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Descent algorithms

A foundational computational algorithmic idea for unconstrained + smooth
optimization is a descent method.

Many optimization tools are variants of descent methods. We'll tour such methods.
— The basic descent method
— First- and second-order methods
— Convergence guarantees
— quasi-Newton methods

— Trust region methods
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The descent method

Consider the unconstrained optimization,

min f(z)

When we cannot solve this analytically, algorithms are our recourse.
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The descent method

Consider the unconstrained optimization,

min f(z)

When we cannot solve this analytically, algorithms are our recourse.

Most optimization algorithms are iterative, meaning that an initial guess is
repeatedly improved.

The most common method for performing the “improvement” is to geometrically
travel in a descent direction.

Definition

Given a continuous function f and a point zg € R", a vector d € R" is a descent
direction for f at x¢ if, there exists some € = €(f, zo,d) > 0 such that,

fxo + 6d) < f(xo), V0O<d<e

If 2o is a local minimum, there are no descent directions.
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Some pseudocode

The anatomy of essentially every descent method is as follows:
1. Begin with an initial guess xo, set k = 0

Identify a descent direction di at xg

Identify a stepsize o > 0

Define Tkl = Tk + apdy

ok LD

If 541 is good enough, stop. Otherwise set k < k + 1, return to step 2.
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Some pseudocode

The anatomy of essentially every descent method is as follows:

1. Begin with an initial guess xo, set k = 0

2. ldentify a descent direction di at xg

3. ldentify a stepsize a, > 0

4. Define zx11 = T + ardg

5. If xxy1 is good enough, stop. Otherwise set k < k + 1, return to step 2.
Things in blue are crucial decisions/inputs to the algorithm:

— An initial guess xg

— A strategy for computing a descent direction dy,

— A strategy for computing a stepsize ay

— A way to determine when an iterate has converged, terminating the algorithm
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Initial guess and termination

Strategies for initial guess and termination criteria are in some sense the easiest to
describe.

Common termination strategies:
— ||xx — xk—1]| < € (Does this imply xj is close to optimal?)
— |f(xr) — f(xr—1)| < € (Does this imply f(xy) is close to optimal?)
— |V f(zr)| < € (Does this imply xj, is close to stationary?)
— Combinations of the above

Frequently there is not a clear “good” choice.
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Initial guess and termination

Strategies for initial guess and termination criteria are in some sense the easiest to

describe.

Common initialization strategies:
— Start “close” to a local or global minimum

— Repitition: choose several initializations, optimize for all of them

— Randomization: randomly choose x
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Initial guess and termination

Strategies for initial guess and termination criteria are in some sense the easiest to
describe.

Deciding on a descent direction and stepsize are typically the meat of developing
good optimization algorithms.
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The “classical” stuff
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Descent directions

Tkl = Tk + opdy.
We assume dj, is a descent direction, and for smooth f this is the same as,

di V f(xr) < 0.
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Descent directions

Tkl = Tk + opdy.

We assume dj, is a descent direction, and for smooth f this is the same as,

di V f(xr) < 0.

Nearly all descent algorithms use an update direction given by,

dp = =Gy 'V f(zw),

where (G, is some symmetric, positive-definite matrix.

(Note this condition on GGj, guarantees dj, is a diescent direction.)
For example:

— Steepest/Gradient descent: Gy, =1
— Newton's method: G = V?f(xx)
— quasi-Newton methods: Gy ~ V*f(zx)
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Steepest /gradient descent

Tkl = Tk + pdk.
The direction dj is chosen to infinitesimally decrease f the fastest:

dk = —Vf(xk)

,,,,,

45
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Steepest /gradient descent

Tkt1 = Tk + apdy.
The direction dj is chosen to infinitesimally decrease f the fastest:
dk = —Vf(xk)

Note that steepest descent need not be a good idea.

45

[LE3
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Steepest descent is first-order

Tk+1 = Tk — aka(xk)

Steepest descent can be understood as a first-order Taylor expansion. First
approximate:

(@) ~ f(ae) + (& —20) " V()
and choose z so that (x — zx)" V f (1) is minimized for fixed |z — z||:

dk =T — Tk = —Vf(:vk)
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Scaling

One reason why steepest descent tends to produce poor iterates is because
problems can be poorly scaled.

Consider

f(a:):a:T( o )x

The global minimum is x = 0, but starting at z = (0.5, 1) produces pretty bad
descent directions.

Steepest descent is not scale invariant.
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Scaling

One reason why steepest descent tends to produce poor iterates is because
problems can be poorly scaled.

Consider

f(a:):a:T( o )x

The global minimum is x = 0, but starting at z = (0.5, 1) produces pretty bad
descent directions.

Steepest descent is not scale invariant.

A simple strategy to mitigate poor scaling is diagonal scaling:
min f(x) — ming(x),

where g(x) = f(Dx), with D a positive-definite diagonal matrix.

The hard part is computing D (which can change at every iteration).
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Newton's method
There are two equivalent ways to derive Newton's method.

For simplicity, we'll assume V2 f(z3) > 0.
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Newton's method
There are two equivalent ways to derive Newton's method.
For simplicity, we'll assume V2 f(z3) > 0.

The first derivation: approximate f with a second-order Taylor expansion and
minimize:

f(x) ~ f(zr) +dV f(xr) + %dTV2f(xk)d, d =1 — xk.
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Newton's method
There are two equivalent ways to derive Newton's method.
For simplicity, we'll assume V2 f(z3) > 0.

The first derivation: approximate f with a second-order Taylor expansion and
minimize:

1
f(x) ~ f(zr) +dV f(xr) + §dTV2f(xk)d, d =1 — xk.
The right-hand side is a strictly convex function of d, so can be exactly minimized:

d=—(V’f(zr)) V(aw).

Note that this relies on positive-definiteness of the Hessian, suggesting that this is
only a good idea if f is locally convex around xj....
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Newton's method
There are two equivalent ways to derive Newton's method.
For simplicity, we'll assume V2 f(z3) > 0.

The second derivation: Let's use Newton's method for nonlinear root-finding to
compute stationary points.

Define,
g(z) =Vf(r) —> Solveforz: g(x)=0

Note that g : R" — R".
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Newton's method
There are two equivalent ways to derive Newton's method.
For simplicity, we'll assume V2 f(z3) > 0.

The second derivation: Let's use Newton's method for nonlinear root-finding to
compute stationary points.

Define,
g(x) =Vf(x) — Solveforx: g(zr)=0
Note that g : R" — R".
Given a current iterate xx, Newton's method for rootfinding for g:
1 = x — (Vg(aw)) ™ glaw).

The quantity Vg is a Jacobian matrix, with entries,

0 0 0
Vy(z) = (a—mvf(w) 5—x2vf(x) EVJ”(@) = V*f (=),
so that we have

Tk+1 = Tk — (V2f(33k;))_1 Vf({l?k) — Tk+1 — Tk = — (V2f<:llk)>_1 Vf(xk)
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Newton's method and scaling

Note that Newton's method exactly minimizes positive-definite quadratic functions
in a single step.

In particular, even poorly scaled quadratic functions are exactly minimized.

For this reason, Newton-type methods are called scale invariant.
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Newton's method and scaling

Note that Newton's method exactly minimizes positive-definite quadratic functions
in a single step.

In particular, even poorly scaled quadratic functions are exactly minimized.
For this reason, Newton-type methods are called scale invariant.

Naturally there is a price to pay: computing V2 f is much more expensive than V f.
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Stepsizes

We'll now discuss choosing stepsizes. Our update takes the form,
Tkl = Tk + apdg.
We will always consider di to be a descent direction.

For notational simplicity, we'll assume k is fixed, and remove dependence of oy, dx
on k. l.e., we have,

Tk+1 = Tk + ad.

Note: « and d typically always depend on k!
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Stepsizes

We'll now discuss choosing stepsizes. Our update takes the form,
Tkl = Tk + apdg.
We will always consider di to be a descent direction.

For notational simplicity, we'll assume k is fixed, and remove dependence of oy, dx
on k. l.e., we have,

Tk+1 = Tk + ad.
Note: « and d typically always depend on k!
Let's assume d is chosen and fixed (as a descent direction).

What are some common ways that « is chosen?
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Exact linesearch

The simplest approach is, unfortunately, the least practical.
Exact linesearch determines a through an optimization,

a = argmin f(z, + 8d).
B>0

Things to note:

— The above problem is guaranteed to have a solution since d is a descent
direction.

— This optimization is in principle much easier than the original problem: the
above is a one-dimensional optimization instead of an n-dimensional one.

— This is still quite an expensive problem since several evaluations of f (and
probably V f are required)

Most popular approaches are inexact linesearch methods, based on various
conditions.
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Sufficient decrease

A particularly simple inexact method is that of sufficient decrease.
Locally near xg, the function f behaves like its linear Taylor series,
flze + ad) ~ f(zr) + ad” V f(zk).

This gives us an expected decrease: for a given small «, the improvement in f is
approximately,

flzr + ad) — f(zk) ~ ad” V f(xk).
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Sufficient decrease

A particularly simple inexact method is that of sufficient decrease.
Locally near xg, the function f behaves like its linear Taylor series,
flze + ad) ~ f(zr) + ad” V f(zk).

This gives us an expected decrease: for a given small «, the improvement in f is
approximately,

f(zr + ad) — f(zr) ~ ad" V().
Of course, unless we get lucky the actual decrease will be smaller than this.
Sufficient decrease, or the Armijo condition, imposes the following condition on «:
f(ar + ad) — f(zx) < cad' V f(zr),

for a constant c € (0,1). Choosing c is a bit of an art.
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Backtracking

A very popular appraoch combines sufficient decrease with backtracking:
— Fix ¢, 7 € (0,1). Initialize some “large” a > 0
— While sufficient decrease is not met, i.e., f(xx + ad) — f(x) > cad” V f(xp):
> Set o «— ar

The while loop must terminate if d is a descent direction.
Typically, r = rx is chosen in a problem-dependent way.

A. Narayan (U. Utah — Math/SClI) Descent algorithms, |



The Wolfe conditions

One problem with sufficient decrease + backtracking: values o can be very small.
To mitigate small step sizes, we impose a stronger pair of conditions on «.
One condition is again sufficient decrease,
fzx + ad) — f(z) < cad’ Vf(zw), (1a)
the second is the additional condition:
d"V f(xy + ad) = éd" V f(x). (1b)

for some other constant ¢ € (¢, 1). The pair (1) are the Wolfe conditions.
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The Wolfe conditions

One problem with sufficient decrease + backtracking: values o can be very small.
To mitigate small step sizes, we impose a stronger pair of conditions on «.
One condition is again sufficient decrease,
fzx + ad) — f(z) < cad’ Vf(zw), (1a)
the second is the additional condition:
d"V f(xy + ad) = éd" V f(x). (1b)
for some other constant ¢ € (¢, 1). The pair (1) are the Wolfe conditions.

The second, “curvature’” Wolfe condition states that the one-dimensional function
a — f(xr + ad) is less steep at xx4+1 compared to x.

If this less steep condition fails for small «, it suggests that making « larger can
significantly decrease the objective.
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Strong Wolfe conditions

tangent

q) (o) =f(xk+0€17k)

Ak\/ desired
slope

acceptable acceptable

Image:

Figure 3.5, Nocedal & Wright, Numerical Optimization
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Strong Wolfe conditions

q) (o) =f(xk+0€17k)

Ak\/ desired
slope

tangent

acceptable acceptable

Image: Figure 3.5, Nocedal & Wright, Numerical Optimization

The strong Wolfe conditions strengthen the curvature condition to,

4TV f (s, + ozd)‘ <@

d"V f (@)
which disallows large positive values of f'(zx + ad).

Under mild assumptions on f and xg, there is always some « satisfying the
strong/Wolfe conditions.

A. Narayan (U. Utah — Math/SClI) Descent algorithms, |



The Goldstein conditions

Yet another set of conditions are the Goldstein conditions on «:

flzr) + (1 —c)ad" Vf(zk) < f(ze + ad) < f(zr) + cad" V(zr), 0<c< 1

Tk+1 = Tk + ad.

2

Again, the goal is to mitigate small step sizes, but this can be too aggressive.

O (o) =f(x;+apy)

acceptable steplengths

Image: Figure 3.6, Nocedal & Wright, Numerical Optimization
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Convergence
The goal of descent algorithms is to compute a stationary point.
(Asking for more without extra conditions is unreasonable.)

A method is globally convergent if we can guarantee:

lim |V £ |, = 0
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Convergence

The goal of descent algorithms is to compute a stationary point.
(Asking for more without extra conditions is unreasonable.)

A method is globally convergent if we can guarantee:

lim |V £ |, = 0

To discuss convergence we rely on a measure of how parallel our chosen descent
direction dy, is to V f(x) at each step:

—dp, V f(z)
0, = )
O T NIV f )]

One of the basic tools in convergence theory of descent methods is the Zoutendijk
condition, stating that

Z cos” Ok |V £ (z1)]* < o0.

k=1
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Zoutendijk to convergence

o0
Z cos” Ok |V £ (z1)]* < o0.

k=1

Why is this useful? We can convert this into global convergence if,
| cos 0| = > 0, keN

for some 4.
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Zoutendijk to convergence

o0
Z cos” Ok |V £ (z1)]* < o0.
k=1

Why is this useful? We can convert this into global convergence if,
| cos 0| = > 0, keN
for some §.

Then this implies:
©0)
D Vi@ <o = lm|Vf()] =0,
k=1

i.e., global convergence.
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Zoutendijk to convergence

OTMM M)
| cos 0| = > 0, keN
What kind of descent directions satisfy this?
— Steepest descent:
T
cos Ol — V (k) Vf(fk) _
IV f(ze)|

— Newton's method: Assuphe V2 f(x1) > 0 for all k, and that

< Ko < 00, k e N.

o" ia[/yw Q

Then

Wig) J.:-(VQF(X,‘)J"'VF(X,AM? -4 V)= Vi) (PF) 7 08 (k)
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Global convergence of descent methods

We have established that the Zoutendijk condition ensures global convergence for
certain choices of descent direction. Adherence to the Zoutendijk condition is
determined by an appropriate choice of step size.

Theorem

Let f be bounded below and continuously differentiable with Lipschitz continuous
gradient. Assume an iteration,

Tk+1 = Tk + apdy.

where dy, is a descent direction and ay. If ay is chosen according to the Wolfe
conditions, then (0x,V f(xk))x=1 satisfies the Zoutendijk condition.

This result also holds for the strong Wolfe conditions, and for the Goldstein
conditions (with some extra technical assumptions).
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Convergence rates

A rather practical question of course is how quickly these methods converge.

First, some terminology: A method has a pth order convergence rate if,
|zes1 —2xly <7z — 243,

for some constant r where x4 is the point the sequence converges to.

We have linear convergence for p = 1 and quadratic convergence for p = 2.
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Convergence rates

A rather practical question of course is how quickly these methods converge.

First, some terminology: A method has a pth order convergence rate if,
feris — wally < 7 lok — 24,

for some constant r where x4 is the point the sequence converges to.

We have linear convergence for p = 1 and quadratic convergence for p = 2.

Note that, e.g., linear convergence is actually stronger in terms of the actual error
since it implies,

lxe — x4, < CrF = Ceklogr,

for some constant C.
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A simple example

Consider the quadratic function,

flx) = %xTAx — bz, A >0,

The optimal solution is xy = A™'b.

Consider steepest descent with exact linesearch:

Vf(xk)' V()
(Vf(zx))TAV f(zr)

Tk+1 = Tk — aka(xk), ap =
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A simple example

Consider the quadratic function,
flx) = %xTAx — bz, A >0,

The optimal solution is xy = A™'b.

Consider steepest descent with exact linesearch:

Vf(xk)' V()
(Vf(zx)TAV f(zr)

Tk+1 = Tk — a’ka(LUk), A =

Theorem

The error for the above descent algorithm is given by,
Jonin — zal < (T2 ) ok — 2l
= @y

Sdmg g¢ y (4)- —_ Small (chse & 00 Whea &M, at "{/‘MIJW
h(a) 4 4,(4) Loy (cloge $o 1) Whyo Xk, © /0[‘;1.

i
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First-order convergence

The previous, simple example motivates the general result.

Theorem

Assume that f is continuously differentiable, and we use steepest descent with
exact linesearch, which converges to x4. If V> f(x4) > 0, then for large k we have,

frar = f(ax) < & (fi = @),
where c is any number satisfying,

An — A1

——<c<1
Mt A T

with \; the ordered eigenvalues of V? f(x4).

Note that generally, first-order convergence is slow.
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Newton's method convergence

Newton’'s method, being a local quadratic approximation, is second-order accurate.

Theorem

Assume V? f is Lipschitz continuous, and that the initial point xo is “close enough”
to a local minimum xz. Then:

lim zp = xx, |zes1 — za]| < C o — x|
k—o0

Furthermore, the gradient norm quadratically converges to 0:

IV f (@)l < C |V f ()|

The quadratic convergence guarantee of Newton's method is fantastic.

The problem is the nebulous condition on how close xy must be to .
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Qausi-Newton methods [/o> (l oj
0 | 0 0
Quasi-Newton methods use a Newton-like update:

Tk+1 = Tk + Ozk;dk;, dk = —G;1Vf(xk), (2)
where G, ~ V?f(x1), and is easier to compute.

Note that since we only approximate the Hessian, quasi-Newton methods introduce
a stepsize ay.

Theorem

Suppose that V2 f is continuously differentiable, and that we use the quasi-Newton
update where «y, is chosen to satisfy the Wolfe conditions' Assume that xj, — Tx
that is a stationary point with V?f(xy) > 0. If Gx ~ V*f(xx) in the following
sense,

i (G = V2 f () di]|

0,
k—00 |||

then (i) there is some ko € IN such that o, = 1 is a Wolfe condition-admissible
choice for k = ko, and (ii) choosing ax, = 1 for all k > ko results in xi converging
superlinearly to x.

1A special choice of the constants is also required.
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Convergence rate summary

Our three main convergence guarantees are:

— Steepest Descent: linear convergence if linesearch conditions are met.
Pretty cheap to implement.

— Newton's method: quadratic convergence if we start close enough to a local

minimum.
Relatively expensive — computing V£ is not cheap.

— quasi-Newton methods: superlinear convergence if a “good enough” Hessian

approximation is chosen.
Cost on the order of steepest descent, typically requiring only gradients.
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Convergence rate summary

Our three main convergence guarantees are:

— Steepest Descent: linear convergence if linesearch conditions are met.
Pretty cheap to implement.

— Newton's method: quadratic convergence if we start close enough to a local

minimum.
Relatively expensive — computing V£ is not cheap.

— quasi-Newton methods: superlinear convergence if a “good enough” Hessian
approximation is chosen.

Cost on the order of steepest descent, typically requiring only gradients.
Many “canned” solvers use a convex combination of steepest descent and
quasi-Newton methods:

1. Steepest descent is used initially to quickly reach a neighborhood of an
optimum.

2. Quasi-/Newton methods then take over to bring iterates to the minimum
quickly.
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Basic quasi-Newton methods

Recall Newton's method:
Trp1 = ok — (V2 f(21)) " V f ().

Quasi-Newton methods (a) replace the Hessian with an approximation, and (b)
introduce a stepsize to offset the potential mistake this makes

Tk+1 = Tk — akG,QIVf(a:k)
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Basic quasi-Newton methods

Recall Newton's method:
Trp1 = ok — (V2 f(21)) " V f ().

Quasi-Newton methods (a) replace the Hessian with an approximation, and (b)
introduce a stepsize to offset the potential mistake this makes

Tk+1 = Tk — osz,ij(a:k)
Why? The main issue is that computing the Hessian is expensive.

One main idea is to form a different quadratic approximation than that dictated by
Taylor series.

A. Narayan (U. Utah — Math/SClI) Descent algorithms, |



Local approximations

There are several quasi-Newton algorithms. The most popular ones (BFGS+DFP)
use quadratic approximations:

Near x, the function f is approximated by,
1
mi(d) = f(zr) + d' Vfx) + §dTde,

where G is updated at every k.
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Local approximations

There are several quasi-Newton algorithms. The most popular ones (BFGS+DFP)
use quadratic approximations:

Near x, the function f is approximated by,
1
mi(d) = f(zr) + d' Vfx) + §dTde,

where G is updated at every k.

Assuming G > 0, the above approximation to f has an explicitly computable
minimum:

di, = =GV f(xr),
which is used to perform the update,
Tkl = Tk — Oxdy,

where ay is chosen to satisfy the Wolfe conditions.
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Key observations

The key advances in quasi-Newton methods utilize the following:

— G411 need not be entirely recomputed at every stage. Rather, it's chosen as a
low-rank update to G.

— Inverses of low-rank augmented matrices are efficiently computable from
original matrix inverses.
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Key observations

The key advances in quasi-Newton methods utilize the following:

— G411 need not be entirely recomputed at every stage. Rather, it's chosen as a
low-rank update to G.

— Inverses of low-rank augmented matrices are efficiently computable from
original matrix inverses.
Theorem (Sherman-Morrison-Woodbury)
Let Ae R ", and let %]R” be such that u* Au # —1. Then,

eR"
I 7\t _ 4t (A" ) (A" )"
N 14+ uTA 1y

This property is one key result that makes quasi-Newton methods so effective — it
makes them computationally efficient.
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Updating G,

How are these low-rank updates performed?

Assume we are at location xx11, with Gi ~ V f?(x) available from the previous

step.

Our goal is to construct some Hessian approximation Gg1.
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Updating G,

How are these low-rank updates performed?

Assume we are at location xx11, with Gi ~ V f?(x) available from the previous
step.

Our goal is to construct some Hessian approximation Gg1.

Again, the main idea is that we form a local approximation around xj 1 for use in
determining iterate k + 1:

1
Mmi+1(s) = f(zr+1) + STVf(JJk:H) + §STGk:+1S>

where s represents the deviation from g, 1. [f': 0 &7 X'= le)

We impose the following (reasonable) requirements:

— The gradient of mg41 at xx11 matches that of f:
Vmi+1(0) = Vf(xry1) — this is already satisfied.

— The gradient of my,1 at xx matches that of f:
Vmgti1(zr — k1) = Vf(zk)
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The secant equation

We seek to impose
Vmgi1(zr — xrq1) = Vf(Tr).
Using 211 = T + ardg, this results in,

Gr1 (rdi) = Vf(xr41) — Vf(xk).
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The secant equation

We seek to impose
Vmis1 (e — xk+1) = Vf(zg).
Using zx+1 = ok + axdy, this results in,
Gr1 (rdi) = Vf(xr41) — Vf(xk).
Simplified notation for this is often used,
Sk = Thi1 — Tk, Yk = Vf(Tr1) — Vf(zk),
resulting in,
Gr+18k = Yk

This is called the secant equation.
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The curvature condition

T - *’r
The secant equation requires, Sk ékh S/( = 4 y/c
oT
k

Gr+15k = Yk
Recall that G4 1 should be positive-definite — this means we require
s;;r’yk >0

The above is the curvature condition.
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The curvature condition

The secant equation requires,
Gri15k = Yk
Recall that G4 1 should be positive-definite — this means we require
s;fyk > 0
The above is the curvature condition.

If s, and yi are such that the curvature condition is satisfied, it is always possible
to find a (symmetric, positive-definite) solution G1.
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The curvature condition

The secant equation requires,
Gri15k = Yk
Recall that G4 1 should be positive-definite — this means we require
s;fyk > 0
The above is the curvature condition.

If s, and yi are such that the curvature condition is satisfied, it is always possible
to find a (symmetric, positive-definite) solution G1.

How to satisfy the curvature condition?

Lemma

Choosing «y, to satisfy the Wolfe conditions ensures that the curvature condition is
satistfied.
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Computing G411

Gri1Sk = Yk

Under the curvature conditions, we can find a solution G, 1. How to find a unique
one?
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Computing G411

Gri1Sk = Yk

Under the curvature conditions, we can find a solution G, 1. How to find a unique
one?

Let's find the solution “closest” to the previous iterate G:

Gr+1 = argmin |G — G| subject to Gsi = yi
G=GT

The choice of norm is, of course, up for grabs.
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Computing G411

Gri1Sk = Yk

Under the curvature conditions, we can find a solution G, 1. How to find a unique
one?

Let's find the solution “closest” to the previous iterate G:

Gr+1 = argmin |G — G| subject to Gsi = yi
G=GT

The choice of norm is, of course, up for grabs.

A convenient norm that makes the solution explicit is the weighted Frobenius norm,
1
[Alw, = VWAV ||, W= | V(o + Bard)ds.
0

i.e., W is an averaged Hessian.
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The Davidon-Fletcher-Powell method

The solution in this weighted norm is actually explicit:

Grs1 = (I — peyrsi )Gie(I — prsiyi ) + pryryn
= G — pr(yrse Gr + Grseye ) + Prysys ,
where pr = 1/(yi sk).

This choice of Gi+1 (along with choosing a1 via the Wolfe conditions) is the
Davidon-Fletcher-Powell (DFP) method.
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The Davidon-Fletcher-Powell method

The solution in this weighted norm is actually explicit:

Gr1 = (I — pryrsi )Gr(I — prsiyr ) + prysyn
= G — pr(yrse Gr + Grseye ) + Prysys ,

where pr = 1/(yi sk).

This choice of Gi+1 (along with choosing a1 via the Wolfe conditions) is the
Davidon-Fletcher-Powell (DFP) method.

For numerical efficiency, instead of updating G, its inverse Hy := G,;l is updated.

The above is a rank-two update of G, implying via SMW that its inverse is also
computable via a rank-two update:

This shows the strength of quasi-Newton methods: only s; and yx are needed
(gradients), and approximations to the Hessian Hy1 are quickly computable.
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Closely related to DFP: BFGS

An approach dual to DFP is BFGS. Recall the secant equation:
Gr+18k = Yk

Writing Hy, == G;l, this is the same as
Hii1ye = sk.

Instead of optimizing for the closest G to GG\, (as DFP does), we could optimize for
the closest H to Hy:

9(“ = argmin |H — Hy| subject to Hyr = sk
H=HT
Hk“
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Closely related to DFP: BFGS

An approach dual to DFP is BFGS. Recall the secant equation:
Gr+18k = Yk

Writing Hy, == G;l, this is the same as
Hii1ye = sk.

Instead of optimizing for the closest G to GG\, (as DFP does), we could optimize for
the closest H to Hy:

Gr+1 = argmin |H — Hy| subject to Hyy = sk
H=HT

Unsurprisingly, the solution is formulaically very similar to DFP:
Hyi1 = (I — prsiyi ) He(I — pryrsi ) + psksic
= Hy — pr(skyr He + Hyyrsh ) + prsesi -

The update above for H constitutes the Broyden-Fletcher-Goldfarb-Shanno (BFGS)
method.
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Quasi-Newton methods

DFP and BFGS are the most popular quasi-Newton methods.

— BFGS is typically considered “better” as it has better empirical self-correction
properties (which have some theoretical underpinning)

— The initial Hessian Hy needs to be chosen. Typically it's initialized as the
exact Hessian (which requires only 1 full Hessian computation), based on some
problem-specific knowledge, or is chosen as the identity.

— BFGS (with the Wolfe conditions on stepsize) is essentially the modern gold
standard quasi-Newton method.

steepest BFGS | Newton
descent
1.827e-04 | 1.70e-03 | 3.48e-02
1.826e-04 | 1.17e-03 | 1.44e-02
1.824e-04 | 1.34e-04 | 1.82e-04
1.823e-04 | 1.01e-06 | 1.17e-08

Nocedal & Wright, Numerical Optimization

Steepest descent is slow to converge (5264 iterations), but fast to compute.
Newton's method is fast to converge (21 iterations), but slow to compute.

Quasi-Newton methods are typically fast to converge (34 iterations) and fast to
compute.
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Moving on from linesearch

Linesearch methods were our starting point:
Th+1 = Tk + ardy.

We choose dj, (steepest descent, quasi-/Newton), and subsequently try to choose
the “best” ay.

An alternative collection of strategies are trust region methods.

Loosely speaking, trust region methods
— choose a value for ay, (rather, a region of “trust” in a local approximation to f)
— choose a descent direction that is best inside this region

— iterates the procedure, making the trust region smaller if adequate objective
decrease is not observed
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Trust region methods

The basic anatomy of one iteration of a trust region method is as follows:

— “Construct” a model my(-) to f(-). This construction can use information
from the current iteration (e.g., gradients) along with history.

— Decide on a trust region radius Ar > 0 where my is deemed sufficiently
accurate

— Solve the optimization problem:
Tk+1 — Tk = argminmy(d) subject to ||d| < Ag,
4.4
where any norm | - | can be chosen. (|| - || = || - |2 is the most common choice.)

Trust region methods therefore solve subproblems at each step.
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How to choose trust region radii?

The trust region radius Ay is typically chosen heuristically, based on a computable
indicator:

_ _ f(zk) — f(®rt1)
= s~ B Pi = ma0) = mn(a)
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How to choose trust region radii?

The trust region radius Ay is typically chosen heuristically, based on a computable

indicator:

_ J(@E) = f(@r+1)

di = Tht1 — Tk

The basic idea (without details): Given some initial value of Ay,
1. Solve the trust region subproblem for dj

2. Compute pi above 13

v
3. If px is “big enough” (1“1{'5 0od>
> If |di| = Ak, make Ay larger than Ay
> |If HdkH < Ak, set Ak+1 = Ak
4. If pr is “too small”:  (#hij [ Lm{)

> Make Ay 1 smaller than Ay
> Set di, = 0 and zx1 = xy (i.e., rewind the k + 1 step)

Pe ™ mi(0) — ma(dr)

A. Narayan (U. Utah — Math/SCI)
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A simple specialization

The most common model my, is a quadratic model based on a Taylor expansion:
1
m(d) = f(zx) +d" Vf(zs) + §dTde,

where G, ~ V?f(xy) is typically sought.

If we use the Euclidean norm for the trust region optimization subproblem, we are
solving:

Trp1 — @ = argmin f(xx) +d’ Vf(ze) + %dTde subject to |d| < Ag.
d
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A simple specialization

The most common model my, is a quadratic model based on a Taylor expansion:
1
m(d) = f(zx) +d" Vf(zs) + §dTde,

where G, ~ V?f(xy) is typically sought.

If we use the Euclidean norm for the trust region optimization subproblem, we are
solving:

Trp1 — @ = argmin f(xx) +d’ Vf(ze) + %dTde subject to |d| < Ag.
d

Note: if G > 0, and |G, 'V f(zx)| < Ax, then the solution to the above problem
is exactly,

Tk+1 = Tk — G];1Vf<£lﬁk)

Most of the time, we do not achieve this unconstrained minimum, and instead must
actually solve a constrained optimization problem.

The silver lining is that in practice only an approximate solution is required.
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Trust region Hessians

If we choose a quadratic model,
1
mi(d) = f(ax) +d" V(zx) + 5d" Gid,

how are the G approximations chosen?

Exact Hessians: Newton Trust Region methods.
Approximate Hessians: quasi-Newton Trust Region methods.

It's important to note that Newton Trust Region methods are not the same as
Newton's method with a stepsize restriction!
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Solutions to the subproblem

We seek to compute solutions to
1
Tpy1 — Tp = argmin f(xx) +d' Vf(xs) + §dTde subject to |d| < Ag.
d
Note that this is a (fairly simple) constrained optimization problem — there are KKT
conditions for its solution.

However, directly solving these is not really straightforward or cheap, so
approximate methods are used.

We'll look at two of the simplest approaches:
— The Cauchy point method
— The dogleg method
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The Cauchy point, | ﬂ
! k!

~ —"
......

Trpt+1 — T = argminmyg(d) subject to |d| < Ag.
d

mk(d) = f(mk) + dTVf(LEk) + %dTde

The simplest Cauchy point method is straightforward:
— Linearize my, (my ~ f(xr) + dTVf(xk))

— Choose di to minimize the linearized my, within the trust region. Set
dr < di/|dk].

— Minimize m(Bdy) for 8 < Ay (linesearch)
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The Cauchy point, |

Trpt+1 — T = argminmyg(d) subject to |d| < Ag.
d

mk(d) = f(mk;) + dTVf(LUk) + %dTde

The simplest Cauchy point method is straightforward:
— Linearize my, (my ~ f(xr) + dTVf(xk))

— Choose di to minimize the linearized my, within the trust region. Set
dr < di/|dk].

— Minimize m(Bdy) for 8 < Ay (linesearch)
Finding the unit norm d that minimizes the linearized m;, within the trust region is
easy:
Vf(@k)
IV f (@)

Since my(Bdy) is now a quadratic function in one variable with an interval
constraint on (3, it is also easily minimized.

di, = —
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The Cauchy point, Il

d — — V f(zk)
[V f ()|

Br = arg min mg (Bdk).

IBE[O’Ak]
The solution is:
3 Ap Vf(xk)TGka(xk) < 0.
k= ; |V f ()] ;
min { Vf(xk)TGZVf(ack) , Ak} , otherwise

The final update is

Tkl = Tk + Brd.

A. Narayan (U. Utah — Math/SClI) Descent algorithms, |



The Cauchy point, Il

d, — — VI (xK)
[V f (k)]

Br = arg min mg (Bdk).

186[07Ak]
The solution is:
B Ay Vf(xk)TGka(xk) < 0.
k= : |V £ (@i)]® ;
min { vf(xk)TG’;vf(xk) , Ak} , otherwise

The final update is

Tkl = Tk + Brd.

The Cauchy point isn't very sophisticated: dependence on the Hessian is weak,
playing a role only in the stepsize choice, and not in the descent direction.
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The dogleg method, |

min W'/c(/)
Tr+1 — Tk = argminmy(d) subject to |d|| < Ag. /
d S0
T 1 7 fos
mk(d) = f(:lfk;) +d Vf(:l?k) + §d Grd Xic

idea:

If the global minimizer of my is within the trust region, we're done, so assume
otherwise.
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The dogleg method, |

Tr+1 — Tk = argminmyg(d) subject to ||d|| < A
d

ma(d) = f(zx) + d°V f(ze) + %dTde

The dogleg method improves on the Cauchy point. We assume G > 0. Here is the
idea:

If the global minimizer of my is within the trust region, we're done, so assume
otherwise.

For infinitesimal Ak&mk is approximately linear, so as a function of A & 1, we have
Al 2 l
ey St Ak Vf(zr) ~ arg min my (d),
3°|¢bl|mw\ of ml va i) |
which again just asserts that steepest descent is optimal for small Ay,

Along this direction, we can compute the exact unconstrained minimum of my:

re min mg Tr)) = — “vf(xk)HQ Tk
g in i (BV () = (G o) P G ) 1 )
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The dogleg method, Il

The dogleg method considers the following piecewise secant trajectory
paramaterized by 7 € [0, 2]:

— 7€ [0,1]: The line segment from the origin to the unconstrained minimum of
my, along —V f(x):

= -7 |V £ ()] x T
Uz;ﬂT)_ (Vf@%»TG%Vf@%)vf<k% 0<7<L

— 7 € [0¢2]: The line segment from d(1) to the unconstrained minimum of my:

d(1) = d(1) + (1 — 1)(=G 'V f(zx) — d(1)), 1<7<2.

\KSMQUV\
Yu jlo\)a] mip OF mlz[é)

_______
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The dogleg method, Il

The dogleg method considers the following piecewise secant trajectory
paramaterized by 7 € [0, 2]:

— 7€ [0,1]: The line segment from the origin to the unconstrained minimum of
my, along —V f(x):

d(t) = —71 V1)l Vf(xw), 0<7<1.

(Vf(zr)T GV f(zk)

— 7€ [0,2]: The line segment from d(1) to the unconstrained minimum of my:

d(1) = d(1) + (1 — 1)(=G 'V f(zx) — d(1)), 1<7<2.

The method itself computes the minimum of my within the trust region along this
secant trajectory:

T = arg min my (d(7)), Tht1 = Tk + d(Tk)-
T€[0,2], [d(T)[[<Ag
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The dogleg method, Il

" Trust region

Optimal trajectory p(A)

} < pB (full step)
pv (uncdﬁst:ained min along —g) R
g

dogleg path

Image: Figure 4.4, Nocedal & Wright, Numerical Optimization

One can show that my is decreasing along the dogleg path as 7 increases. Thus,
one needs only to pick 7 as large as possible without leaving the trust region, which
can be done explicitly.
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