Math 6610: Analysis of Numerical Methods, |
Interpolation with Fourier Series
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Canuto et al. 2011, Chapter 2.1
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Fourier Series approximations

We have established that Fourier series approximations uy,

have orders of convergence that depend on the smoothness of u:

weH, = |u—un|p <N " |ufm;.

l.e.,

Smoothness = Compressibility

D13-502(a)

ak = <u7 ¢k>7
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Fourier Series approximations

We have established that Fourier series approximations uy,

have orders of convergence that depend on the smoothness of u:
S —S
ueHl, — |u—un|<N "|ulm;.
l.e.,

Smoothness = Compressibility

One major outstanding question is how we actually compute uy in practice.

D13-502(b)

ak = <u7 ¢k>7

Instructor: A. Narayan (UofU — Mathematics/SCl)

Math 6610: Fourier Series Interpolation



Quadrature D13-S03(a)

The expansion coefficients require computing an integral,

~ 1 27 —ikx
U = — u(x)e dx,
I

which can be intractable, even if an explicit formula for w is available.
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Quadrature D13-S03(b)

The expansion coefficients require computing an integral,

~ 1 27 —ikx
U = — u(x)e dx,
I

which can be intractable, even if an explicit formula for w is available.

A standard recourse is to approximate the integral with quadrature:

1 f” ke % V2T i, om(j — 1)
u(x)e dz ~ wg,ju(zT;), Wg,j = e 7, r; = ——-—2,
V2r Jo ; T M ’ M

where we have made particular choices:
— x; are equispaced on [0, 27| for j € [M]
— wy,; correspond to a uniform quadrature rule
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Quadrature D13-S03(c)

The expansion coefficients require computing an integral,

~ 1 27 —ikx
U = — u(x)e dx,
I

which can be intractable, even if an explicit formula for w is available.

A standard recourse is to approximate the integral with quadrature:

1 F” ke % V2T i, om(j — 1)
u(x)e dz ~ wg,ju(zT;), Wg,j = e 7, r; = ——-—2,
V2r Jo ; T M ’ M

where we have made particular choices:

— x; are equispaced on [0, 27| for j € [M]

— wy,; correspond to a uniform quadrature rule

— We'll also assume that M = 2N + 1. (Quadrature nodes = expansion coefficients)
Note that this is just the trapezoid rule on [0, 27] with periodic boundary conditions.

One can make other choices, but these choices are most convenient for discussing the major concepts
surrounding theory and computation.
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Quadrature as linear algebra D13-504(a)

N - 2T ik, 2m(j — 1)
U X UL = Z wk,ju(ajj), Wk, = ———€ 7 Tj = ———.
= M M

We compute these coefficients for all |k| < N, with M = 2N + 1. (wg,; is independent of k.)
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Quadrature as linear algebra D13-504(b)
M S .
U =~ UL = wk,ju(xj), Wk,; = —F—F€ 3, XTj = —77 .
J; M M

We compute these coefficients for all |k| < N, with M = 2N + 1. (wg,; is independent of k.)

A simple implementation of quadrature of amounts to matrix-vector algebra:

u(xy) U-N

u(z2) N U—N+1 N
u = 9 U = - u = u7

w(zar) uUN

where V™ is the conjugate transpose of V', which in turn is given by,

N 5 | | | 5
V=4/Zv V=| v_y v-ny1 - vN |, CIERY. qubk(w),
| | |

and x = (z1,22,...,2m)" .
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Duality of Fourier Series with quadrature

N | |
V = 2—7TV, V = V_N V_N+1

A somewhat straightforward computation shows:

M
1 i(b—k)2m(j—1)/M

_ 1
M

]\/Iz—ll

J=0

D13-505(a)

)]

(ei(ﬂ—k)%r/M)j |
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Duality of Fourier Series with quadrature D13-505(b)

. 5 | | | fom
V = MWV, V = V-N YV-N+1 - UN |, Vi = ngbk(w),

A somewhat straightforward computation shows:

1 M- . 1 M—1 . ;
{ve, Vi) = o Z oI —k)2m(G=1)/M _ - Z (ez(ﬁ—k)%r/M) |
j=1 —~
Thus, in particular if £ = k then {v¢,vx) =1, and for £ # k and [{ — k| < M — 1:

. M
L1 (ez(é—k)%r/M)
(ve, vp) = M 1 — eilt—k)2r/M

l.e., {v}k|<n are orthonormal vectors.
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Duality of Fourier Series with quadrature D13-505(c)

. 5 | | | fom
V = MWV, V = V-N YV-N+1 - UN |, Vi = ngbk(w),

A somewhat straightforward computation shows:

1 M- . 1 M—1 . ;
{ve, Vi) = o Z oI —k)2m(G=1)/M _ - Z (ez(ﬁ—k)%r/M) |
j=1 —~
Thus, in particular if £ = k then {v¢,vx) =1, and for £ # k and [{ — k| < M — 1:

. M
L 1- (ez(é—k)%r/M)
(v, V) = M 1 eitt—k2r/M 0

l.e., {v}k|<n are orthonormal vectors.

This shows the important property that V' is a unitary matrix:

VvV = — VvV !i=v*

Instructor: A. Narayan (UofU — Mathematics/SCl) Math 6610: Fourier Series Interpolation



Inverting the Fourier Series D13-506(a)

Putting everything together:

~ ~ k ~ 27T —1 %
=V V =4 —=V V  =V".
v , M
This implies that:
~ %\ 1 M 1~ M_ . M~
u ( v 27 ( ) 2T u 27 “
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Inverting the Fourier Series D13-506(b)

Putting everything together:

~ 3K

=V u, V =4/22V, | ZE Vel

u=(17*)_ﬁ=4/§4 V”< 2 q/ Vu——Vu

l.e., the map between u and u is invertible and quite explicit:

U = V*u, — %{)‘u
21
This invertible map is called the Discrete Fourier Transform (DFT). As a consequence of V' being unitary,

we have also shown that the DFT is a (scaled) isometry,

This implies that:

27 27T
| ute)de ~ 37l = i

0

which is the discrete analogue of Parseval’s identity.
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The Fast Fourier Transform, | D13-507(a)

The inverse/DFT is relatively expensive:

O(M?2) ~% ~ omM2%) M ~
u—- u, u > V.
27
One of the most well-known algorithms is the fast Fourier transform, which is a fast algorithm for

accomplishing the particular matrix-vector multiplication V' u.
It is simpler to explain the basic idea if M is even, in which case we have:

M M . M o
—2’17}3 _ u(xj)e—zkazj _ Z u(xj)e—zkﬂﬁ(]—l)/M
a j=1 j=1
M/2 M /2
_ u(x2j>€—ik;27r2(j—1)/M 4 Z u($2j_l)e—ik27r(2j—1)/M
j=1 J=1
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The Fast Fourier Transform, | D13-507(b)

The inverse/DFT is relatively expensive:

2y~ 2y M ~
u 280, >l<u, 5 240, V.r(:/'

One of the most well-known algorithms is the fast Fourier transform, which is a fast algorithm for

accomplishing the particular matrix-vector multiplication V' u.
It is simpler to explain the basic idea if M is even, in which case we have:

M M

M ik, —ik2m(j—1)/M
ur = y u(xj)e " =) wu(xwj)e I
e 3; j j; j
M /2 . . M/2 . .
_ 2 u(x2j>€—zk27r2(j—1)/M + Z u(x2j_l)e—zk27r(2j—l)/M
j=1 j=1
M /2 ' ' M/2 - .
_ Z u(ij)e—zk27r2(j—1)/M zk:27'r/M Z .CUQJ 1 —zk271'(2]—2)/M.
j=1

Note that the last two sums are M /2-point DFT coefficients assoaated with half the data (either at x2;
or at xgj_l).
l.e., with some book-keeping, we can compute the M-point DFT using 2 M /2-point DFT's.
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The Fast Fourier Transform, |l D13-508(a)

This logic can be repeated, showing that actually we can compute the M-point DFT using J (M /J)-point
DFT's, where J is a power of two. This yields the simplest, radix 2 fast Fourier transform (FFT) algorithm.

0 \'/ﬁ“ N CRe=B
o w%ww o
o — \\:&(ll%xm xe)
iR A
AR O A AT =S
. IM\%\Vlm e X0
o e e e
A ) Y il
iEiéi:' TS X0

Through this divide-and-conquer strategy, an M-point DFT that naively requires O(M?) complexity can be
accomplished in O(M log M) time.
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Interpolation, | D13-S09(a)

~ -~ M Nf\./
u = V*u, u=—Vu.
2T

We have introduced the DFT via quadrature, but an alternative and illustrative viewpoint isl{pterpo/ation.
I (2 D T
row Yvaly )
N\ Kep k7

M o~ | | |

¥
%Vﬁ:u — quN ¢—z|v+1 ¢|N U =u. UN[)Q)

Note that these are “just” interpolation conditions for the @ at the data points z;, j € [M].

Note that the coefficients u are determined by the conditions,
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Interpolation, | D13-S09(b)

~ -~ M Nf\./
u = V*u, u=—Vu.
2T

We have introduced the DFT via quadrature, but an alternative and illustrative viewpoint is interpolation.

Note that the coefficients u are determined by the conditions,

M o~ | | |

Q—Vﬁzu — d_Nn bP_ny1 o P u = u.
" | | |

Note that these are “just” interpolation conditions for the @ at the data points z;, j € [M].

Hence, un (z) = X, < Uk®k(x) interpolates the data w. (From the quadrature point of view: no reason
to expect this a priori.)

(ued rat w2, '73@ i krp olatipn
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Interpolation, Il D13-S10(a)

There are some useful considerations for general (linear) interpolation problems.

The key players in interpolation are the subpsace of functions V' corresponding to the range, and the
(linear) measurements of a function that we interpolate.

So, for example, in our case:
- V=Vy= span{eikx}|k|<N (Fourier series, M = 2N + 1)

— Measurements are u(z;), z; = j2=, j € [M].
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Interpolation, Il D13-S10(b)

There are some useful considerations for general (linear) interpolation problems.

The key players in interpolation are the subpsace of functions V' corresponding to the range, and the
(linear) measurements of a function that we interpolate.

So, for example, in our case:
- V=Vy= span{eikx}|k|<N (Fourier series, M = 2N + 1)

— Measurements are u(z;), z; = j2=, j € [M].

Unisolvence means bijectivity of a map between Vi and the space of measurements.

l.e., that for any collection of measurements/observations {u(z;)} e[, there is a unique element v € Vi
such that v(z;) = u(x;).

Instructor: A. Narayan (UofU — Mathematics/SCl) Math 6610: Fourier Series Interpolation



Interpolation, Il D13-S10(c)

There are some useful considerations for general (linear) interpolation problems.

The key players in interpolation are the subpsace of functions V' corresponding to the range, and the
(linear) measurements of a function that we interpolate.

So, for example, in our case:
— V = Vy = span{e”}yj<n (Fourier series, M = 2N + 1)
— Measurements are u(z;), z; = j2=, j € [M].
Unisolvence means bijectivity of a map between Vi and the space of measurements.

l.e., that for any collection of measurements/observations {u(z;)} e[, there is a unique element v € Vi
such that v(z;) = u(x;).

An interpolation problem is unisolvent iff the Vandermonde-like matrix V is invertible.

V' = span{¢;} e[, (Vs = ¢j(xk), Vet M,
AT = v

Instructor: A. Narayan (UofU — Mathematics/SCl) Math 6610: Fourier Series Interpolation




Interpolation, Il D13-S11(a)

Invertibility of V' can be recognized as an exact unisolvence condition since if be C™ is a vector
containing the measurements, (b); = u(x;), then the interpolation conditions read,

v(x) = Z cj¢i(xr) and v(ay):u(a:/) — Ve=0b,
Je[M] K k

kelm

and since invertibility implies there is exactly one solution ¢ € C™, then the interpolant v is uniquely
specified.

Instructor: A. Narayan (UofU — Mathematics/SCl) Math 6610: Fourier Series Interpolation



Interpolation, Il D13-S11(b)

Invertibility of V' can be recognized as an exact unisolvence condition since if be C™ is a vector
containing the measurements, (b); = u(x;), then the interpolation conditions read,

v(x) = Z cjpi(x) and wv(xrj) =u(x;) = Ve=0b,

Je[M]

and since invertibility implies there is exactly one solution ¢ € C*, then the interpolant v is uniquely
specified. Unisolvence of interpolation implies the existence of “cardinal” or “Lagrange” basis functions:

Ve=b = c= Z bV e, — w(x)= Z u(zj)l;(x),

=5 b ¢ Je[M] je[M]
where £;(x) is given by, setny "9 =Y }):U(’(j)

Gi(z) = > (Ve (@), li(zk) = b,k
ke[M] ’
A [:, {}(3) =1

\Y
/‘;()(k) 20, k3
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Interpolation, Il D13-S11(c)

Invertibility of V' can be recognized as an exact unisolvence condition since if be C™ is a vector
containing the measurements, (b); = u(x;), then the interpolation conditions read,

p \/ 5 v(x) = cjpi(x) and wv(xrj) =u(x;) = Ve=0b,
SP&/I gq)‘;)s'j)-t—l\lw je%\:ﬂ

and since invertibility implies there is exactly one solution ¢ € C*, then the interpolant v is uniquely
specified. Unisolvence of interpolation implies the existence of “cardinal” or “Lagrange” basis functions:

Ve=b = c= Z bV e, — w(x)= Z u(zj)l;(x),
je[M] b [ ) je[M]
where ¢, (x) is given by, e u X}

Gi(z) = D> (Ve k(). li(zk) = b,k

ke[M]

Writing v(z) in terms of the cardinal basis functions is called Lagrange form of an interpolant.
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Cardinal Lagrange basis D13-512(a)

The cardinal Lagrange functions yield insight into the interpolation process.
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Figure 2.3 of Hesthaven, S. Gottlieb, and D. Gottlieb 2007 |/ a/bﬂrl/y:-')

Note that interpolation implies (/7) IVM‘LI‘M
= u(x).

u(x) € Vy = span {e“”} = Iyu:= Z Uk ¢k ()

|k|<N
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Aliasing D13-513(a)

The fact that our DFT is an interpolation process reveals a significant issue that we must be cognizant of:
aliasing error.

(M=9 V=Y)
>V =2 T uto
\/\/\ Bocall
KAANNATRA | oy =2 P, u=0
<Cpm@?k> =0 if

Fi 2.7 of Hesth ., S. Gottlieb, and D. Gottlieb 2007
igure (o] esthaven (o) e an (o] e |h/>A/ GnJ a(k'\/

=) p’\, ;5 an 0/‘4'/!"47/\0!.1“?"{‘.
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Aliasing D13-513(b)

The fact that our DFT is an interpolation process reveals a significant issue that we must be cognizant of:
aliasing error.

Ler

Figure 2.7 of Hesthaven, S. Gottlieb, and D. Gottlieb 2007
So, for example, even if <eww, Ok (x)> = 0 for £ > N, it's possible that Ine**® # 0.

l.e., the interpolation/DFT procedure is a projection operator, it's just an oblique one.
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Aliasing error D13-514(a)

Aliasing is not just an academic curiosity: with Py the L*-orthogonal projection operator onto
ik
VN = Span{el x} ,
|k|<N

recall that w € H,, implies that |u — Pyu|p2 < N7°.

Ok, but what about Inu?
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Aliasing error D13-514(b)

Aliasing is not just an academic curiosity: with Py the L*-orthogonal projection operator onto

VN = span {eikx}

Ik|<N

recall that w € H,, implies that |u — Pyu|p2 < N7°.

Ok, but what about Inu?

The main strategy to understanding this is to estimate the aliasing error. Note that for the L? norm,

lu — Inul| = || (u — Pnu) + (Pvu — Inu) | < |u — Pyu| + |[Pyvu — Inul|
= |lu — Pyul + |Anul,

where we have defined the aliasing error Anu.

l\/B" l'vxub, £ Con e = W/ dee OF p‘y}'h’)ﬁ@/\/afl )thM
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Bounding the aliasing error D13-515(a)

ANU = PNU — INu

The following observations are crucial:

— If ue Vn, then Inu = Pnvu = u, so Ayu = 0. Therefore, Ayu = An(I — Pn)u.
The aliasing error is only affected by truncation error.
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Bounding the aliasing error D13-515(b)

ANU = PNU — INu

The following observations are crucial:
— If ue Vn, then Inu = Pnvu = u, so Ayu = 0. Therefore, Ayu = An(I — Pn)u.
The aliasing error is only affected by truncation error.
— We know that (I — Px)u is small. Therefore, if Ayx is “behaves well”, then Axwu will be small.
The truncation error is small, but does Ax amplify small inputs?
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Bounding the aliasing error D13-515(c)
ANU = PNU — INu

The following observations are crucial:

— If ue Vn, then Inu = Pnvu = u, so Ayu = 0. Therefore, Ayu = An(I — Pn)u.
The aliasing error is only affected by truncation error.

— We know that (I — Py)u is small. Therefore, if Ax is “behaves well”, then Axu will be small.
The truncation error is small, but does Ax amplify small inputs?

— Ap is well-behaved: for |[k| < N 7’(’)(
Ayl (FHEN+1z _ ika (@F(M{/y ' e a"él

’ (04 pa
‘) 2/ 1y har same

h
u :&PZA Upor(r) = U= eéakw(wﬁ) lﬂ7" Vd WS' on /M./)*'
\es 5 /‘ ﬂ/"d )

AN does not amplify small inputs. = U e ¢ K*M ! (4 k- M

{qu.l,zm i' LS

and thus in particular,
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Bounding the aliasing error D13-515(d)

ANU = PNU — INu

The following observations are crucial:
— If ue Vn, then Inu = Pnvu = u, so Ayu = 0. Therefore, Ayu = An(I — Pn)u.
The aliasing error is only affected by truncation error.
— We know that (I — Px)u is small. Therefore, if Ayx is “behaves well”, then Axwu will be small.
The truncation error is small, but does Ax amplify small inputs?
— Ap is well-behaved: for |k| < N,

ANei(k+(2N+1))x _ eikx

and thus in particular,

U = Z Updr(x) — ak:Zak+£(2N+1)-
|kI<N LeZ

AN does not amplify small inputs.
Therefore, if Ugte2n+1) decays quickly for large |€|, then we can expect the aliased coefficients % to be

“close” to ur.
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Interpolation estimates D13-516(a)

While we have only discussed the high-level ideas, going through the details produces the following estimate:

Theorem
Assume w € H, with s > 1/2. Then

lu—Invufpz < N7 |ufas

uw— Invullgr < N"C7 )l gs r < s.
I | < :

Note that this is exactly the asymptotic behavior for the exact orthogonal projector Pyx. Thus, one can
expect the DFT to produce good results.
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The DFT in practice D13-517(a)
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Figure 2.4 of Hesthaven, S. Gottlieb, and D. Gottlieb 2007
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The DFT in practice

1.4

1.2 7

1.0

S5 0.8 \ P
=
0.6

0.4 1
A u{x)
02+ S5 _~N=16
0.0 :
0.0 0.2

100

D13-517(b)
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Figure 2.4 of Hesthaven, S. Gottlieb, and D. Gottlieb 2007

u(x) = sin(x/2)

0.8

1.0
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