP2+QmPDWT5mME0MlWS0KE45MhLLH0ZgpSgyfW4KJYvZWRKZYYWJsPCUbgrf+8ibp1mueW/Me65XmXR5HES7gEm7AgwY04QFa0AECU3iGV3hzhPPivDsfq9aCk8+cwx84nz/GDY1f</latexit>

D
<latexit sha1_base64="KlGi/x38A0bfzvGHkG/vXbIWLRA=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsarQyJFpYYBUngQvaWOdiwt3fZ3TMhF36CjYXG2PqL7Pw3LnCFgi+Z5OW9mczMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4GMwvp75j0+oNI/lg5kk6Ed0KHnIGTVWuq/eVPvliltz5yCrxMtJBXI0++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzU6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDSz7hMUoOSLRaFqSAmJrO/yYArZEZMLKFMcXsrYSOqKDM2nZINwVt+eZW06zXPrXl39UrjKo+jCCdwCufgwQU04Baa0AIGQ3iGV3hzhPPivDsfi9aCk88cwx84nz9NGo0e</latexit><latexit sha1_base64="KlGi/x38A0bfzvGHkG/vXbIWLRA=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsarQyJFpYYBUngQvaWOdiwt3fZ3TMhF36CjYXG2PqL7Pw3LnCFgi+Z5OW9mczMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4GMwvp75j0+oNI/lg5kk6Ed0KHnIGTVWuq/eVPvliltz5yCrxMtJBXI0++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzU6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDSz7hMUoOSLRaFqSAmJrO/yYArZEZMLKFMcXsrYSOqKDM2nZINwVt+eZW06zXPrXl39UrjKo+jCCdwCufgwQU04Baa0AIGQ3iGV3hzhPPivDsfi9aCk88cwx84nz9NGo0e</latexit><latexit sha1_base64="KlGi/x38A0bfzvGHkG/vXbIWLRA=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsarQyJFpYYBUngQvaWOdiwt3fZ3TMhF36CjYXG2PqL7Pw3LnCFgi+Z5OW9mczMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4GMwvp75j0+oNI/lg5kk6Ed0KHnIGTVWuq/eVPvliltz5yCrxMtJBXI0++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzU6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDSz7hMUoOSLRaFqSAmJrO/yYArZEZMLKFMcXsrYSOqKDM2nZINwVt+eZW06zXPrXl39UrjKo+jCCdwCufgwQU04Baa0AIGQ3iGV3hzhPPivDsfi9aCk88cwx84nz9NGo0e</latexit><latexit sha1_base64="KlGi/x38A0bfzvGHkG/vXbIWLRA=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsarQyJFpYYBUngQvaWOdiwt3fZ3TMhF36CjYXG2PqL7Pw3LnCFgi+Z5OW9mczMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4GMwvp75j0+oNI/lg5kk6Ed0KHnIGTVWuq/eVPvliltz5yCrxMtJBXI0++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzU6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDSz7hMUoOSLRaFqSAmJrO/yYArZEZMLKFMcXsrYSOqKDM2nZINwVt+eZW06zXPrXl39UrjKo+jCCdwCufgwQU04Baa0AIGQ3iGV3hzhPPivDsfi9aCk88cwx84nz9NGo0e</latexit>
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Figure 3: Geometric interpretation of an r-perturbation of a tensor
field at a point x in the space of tensors. The gray plane represents
the deviatoric space D2 with tr(T ) = 0, ∀T ∈ T 2. If a tensor T ′

at x is a r-perturbation of a tensor T ∈ T 2, that is, T ′ falls within
a ball of radius r centered at T in T 2, then its deviator D′ is a
r-perturbation of D ∈ D2, that is, D′ falls within a ball of radius r
centered at D in D2.

Let T,T′ : R2 → T 2 be two continuous 2D tensor fields. Their
distance is defined as d(T,T′) = supx∈R2 ||T(x)−T′(x)||F . An r-
perturbation of T is defined as a mapping T′ such that d(T,T′)≤ r.
This means that for each point x ∈ R2, the tensor T ′ = T′(x) lies
within a sphere of radius r in T 2 centered at the tensor T = T(x),
as shown in Fig. 3. Now let D,D′ be their corresponding deviator
fields. Since dF (D,D′) ≤ dF (T,T ′), and that the tensor field T′ is
an r-perturbation of the tensor field T (i.e. dF (T,T ′)< r); it follows
that the deviator field D′ is also an r-perturbation of D.

Anisotropy Vector Fields. We now review the notion of an
anisotropy vector field. The anisotropy vector field A : R2 → R2

is defined by combining the projection p : T 2 → D2 with an iso-
metric mapping Ω : D2→R2 (using the Frobenius norm for tensors
and the L2 norm for vectors) [WH17], as shown in Fig. 4. Via such
a mapping, the degenerate points of the tensor fields are mapped to
the zeros in the anisotropy vector field, which allows us to treat 2D
tensor fields in an analogous way as 2D vector fields.

D : R2 ! D2
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Tensor field Deviator field Anisotropy 
vector field
A : R2 ! R2

<latexit sha1_base64="oBaszH359dBp1GCv87k6e9Mj5ng=">AAACE3icbVC7TsMwFHXKq5RXgJHFokVCDFXShYqpiIWxIPqQmlA5rtNadZzIdpCqKP/Awq+wMIAQKwsbf4PTBqm0HMnS0Tn3yvccL2JUKsv6Ngorq2vrG8XN0tb2zu6euX/QlmEsMGnhkIWi6yFJGOWkpahipBsJggKPkY43vsr8zgMRkob8Tk0i4gZoyKlPMVJa6ptnFSdAauR5yWV68Utv0/sadFQI54VK3yxbVWsKuEzsnJRBjmbf/HIGIY4DwhVmSMqebUXKTZBQFDOSlpxYkgjhMRqSnqYcBUS6yTRTCk+0MoB+KPTjCk7V+Y0EBVJOAk9PZkfKRS8T//N6sfLrbkJ5FCvC8ewjP2ZQx80KggMqCFZsognCgupbIR4hgbDSNZZ0CfZi5GXSrlVtq2rf1MqNel5HERyBY3AKbHAOGuAaNEELYPAInsEreDOejBfj3fiYjRaMfOcQ/IHx+QMGE52P</latexit><latexit sha1_base64="oBaszH359dBp1GCv87k6e9Mj5ng=">AAACE3icbVC7TsMwFHXKq5RXgJHFokVCDFXShYqpiIWxIPqQmlA5rtNadZzIdpCqKP/Awq+wMIAQKwsbf4PTBqm0HMnS0Tn3yvccL2JUKsv6Ngorq2vrG8XN0tb2zu6euX/QlmEsMGnhkIWi6yFJGOWkpahipBsJggKPkY43vsr8zgMRkob8Tk0i4gZoyKlPMVJa6ptnFSdAauR5yWV68Utv0/sadFQI54VK3yxbVWsKuEzsnJRBjmbf/HIGIY4DwhVmSMqebUXKTZBQFDOSlpxYkgjhMRqSnqYcBUS6yTRTCk+0MoB+KPTjCk7V+Y0EBVJOAk9PZkfKRS8T//N6sfLrbkJ5FCvC8ewjP2ZQx80KggMqCFZsognCgupbIR4hgbDSNZZ0CfZi5GXSrlVtq2rf1MqNel5HERyBY3AKbHAOGuAaNEELYPAInsEreDOejBfj3fiYjRaMfOcQ/IHx+QMGE52P</latexit><latexit sha1_base64="oBaszH359dBp1GCv87k6e9Mj5ng=">AAACE3icbVC7TsMwFHXKq5RXgJHFokVCDFXShYqpiIWxIPqQmlA5rtNadZzIdpCqKP/Awq+wMIAQKwsbf4PTBqm0HMnS0Tn3yvccL2JUKsv6Ngorq2vrG8XN0tb2zu6euX/QlmEsMGnhkIWi6yFJGOWkpahipBsJggKPkY43vsr8zgMRkob8Tk0i4gZoyKlPMVJa6ptnFSdAauR5yWV68Utv0/sadFQI54VK3yxbVWsKuEzsnJRBjmbf/HIGIY4DwhVmSMqebUXKTZBQFDOSlpxYkgjhMRqSnqYcBUS6yTRTCk+0MoB+KPTjCk7V+Y0EBVJOAk9PZkfKRS8T//N6sfLrbkJ5FCvC8ewjP2ZQx80KggMqCFZsognCgupbIR4hgbDSNZZ0CfZi5GXSrlVtq2rf1MqNel5HERyBY3AKbHAOGuAaNEELYPAInsEreDOejBfj3fiYjRaMfOcQ/IHx+QMGE52P</latexit><latexit sha1_base64="oBaszH359dBp1GCv87k6e9Mj5ng=">AAACE3icbVC7TsMwFHXKq5RXgJHFokVCDFXShYqpiIWxIPqQmlA5rtNadZzIdpCqKP/Awq+wMIAQKwsbf4PTBqm0HMnS0Tn3yvccL2JUKsv6Ngorq2vrG8XN0tb2zu6euX/QlmEsMGnhkIWi6yFJGOWkpahipBsJggKPkY43vsr8zgMRkob8Tk0i4gZoyKlPMVJa6ptnFSdAauR5yWV68Utv0/sadFQI54VK3yxbVWsKuEzsnJRBjmbf/HIGIY4DwhVmSMqebUXKTZBQFDOSlpxYkgjhMRqSnqYcBUS6yTRTCk+0MoB+KPTjCk7V+Y0EBVJOAk9PZkfKRS8T//N6sfLrbkJ5FCvC8ewjP2ZQx80KggMqCFZsognCgupbIR4hgbDSNZZ0CfZi5GXSrlVtq2rf1MqNel5HERyBY3AKbHAOGuAaNEELYPAInsEreDOejBfj3fiYjRaMfOcQ/IHx+QMGE52P</latexit>

T
<latexit sha1_base64="rNr+o3cdFE5WKnJBytmBeeEJc2A=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaKUlsLDHyYQIXsrfswYa9vcvunAm58BNsLDTG1l9k579xgSsUfMkkL+/NZGZekEhh0HW/ncLW9s7uXnG/dHB4dHxSPj3rmjjVjHdYLGP9GFDDpVC8gwIlf0w0p1EgeS+Y3i783hPXRsSqjbOE+xEdKxEKRtFKD9V2dViuuDV3CbJJvJxUIEdrWP4ajGKWRlwhk9SYvucm6GdUo2CSz0uD1PCEsikd876likbc+Nny1Dm5ssqIhLG2pZAs1d8TGY2MmUWB7YwoTsy6txD/8/ophg0/EypJkSu2WhSmkmBMFn+TkdCcoZxZQpkW9lbCJlRThjadkg3BW395k3TrNc+teff1SrORx1GEC7iEa/DgBppwBy3oAIMxPMMrvDnSeXHenY9Va8HJZ87hD5zPH2OcjSg=</latexit><latexit sha1_base64="rNr+o3cdFE5WKnJBytmBeeEJc2A=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaKUlsLDHyYQIXsrfswYa9vcvunAm58BNsLDTG1l9k579xgSsUfMkkL+/NZGZekEhh0HW/ncLW9s7uXnG/dHB4dHxSPj3rmjjVjHdYLGP9GFDDpVC8gwIlf0w0p1EgeS+Y3i783hPXRsSqjbOE+xEdKxEKRtFKD9V2dViuuDV3CbJJvJxUIEdrWP4ajGKWRlwhk9SYvucm6GdUo2CSz0uD1PCEsikd876likbc+Nny1Dm5ssqIhLG2pZAs1d8TGY2MmUWB7YwoTsy6txD/8/ophg0/EypJkSu2WhSmkmBMFn+TkdCcoZxZQpkW9lbCJlRThjadkg3BW395k3TrNc+teff1SrORx1GEC7iEa/DgBppwBy3oAIMxPMMrvDnSeXHenY9Va8HJZ87hD5zPH2OcjSg=</latexit><latexit sha1_base64="rNr+o3cdFE5WKnJBytmBeeEJc2A=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaKUlsLDHyYQIXsrfswYa9vcvunAm58BNsLDTG1l9k579xgSsUfMkkL+/NZGZekEhh0HW/ncLW9s7uXnG/dHB4dHxSPj3rmjjVjHdYLGP9GFDDpVC8gwIlf0w0p1EgeS+Y3i783hPXRsSqjbOE+xEdKxEKRtFKD9V2dViuuDV3CbJJvJxUIEdrWP4ajGKWRlwhk9SYvucm6GdUo2CSz0uD1PCEsikd876likbc+Nny1Dm5ssqIhLG2pZAs1d8TGY2MmUWB7YwoTsy6txD/8/ophg0/EypJkSu2WhSmkmBMFn+TkdCcoZxZQpkW9lbCJlRThjadkg3BW395k3TrNc+teff1SrORx1GEC7iEa/DgBppwBy3oAIMxPMMrvDnSeXHenY9Va8HJZ87hD5zPH2OcjSg=</latexit><latexit sha1_base64="rNr+o3cdFE5WKnJBytmBeeEJc2A=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaKUlsLDHyYQIXsrfswYa9vcvunAm58BNsLDTG1l9k579xgSsUfMkkL+/NZGZekEhh0HW/ncLW9s7uXnG/dHB4dHxSPj3rmjjVjHdYLGP9GFDDpVC8gwIlf0w0p1EgeS+Y3i783hPXRsSqjbOE+xEdKxEKRtFKD9V2dViuuDV3CbJJvJxUIEdrWP4ajGKWRlwhk9SYvucm6GdUo2CSz0uD1PCEsikd876likbc+Nny1Dm5ssqIhLG2pZAs1d8TGY2MmUWB7YwoTsy6txD/8/ophg0/EypJkSu2WhSmkmBMFn+TkdCcoZxZQpkW9lbCJlRThjadkg3BW395k3TrNc+teff1SrORx1GEC7iEa/DgBppwBy3oAIMxPMMrvDnSeXHenY9Va8HJZ87hD5zPH2OcjSg=</latexit>

D
<latexit sha1_base64="d7u4vnX+g1Oj2C36KPFND1xvWwQ=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaKUm0sMQoSAIXsrfswYa9vcvunAm58BNsLDTG1l9k579xgSsUfMkkL+/NZGZekEhh0HW/ncLG5tb2TnG3tLd/cHhUPj7pmDjVjLdZLGPdDajhUijeRoGSdxPNaRRI/hhMruf+4xPXRsTqAacJ9yM6UiIUjKKV7qs31UG54tbcBcg68XJSgRytQfmrP4xZGnGFTFJjep6boJ9RjYJJPiv1U8MTyiZ0xHuWKhpx42eLU2fkwipDEsbalkKyUH9PZDQyZhoFtjOiODar3lz8z+ulGDb8TKgkRa7YclGYSoIxmf9NhkJzhnJqCWVa2FsJG1NNGdp0SjYEb/XlddKp1zy35t3VK81GHkcRzuAcLsGDK2jCLbSgDQxG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwBLTI0Y</latexit><latexit sha1_base64="d7u4vnX+g1Oj2C36KPFND1xvWwQ=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaKUm0sMQoSAIXsrfswYa9vcvunAm58BNsLDTG1l9k579xgSsUfMkkL+/NZGZekEhh0HW/ncLG5tb2TnG3tLd/cHhUPj7pmDjVjLdZLGPdDajhUijeRoGSdxPNaRRI/hhMruf+4xPXRsTqAacJ9yM6UiIUjKKV7qs31UG54tbcBcg68XJSgRytQfmrP4xZGnGFTFJjep6boJ9RjYJJPiv1U8MTyiZ0xHuWKhpx42eLU2fkwipDEsbalkKyUH9PZDQyZhoFtjOiODar3lz8z+ulGDb8TKgkRa7YclGYSoIxmf9NhkJzhnJqCWVa2FsJG1NNGdp0SjYEb/XlddKp1zy35t3VK81GHkcRzuAcLsGDK2jCLbSgDQxG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwBLTI0Y</latexit><latexit sha1_base64="d7u4vnX+g1Oj2C36KPFND1xvWwQ=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaKUm0sMQoSAIXsrfswYa9vcvunAm58BNsLDTG1l9k579xgSsUfMkkL+/NZGZekEhh0HW/ncLG5tb2TnG3tLd/cHhUPj7pmDjVjLdZLGPdDajhUijeRoGSdxPNaRRI/hhMruf+4xPXRsTqAacJ9yM6UiIUjKKV7qs31UG54tbcBcg68XJSgRytQfmrP4xZGnGFTFJjep6boJ9RjYJJPiv1U8MTyiZ0xHuWKhpx42eLU2fkwipDEsbalkKyUH9PZDQyZhoFtjOiODar3lz8z+ulGDb8TKgkRa7YclGYSoIxmf9NhkJzhnJqCWVa2FsJG1NNGdp0SjYEb/XlddKp1zy35t3VK81GHkcRzuAcLsGDK2jCLbSgDQxG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwBLTI0Y</latexit><latexit sha1_base64="d7u4vnX+g1Oj2C36KPFND1xvWwQ=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaKUm0sMQoSAIXsrfswYa9vcvunAm58BNsLDTG1l9k579xgSsUfMkkL+/NZGZekEhh0HW/ncLG5tb2TnG3tLd/cHhUPj7pmDjVjLdZLGPdDajhUijeRoGSdxPNaRRI/hhMruf+4xPXRsTqAacJ9yM6UiIUjKKV7qs31UG54tbcBcg68XJSgRytQfmrP4xZGnGFTFJjep6boJ9RjYJJPiv1U8MTyiZ0xHuWKhpx42eLU2fkwipDEsbalkKyUH9PZDQyZhoFtjOiODar3lz8z+ulGDb8TKgkRa7YclGYSoIxmf9NhkJzhnJqCWVa2FsJG1NNGdp0SjYEb/XlddKp1zy35t3VK81GHkcRzuAcLsGDK2jCLbSgDQxG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwBLTI0Y</latexit>

!
<latexit sha1_base64="iiNMUX1sVj6Ym+SbQ07sNk+0xns=">AAAB73icbVDLTgJBEOzFF+IL9ehlIph4Irtc5EjixSMm8khgQ2aHWZgwj3Vm1oRs+AkvHjTGq7/jzb9xgD0oWEknlarudHdFCWfG+v63V9ja3tndK+6XDg6Pjk/Kp2cdo1JNaJsornQvwoZyJmnbMstpL9EUi4jTbjS9XfjdJ6oNU/LBzhIaCjyWLGYEWyf1qgMl6BhXh+WKX/OXQJskyEkFcrSG5a/BSJFUUGkJx8b0Az+xYYa1ZYTTeWmQGppgMsVj2ndUYkFNmC3vnaMrp4xQrLQradFS/T2RYWHMTESuU2A7MeveQvzP66c2boQZk0lqqSSrRXHKkVVo8TwaMU2J5TNHMNHM3YrIBGtMrIuo5EII1l/eJJ16LfBrwX290mzkcRThAi7hGgK4gSbcQQvaQIDDM7zCm/fovXjv3seqteDlM+fwB97nD0b9j2s=</latexit><latexit sha1_base64="iiNMUX1sVj6Ym+SbQ07sNk+0xns=">AAAB73icbVDLTgJBEOzFF+IL9ehlIph4Irtc5EjixSMm8khgQ2aHWZgwj3Vm1oRs+AkvHjTGq7/jzb9xgD0oWEknlarudHdFCWfG+v63V9ja3tndK+6XDg6Pjk/Kp2cdo1JNaJsornQvwoZyJmnbMstpL9EUi4jTbjS9XfjdJ6oNU/LBzhIaCjyWLGYEWyf1qgMl6BhXh+WKX/OXQJskyEkFcrSG5a/BSJFUUGkJx8b0Az+xYYa1ZYTTeWmQGppgMsVj2ndUYkFNmC3vnaMrp4xQrLQradFS/T2RYWHMTESuU2A7MeveQvzP66c2boQZk0lqqSSrRXHKkVVo8TwaMU2J5TNHMNHM3YrIBGtMrIuo5EII1l/eJJ16LfBrwX290mzkcRThAi7hGgK4gSbcQQvaQIDDM7zCm/fovXjv3seqteDlM+fwB97nD0b9j2s=</latexit><latexit sha1_base64="iiNMUX1sVj6Ym+SbQ07sNk+0xns=">AAAB73icbVDLTgJBEOzFF+IL9ehlIph4Irtc5EjixSMm8khgQ2aHWZgwj3Vm1oRs+AkvHjTGq7/jzb9xgD0oWEknlarudHdFCWfG+v63V9ja3tndK+6XDg6Pjk/Kp2cdo1JNaJsornQvwoZyJmnbMstpL9EUi4jTbjS9XfjdJ6oNU/LBzhIaCjyWLGYEWyf1qgMl6BhXh+WKX/OXQJskyEkFcrSG5a/BSJFUUGkJx8b0Az+xYYa1ZYTTeWmQGppgMsVj2ndUYkFNmC3vnaMrp4xQrLQradFS/T2RYWHMTESuU2A7MeveQvzP66c2boQZk0lqqSSrRXHKkVVo8TwaMU2J5TNHMNHM3YrIBGtMrIuo5EII1l/eJJ16LfBrwX290mzkcRThAi7hGgK4gSbcQQvaQIDDM7zCm/fovXjv3seqteDlM+fwB97nD0b9j2s=</latexit><latexit sha1_base64="iiNMUX1sVj6Ym+SbQ07sNk+0xns=">AAAB73icbVDLTgJBEOzFF+IL9ehlIph4Irtc5EjixSMm8khgQ2aHWZgwj3Vm1oRs+AkvHjTGq7/jzb9xgD0oWEknlarudHdFCWfG+v63V9ja3tndK+6XDg6Pjk/Kp2cdo1JNaJsornQvwoZyJmnbMstpL9EUi4jTbjS9XfjdJ6oNU/LBzhIaCjyWLGYEWyf1qgMl6BhXh+WKX/OXQJskyEkFcrSG5a/BSJFUUGkJx8b0Az+xYYa1ZYTTeWmQGppgMsVj2ndUYkFNmC3vnaMrp4xQrLQradFS/T2RYWHMTESuU2A7MeveQvzP66c2boQZk0lqqSSrRXHKkVVo8TwaMU2J5TNHMNHM3YrIBGtMrIuo5EII1l/eJJ16LfBrwX290mzkcRThAi7hGgK4gSbcQQvaQIDDM7zCm/fovXjv3seqteDlM+fwB97nD0b9j2s=</latexit>

p
<latexit sha1_base64="nog0lKt+XUlK2nsmB5li8EJJTJc=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaKUlsLDHKRwIXsrfswYa9vcvunAm58BNsLDTG1l9k579xgSsUfMkkL+/NZGZekEhh0HW/ncLW9s7uXnG/dHB4dHxSPj3rmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2mtwu/+8S1EbF6xFnC/YiOlQgFo2ilh2pSHZYrbs1dgmwSLycVyNEalr8Go5ilEVfIJDWm77kJ+hnVKJjk89IgNTyhbErHvG+pohE3frY8dU6urDIiYaxtKSRL9fdERiNjZlFgOyOKE7PuLcT/vH6KYcPPhEpS5IqtFoWpJBiTxd9kJDRnKGeWUKaFvZWwCdWUoU2nZEPw1l/eJJ16zXNr3n290mzkcRThAi7hGjy4gSbcQQvawGAMz/AKb450Xpx352PVWnDymXP4A+fzB44ojUQ=</latexit><latexit sha1_base64="nog0lKt+XUlK2nsmB5li8EJJTJc=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaKUlsLDHKRwIXsrfswYa9vcvunAm58BNsLDTG1l9k579xgSsUfMkkL+/NZGZekEhh0HW/ncLW9s7uXnG/dHB4dHxSPj3rmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2mtwu/+8S1EbF6xFnC/YiOlQgFo2ilh2pSHZYrbs1dgmwSLycVyNEalr8Go5ilEVfIJDWm77kJ+hnVKJjk89IgNTyhbErHvG+pohE3frY8dU6urDIiYaxtKSRL9fdERiNjZlFgOyOKE7PuLcT/vH6KYcPPhEpS5IqtFoWpJBiTxd9kJDRnKGeWUKaFvZWwCdWUoU2nZEPw1l/eJJ16zXNr3n290mzkcRThAi7hGjy4gSbcQQvawGAMz/AKb450Xpx352PVWnDymXP4A+fzB44ojUQ=</latexit><latexit sha1_base64="nog0lKt+XUlK2nsmB5li8EJJTJc=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaKUlsLDHKRwIXsrfswYa9vcvunAm58BNsLDTG1l9k579xgSsUfMkkL+/NZGZekEhh0HW/ncLW9s7uXnG/dHB4dHxSPj3rmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2mtwu/+8S1EbF6xFnC/YiOlQgFo2ilh2pSHZYrbs1dgmwSLycVyNEalr8Go5ilEVfIJDWm77kJ+hnVKJjk89IgNTyhbErHvG+pohE3frY8dU6urDIiYaxtKSRL9fdERiNjZlFgOyOKE7PuLcT/vH6KYcPPhEpS5IqtFoWpJBiTxd9kJDRnKGeWUKaFvZWwCdWUoU2nZEPw1l/eJJ16zXNr3n290mzkcRThAi7hGjy4gSbcQQvawGAMz/AKb450Xpx352PVWnDymXP4A+fzB44ojUQ=</latexit><latexit sha1_base64="nog0lKt+XUlK2nsmB5li8EJJTJc=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaKUlsLDHKRwIXsrfswYa9vcvunAm58BNsLDTG1l9k579xgSsUfMkkL+/NZGZekEhh0HW/ncLW9s7uXnG/dHB4dHxSPj3rmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2mtwu/+8S1EbF6xFnC/YiOlQgFo2ilh2pSHZYrbs1dgmwSLycVyNEalr8Go5ilEVfIJDWm77kJ+hnVKJjk89IgNTyhbErHvG+pohE3frY8dU6urDIiYaxtKSRL9fdERiNjZlFgOyOKE7PuLcT/vH6KYcPPhEpS5IqtFoWpJBiTxd9kJDRnKGeWUKaFvZWwCdWUoU2nZEPw1l/eJJ16zXNr3n290mzkcRThAi7hGjy4gSbcQQvawGAMz/AKb450Xpx352PVWnDymXP4A+fzB44ojUQ=</latexit> ⌦
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Figure 4: Map a tensor field to an anisotropy vector field via a
projection p and an isometry Ω between a deviator field and an
anisotropy vector field.

Let e = (cosθ ,sinθ) ∈ R2 be a normalized major eigenvector
(with an arbitrary choice of orientation) of tensor T . † Let A := λ1−
λ2, where λ1 and λ2 are the eigenvalues associated with the tensor
T whose corresponding deviator is D. The isometric mapping Ω :
D2→ R2 maps an element D ∈D2 to

ω := Ω(D) =

{
A(cos2θ ,sin2θ) if A 6= 0
(0,0) if A = 0, for degenerate pts.

(3)

By construction, the set of degenerate points of T is the same
as the set of critical points of its corresponding anisotropy vec-
tor field A, and is given by (Ω ◦ p)−1(0). Please note, however,
that the global topological structure including the separatrices of
an anisotropy vector fields is not the same as that of its correspond-
ing tensor field. The connectivity among the critical points and the
degenerate points largely differs, as shown in Fig. 5.

Well Group Theory. The definition of robustness for vector or ten-
sor fields builds upon the well group theory [CPS12]. Given a map-
ping f :X→Y with X and Y as topological spaces and A⊆Y, well
group theory studies the stability, or robustness, of the homology of

† Alternatively, e could be represented by a complex number e =

exp(iθ) = cosθ + isinθ ∈ C, where θ is the complex argument or phase.
Then e2 = cos2θ + isin2θ . The mapping Ω uses the Cartesian coordinates
of e2 and scales it by A.
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Figure 5: An analytically defined tensor field (left) and its corre-
sponding anisotropy vector field (right) displayed using a texture
visualization. The degenerate points from the tensor field on the
left correspond to the critical points from the vector field on the
right. A trisector (white dot) on the left is transformed into a saddle
point on the right. A wedge point (black dot) on the left becomes a
source or a sink on the right.

the pre-image of a set A, f−1(A), with respect to perturbations of
the mapping f . The homology of a space, in a nutshell, measures
its topological features such as connected components, tunnels, and
voids. In particular, the 0-dimensional homology describes the con-
nected components of the space; and its rank captures the number
of connected components. For details, we refer to the original dis-
position of well group theory [EMP10, EMP11, CPS12].

In the case of a 2D vector field, the set A of interest is the set of
critical points (i.e., zeros). The mapping f is given as f : R2→R2,
and one studies the stability of the critical points f−1(0) with re-
spect to a perturbation of the field under the L2 norm. For a de-
tailed explanation of the definition of robustness for vector field,
see [WRS∗13].

In the case of a 2D symmetric tensor field T : R2 → T 2, we
study the robustness of its degenerate points by mapping T to
its corresponding anisotropy vector field f := A : R2 → R2. Let
f0 : R2→ R be the tensor anisotropy (or equivalently, the magani-
tute) defined as the difference of the eigenvalues f0(x)= || f (x)||2 =
|λ1 − λ2|, for all x ∈ R2. Let Fr denote the sublevel set of f0,
Fr = f−1

0 (−∞,r], that is, all points in the domain with an anisotropy
smaller than r. A value r > 0 is a regular value of f0 if Fr is a
manifold (possibly with boundary) and ∀ sufficiently small ε > 0,
f−1[r−ε,r+ε] retracts to f−1(r), otherwise it is critical [CPS12].
In particular, F0 is the set of degenerate points, as shown in Fig. 6
and Fig. 7. Let T′ : R2 → T 2 be another tensor field, whose cor-
responding anisotropy vector field h is an r-perturbation of f , as
shown in Fig. 7). Then h−1(0) is a subspace of Fr, that is, we
have an inclusion h−1(0) ⊆ Fr. This is the most important prop-
erty that allows us to apply well group theory results in a simple
setting. The relation h−1(0) ⊆ Fr induces a linear map jh from
the 0-dimensional homology group of h−1(0) to the 0-dimensional
homology group of Fr. The well group considers all possible r-
perturbations h of f and is defined as

U(r) =
⋂
h

im jh. (4)

Assuming a finite number of critical points, the rank of U(0) is the

number of critical points of f . The rank of the well group decreases
monotonically as r increases. Establishing a relation to degree the-
ory suggests an algorithm to compute the rank of the well groups
in a simple way [CPS12].

If r is a regular value of f0, then the rank of the well group U(r)
is the number of connected components C⊆ Fr such that its degree
deg(C) 6= 0.

Figure 6: Left: A texture representation of the major eigenvector
field of a tensor field T overlaid with red dots marking the degen-
erate points of T. Right: Perturbing the field T has resulted in a
tensor field T′ whose degenerate points in blue are overlaid with
the texture of T.

The well diagram keeps track of the changes of the rank of the
well group when increasing the perturbation r. Values r where the
rank of the well group drops by k are the nodes of the diagram.
They are assigned a multiplicity k [CPS12]. Each point in the well
diagram is a measure of how resistant a homology class of f−1(0)
is against perturbations of the mapping f [EMP11].

Figure 7: Left: Fr denotes the sublevel sets of the tensor anisotropy.
The set F0 is the set of all degenerate points of the field. Right:
Given a r-perturbation h, then the set of degenerate points of h is a
subset of the levelset Fr.

Robustness of Degenerate Points. In the setting of 2D tensor
fields, the robustness of a degenerate point xi can be described by
the robustness of its corresponding class in U(0) that it generates.
The robustness of degenerate points in f can be computed by con-
structing an augmented merge tree of f0 that keeps track of the
connected components of Fr augmented with their degree. The ro-
bustness of a degenerate point is then the height of its lowest degree
zero ancestor in the merge tree; see Section 4.3 for algorithmic de-
tails surrounding the augmented merge tree.

Transforming a tensor field T to its corresponding anisotropy
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vector field f := A greatly simplifies the extension of robust-
ness from vector fields to the setting of the tensor fields. First,
via the projection p, an r-perturbation in f corresponds to an r-
perturbation in D. Second, via the mapping Ω ◦ p, the degenerate
points of T map to the critical points of f .

Therefore, the robustness of degenerate points x for a tensor field
T would resemble the robustness of its corresponding critical point
for the anisotropy vector field f . Therefore, highly robust degen-
erate points in a tensor field enjoy nice theoretical properties the
same way as their counterparts in the vector field setting. We de-
scribe these properties here for completeness, whose proofs can be
found in [WH17].

Let f : R2 → R2 be an anisotropy vector field that arises from
a tensor field T. An r-perturbation T′ of T gives rise to an r-
perturbation h of f . We have the following lemmas.

Lemma 3.1 (Nonzero Degree Component for Tensor Field Per-
turbation) Let r be a regular value of f0 and C a connected com-
ponent of Fr such that deg(C) 6= 0. Then for any δ -perturbation h
of f , where δ < r, the sum of the degrees of the critical points in
h−1(0)∩C is deg(C).

Lemma 3.2 (Zero Degree Component for Tensor Field Pertur-
bation) Let r be a regular value of f0 and C a connected component
of Fr such that deg(C) = 0. Then there exists an r-perturbation h
of f such that h has no degenerate points in C, h−1(0)∩C = /0. In
addition, h equals f except possibly within the interior of C.

Since the degenerate points of T map bijectively to the critical
points of f , f has no critical points in a path-connected region
C ⊂ R2 if and only if T has no degenerate points in C. Intuitively,
Lemma 3.1 implies that for a path-connected component C of Fr
with nonzero degree, any δ -perturbation (where δ < r) preserves
the degree of C. That is, if C contains any degenerate point with
a robustness greater than r, then any δ -perturbation can not can-
cel it. Lemma 3.2 implies that if a degenerate point contained in
a zero degree path-connected component C of Fr has a robustness
less than r, then there exists an r-perturbation that cancels such a
degenerate point.

4. Computing Robustness for Degenerate Points

Robustness for degenerate points quantifies their structural stabil-
ity and can be used as an importance measure for the hierarchi-
cal simplification of tensor fields. Robustness for critical points has
been applied successfully in the setting of vector field simplifica-
tion [SWCR15]. Its theoretical foundation for the analytic tensor
field simplification has been established and is summarized in Sec-
tion 3. In the following section, we will transition from the contin-
uous setting to the discrete setting where the tensor field is defined
on a triangulation. Using triangulations is common for much of the
work based on combinatorial methods. One can use linear interpo-
lations for data defined on triangulations, which simplify the com-
putations. It is possible that new pairs of degenerate points may be
generated due to interpolations, however those will have very low
robustness values and will disappear early in the simplification, see
e.g. Fig. 11.

In addition, the criteria that are used for the extraction of critical

points for triangulations can be easily extended to quad meshes, for
instance, using the rotation angles along edges for the extraction
of degenerate points. The computation of the merge tree for quad
meshes would require an analysis of all cases that could appear for
a bi-linear interpolation, which is fairly straightforward. For the rest
of this paper, we focus on data defined on triangulations.

Since the major and minor eigenvector fields have dual topology
and the same degenerate points, we restrict our discussion to the
major eigenvector field; eigenvectors from now on always refer to
the major eigenvectors.

4.1. From Analytic to Discrete Setting

We now consider a tensor field T restricted to a triangulation K of
the domain, a subset of R2. Let vi = (xi1 ,xi2) ∈ R2 (for i = 1 . . .n)
denote the vertices and ei j the oriented edges in K. A discrete tensor
field T is a mapping that assigns to each position vi ∈K a symmetric
second-order tensor T(vi) = Ti.

For a proper application of the robustness framework, it is re-
quired that an r-perturbation of the discrete field implies an r-
perturbation of the interpolated field with respect to the Frobenius
norm. A component-wise, piece-wise linear (PL) interpolated field
fulfills this criterion. It changes continuously when the discrete ten-
sor field changes at the vertices, as shown in Fig. 8 (a). Thus the
amount of perturbation for the interpolated field is bounded above
by the amount of perturbation at the vertices.

In comparison, a feature-based interpolation does not guarantee
such a continuous dependency; it separates the direction interpola-
tion from the eigenvalue interpolation, where small variations in the
input data can result in large variations of the interpolated results.
Such an interpolation relies on an explicit direction assignment of
tensors in neighboring vertices, which can switch discontinuously,
as shown in Fig. 8 (b). Although the feature-based interpolation has
been used in some applications, it is not suitable for the robustness
framework presented here.

4.2. Stable Extraction of Degenerate Cells

While the computation of degenerate points in 2D tensor fields is
not numerically challenging, it is possible to generate results that
are not consistent with the input data, e.g., degenerate points on
edges may be detected twice in both adjacent cells or not at all. For
this reason, we have decided to use a combinatorial algorithm that
guarantees a topologically consistent result.

Given a discretization of the domain, computing the robustness
of a degenerate point does not require its accurate spatial loca-
tion within a cell. Therefore, it is sufficient to find the cells con-
taining degenerate points, referred to as the degenerate cells. We
propose an edge-labeling approach that detects degenerate cells
based on the winding number of the enclosed degenerate points.
The algorithm is simple and uses only the two deviator compo-
nents. No computation of eigenvectors and eigenvalues is required.
This makes our approach fundamentally different from the algo-
rithm of Nair et al. [SNAHH11]. The work in [SNAHH11] also
uses edge labels, however they are based on the eigenvector field

c© 2019 The Author(s)
Computer Graphics Forum c© 2019 The Eurographics Association and John Wiley & Sons Ltd.

J. Jankowai et al. / Robust Extraction and Simplification of 2D Symmetric Tensor Field Topology342



(a) Component-wise interpolation

(b) Feature-based interpolation

Figure 8: Interpolation schemes between two tensors T1 and T2.
(a) Component-wise interpolation. (b) Feature-based interpola-
tion, which decouples directions from eigenvalues. Note that the
component-wise interpolated field changes continuously at T (.5)
when one of the tensor changes from T2 to T ′2 and to T ′′2 , respec-
tively; whereas the feature-based interpolated field introduces dis-
continuities.

Discrete
tensor field
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Figure 9: The detection and classification of degenerate cells is
based on edge labels encoding the rotation direction of the eigen-
vectors. The labels are computed only once to ensure a consistent
detection of degenerate cells.

computation; they only allow the detection of critical points and do
not provide a direct classification of the degenerate points.

Algorithm Overview. Given a discrete tensor field T defined on a
triangulation, the algorithm consists of the following major steps,
summarized in Fig. 9: (i) computing the label for each edge ei j
(as ±1), which keeps track of rotation direction of the eigenvector
along ei j, and (ii) detecting and classifying cells (e.g., triangles)
ti jk that contain degenerate points based on the edge labels. Step

(i) contains all numerical computations, whereas step (ii) is purely
combinatorial to guarantee a consistent extraction.

Algorithm Assumptions. The algorithm builds upon the follow-
ing assumptions: (a) by construction, we use PL interpolation of
the tensor components; (b) no degenerate tensors lie on the edges
or vertices; and (c) the eigenvector directions of tensors on neigh-
boring vertices are always different. To guarantee (b) and (c), we
apply a symbolic perturbation of the tensor field described below.

Algorithm Foundation. Let ei j be an oriented edge of the trian-
gulation pointing from vertex vi to vertex v j. We assume that the
edges of the triangle have a consistent counterclockwise orienta-

tion. Let Di :=
[

∆i Fi
Fi −∆i

]
be the deviators of the tensors Ti. By

inspecting the eigenvectors of the interpolated field when moving
from vertex vi to v j along the edge ei j, we notice the following
properties based on simple computations: (i) the absolute value of
the rotation angle αi j of the eigenvectors is limited by π/2, and (ii)
the direction of the rotation, the sign of αi j, is given by the sign
of Fj∆i−Fi∆ j, see Appendix. The direction is undetermined if this
expression is equal to zero; that is, if and only if the rotation angle
αi j is either 0 or ±π/2. In general the rotation angle lies in the in-
terval αi j ∈ [−π/2,π/2]. When αi j = 0, the eigenvectors coincide;
and when αi j =±π/2, there is a degenerate point on the edge. Both
cases are excluded according to algorithm assumptions (b) and (c).

Consider now a triangle ti jk with edges ei j, e jk and eki. We know
that αi j +α jk +αki = ±nπ , where n ∈ N is the winding number
of the triangle. Furthermore, we know that for any two edges of the
triangle, |αi j +α jk|< π , which leads to the following observations:

• For degenerate triangles, n 6= 0, the rotation direction is the same
on all edges and the maximum value for |n| is 1.

• For non-degenerate triangles, n = 0, the triangles always contain
positive and negative edges.

• There is at most one first-order degenerate point in each cell.

Edge Labels. Based on these properties, we define the edge labels,
which are used to detect and classify degenerate triangles. The edge
label li j of an oriented edge ei j is defined as

li j = sgn(Fj∆i−Fi∆ j) =−l ji (5)

The edge label takes values ±1. According to assumptions (b) and
(c), the value 0 is excluded.

Triangle Classification. Let ti jk be a triangle with edges ei j, e jk
and eki in a clockwise order. Then,

ti jk is


degenerate (wedge point) if li j = l jk = lki = 1;
degenerate (trisector) if li j = l jk = lki =−1;
non-degenerate, otherwise.

Virtual Perturbation. In the following sections, we assume that
the data is given as a deviator field. To guarantee assumptions
(b) and (c), we propose the following perturbation of the field by
changing the value F or ∆ to F + ε and ∆+ ε , respectively, with a
small real value ε > 0 below the machine precision. In practice, we
introduce a tag for each component of the deviator, keeping track
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Figure 10: Direction encoding edge labels allows simple detection
and classification of degenerate cells. (a) For a triangle without
a degenerate point, the rotation directions along the edges differ,
resulting in different edge labels for the edges. (b) For a degenerate
triangle containing a wedge point, the rotation along all edges is
the same and thus all edge labels have the same sign.

of its perturbation. All tensors are initialized with a zero tag. First,
we do a sweep through the data, eliminating degenerate tensors on
the vertices. Second, we again sweep through all vertices vi, from
small to large indices, considering the labels for all outgoing edges
ei j (where j > i). If li j = Fj∆i−Fi∆ j = 0, we perturb the tensor
with the higher index j. If ∆i 6= 0, we perturb Fj. If ∆i = 0, we per-
turb ∆ j . An already-perturbed tensor is used to determine the label.
In some cases, a value may be perturbed more than once.

4.3. Robustness Computation

Given a tensor field and a classification of its degenerate cells,
we now construct a hierarchy of degenerate points based on their
robustness. Specifically, given an input tensor field, we generate
its corresponding anisotropy vector field, construct an augmented
merge tree, and compute the robustness of its critical points. The
ranking of the robustness values implies a multi-scale hierarchy of
the critical points, which in turn, allows the exploration of the same
hierarchy among their corresponding degenerate points in the orig-
inal tensor field.

The most commonly used algorithm for merge tree computation
assumes a piecewise linear (PL) interpolation of the scalar field in-
side each cell. This assumption has the advantage that all critical
points, namely local maxima, local minima and saddle points, are
restricted to the cell vertices. A standard algorithm is proposed by
Carr et al [CSA00] based on vertex sorting. Most of the recent par-
allel implementations also make a PL assumption [MW13].

We now review, on a high-level, the computation of a merge tree
for a function defined on a triangulated domain, adapting the de-
scription in [MW13]. A merge tree keeps track of the evolution
of components in the sub level sets of a scalar function and sum-
marizes their global connectivity [MW13]. Assume our input is a
triangulation (simplicial complex) K together with a scalar function
f defined on its vertices V , f : V → R. In our setting, f is the mag-
nitude of an anisotropy vector field converted from a tensor field.
We extend the function f to the underlying space |K| (that is, the
union of its simplicies) using PL interpolation and obtain a function
f : |K| → R.

By definition, merge trees track the connectivity of the sub level
sets Ka = f−1(−∞,a]. We consider two points x,y ∈ |K| to be
equivalent, denoted as x ∼ y, if they belong to the same connected
component of the sub level set and they have the same function
value. Formally, the merge tree is the quotient space |K|/∼, which
glues together points in |K| that are equivalent under the relation
∼ [MW13]. To understand the definition of a merge tree on the tri-
angulated domain, we increase the function value a from −∞ to ∞

and track the creation and merging of branches in the tree. At the
local minima of f , we create a new branch. As a increases, branches
are extended and merged at saddle points. The global maximum of
f becomes the root of the tree.

We follow the standard approach in computing merge
trees [CSA00], which maintains a disjoint-set data structure. For
PL function, only the 1-skeleton of K matters to the computation
of the merge tree [MW13]. The algorithm initialize each vertex as
its own set and process them in order of increasing function values.
The key to the algorithm is to keep track of the lower neighbors
v of the current vertex u: “if the sets containing u and v are dif-
ferent, the highest-valued representative in the set of v is linked
to u in the merge tree; the two sets are united." [MW13] The
running time is determined by the sorting of the vertices and the
union-find algorithm. The running time for the standard approach
is O(n logn+mα(n)) where n is the number of vertices, m is the
number of edges in the triangulation, and α(n) is the inverse Ack-
ermann function.

For robustness computation, we further augment the merge tree
with degree information at each node of the merge tree. That is,
we record an integer to each node that is the degree of the corre-
sponding component in the sub level set. Recall the robustness of a
critical point (degenerate point) is therefore the height of its lowest
degree zero ancestor in the merge tree.

However, in the case of an anisotropy vector field, the PL as-
sumption is violated in many cells in the triangulation. In our case
the scalar field of interest is the anisotropy field which is given as
A = |λ1 − λ2| =

√
1/4tr2(T )−det(T ) for a tensor T at a point.

This field is not linear for linearly interpolated tensor components
but exhibits a quadratic behavior. Local minima are frequently lo-
cated inside a triangle, and saddle points are located on the edges.
An example is shown in Fig. 11(a), where a wedge and a trisector
in two neighboring triangles both have a very low robustness value.
Assuming a linear interpolation of the anisotropy field inside the tri-
angles would result in an incorrect, high robustness value for both
degenerate points. Therefore, using PL interpolation on the original
triangulation leads to incorrect robustness values.
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Figure 11: (a) Two adjacent triangles, each containing a degenerate point. The field is defined by liner interpolation of tensor components
for the tensors given in the vertices. The robustness of the degenerate points is low due to a low anisotropy value on the edge e. (b) Applying
a small perturbation to the tensor at vertex P, the degenerate points cancel each other and disappear. (c) The quadratic behavior of the
anisotropy in the two adjacent cells in (a) is shown as colored height field (brown means low and turquoise means high value, respectively).
The light green triangles on top show the linearly interpolated anisotropy in these triangles. However, in this case, the computation leads
to incorrect, high robustness for the degenerate points. (d) When applying a subdivision of the triangles around local minima, the piecewise
linear anisotropy interpolation results in correct robustness values in (e). (e) The triangles on top demonstrate the behavior of the linearly
interpolated anisotropy.

This problem can be solved by inserting additional vertices in
all local minima (of the anisotropy field) inside a triangle and on
the triangle edges, as illustrated in Fig. 11(d)-(e). There are at most
four additional vertices per cell, leading to six triangles adjacent
to a local minimum (instead of one). On this subdivided structure,
the PL algorithm leads to correct robustness results, however at the
cost of increasing the number of cells. As shown in Fig. 11(e), the
linearly interpolated anisotropy around each local minimum based
on the subdivision leads to low robustness values that are consistent
with the expected values from Fig. 11(a).

5. Results

For the purpose of evaluation, we apply our framework to three data
sets. The first data set is an analytic one that contains a collection
of isolated degenerate points; it allows us to develop an intuition
about the resulting degenerate point pairings and their robustness
values. The second data set is a slice of a numerical simulation of
a stress tensor field from mechanical engineering; it is well under-
stood and is used to verify the correctness of the results. The last
and the most complex data set is a slice of a diffusion tensor imag-
ing (DTI) from the human brain that contains more than a thousand
degenerate points.

To demonstrate our results, the tensor fields are visualized as
texture aligned with the major eigenvector direction, whose color
encodes the anisotropy ranging from zero (dark brown) to its max-
imum value (turquoise). The degenerate cells are highlighted by
colored triangles, black for the wedge type and white for the tri-
sector type. The robustness values are superimposed using colored
spheres: dark brown for the minimum values, turquoise for the
maximum values, and red for ∞ (cells that are never canceled).

5.1. Collection of Isolated Degenerate Points

We start with a simple analytic data set for a first evaluation of our
framework. The data set is constructed by assembling templates of

basic linear structures defined by tensors on the vertices of a quad
mesh. Using a simple interface, these tensors can be easily manip-
ulated. The eigenvector directions on the vertices of each cell in the
quad mesh determine the cell type (trisector, wedge, or regular).
The eigenvalues assigned to each vertex can be used to manipulate
the anisotropy field and thus the robustness values of the degenerate
cells.

Two examples of such tensor fields, Variant I and Variant II, are
shown in Fig. 12(a) and (c), respectively. Both fields have the same
eigenvectors associated with the generating tensors, except for two
tensors in the center of the mesh (in blue for Variant II). The tensor
fields are visualized using a texture visualization in Fig. 12(e) and
(f), and the anisotropy is shown for Variant I as well. Six degenerate
cells are detected for both fields; they coincide and match well with
the texture degeneracies. However, the order of cancellation based
on robustness among the degenerate points differs, as expected, for
both variants. The order of cancellation for each variant is captured
in the merge tree, as shown in Fig. 12(b) and (d), respectively. For
each variant, two pairs of distinct degenerate cells (in red) with
index 1/2 survive the cancellation. The robustness values for the
degenerate points are shown using a color coding: brown for the
pair of degenerate points that is canceled first, turquoise for the
pair that is canceled second, and red for the degenerate points that
survive to the end. We also highlight the contours of the anisotropy
fields related to the cancellations.

5.2. Two Point Load

The second example is the result of a numerical simulation of a
stress tensor field by applying two forces to a solid block, as shown
in Fig. 13(a). We analyze the topology of a 2D slice parallel to the
top surface of the block. The results are shown in Fig. 13(b)-(e).
In our context, we always use a texture highlighting the direction
of the major eigenvector field of the stress tensor field. This texture
helps to highlight the structures surrounding the wedges and the tri-
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Figure 12: (a) and (c): Two tensor fields, Variant I / II, are generated as a composition of six isolated degenerate points. The two fields differ
only in the anisotropy of two generating tensors, as shown in blue in (c). The two tensor fields are visualized with texture in (e) and (f). For
each field, the contours related to the cancellation of two degenerate points are highlighted. The anisotropy is shown for Variant I.

sectors. The extracted degenerate cells are overlaid onto the texture.
Note that the degenerate points on the edges are always pushed into
a neighboring triangle due to the symbolic perturbation. The robust-
ness values of the degenerate cells are encoded using a brown-to-
turquoise color map. The degenerate cells that cannot be canceled
are highlighted in red.

Our results are consistent with the expected outcome of our
framework in Fig. 1(b). Three degenerate cells (corresponding to
degenerate points 1, 7, and 21) are never canceled in Fig. 13(b-c),
all containing trisector points whose winding number sum up to 1.5
(the same winding number along the boundary of the entire slice).
At the second highest simplification level within the hierarchy of
the global merge tree, Fig 13(c), five degenerate cells remain: a pair
for the upper right region (degenerate points 1 and 7), a pair for the
lower left region (degenerate points 19 and 21), and a degenerate
cell (degenerate point 20) in the middle representing a separating
trisector. The locations of these two pairs of degenerate cells are

consistent with the locations of the applied forces. The upper right
pair corresponds to a star-like structure, and the bottom left pair
corresponds to a circular structure, respectively. Apart from the ge-
ometric embedding, our result corresponds precisely to the ideal,
hand-drawn sketch in Fig. 1(b).

5.3. Slice of a Diffusion Tensor Data Set

For a more challenging data set, we apply our framework to a slice
of a DTI data set. We use the entire slice without masking the noisy
part outside the brain. To show the data in a 3D context, we embed
the slice in a volume rendering of the anisotropy field in Fig. 14(a).
Note that, however, this is not an ideal visualization for this data
since the resolution of the texture is lower than the frequency of the
noise; therefore, artificial structures may be present. All degenerate
cells are shown in Fig. 14(c). The data contains more than 1000
degenerate cells, which is too big to draw the merge tree and to
make a detailed analysis of each cancellation. Instead, we show
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Figure 13: Visualization of the robustness of a slice of a stress tensor field. (a) A single slice of the data embedded in a 3D context visualized
using volume rendering. (b) A textured slice with degenerate cells. White triangles represent trisectors and black ones represent wedges.
Degenerate points in each cell are visualized with a brown-to-turquoise colormap. Degenerate points with infinite robustness are in red. (c)
The full merge tree. (d) A close-up of the upper right region of (b) with numbered degenerate points. (e) The merge tree encoding the pairwise
cancellation of the degenerate points in (d); it is also geometrically embedded in the domain of (d).

a visualization where we filter out the cells with low robustness
values, Fig. 14(d). Notice that all the degenerate points with high
robustness values are found inside the brain region. A histogram of
the robustness values can be seen in Fig. 14(b). A detailed analysis
and interpretation of these results are left to future work.

6. Conclusions

Combined with previous theoretical results [WH17], our work
moves toward a complete, robustness-based implementation of a
new tensor field simplification scheme. We generate a hierarchy of
degenerate points based on the notion of robustness. By translating
a given tensor field into an anisotropy vector field, robustness-based
tensor field simplification inherits similar properties from vector
field simplification, that is, it enables the pruning of sets of degen-
erate points according to a quantitative measure of their stability.
Besides the actual simplification of the field based on the hierarchy
of degenerate points, we discuss some future directions below.

Permutation Metrics. In this paper, we define the perturbation of
tensor fields using the infinity norm L∞. It would be interesting to
see how an L2 norm would lead to different results. We expect the
resulting hierarchy to be different for different metrics. We consider
the choice of a specific norm as a part of an adaptation to a specific
application.

Interpolation Schemes. We currently employ a PL algorithm af-
ter subdivision of the triangles such that all local minima of the
anisotropy are represented as vertices. This guarantees a correct
merge tree computation; however, it is not the most efficient way
when dealing with large data. As future work, we will investigate
more efficient merge tree implementations that do not need the PL
assumption but still give the correct result.

Physical Interpretation. We are also interested in understanding
the physical interpretation of the robustness measure. Traditionally,
simplifying the curvature tensor field is done implicitly by smooth-
ing the surface. How does this (and other) simplification strategy
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(a) (b)

(c) (d)

Figure 14: A slice of a diffusion tensor imaging data set. (a) 3D context visualization using volume rendering of the anisotropy. (b) The
histogram of the robustness values of degenerate points. (c) All degenerate cells are color-coded according to their robustness values. (d)
Most robust degenerate cells are highlighted in turquoise.

relate to the robustness-based simplification? Alternatively, as we
construct simplified fields according to the robustness measure,
how does such a simplification correspond to physically meaning-
ful changes to, for instance, a stress tensor field?

Other future directions include a better merge tree construction
and robustness computation that handles special cases in Fig. 11;
efficient, provably correct implementation in the discrete setting;
and the interpretation of the simplified tensor fields in real world
applications, such as stress tensor fields and DTI.
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Appendix: Rotation Direction of Eigenvectors along Edges

Since the eigenvectors for a deviator and its corresponding tensor
are the same, we restrict our considerations to the deviator. The

interpolated deviator along an edge ei j (with Di and D j defined on
its vertices) is given as D(t)= (1−t)Di+tD j. We use the following
notation

D(t) =
(

∆(t) F(t)
F(t) −∆(t)

)
.

Assuming there is no degenerate points on the edge, the major
eigenvector v(t) = (v1(t),v2(t)) = (cosα(t),sinα(t)) is well de-
fined everywhere and changes continuously whereby the angle
α(t) is the angle enclosed by v(t) and the x-axis. Using v′2 =
cosα(t) ·α ′(t), v′1 = −sinα(t)α ′(t), and sin2

α + cos2 α = 1 we
obtain

α
′(t) = v2(t)v′1(t)− v1(t)v′2(t).

Using the deviator components one obtains the not-normalized
eigenvector as (F(t),−∆(t) +

√
∆2(t)+F2(t)). Inserting these

vector components into the equation above, we obtain after sim-
plification,

α
′(t) =

1
2

∆(t)F ′(t)−F(t)∆′(t)
∆2(t)+F2(t)

.

For linearly interpolated components ∆′ = ∆ j−∆i and F ′ = Fj−Fi
being constants, we finally obtain

α
′(t) =

1
2

F2∆1−F1∆2

∆2(t)+F2(t)
.

Since the denominator is always greater than zero, the sign and
thus the rotational direction is determined by the numerator and is
constant along the edge.
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