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Time-dependent problems D17-S02(a)

We will now (briefly) discuss time-dependent problems:

ou

— = L(u),

5 = L)

with periodic boundary conditions in the one-dimensional spatial variable x.

We will frequently take £ as a linear operator (but this need not be the case).
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Time-dependent problems D17-S02(b)

We will now (briefly) discuss time-dependent problems:

ou

— = L(u),

5 = L)

with periodic boundary conditions in the one-dimensional spatial variable x.

We will frequently take £ as a linear operator (but this need not be the case).

In contrast to establishing rigorous convergence for such problems, we'll focus on stability, and on practical
implementation considerations.

In particular we'll consider “strong form” Galerkin and collocation methods.

As with other time-dependent problems, we'll construct semi-discrete schemes, and not wade into the time-stepping
details.
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A simple example D17-S03(a)

We seek to develop a Fourier-Galerkin scheme for the PDE,

with constants c € R and v > 0. We will assume the initial condition is smooth.
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A simple example D17-S03(b)

We seek to develop a Fourier-Galerkin scheme for the PDE,

with constants c € R and v > 0. We will assume the initial condition is smooth.

The exact solution satisfies an energy stability property:

27 au 27 au 2 aQu
U— = ¢ u—-dx + v u——dx
0 ot 0 ox 0 aZUQ

Using uus = %(uz)t , Uy = %(u2)m and periodic boundary conditions:
d, o
g ule =0 —viuallz2 <O,

thus the energy of the solution is stable.
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A simple example

We seek to develop a Fourier-Galerkin scheme for the PDE,

with constants c € R and v > 0. We will assume the initial condition is smooth.

The exact solution satisfies an energy stability property:

27 au 27 au 2 aQu
U— = ¢ u—-dx + v u——dx
0 ot 0 ox 0 aZUQ

Using uus = (u?), and periodic boundary conditions:

d, o

thus the energy of the solution is stable.

The Fourier-Galerkin method will seek a solution uy given by,

un(z,t) = ) k() gr(), br(z) =

|k|<N

e, un(-,t) e Vy = spam|k|gNeikm for every t.

D17-S03(c)
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A simple Fourier Galerkin scheme D17-S04(a)

The Fourier-Galerkin scheme for this problem is given by:

0
UN >-|—I/< 5 >, V ve Vn
ox

Choosing v = ¢y, for every |k| < N, this yields a size-(2N + 1) ODE system given by

G _ cDia+vDoa, U A

—u = cDiu + vDsa, U _ ’ )

dt M 7g . 4//%{7@447

where ﬁl and ﬁg are spectral differentiation matrices, which are diagonal:

5uN

D, = diag (—iN, —i(N —1),--- ,iN), Do = diag (-N2%,—(N —1)2,--. ,—N?).
Thus, these ODEs are actually uncoupled, and we can compute an exact solution:
A () = g (0)el VK Fick)t ”(‘/{—_A/
which has non-increasing magnitude in time, just as we expect from the (exact) stability condition.

“(A(é }(/0>Cplc(ﬂ€@k f-?Ck)b'
lle/\/
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A simple Fourier Galerkin scheme

The Fourier-Galerkin scheme for this problem is given by:

0 (20, v ooty
ox

Choosing v = ¢y, for every |k| < N, this yields a size-(2N + 1) ODE system given by

d —~ —~
—u = cDiu + vDsu,
i 1 2

@uN

where ﬁl and ﬁg are spectral differentiation matrices, which are diagonal:

D1 = diag (—iN, —i(N —1),--- ,iN), D, = diag (—N2%,—(N —1)2,--.

Thus, these ODEs are actually uncoupled, and we can compute an exact solution:

g (t) = g (0)e( A FieR)E,

which has non-increasing magnitude in time, just as we expect from the (exact) stability condition.

D17-S04(b)

,—N?).

In addition, these (uncoupled) ODE's are actually the evolution of the exact projection coefficients, i.e., with ug(t)

the exact solution to the ODE above, then

up(t) = (us G s

where u is the exact solution.
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A second example, | D17-S05(a)

To understand why the Fourier-Galerkin method can be difficult to implement, consider

ou ) ou
— =sinx —

ot or’

again with periodic boundary conditions over x € [0, 27]. Taking uny € Vv as before, the scheme is given by,

<auN > < ) 6uN
, UV )= sInx
ot ox

The inner product on the right-hand side is more complicated to compute this time.

,v>, V veVy
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A second example, | D17-S05(b)

To understand why the Fourier-Galerkin method can be difficult to implement, consider

ou ) ou
— =sinx —

ot or’

again with periodic boundary conditions over x € [0, 27]. Taking uny € Vv as before, the scheme is given by,

<auN > < ) 6uN
, UV )= sInx
ot ox

The inner product on the right-hand side is more complicated to compute this time.

,v>, V veVy

We use the property,

b (x)pe(x) = \/%—Wﬁbkw(l‘), k,leZ,

cnimgtis, L (¥,
which implies, > (< - ¢
/_\

s 60) = =iy [ 2 (61(0) = 62 (0) (Wn(0) = & (Bn11() — Bu-1(2)).
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A second example, I D17-S06(a)

Hence, the Fourier-Galerkin scheme can again be written as an ODE system:

d
—u = Au,
dt
where
0 =N
2
( -1 5 =@-D )
2 2
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A third example, |

The previous example was not too bad, but things can get out of hand quickly. Consider,

ou ou
— = U -—,
ot ox
Then the Fourier-Galerkin scheme is,
ou N oun
, = , , V ve V.
<at ”> <“N ox "’> e

Setting v <« ¢, for some |r| < N, we need to compute the inner product:

D ak(tm) CZ ime(t)¢e>¢r>
|4 <N

|k|<N

D17-507(a)
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A third example, | D17-S07(b)

The previous example was not too bad, but things can get out of hand quickly. Consider,

ou ou
— = U -—,
ot ox
Then the Fourier-Galerkin scheme is,
ou N oun
, = , , V ve V.
<at ”> <“N ox "’> e

Setting v <« ¢, for some |r| < N, we need to compute the inner product:

PEAGEESY if@e(t)¢e,¢r>

|k|<N le|<N

We use the fact that

0
N i aOerde = Y. ——— QA drie = Y. asés,

k] JeT<N k] je<N V2T sl<2N

where

NA(s+N)

KA\/L"‘MUQ’JJ} as = > £ 4,
N b g b e
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A third example, Il D17-508(a)

So the scheme is,

d . ~
E’u’ = G,(’U,),
where
NA(k+N) il
ar = 2 Eak—e(t)%(t)-

¢=(—N)v (k—N)
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A third example, Il D17-S08(b)

So the scheme is,

where
NA(k+N) il
ap = > F@k—e(t)ﬁe(t)-

¢=(—N)v(k—N) V2T
Our PDE was nonlinear, so it's no surprise that our semi-discrete form is nonlinear.
In particular, it involves a (discrete) convolution.
From an implementation standpoint, this is pretty expensive: The operation

u—a(u),

is an O(N?) operation.
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A fourth example

Things can get even worse:

ou _ ou

— =sinu —,

ot ox
In this case, it is entirely unclear how to compute, BUN

14

(smnte) )

since the sinu term cannot be easily expanded in terms of the basis ¢y.

Thus, in some cases one cannot even form the true Galerkin system.

D17-S09(a)
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A fourth example D17-S09(b)

Things can get even worse:

ou ) ou
— =sinu —

ot or’

In this case, it is entirely unclear how to compute,

<SinuN(m7t)%a ¢k>7

since the sinu term cannot be easily expanded in terms of the basis ¢y.
Thus, in some cases one cannot even form the true Galerkin system.

As we briefly discussed before, one can employ a pseudospectral approach, which would use collocation values u in
intermediate computations:

~ DFT . DFT ——
U —— u — sinu — sinu,

which corresponds to the approximation:
sinuny ~ Iy sinuy.

(Or one could interpolate the entire sinu G%U’N term).
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Collocation
Collocation methods are, of course, much easier, but they come with a price.

Consider our first example,

The collocation (Petrov-Galerkin) formulation of this problem corresponds to the trial function,

M
un (z,t) = Z ug ()l (), M = 2N + 1,
k=1

where £}, is the cardinal Lagrange function at x; for the space Vi .

D17-S10(a)
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Collocation D17-S10(b)

Collocation methods are, of course, much easier, but they come with a price.

Consider our first example,

ot ox ox2
The collocation (Petrov-Galerkin) formulation of this problem corresponds to the trial function,

M
un (z,t) = Z ug ()l (), M = 2N + 1,
k=1

where £}, is the cardinal Lagrange function at x; for the space Vi .

With collocation values u(t) = (uk(¢))yepasq. as our degrees of freedom, and 6z, for k € [M] our test functions,
then our scheme reads,

auN auN uN
vV ) U € spanyerp]9z,

which just means we enforce zero residual at the points xy,:

—Uu = cﬁlu + uﬁgu,
dt

where D1 and Dj are the collocation differentiation matrices (dense) for the first and second derivatives,
respectively.
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A second collocation example D17-S11(a)

Collocation makes a lot of things much easier. E.g., for

ou ) ou
— =sinu —

ot ox’
the collocation scheme is just,

d

ik (sinu) ©® (5111,) :

where © is the elementwise product between vectors and sin u is interpreted elementwise.
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A second collocation example D17-S11(b)

Collocation makes a lot of things much easier. E.g., for

ou ) ou
— =sinu —

ot ox’
the collocation scheme is just,
% u = (sinw) O (Dyu)
—u = (sinu u),
dt !

where © is the elementwise product between vectors and sin u is interpreted elementwise.

Therefore, many of the analytical challenges with Galerkin methods (even if using pseudospectral approaches) are
mitigated by using collocation schemes.

The main difference between Galerkin and collocation methods in this context is

d d
LuN = PnLluy)  vs. N = InLlun),

and hence the aliasing error for L(uy ) is what sets these two methods apart.

Naturally, there is no free lunch: although collocation is easier to formulate/implement, it's generally easier to prove
things (e.g., stability) for Galerkin approaches.
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Recall: semi-bounded operators D17-S12(a)

Stability for time-dependent Fourier spectral methods begins with similar considerations at the continuous level.

Consider again our prototypical example,

ur = L(u),

with periodic boundary conditions on [0, 27] with £ a linear operator.
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Recall: semi-bounded operators

D17-S12(b)

Stability for time-dependent Fourier spectral methods begins with similar considerations at the continuous level.

Consider again our prototypical example,

ur = L(u),

with periodic boundary conditions on [0, 27] with £ a linear operator.

The adjoint L£L* of the operator L is defined by the condition,
(Lu,v) = {u, Lv),

for every periodic u,v € L?.
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Recall: semi-bounded operators

D17-512(c)

Stability for time-dependent Fourier spectral methods begins with similar considerations at the continuous level.

Consider again our prototypical example,
ur = L(u),
with periodic boundary conditions on [0, 27] with £ a linear operator.
The adjoint L£L* of the operator L is defined by the condition,
Lu, vy = {u, L),

for every periodic u,v € L?.

We call £ semi-bounded if,
L+ L* <CI,
for some C' € R. This means that,
L+ L) uyu) < (Cu,uy = Cllull7,
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Recall: semi-bounded operators D17-S12(d)

Stability for time-dependent Fourier spectral methods begins with similar considerations at the continuous level.

Consider again our prototypical example,
ur = L(u),

with periodic boundary conditions on [0, 27] with £ a linear operator.

The adjoint L£L* of the operator L is defined by the condition,
Lu, vy = {u, L),

for every periodic u,v € L?.

We call £ semi-bounded if,
L+ L* <CI,
for some C' € R. This means that,
L+ L) uyu) < (Cu,uy = Cllull7,

Note the following result: If £ is semi-bounded, then u; = Lu is a well-posed PDE, and the solution satisfies the
stability condition,

[u(®) g2 < e 2 Ju(0)] >
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U&:vf(u) tof(/{
{u v >=< Zu>
<uL,u>T <£u1M> [> { v
il VL)‘J; )
.'2 ﬁ/& HMM?}L 2 It L/ //Lq_

J <Cf I I U>£ ] )_2
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= @raan/f gy Il
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Some examples, | D17-S13(a)

We will use the notion of semi-bounded operators, so it is useful to consider some examples.

Example

Consider
ur = L(u) = c(x)ug.

This is a variable wavespeed advection equation. We assume c is real-valued and periodic.

A. Narayan (U. Utah — Math/SCI) Math 6620: Fourier spectral methods, 11



Some examples, | D17-S13(b)

We will use the notion of semi-bounded operators, so it is useful to consider some examples.

Example

Consider
ur = L(u) = c(x)ug.

This is a variable wavespeed advection equation. We assume c is real-valued and periodic. We compute £* through
integration by parts:

2
Lu,vy = {c(x)ug, vy = J c(x)ugzvde
0
IbP 2 2m
= u@c(:r:)‘o7T — J u (c(x)v), de.
0
If we also assume that c is differentiable:

2
{Lu, vy = — L u (¢ (2)T + c(z)v,) d

= (u, =& (@)v — c(@)vay = (u, L*v).
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Some examples, | D17-S13(c)

We will use the notion of semi-bounded operators, so it is useful to consider some examples.

Example

Consider
ur = L(u) = c(x)ug.

This is a variable wavespeed advection equation. We assume c is real-valued and periodic.

L* = —c(:z:)i —c(x)]
ox
Therefore,
- 0 0 , ,
L+LT =clx)— —c(x)— — ' (x)] = —c (x)].
ox ox

Finally: if c(z) is periodic, differentiable, and has bounded derivative, then £ is semi-bounded with £ + £* < CI,
with C' = max |c/(x)].
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Some examples, I D17-S14(a)

Example

Consider

where k is a real, non-negative, periodic and differentiable function.

Again with integration by parts:

27
i/1(:1:) iu, vdx

o Ox ox
27

,L_M) /,52—2{? /;(:B)uxzxdx a a
e (o (5 05) )

Lu,v)y =

u—k(xr) —vdr = —k(x)—

0 ox ox ox ox

Therefore,

0 0
L+ LF¥F=2— Sy
+ &I:R(x) ox
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Some examples, I D17-S14(b)

Example

Consider
ur = L(u) = —k(z)=—u,

where k is a real, non-negative, periodic and differentiable function.

To show that this is semi-bounded, note that,

L+ L*)u,uy =2 <a%/£(a:)um,u> = —2{k(T)ug,uzr)y < OHuH%Q
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Fourier-Galerkin stability D17-S15(a)

A particularly attractive property of the Fourier-Galerkin method: if £ is semi-bounded, not only is the original PDE
well-posed with a stability condition, but the Fourier-Galerkin solution obeys the same stability condition.

Theorem
Assume L is semi-bounded with L + L* < C1, and consider the PDE u; = L(u). Then the Fourier-Galerkin solution

is stable and obeys the bound,

lun @)lz2 < 92 un(0)] 2
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Fourier-Galerkin stability D17-S15(b)

A particularly attractive property of the Fourier-Galerkin method: if £ is semi-bounded, not only is the original PDE
well-posed with a stability condition, but the Fourier-Galerkin solution obeys the same stability condition.

Theorem
Assume L is semi-bounded with L + L* < C1, and consider the PDE u; = L(u). Then the Fourier-Galerkin solution

is stable and obeys the bound,

lun @)lz2 < 92 un(0)] 2

The first step is to show that Py = ij,:
<PNU, U> = <PNu, PN’U> + <PN’LL, (I — PN)’U>
= <PN’LL, PNU>
= (Pnu, Pyv) + (I — Pn)u, Pnv)
= <u, PN’U> .
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Fourier-Galerkin stability D17-S15(c)

A particularly attractive property of the Fourier-Galerkin method: if £ is semi-bounded, not only is the original PDE
well-posed with a stability condition, but the Fourier-Galerkin solution obeys the same stability condition.

Theorem
Assume L is semi-bounded with L + L* < C1I, and consider the PDE u; = L(u). Then the Fourier-Galerkin solution
is stable and obeys the bound,

(C/2)t

lun(@®)lL2 <e |un (0)] 2

The second step uses uy = Pyupn to formulate a PDE that ujpy satisfies:

%UN = PN,CuN — %u]\f = PNEPNuM:: LNUM
Then,
Ly + L% = PNLCPN + (PNLPN)*®
= PNLPN + PNL* Py
— Py (£ + £*) Py < CPy.
Therefore,

i

1
A,L“UN“\L ~ {(Ln + LY)un,un) < C(Pnun,un) = Cllun|32,

which implies the resilt
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Collocation stability D17-S16(a)

Collocation stability is more delicate and technical.
For example, for the rather simple problem
ut = c(x)ug,

then the Fourier collocation method is stable only if ¢ is bounded away from 0.
(Recall for Fourier Galerkin, and in the general continuous problem, ¢(x) changing sign is no problem.)
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Collocation stability D17-S16(b)

Collocation stability is more delicate and technical.
For example, for the rather simple problem
ut = c(x)ug,

then the Fourier collocation method is stable only if ¢ is bounded away from 0.
(Recall for Fourier Galerkin, and in the general continuous problem, ¢(x) changing sign is no problem.)

The instability is “weak” and often does not surface in practice; nevertheless it is there.

One must resort to some somewhat clever alternatives to fix the problem. In particular, consider the rewritten
problem,

1 10 1,
ut = §c(x)ux + 2 %2 (c(x)u) — 2¢ (z)u,

which is called the skew-symmetric form. Note that if a is differentiable, this is equivalent to the original PDE.

The Fourier collocation method applied to the skew-symmetric form is stable.

The difference between the two schemes is that the scheme for the skew-symmetric form effectively adds a term that
compensates for aliasing error.
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