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Flexible and Probabilistic Topology Tracking with
Partial Optimal Transport

Mingzhe Li, Xinyuan Yan, Lin Yan, Tom Needham, Bei Wang

Abstract—In this paper, we present a flexible and probabilistic framework for tracking topological features in time-varying scalar fields
using merge trees and partial optimal transport. Merge trees are topological descriptors that record the evolution of connected
components in the sublevel sets of scalar fields. We present a new technique for modeling and comparing merge trees using tools from
partial optimal transport. In particular, we model a merge tree as a measure network, that is, a network equipped with a probability
distribution, and define a notion of distance on the space of merge trees inspired by partial optimal transport. Such a distance offers a
new and flexible perspective for encoding intrinsic and extrinsic information in the comparative measures of merge trees. More
importantly, it gives rise to a partial matching between topological features in time-varying data, thus enabling flexible topology tracking for
scientific simulations. Furthermore, such partial matching may be interpreted as probabilistic coupling between features at adjacent time
steps, which gives rise to probabilistic tracking graphs. We derive a stability result for our distance and provide numerous experiments

indicating the efficacy of our framework in extracting meaningful feature tracks.

Index Terms—Merge trees, feature tracking, optimal transport, topological data analysis, topology in visualization

1 INTRODUCTION

EATURE extraction and tracking for time-varying data play
Fan important role in scientific visualization. Over the past
two decades, topology-based techniques have been successfully
applied to study the evolution of features of interest, which is at
the core of many scientific applications, including combustion [1],
climatology [2], and astronomy [3]. In particular, topology-based
techniques utilize topological descriptors such as persistence
diagrams and merge trees for feature extraction and tracking in
scalar field data; see [4], [5] for surveys.

In this paper, we present a novel and flexible framework
for tracking features (i.e., critical points) in time-varying scalar
fields by combining merge trees with partial optimal transport.
Merge trees are topological descriptors that record the evolution of
connected components in the sublevel sets of scalar fields.

The theory of optimal transport studies distances between
probability distributions. In its simplest form, it studies the
transportation problem of moving a pile of dirt (i.e., a probability
distribution) to a target pile (i.e., another probability distribution)
with minimum cost. The classic Wasserstein distance in optimal
transport is thus called the Earth mover’s distance. Whereas classic
optimal transport preserves the total amount of dirt (i.e., the total
mass) to be transported, partial optimal transport requires a fraction
of the total mass to be transported. The contributions of this paper
include:

o We present a new technique for modeling and comparing
merge trees using tools from partial optimal transport. In
particular, we model a merge tree as a measure network

e M. Li, X. Yan, and B. Wang are with the University of Utah, Salt Lake City,
UT, 84112.
E-mails: mingzhe.li@utah.edu, {xinyuan.yan, beiwang} @sci.utah.edu

e L. Yan is with the lowa State University, Ames, IA, 50011.
E-mail: linyan@iastate.edu

e T Needham is with the Florida State University, Tallahassee, FL, 32306.
E-mail: meedham @fsu.edu

Manuscript received April 19, 2005; revised August 26, 2015.

(that is, a network equipped with a probability distribution)
and define a partial fused Gromov-Wasserstein distance
between a pair of merge trees.

« We show that such a distance offers a new and flexible
way to encode intrinsic and extrinsic information in the
comparative measures of merge trees. We also derive a
stability result for our distance under a restrictive setting.

o Most importantly, we demonstrate via extensive experi-
ments that such a distance gives rise to a partial matching
between topological features in time-varying data, thus en-
abling flexible topology tracking for scientific simulations.

« Finally, the partial optimal transport provides a probabilistic
coupling between features at adjacent time steps, which
are then visualized by weighted tracks from probabilistic
tracking graphs.

Furthermore, our implementation is open source!, and comes with
a video that demonstrates the probabilistic tracking graph.
Overview. After reviewing related work on optimal transport
and topology-based feature tracking in Sec. 2, we review the
technical background of merge trees, measure networks, and
various distances used in (partial) optimal transport in Sec. 3.
We then describe our novel feature-tracking framework in Sec. 4.
In particular, we introduce a new distance—partial fused Gromov-
Wasserstein distance—in Sec. 4.1 and describe its theoretical
properties (Sec. 5). We demonstrate the utility of our framework
with extensive experiments and comparisons with the state-of-
the-art (Sec. 6). A direct consequence of our framework is that
it enables richer representations of tracking graphs, referred to
as probabilistic tracking graphs, for which we give a visual
demonstration in Sec. 7.

2 RELATED WORK

Optimal transport and Gromov-Wasserstein distance. This
paper builds upon the Gromov-Wasserstein (GW) distance, a tool

1. https://github.com/tdavislab/GWMT
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from optimal transport for deriving probabilistic correspondences
between nodes of different networks. Specifically, we use GW
distance to study merge trees, which are topological descriptors of
scalar fields; see Sec. 3 for formal definitions. The GW distance was
introduced by Mémoli [6], [7] as a way to compare metric measure
spaces (i.e., compact metric spaces endowed with probability
measures), with a view to shape analysis applications. More re-
cently, this framework was extended to allow comparisons between
networks endowed with kernel functions that are not necessarily
metrics [8], [9]. The GW distance has become an important tool
in machine learning applications, such as graph matching and
partitioning [10], [11], [12], natural language processing [13], and
alignment of multiomics data [14].

A number of recent works have focused specifically on appli-
cations of GW distance to merge trees. Combining a Riemannian
interpretation of GW distance developed in [15], [16] with matrix
sketching techniques, Li et al. [17] introduced a pipeline for finding
structural representatives among a set of merge trees. In [18], GW
techniques were combined with theory developed in [19] in order to
give an estimate of an interleaving distance on the space of merge
trees. Theoretical properties of a refined generalization of GW
distance between merge tree-like objects called ultra dissimilarity
spaces were studied in [20].

In this paper, we present a novel distance between merge trees,

called the partial fused Gromov-Wasserstein (pFGW) distance,
which is built upon variants of the GW pipeline, including the
Fused Gromov-Wasserstein distance [21] and partial optimal
transport [22].
Merge tree comparisons. A number of recent works have studied
the distances between merge trees or, more generally, Reeb graphs.
For instance, the functional distortion distance [23], the interleaving
distance [24], [25], the Gromov-Hausdorff distance [26], the Reeb
graph edit distance [27], [28], the merge tree matching distance [29],
and the distance based on branch decomposition [30] are equipped
with some desirable theoretical properties, including stability;
see [5], [31] for surveys. Our work provides a new stability result of
the GW distance between merge trees with theoretical justifications.
Topology-based feature tracking. Topological techniques have
been used for feature extraction and tracking in scalar fields [5]
and vector fields [32], [33].

Topology has been used to track features for time-varying
scalar fields by solving an explicit correspondence problem. A
number of topological descriptors have been used for feature
tracking, including persistence diagrams, merge trees, contour trees,
Reeb graphs, extremum graphs, and Morse complexes; see [5,
Sec. 7.1] for a survey. Recently, persistence diagrams and an
extension of the Wasserstein metric have been used to perform
topology tracking [34], [35]. A metric on the space of merge
trees was recently introduced [36] based on the L,-Wasserstein
distance between extremum persistence diagrams. Yan et al. [37]
performed geometry-aware comparisons of merge trees using
labeled interleaving distances. Their framework uses a labeling step
to find a correspondence between the critical points of two merge
trees, and integrates geometric information of the data domain in
the labeling process [37]. Instead, our distance computation utilizes
information from the data domain within the distances themselves.

Our pFGW distance applies to any task involving merge tree
comparisons; in this paper, we focus on feature tracking in time-
varying scalar fields using merge trees. A popular approach to
obtain the correspondence between features is to compute the
overlap between regions or volumes surrounding the features. For
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instance, Lukasczyk et al. captured the evolution of superlevel
set components [38], [39] based on the overlaps between their
corresponding regions. Saikia et al. [40], [41] presented a strategy
for topological feature tracking with merge trees called Global
Feature Tracking (GFT). Their strategy determines the similarity
of subregions segmented by merge trees at adjacent time steps,
based on the overlap size between two regions, and the similarity
between histograms of scalar values within each region. In GFT,
the information of a critical point includes its subtree, whereas our
work considers the relation between every pair of critical points in
the merge tree. Furthermore, GFT uses the segmentation of scalar
fields to compare the overlapping subtree regions, which can be
memory-consuming.

Recent works [34], [35], [36] have utilized persistence dia-
grams for feature tracking. Alternatively, these approaches could
be considered as solving an assignment problem using branch
decompositions of merge trees. Such assignment problems are
closely related to (partial) optimal transport [42].

In particular, Soler et al. introduced the Lifted Wasserstein
Matcher (LWM) [34] framework, where features are tracked based
on the optimal matching between persistence diagrams under
the Wasserstein distance. The cost of matching a pair of points
in the persistence diagram is a weighted linear combination of:
(a) the geometric distances between the extrema involved in the
persistence pairs, and (b) the differences between the birth and
death coordinates of the points in the diagram. The cost of matching
a point to its diagonal projection (causing disappearances and
appearances of features) is a weighted linear combination of: (a)
the geometric distance between the critical points associated with
the point in the diagram, and (b) the birth and death coordinates of
the point. Both LWM and pFGW approaches make use of geometric
locations of critical points. LWM encodes topological information
via birth and death coordinates of the points in the persistence
diagram, whereas pFGW encodes topological constraints on the
matched critical points via their relations within merge trees.
Whereas LWM solves an assignment problem deterministically,
pFGW gives rise to probabilistic matching between features.
Another interesting feature of our approach is that we are able
to derive a stability result (Theorem 2), which has so far not
been established for some of the other methods (e.g., [36]) in the
literature.

Although this paper focuses on feature tracking in scalar fields,

we review feature tracking in vector fields briefly, which also aims
to associate features from one time step to the next, and to detect
topological events. Helman and Hesselink [43], [44] tracked critical
points in vector fields over time, and Wischgoll et al. [45] tracked
closed streamlines and detected bifurcations. Tricoche et al. [46],
[47] provided critical point tracking using spacetime grids. Theisel
and Seidel [48] introduced Feature Flow Fields (FFF), followed by
stable [49] and combinatorial [50] variants. See [33, Sec. 4.1] for a
survey.
Feature tracking graphs have been used to visualize the evolution
(i.e., births, deaths, merging and splitting) of topological features
over time (e.g., [51], [52]). A probabilistic tracking graph may
arise when the edges in the graph are equipped with weights
that correspond to the amount of spatial overlap between the
connected features. In our setting, we introduce a different notion
of a probabilistic feature tracking graph, which uses the coupling
probabilities between features across time steps. These probabilities
are derived based on the locations of critical points as well as their
structural relations captured by the merge trees.
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3 TECHNICAL BACKGROUND knowledge abouG, p is typically taken to be uniform; that is,

We combine ingredients from diverse areas: topology in visuz?(—x)l: 1=n, for eachx 2 V. We Lepresenp as a vector of size,
ization, optimal transport, and measure theory. We rst revieR= nln Whereln=(11;:::;1)" 2 R" In the following sections,
the merge tree of a scalar eld in topology-based visualizatioh€ Slightly abuse the notation and identify a graphwith a
(Sec. 3.1). We then introduce concepts from optimal transport ai@ticular choice of measure network representaiom; W).
measure theory, including measure networks (Sec. 3.2), Wasserstei® measure networkG = (V; p;W) may be equipped with
distance, Gromov-Wasserstein (GW) distance, and fused Gron@gditional information on its nodes, namely, thede attributes
Wasserstein (FGW) distance (Sec. 3.3). We further discuss tat is, we associate each nod2 V with an attributea in some
partial Wasserstein and partial GW distances within partial optimaitribute space—a metric space denote@/as). Possible node

distance (Sec. 4.1). the data domain from whic@ arises.

3.1 Merge Trees

M . .
Letf:M! Rbeascalar eld de ned on the domain of interédt Let Gy = (Va: p1:Wh) andG, = (Va: po:Wb) be a pair of measure

whereM can be a manifold or a subset®f. For our experiments, networks withn; andn, nodes, respectively. Lét] denote the set
M  R? or R3. Merge trees capture the connectivity among th ! 2  Tesp Y-

3.3 Wasserstein and Gromov-Wasserstein Distance

sublevel set®f f, i.e.,Ma= f 1( ¥;a]. Formally, two points
X;y2 M are considered to bequivalentdenoted by v, if f(x) =

f(y) = a, andx andy belong to the same connected component

a sublevel sei 5. Themerge treeT(M; f)= M= | is the quotient
space obtained by gluing together pointdvnthat are equivalent

fel; 2;::1;ng and suppose thaf; = fXgio[n,) andVz = fyjgjoin,-
A coupling between probability measurgg and p; is a joint
&robability measure o¥; V, whose marginals agree withy and
p2. That is, a coupling is represented asman nz non-negative
matrix C such thatCl,, = p1 andCTlnl = pz. The set of all such
couplings is denoted &3 that is,

under the relation ; see Fig. 1 for an example.

C= Qp1;p2)= fFC2RY ™jCly, = pi;CT 1y = p2g (1)
Wasserstein distanceClassical optimal transport theory compares
probability measures in terms of the Wasserstein distance. Given a
pair of measure networkS; = (Vi; p1; W) andG; = (Va; p2;We),
where nodes; 2 V; andy; 2 V, are equipped with attributess and
bj within the same attribute space, we de ne thegith Wasserstein

Fig. 1. An example of a merge tree from a height eld f:M! R de ned distancebased on distances between node attributes to be

on a 2D domain. From left to right: (a) 2D scalar eld visualization with |
local minima in blue, saddles in white, and local maxima in red; (b) a t 1M
merge tree embedded in the graph of the scalar eld; and (c) an abstract dW(Gl; G2) = min é da(a; bj)in'j
(straight-line) visualization of a merge tree as a rooted tree equipped with q ca2c i '
the height function.

@)

) ) | _ We refer toda(a;bj) as theattribute distancebetween nodes
The construction of a merge tree for a givenM ! Ris  y 5, andy; 2 \,. The Wasserstein distance aims to minimize the
described procedurally as follows: we sweep the function valygighted sum of attribute distance between matched nodes. The

afrom ¥ to¥, and we create a new branch originating at gjinimizers in Eq. (2) are referred to aptimal couplings

leaf node for each local minimum df. As a increases, such a8 G distance was introduced by Mmoli as a way to compare
branch is extended as its corresponding componelit;mgrows metric measure spaces [6], [7]. Chowdhury anenli [9] showed
until it merges with another branch at a saddle point. Assumitglgl‘;at a generalized GW distance is a metric on the spaceeasure

M is connected and achieves a-unique.global maximum, the,r?\etworks The key idea behind the GW distance is to nd a
all branch;zs evintually :Cm:]rge mtoFa smgle component, ‘I’Vh'ﬁpobabilistic matchingbetween a pair of measure networks by
corresponds to the root of the tree. For a given merge tree, leaves, -ing the convex set of couplings of the probability measures

internal nodes, and root node represent the minima, mMergifg ned on the networks. Following [9], the-th GW distance
saddles, and global maximum 6&f respectively. Fig. 1 displays between two measure networks is de ned as

a height functionf : M R2! R in (a), together with its |

corresponding merge tree embedded in the graph of the scalar 1 * 1=
eld, i.e., f(x f(x) :x2 Mgin (b). Abstractly, a merge treBisa  dg"(G1;Go) = > min a Wik Wa(j;1j9G;iCy

rooted tree equipped with restricted to its node sef,:V! R, HEM!

as shown in (c). (3)

The termjWi(i;k)  Wa(j;1)j is considered as thdistortion of
matching pairs of nodesi; x¢) in Gy with (yj;v1) in Go.

FGW distance. Vayer et al. introduced the fused Gromov-
using a triple(V; p;W): V is the set oih nodes in the graplpis a Wasserstein (FGW) distance between attributed graphs and other
probability measure supported on the node€&pandw 2 RIVii Vi structured objects [54]. We describe their framework in the setting
is a matrix that encodes relational information between the nodesmeasure networks. The FGW distance is a trade-off between
For exampleWW may be a weighted adjacency matrix [11], a grapthe Wasserstein distance in E8) and the GW distance in E{3).
Laplacian [16], or a matrix of graph distances [53]. Without prioFor g 2 [1;¥) and a trade-off parametex 2 [0; 1], the FGW

3.2 Measure Networks
A nite graph G may be represented asn@zeasure network9]
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distancebetween attributed measure netwogsandG, is de ned A main difference between partial Wasserstein distance and
(following [54]) as Wasserstein distance is that we replace the equalities irff1§q.
FW(Gr- Gy = with inequalities in Eq(8) to account for “partial mass transport”.
b (GLG2) = Partial GW distance. In a similar fashion, given the set of
(r%ig“ékl[(l a)da(a;bj)9+ ajWi(i;k) - Wa(j;1))jCi.Cia: admissible coupling&,, the partial g-GW distances de ned
LK as
4 ! 1o
Here,C is considered as a soft assignment matrix, arglves a dgGW(Gl;Gz) =5 min & jWa(i;k) Wo(j; 1j9C;;Cici
trade-off between labels and structures. As shown in Sec. 44kq. C2Cm ijjiki
plays an important role in encoding both intrinsic and extrinsic (10)
information for merge tree comparisons.
The FGW distance enjoys a number of desirable propertids METHOD

(see [54] and its supplementary material, as well as [21]). Spedje now describe our novel framework that performs feature
cally, it interpolates between the Wasserstein distance on the |akt%°cking with partial optimal transport. We rst introduce a new,

I

and GW distances on the structures: partial Fused Gromov-Wasserstein (pFGW) distance between a pair
Theorem 1. [54, Theorem 3.1] Am ! 0, the FGW distance ©f measure networks (Sec. 4.1). We then model and compare merge
recovers the Wasserstein distance, trees as measure networks (Sec. 4.2). The pFGW distance gives
rise to a partial matching between topological features (i.e., critical
6I1i|m0dgGW = (dg)*: (5) points) in merge trees, thus enabling exible topology tracking for

time-varying data (Sec. 4.3).
Asa ! 1, the FGW distance recovers the GW distance (ignoring

the constant factor in E¢3)), 4.1 Partial Fused Gromov-Wasserstein Distance

alilmldg W = (dgM)e: (6) For topology-based feature tracking, oftentimes features (i.e.,

) critical points) will appear and disappear in time-varying data.
Furthermored;; ®V de nes a metric forg= 1 and a semimetric Features that appear at timelo not need to be matched with
for g 2 (i.e., the triangular inequality is relaxed by a factofeatures at tim& 1; similarly, features that disappear at time

29 1y [54, Theorem 3.2]. do not need to be matched with features at ttmel. Therefore,
For the remainder of the paper, we work \AM@GW forq= 2. we need to introduce a partial Fused Gromov-Wasserstein (pFGW)
For easy reference, we have distance for feature tracking to handle the appearances and

FGW/ .. o) = disappearances of multiple features across time.

d SGl’ G2) = The pFGW distancés de ned based on the set of admissible

(rpzi(r:l‘ ala a)da(a;bj)?+ ajwa(i;k)  Wa(j;1))j?ICi:iCiu: couplingsGn in Eq. (8) and the FGW distance in E¢}). Given a
HHS pair of measure networks; andG,, formally, we have

7
. . . . ( ) dpFGW(G]_; G2) =
The choice ofy = 2 is justi ed for computational reasons: given @ q o g
two measure networks witty, andn, nodes, respectively, we can ggg‘ﬂ a [(1 a)da(a;bj)*+ ajWa(izk)  Wa(j;1))j"G;;jCici:
simplify the computation of the tensor product involved in the ikl (11)
evaluation of the GW loss frof®(n2n3) to O(nn3+ n2ny) when
consideringg = 2 [8]. Notice that the newly de ned pFGW distance is not too different
from the FGW distance, except that it is more exible by allowing
am fraction of the total mass to be transported. In practice, we set
q= 2 and work withd" "
Our nal ingredient comes from partial optimal transport (see, e.g., We remark that a related distance was recently introduced
[55], [56], [57]). We review the framework of Chapel et al. [22]in [58] and applied to brain anatomy alignment. The difference
that studies partial Wasserstein and partial GW distances. Notatigesween the two distances is that [58] employs a different notion
are simpli ed in our setting of measure networks. Partial optima@f partial optimal transport (rathesnbalancecbptimal transport),
transport is appropriate in the setting of feature tracking, wh@shere the coupling set is expanded to all joint probability measures
we need to account for mass changes due to the appearancessficdisagreement of marginals is penalized by Kullback-Liebler
disappearances of features. (KL) divergence. In [58], instead of choosing the amount of mass
Partial Wasserstein distance Partial optimal transport focusesto be preserved, one must tune the relative weight of the KL
on transporting a fractiod m 1 of the mass as cheaply asregularization term.
possible [22]. The set of admissible couplings is de ned to be Computing pFGW distance. Computing the pFGW distance
_ ) is a slight modi cation of the FGW computation in [21] with

Cn = Gn(pr; P2) ingredients of the Frank-Wolfe optimization algorithm [59] for
=fC2RY ™jCly, piiC'ln, P2l Clo,= Mg,  (8) partial GW computation [22]. On a high-level, computing the
partial Wasserstein and the partial GW distances relies on
adding dummy nodes in the transportation plan and allowing
1= such dummy nodes to “absorb” a fraction of the mass dur-
dgw(Gl;Gz): gzncrr\n é_ da(ai; bj)9Ci;j : (9) ing transportation. With these dummy nodes added onto the

i marginals, the Frank-Wolfe algorithm then solves an iterative

3.4 Partial Wasserstein and Partial GW Distances

and thepartial g-Wasserstein distangs de ned as
!
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rst-order optimization for constrained convex optimization. Ouf(x3  f(x). That is, we sep(x) p (f(parenfx)) f(x)). Such
implementation is based on a minor modi cation of the codassignment is referred to as tharent strategy

for the FGW framework in [54] (https://github.com/tvayer/[FGW)

with components from the partial optimal transport solvers, patt2.2 Encoding Extrinsic Information

of the open-source Python library for optimal transport [6Qkxtrinsic information that typically arises from the geometry of

(https://pythonot.github.io/gemodules/ot.partial.html). the data domain may be encoded via the attribute spah)
and attribute distancda in Eq. (4). For a node in the merge
4.2 Modeling Merge Trees as Measure Networks tree, the assigned attribute may be a high-dimensional vector or

a categorical label. Given a pair of merge trdes (V1; p1;Wi)
andT, = (Vo; p2;Wb), nodesx 2 Vq andy; 2 V- are equipped with
attributesa; andb; from the same attribute spa¢a; da).

Unless otherwise speci ed, we represent a merge Tregs an
attributed measure netwofk; p; W) for the remainder of this paper,

\;Vrzeéit:s datt)t;lg\lljvt_es’ weight mati¥, and probability measurp Thgse qttributes may be .coordina'tes associated with criti-

Given a merge tre& = (V; p;W), information that is typically cal_ pol'f“i n th.e data .domam. Spep! cally,'assu.me attribute
topological and intrinsic to a merge tree, such as tree distances, may (4 X7) 2y is a.ssomat.ed with a.crmcal point di : M ! .R

1.2

be encoded via the weight matiX and the probability measure n“the data domainM . with - coordinates(x;x7) (assuming

; . o M  R?), whereas attributd; = (y:y?) 2 V» corresponds to
p (Sec. 4.2.1). Information that is extrinsic to a merge tree may . X | =AY Y ) e
be encoded via theode labels(A; da). Extrinsic information is & c'itical point of f: M ! R with coordinates(yj;yy). We
typically geometrical or statistical, and arises from the data domafif "€ da 1@ be the Euclidean distance between and by,
such as the coordinates of the critical pointsfofM | R (that da(@;bj) = (x* y})2+(¢ ¥%)2 This de nition is referred
give rise to the merge tree), function valulesestricted to the set to as thecoordinates strategyThis strategy is a natural choice
of nodesv, and prior knowledge (such as labels) associated witlecause a core method for critical point tracking is often based on
nodes in a measure network. their Euclidean distance proximity.

We discuss various strategies that encode extrinsic and intrinsic Another useful node attribute is the type (category) of critical
information for merge tree comparisons. The key takeaway is thaaints (e.g., local maximum, local minimum, and saddle). Assum-
the pFGW distance we build upon provides a exible frameworing attributess; andb; capture the categories of critical poins
that encodes geometric and topological information for comparatifiem f; andy; from f, respectively, we may de ne theategory
analysis of merge trees. distancebetweeng andb; as

4.2.1 Encoding Intrinsic Information da(a; bj) = 2 2 é EJ
A merge tre€T is represented using a trip(¥; p; W). Information I
intrinsic to T may be encoded vip andW as we now describe. That is, the distance between categorie$ isthe categories do
Encoding edge information.Recall that a merge trékis a tree Not match and) if they do. This is referred to as theategory
equipped with a functiorf : V! R de ned on its noded/. To Strategy In practice, we combine the above two distances to form
encode the information of, we explore ashortest path strategy the attribute distance, referred to as thenbined strategy.
Recall that each node in T is associated with a scalar value
f(X). Forx;x°2 V, we de neW(x;x9 as follows: we associate the4-2.3 Simple Examples
weightW(x;x = jf(x) (X9 with each pair of adjacent nodes;In Fig. 2, we show a simple example of using pFGW distance for
for nonadjacent node®y(x;x9 is the sum of the edge weightscritical point matching between a pair of merge tr@gsand T».
along the unique shortest pathTnfrom x to x. By construction, These merge trees arise from slightly different mixtures of Gaussian
the shortest path between two nodes goes through their lowesictions f; and f; in 2D; see (a) and (c), respectively. As shown
common ancestor ii. That is, anancestorof a nodex in T is in (a), T; and T, are structurally similarT; contains10 critical
any nodev such that there exists a path fronto v where f-values points, andT, has8 critical points with a pair of critical points
are non-decreasing along the path. Tdweest common ancestorremoved (see the region enclosed by the red box). Here, we apply
of two nodesx; X%, denotedca(x; x9, is the common ancestor &f a uniform strategyto p. We setm= 0:8, because 2 of 10 nodes
andx%with the lowestf-value. in T1 no longer exist inl,. After computing the pFGW distance,
We explore an additional strategy by encoding the functiche10 8 coupling matrixC is shown in (d) and visualized in (b).
values of the lowest common ancestors among pairs of nod&s,entry C(i; j) in the coupling matrix indicates the probability
referred to as théowest common ancestor stratedysing this of a nodei 2 T; being matched to nodg2 T». In particular, rows
strategy, we de new(x;x9 = f(lca(x;x9) for x;x°2 V. For a C(2; ) andC(3; ) (in a red box) are both zero, indicating that no
given ordering of verticedV is also known as thianduced ultra partners inT, are matched with nodeésand3 in T;. Furthermore,
matrix of a merge tree [19]. nodes inT, are colored by its most probable partnefTin which
Encoding node information. Without prior knowledge, we may aligns well with our intuition that all nodes with the same property
de ne p as a uniform measure, i.ep,= ﬁljvj. This uniform  should be matched to each other. In this example, each ndHe in
strategymeans that all nodes in the merge trees are consideredh&s a unique partner ifp; however, in practice, a node may be
be equally important during merge tree comparison and matchiogupled with multiple nodes with nonzero probabilities, as shown
On the other handp could be made more general by givingn the next example.
higher weights to nodes deemed more important by an application.We provide another example in Fig. 3 to demonstrate prob-
For example, we may assign each nod2 V an importance abilistic matching with our framework. As shown in (d), is a
value that is proportional to the functional difference topgsent mixture of four positive and one negative Gaussian functions. In
node paren{x), which is the unique neighbof of x in T with  f,, a positive Gaussian function on top is split into two Gaussian

(12)
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transport (Sec. 4.1), we are ready to describe our topology tracking
framework in Sec. 4.3.1 and discuss its exibility in Sec. 4.3.2.

4.3.1 Tracking Framework

Our topology tracking framework consists of three steps.
1. Feature detection.First, we compute a merge tree for each
time step. We use the algorithm implemented in TTK [61], [62],
[63]. Each merge tree contains local minima, saddles, and a global
maximum (assuming there is a unique global maximum). When
the data is noisy, we apply persistent simpli cation [64] to remove
pairs of critical points with low persistence, in order to retain
signi cant features in the domain for tracking purposes.
2. Feature matching.Second, we utilize our pFGW framework
for feature matching across adjacent time stepsTLandT; be
two merge trees computed at time ste@sdt + 1, respectively.

) ) ) ) ) We then model them as measure netwdiks (Vi; p1;Wh); Tz =

Fig. 2. Partial optimal matching using pFGW, m= 0:8. (a) Merge trees

that arise from mixtures of Gaussian functions in (c). The coupling matrix ~ (V2: P2;2) and apply the pFGW framework described in Sec. 4.1
(d) is visualized with a heat map in (b). to match critical points fronT; with To.

We utilize a conservativbijective matching strategyBased on

the optimal couplingz, a nodex 2 V1 may be coupled (matched)
functions, resulting in two local maxima and one saddle poiRyith multiple nodes inV,. We will choosex?2 Vs, which has
Merge treesl; andTs in (a) describe the topology of scalar eldsthe highest matching probability with (referred to as the most
f1 and f2, respectively. Notice that the topological changélin probable partner). Similarly, fo®2 Vs, we will choose its most
(enclosed by a red box) highlights the feature splitting everfin probable partnex®® ;. If x= x% thenx andx® are matched to
Rather than enforcing a one-to-one correspondence betweensgif a trajectory.
critical points, our pFGW framework allows probabilistic matching_ Trajectory extraction. Trajectories are constructed by connect-
among them. As shown in (b) and (d), the coupling ma@ix ing successively matched critical points. For any two adjacent time
contains multiple rows and columns with more than one nonzeggspst andt + 1, if a nodex at timet is matched with a node
entry. For example, the ro@(3; ) (red box) has two nonzero,0 at timet + 1, then a segment is constructed connectirand
entries, namel:025atC(3;1) and0:01 atC(3;4), see (d), which ,0jn the spacetime domain. If a noaeat timet is ignored (i.e.,
indicates that nod8 in T; can be matched to both nodeand4in  matched to the dummy node) during the partial optimal transport,
T2 with varying probabilities. Such a matching is probable due §@en the current trajectory terminates. If a nofat timet + 1 is
the feature splitting event. As noden T is closer to nod@in T ignored during the partial optimal transport, it is considered as a
(than nodel in T2), C(3;4) has a higher coupling probability thanpew feature, and a new trajectory begins.
C(3;1).

4.3.2 A Discussion on Flexibility

Modeling a merge tred as a measure network = (V; p;W)
and its associated pFGW distance offers great exibility in the
comparative analysis of merge trees. The exibility is re ected via
a number of parameters.

First, parameterg/ and p allow various strategies for encoding
intrinsic and extrinsic information of a merge tree, including the
shortest patrandlowest common anceststrategies for encoding
edge informationuniformandparentstrategies for encoding node
information; coordinates category and theircombinedstrategy for
encoding geometric information from the data domain.

Second, parametest from Eq. (11) strikes a balance in
considering intrinsic information (via the GW distance) and
extrinsic information (via the Wasserstein distance) for merge
tree comparisons.

Third, parametem from Eq.(11) allows partial mass transport
to accommodate the appearances and disappearances of features.

Fig. 3. Partial optimal matching using pFGW, m= 0:85. (a) Merge trees
that arise from mixtures of Gaussian functions in (c). The coupling matrix

(d) is visualized with a heat map in (b). 5 A NEW STABILITY RESULT

We now state a new theoretical stability result involving the GW
distance, which shows that a small change in the function data
produces a small change in merge tree representations, as measured
By modeling merge trees as measure networks (Sec. 4.2) daydhe GW distance; see the supplementary material for a detailed
introducing a new pFGW distance based on partial optimptoof and some experimental validation of Theorem 2.

4.3 Flexible Topology Tracking
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Let X be a nite, connected geometric simplicial complex withtime-varying turbulent plume containing numerous small vortices
vertex seV. Let f : X! R be a function obtained by starting withthat, in part, rotate around each other. We generate a set of merge
a functionf : V! R on the vertex set and extending linearly ovetrees from the magnitude of the velocity elds based3irtime
higher dimensional simplices. Letbe a probability distribution steps 600-630from the original2000time steps). These time steps
over the vertex sef. We will assume thap is balanced in the describe the evolution of small vortices.
sense that for any;v,w2 V, we havep(u) p(v) p(w); this The Unsteady Cylinder Flowlataset is a 2D unsteady cylinder
property holds for the uniform distribution, for example. We therow. This synthetic vector eld was created by Jung, Tel, and
de ne the measure network representation of merge treetof Ziemniak [70] and serves as a basic model of a vé@mran vortex
be Gt = (V; p;Ws), with W; de ned based on the least commorstreet generation. We use the rst 499 time steps in the dataset, and
ancestor strategy. We also de ne a family of weighted norms arse merge trees computed for the velocity magnitude eld that pri-
the space of function§:V! R by marily capture the behavior of local maxima, saddles, and a global

! g minimum. Both Heated Cylinderand Unsteady Cylinder Flow
9 . . datasets are available via the Computer Graphics Laboratory [71].
Kikiagp = \Qavj f(i%p(v) The Vortex Streetdataset is the classic 2D voraknan vortex
street dataset coming from the simulation of a viscous 2D ow
around a cylinder. It contains vortices moving with almost constant

Theorem 2. Let f;g: X! R be functions de ned as above andspeed to the right, except directly in the wake of the obstacle, where

We can now state our theorem.

let p be a balanced probability distribution. Then they accelerate. We model vorticity magnitude as scalar elds, and
1 track the evolution of local maxima over time.
dg"(Gt: Gg) EjVj2q1kf okLa(p): The lonization Front dataset comes from the 2008 IEEE

Visualization Design Contest [72]. It simulates the propagation

We also show in the supplementary material that the Lipschig an jonization front instability. The simulation is done with
constant3jVj*™ is asymptotically tight for general probability 3p radiation hydrodynamical calculations of ionization front
measures. When the measure is uniform, the constant canjfgapilities in which multi-frequency radiative transfer is coupled
improved to 5jVj'™. Finally, we have the following corollary, to the primordial chemistry of eight species [73]. We use the density
which treats the shortest path strategy for encoding a merge treq agenerate merge trees from the 2D slices near the center of the
a measure network. simulation volume for 123 time steps, which correspond to steps
Corollary 1. Letf;g: X! R be functions de ned as above andl-1-133 from the original 200 time steps. These time steps show the
let p be a balanced probability distribution. L&; (respectively, density over time as the instability progresses toward the right.
Gg) denote the representation of the merge fedrespectively, The Clouddataset shows the cloud optical thickness retrieved

T,) de ned by the shortest path strategy. Then via the Daytime Cloud Optical and Microphysical Properties
Algorithm (DCOMP) by Walther and Heidinger [74], processed
d(?W(Gf;Gg) jViZa+ 2 kf gKLa(p): by Chatterjee et al. [75]. This 2D dataset has been used previously

for cloud tracking [76]. We focus on the data sampled every 10
We now brie y comment on the structure of this stabilityminutes from 10:50 to 16:50 on Feb 2, 2020 within the region of

result, and, in particular, on its dependency jui. There are 10:82 N - 15:88 N, 49.19 W - 4251 W. We use this dataset to
several metrics on the space of merge trees, or more generginonstrate the utility of our pFGW framework on tracking a large
Reeb graphs, which enjoy stability results of the same form, byimber of features.
which are apparently stronger in that they do not depend on the The |sabeldataset is a collection of 3D volumes simulating
combinatorics of the domain (i.e., such that the Lipschitz constantjse wind velocity magnitude of the Isabel hurricane. We use this
absolute). This is the case, for example, for the functional distortigfataset to demonstrate the ability of our method to track features
distance [23], interleaving distance [24], [25], merge tree matchifg 3D scienti ¢ datasets. We usk? time steps that depict the key
distance [29], and the Reeb graph edit distance [27], [28]. HoweVgfients of the hurricane (formation, drift, and landfall): time st2ps
these metrics are al*-type distances, and the most appropriatg, 5 30to 33, and45 to 48. This 3D dataset is acquired from the
comparison to our result would involve takimg ¥, in which  climate Data Gateway at NCAR [77].
case the dependency pryj vanishes. This behavior is comparable  The Viscous Fingeringlataset comes from the 2016 IEEE
to the recenp-Wasserstein stability result of [65] in the context ofscienti ¢ Visualization contest [78]. This ensemble dataset simu-
LP-type distances between persistence diagrams [66], [67].  |ates transient uid ows coming from the mixing process of salts

solving into a cylinder of water. During this process, the structures
6 EXPERIMENTS of increased salt concentration values are called the viscous ngers.

We d trate the utility of ¢ K with 2D dat tPrevious works [38], [39] have used the superlevel set components
< demonsirate e UliTity of our framework with ve alaselys the concentration eld for tracking the viscous ngers. Here, we

and two 3D datasets. For each dataseF, we also compare ag 88%the local maxima of the concentration eld to track the viscous
two state-of-the-art approaches. In particular, we demonstrate §ers. We select the data from the rst run of the ensemble (with
strengths of our frqmeyvork using two complex datas d a smoothing length of:@4), which contains 120 time steps.
andViscous Fingering-in tracking a large number of features.
6.2 Heated Cylinder Dataset

6.1 Datasets Overview We rst use theHeated Cylindedataset to demonstrate in detail
TheHeated Cylindedataset is a simulation of a 2D ow generatedour parameter tuning process in Sec. 6.2.1. We then showcase the
by a heated cylinder using the Boussinesq approximation [68], [68hcking results based on partial optimal transport in Sec. 6.2.2.
The simulation was done with a Gerris ow solver. It shows &inally, we compare against previous approaches in Sec. 6.2.3.
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6.2.1 Parameter Tuning demonstrate the process. For a xad= 0:1, we perform a grid
Evaluation metrics. To evaluate the quality of the extractedsearch ofim2 [0:5;1:0] with an increment 0D:01. For instance,
trajectories, we aim to reduce two types of artifacts duringt m= 0:90, we see a number of oversegmented trajectories in
parameter tuningoversegmentationwhere a single trajectory the blue boxes; such oversegmentations decreaseiasreases
is unnecessarily segmented into subtrajectories;misthatches from 0:90 to 0:94 (in the top row). On the other hand, obvious
between critical points that appear as zigzag patterns connecfiigmatches appear in the red boxesrfor 0:96 (bottom left). As
(often faraway) critical points from adjacent time steps. m increases fron®:9 to 1:0, we observe a decreaseNhand an
We introduce two metrics to evaluate these artifacts quantitacrease irL; this is additionally demonstrated in the plotshof
tively: rst, the number of trajectoriesdenoted adl; and second, andL, see Fig. 5 (top right and bottom right). If our goal is to
the maximum Euclidean distance between matched critical poiizoose an appropriagobal value form, then we are interested
across time (referred to as tmeaximum matched distander in striking a balance between minimizig and minimizingL;
simplicity), denoted ak. therefore, we may choose= 0:94in this example. However, as
There are two types of parameters in our framework: tiown in Fig. 5, am= 0:94, there are still oversegmentations

preprocessing parametethat is used to de-noise the input datayithin the blue box, indicating thatlacally adaptivevalue ofm
and the in-processing parametéts p, a, and m for feature might be more appropriate in practice.
tracking. Our nal strategy aims to automatically adjust the value of
Preprocessing parameter tuning.Persistence simpli cation is m between adjacent time steps to reddGavithout increasing.
considered a preprocessing step for data de-noisinge 2g0;1]  drastically. Speci cally, we perform a 2D grid search afand
denote the persistence simpli cation parameter. Refenote the m: a 2 [0:0;1:0] with an increment 00:1, andm2 [0:5; 1:0] with
range of a given scalar eld. Using persistence simpli catiorén increment oD:01. For each xeda, we apply the following
critical points with persistence less thanR are removed from the procedure. First, we plot the curve bfas we increasen. Second,
domain.e is typically chosen based on the shape pkasistence Wwe apply the elbow method and pick the elbow of theurve as an
graph where a plateau in a persistence graph indicates a staiper bound or., denoted a& . Finally, for each pair of adjacent
range of scales to separate features from noise. Such a stragigpst andt + 1, we automatically choose the largest valugrof
has been used previously in simplifying scienti ¢ data (e.g., [793uch thalL does not exceel . In other wordsm varies adaptively
[80]). For Heated Cylinderwe usee = 6%, which is slightly left across time steps, see Fig. 6 (top) with marked elbow points.
of the rst observable plateau in the persistence graph, as we try to As a varies, we plot the number of trajectoridsand the
maintain a slightly larger number of features; see Fig. 4. maximum matched distan¢e( L ) at eacha, as shown in Fig. 6

(bottom). We look for a proper value af to minimize bothN and

L. However,N andL may not be minimized at the sarae In this

scenario, we look for aa such that it minimize$N while keeping

L to be small enough to minimize the number of mismatches. Using

this strategy, we set = 0:1, with a corresponding = 0:00997.

6.2.2 Tracking Result

Fig. 7 shows our nal tracking result on the left with views
of scalar elds on the right that highlight the appearances and
disappearances of critical points. In Fig. 7 (left), tkyeplane
visualizes the scalar eld at = O, and thez-axis shows the
trajectories for all the local maxima and the global minimum
as time increases. Most trajectories are shown to be straight
lines as only minor topological changes occur in this dataset.
In-processing parameter tuning. During parameter tuning, a Meanwhile, our framework successfully captures the appearances
guiding principle is to reduce oversegmentations and mismatchesand disappearances of critical points. As shown in Fig. 7 (right),
minimizing N andL. We introduce a parameter that represents for time steps2! 3;10! 11,16! 17 and 19! 20, critical
an upper bound oh. In this paper, we focus on tracking featurepoints disappear in the blue boxes, resulting in the termination of
surrounding local maxima; therefore, we comphitandL only trajectories; for time step®! 10, a critical point appears in a red
for local maxima trajectories. box, resulting in the start of a new, green trajectory.

First, we consider parameter tuning #rand p. We inspect
the behavior ofV (or p) while keeping other parameters xed6.2.3 Comparison with Previous Approaches
Through extensive experiments across all datasets in this payés,compare the tracking results for our pFGW framework with
we observe that the shortest path strategy¥ogenerally behaves two other state-of-the-art feature tracking approaches, referred to as
equal to or better than the lowest common ancestor strategyGtobal Feature Tracking (GFT) [40], [41] and Lifted Wasserstein
minimizing N andL. We also observed that the uniform strategiatcher [34] (LWM); see the supplementary material for parameter
for p performs better than the parent strategy. Therefore, for thaning of GFT and LWM, respectively.
rest of the papekV uses the shortest path strategy gnases the Implementations. Our pFGW framework utilizes the libraries
uniform strategy. implemented in TTK [61], [62], [63] for merge tree computation.

Second, we study the parameter tuningrofor a xed a. m  GFT is implemented ii€++ and is available at [81]. It computes
may be considered as an in-processing step for data de-noisingth®/merge trees and region segmentations, and outputs the tracking
matching a certain number of features to the dummy nodes durirggults between critical points at adjacent time steps. GFT allows
partial optimal transport. We use an example in Fig. 5 (left) twacking between saddles and local extrema, whereas pFGW

Fig. 4. Heated Cylinder. persistent simpli cation e = 6%; x-axis is e.
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Fig. 5. Heated Cylinder. Left: for a xed a = 0:1, perform a grid search of m and observe the number of oversegmentations (in blue boxes) and
mismatches (in red boxes). Right: the trend among the number of trajectories (N) and the maximum matched distance (L) as mincreases.

Fig. 6. HeatedCylinder. (a) L as we change the global m for each a;
elbows of curves are marked with dotted horizontal and vertical lines, (b)
N and L with respect to a (using adaptive m).

there are noticeable differences in GFT-produced trajectories
(comparing red and blue boxes, respectively). We evaluate these
results quantitatively based on observable oversegmentations and
mismatches. There are obvious oversegmentations from GFT
compared to the other two methods: a trajectory in the red box is
broken in GFT, but remains continuous in pFGW and LWM.

As for mismatches, GFT produces a different tracking result
from pFGW and LWM in the blue box, from time stepg! 27;
the corresponding scalar elds are shown in Fig. 8 (bottom). We
interpret the topological changes as follows: a critical point appears
from 24! 25, another critical point appears froBb! 26, and a
critical point disappears frol@6! 27. The trajectories in pFGW
and LWM correctly re ect these topological changes, whereas
those in GFT consider these changes to be the movements of
critical points. Therefore, pFGW and LWM perform similarly, but
GFT performs slightly worse for thleated Cylindedataset.

6.3 Unsteady Cylinder Flow

For theUnsteady Cylinder Flowlataset, we employ the same pa-
rameter tuning strategy detailed in Sec. 6.2.1. We use a persistence
simpli cation level ate = 1%. We seta = 0:1 andL = 0:03768

see the supplementary material for details.

6.3.1 Tracking Results
Our tracking result using pFGW is highly periodic, where the

(in our experiments) only focuses on tracking between locektracted trajectories exhibit repetitive patterns that include the
extrema. Therefore, we adjust the postprocessing of GFT appearances, disappearances, and movements of local maxima over
remove trajectories involving saddles. LWM is implemented dine, see Fig. 9 (left). We show a few time step$at53;178 303

an embedded library in TTK. Results of all three methods age@d428to highlight a periodicity of 125 Furthermore, as shown

visualized via ParaView [82] with VTK [83].

in Fig. 9 (right), six snapshots show the evolution of the scalar eld

Since neither LWM nor GFT includes details on their parametwthin a single period betweers 3 andt = 128 where the scalar
tuning, we apply the same parameter tuning strategy as pFGWaetsl at t = 128 is mostly identical to the one &t 3.
both LWM and GFT, that is, minimizing the number of trajectories
and the maximum matched distances; see the supplemenfad2 Comparison with Previous Approaches

material for details.

We compare our pFGW framework against the LWM and GFT

Furthermore, all three methods apply the same persistenoethods, which give rise t44, 44, and 108 trajectories, respec-
based simpli cation during preprocessing. However, since GFT iwely, see Fig. 9.
de ned on a regular grid of squares, and pFGW and LWM use When considering mismatches, the trajectories from all three
identical simplicial meshes, we expect minor inconsistencies arethods are visually similar, where there are no obvious mis-

the simpli ed datasets between GFT and other two methods.

matches for any of these methods. In particular, the (normalized)

Tracking results comparison.All three tracking results are shownmaximum matched distances across the three methods are the same,
in Fig. 8 (top). All three methods produc@ trajectories, but L = 0:03768.
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