DEPARTMENT OF MATHEMATICS, UNIVERSITY OF UTAH
Applied Complex Variables and Asymptotic Methods
MATH 6720 — Section 001 — Spring 2023
Homework 0 Solutions
Basics of complex numbers

Below, problem C in section A.B is referred to as exercise A.B.C.
Text: Complex Variables: Introduction and Applications, Ablowitz & Fokas,

Exercises: 1.1.2 (b,d)
1.1.3
1.2.1
1.2.8
1.3.1
1.3.5

1.1.2. Express each of the following in the form a + bi, where a and b are real:
(b) 14
(d) |3+ 4i

Solution:
(b) We multiply both numerator and denominator by the complex conjugate:

1 (1—4) 1—i 1 1
_ _ L

1+i (1+49)(1—-i) 2 2 2

ie,a=1/2and b=—1/2.
(d) This is a purely real number:

|3+ 4i| = /32442 =5=5+0i,
so that a =5, b= 0.

1.1.3. Solve for the roots of the following equations:

(a) 23 —4

(b) 2t =

(c) (az+b) = ¢, where a,b,c >0
(d) 24 +2:24+2=0

Solution:

(a) We write
=40  — o= Y223, YA et/
(b) We have,

1 =1 — = ez7r/4’ 6137r/47 657r/47 6771'/4
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(c) Letting w = az + b, then we seek the roots w such that w® = ¢ with ¢ > 0. Therefore,
w = %’ %ei%/g, \%6147#3‘

Therefore, z = (w — b)/a takes values,

= (Ve b), (Ve ), (eI ),
(d) We have,
A42242=0 = (P2+1%+1=0,
and hence 22 + 1 are the second roots of -1,
P2 41=¢T2 B2 — 2= 1 4i=12e3%, 257/,

Thus, z takes on the 4 values,

- \4[26371—/8, \4/56117r/8’ 5 — \4/§€5n/8, Y2e137/8,

1.2.1. Sketch the regions associated with the following inequalities. Determine if the region is
open, closed, bounded, or compact.
(a) |z| <1
(b) ]22—1—14—1] <4
(c) Re(z) >
@ 1<l
(e) 0<|22—-1] <2

Solution:
(a) The region is closed, bounded, and compact.

15 Sketch for region in problem 1.2.1(a)
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(b) The region is open and bounded.

Sketch for region in problem 1.2.1(b)

(¢) The region is closed.

Sketch for region in problem 1.2.1(c)
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(d) The region is closed.

Sketch for region in problem 1.2.1(d)
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(e) The region is bounded.
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15 Sketch for region in problem 1.2.1(e)
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1.2.5. Use any method to determine series expansions for the following functions:

(a) 222
(b) cos}‘;szl
(C) e? —Zl—z

Solution: Using formulas for known power series, we have:

(a)

sin z 1i 1)iz%+ 2 (=1)7z%
z (25 +1)! 2j + 1)!
i 25+ =2+
(b)
coshz —1 1 o 2% >, 222
—— == | -1+ — — =
R Z p= ey Doy
(c)
ef—1—2z 1 ) ‘1‘2 lizj >, i1 P2
JR— —1 —z = — — = =
1l 1l ] |
z z Sl L = (j+2)

1.2.6. Let 21 = x1 and 29 = xo with x1, x5 real, and the relationship,

ez(a:ﬁ-xg) _ ez:mezxg’

to deduce the known trigonometric formulae,

sin(zq 4 z2) = sinx cos z2 + cos x1 sin o la)
cos(x1 + w2) = cosxy cos ro — sin xq sin 2, (1b)
and therefore show,
sin 2x = 2sinx cos x (2a)
cos 2z = cos’ x —sin’ x (2b)
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Solution: Using Euler’s identity, we have,

cos(z1 4 x2) + isin(zy + zo) = e @1HT2) = 1612 — (cog ) + isinxy)(cos xy + i sin z)

= (cosxj cosxg — sinxy sinxy) + ¢ (sinx cos T + cos xy sin x:

The real and imaginary parts of the left- and right-hand sides above must be equal, implying
(1). The relation (2) is a directly result of (1) by setting x1 = zo = =.

1.2.8. Consider the transformation,
w=z+1/z z =z + 1y, w = u + v.

Show that the image of the points in the upper half z plane (y > 0) that are exterior to the
circle |z| = 1 corresponds to the entire upper half plan v > 0.

Solution: Note that,

R

u—Re(w)—Re(z+1/z)—x+Re(1/z)—m—i—Re(2‘2) x<1+{>,

v:lm(w):m(zﬂ/z):y+1m(1/z):y+1m<’;’2) :y<1—‘z‘2>.

Thus, if both y > 0 and z is exterior to |z| =1, i.e., if y > 0 and |z| > 1, then

1
= 1-—= >0
! y( \z|2> !

so that z — w for |z| > 1 and y > 0 maps onto the upper half plane v > 0. To show that
the image of this map is exactly the upper half plane, set 7 = |z|, and note that from the first

expressions,
2 2
ru TV T 2 Y 2
= — — = 1
(7"2—1—1) +(r2—1> (r) +<7“> ’

i.e., circles of radius » > 1 in the z plane are mapped to ellipses in the w plane. Rewriting the
condition above, we have,

U 2 v 2 1
_ 1 _ 2
<R+1> +<R—1> R =

We will use this relation to show that the image of z — z + 1/z is the open upper half plane.
Let w = u+iv be in the upper half plane, i.e., v > 0; our overall goal is to construct z = x +1iy
that maps to w. Define,

where we now take R as an unknown. We seek to show that there exists some R > 1 such that
fi(R) = f2(R). Note that for R sufficiently large then fi(R) < fo(R) because f; ~ 1/R? and
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fa ~ 1/R. The technical details are:

1
R > 3+ 2max{u? v} B2l R-2+ = > 2max{u?, v?}
1 2max{u?v?} u? v?
— = > > +

R (R—1)? (R+1)2 (R-1)*

This establishes that f1(R) < fa(R) for R sufficiently large. Similarly, for R > 1 sufficiently
small, we have f1(R) > f2(R). To establish this, note that since v > 0, the inequality,

< v 22 L R (W+2R+1<0,
becomes an equality when
R*:1+g+%\/M>l,
and hence for R € (1, R,), then

2 2 2
Y >l — _u + v >l
R-1) T R R+1 R-1) = R’

establishing that for R > 1 sufficiently small, then f1(R) > fo(R). Since both f; and fo are
continuous functions for R > 1, then there must exist some point R = R(u,v) > 1 such that

aw=rm = (5) + (79) =&

Now set,

U v
1+

€Tr =

==

By construction, z = x + iy then satisfies |2] = \/22 + 42 = VR > 1, and Re (z) = y > 0 since
v > 0. This point z maps to (arbitrarily chosen) point w = w + iv in the upper half plane.

1.3.1. Evaluate the following limits,
lim, ;(z 4+ 1/2)

lim,_,,, 1/2™, m integer
lim,_,; sinh z

sin z

)
)
)
) lim, 9 2
)
)
)

3 sin 2
lim, 00 P

. 22
lim; o Bar1)2
lim, 22711
Solution:

(a) By direct evaluation, we have,
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(b) If zp = 0, then the limit doesn’t exist. If zy # 0, the again by direct evaluation:

(c¢) By direct evaluation,

1 A A
limsinhz = —(¢' — e¢™") = iIm (¢') = isini.
z—1 2

(d) Via L’Hopital’s Rule,

. sinz . COSsz
lim = lim
z—0 z z—0 1

(e) This limit does not exist. To see why, we compute the numerator for z = x + iy:

sinz = i (eiz - e_iz) = 1

; 5 (e_y — ¥ 4+ 2¢sin :U) .

While |sinz| is bounded by 1 as |z| — oo, the quantity e”¥ — e¥ can approach either 0
(|z| = oo with y = 0) or o0 (]z] = oo with y — £o00). With this behavior, sin z/z can
approach different values as |z| — oo and thus the limit does not exist.

(f) This limit exists: we compute it by computing the complementary limit that has equal

value,
1\2
b 1 1
i &) gy 11
z—0 (3% + 1) 220 (3 + 2) 9
(g) We again look at the complementary limit,
1
= 1
lim —=2 i =0

z—>0i—|—1 :zlir(l)z;—kl
22 z
1.8.5. Show that the functions Re (z) and Im (z) are nowhere differentiable.

Solution: By direct computation, we have,

lim Re (z + w) — Re (2) — lim Re (w)

w—0 w w—0 w

This limit is not unique; its value depends on how w approaches 0. Thus, Re (z) is nowhere
differentiable. A similar computation for Im (z) can be carried out.
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