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L09-S00

Fourier transform properties

MATH 3150 Lecture 09

April 13, 2021

Haberman 5th edition: Sections 10.3, 10.4

MATH 3150-002 — U. Utah Fourier transform properties



The Fourier transform L09-S01

Given a function f(x) defined on the real line, —c0 < & < o0, the Fourier transform

of f is defined as

Fif@) = F) = o [

e~ siggwaluc. & (ron Earrer St

f(z)e™*de, —00 < w < 0.

Given a function F(w) defined on the real line, —00 < w < o0, the inverse Fourier
transform of I is defined as

FUR@ =@ = [ P, —x<o<om

—00

We will spend some time learning about properties of this transform.
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A function of the form f(z) = exp(—2?) is called a Gaussian.

We've seen that ﬁPD
A 2
fomn fog: f{exp (—Z—)} _4/8 exp(—pBw?).
Qocture p "
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G L : L09-502
aussian invariance

A function of the form f(z) = exp(—2?) is called a Gaussian.

We've seen that ‘C('X’) F(W)

SN 7 M—
.F{ema(—§%>}._Négaqx—ﬁw%.

Thus, the Fourier transform of a Gaussian is another Gaussian.
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G L : L09-502
aussian invariance

A function of the form f(x) = exp(—z?) is called a Gaussian.

f{exp (-%)} = \/gexp(—ﬁuﬂ).

Thus, the Fourier transform of a Gaussian is another Gaussian.

We've seen that

Moreover,
@ functions that are very concentated in physical space are spread out in
frequency space
e functions that are very concentated in frequency space are spread out in
physical space

"y 7 ey
éuall\j
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Shift theorems L09-S03

From homework #8: Given f with F{f} = F,
Fif=B)} = F(w),

for any real number £.
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Shift theorems L09-S03

From homework #8: Given f with F{f} =
Fife =)} =e“"Flw),

for any real number £.

Example
Given f, compute F{f(z)e"”*} in terms of F, the Fourier transform of f.

f= I g@&]}
A= g WP ey

= 5T ) ey

F(W})

'
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Shift theorems L09-S03

From homework #8: Given f with F{f} = F,
Fif=B)} = F(w),

for any real number £.

Example
Given f, compute F{f(z)e"”*} in terms of F, the Fourier transform of f.

l.e.:

@ shifts in frequency space correspond to multiplication by complex exponential
in physical space

@ shifts in physical space correspond to multiplication by complex exponential in
frequency space
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Differentiation L09-S04

What does differentiation look like in frequency space?

First easy case: if f = f(x,t) has a Fourier transform with respect to the x variable,
Fify =Fot) = o= [ e de

—Q0

)%= £ 740)

then
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Differentiation L09-S04

What does differentiation look like in frequency space?

First easy case: if f = f(x,t) has a Fourier transform with respect to the x variable,

FUf) = Flot) = o f_oo (@)™ da,

then

of | _ oF
f{%}_ ot

The more interesting case: what about differentiation in the x variable?

Example

If f = f(x), compute F{f'} in terms of F.= I{@}
T ] = 17 Fl) @ dx
|geale bj porte
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Differentiation L09-S04

What does differentiation look like in frequency space?

First easy case: if f = f(x,t) has a Fourier transform with respect to the x variable,

FUf) = Flot) = o f (@)™ da,

then
0 oF
Flal_of
ot ot
The more interesting case: what about differentiation in the x variable?
Example
If f = f(x), compute F{f'} in terms of F.
Thus,
e differentiation in physical space corresponds to multiplication by w in frequency
space
e differentiation in frequency space corresponds to multiplication by x in physical
space

What happens for higher-order derivatives?
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The Dirac delta function L09-505

We introduce the Dirac delta function or Dirac mass, §(x).

Informally, this is often introduced as

(((D”’ a,;:O
%{ 0, =z#0
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The Dirac delta function L09-505

We introduce the Dirac delta function or Dirac mass, §(x).

Informally, this is often introduced as
fl)=
34

More rigorously, this is a “function” satisfying the following property:

((m”’ x:O
0, z#0

J_OO F(2)5(x)da = £(0),

§0x)
for every smooth function f. gﬁ[x) S:J/O /)[(\

cd
- 3

- %
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The Dirac delta function L09-505

We introduce the Dirac delta function or Dirac mass, §(x).

Informally, this is often introduced as

(((D”’ a,;:O
5(”3){ 0, x#0

More rigorously, this is a “function” satisfying the following property:

| s = s, e

for every smooth function f.

Exampl —t—
xample X.

Compute the Fourier transform of é(xz — x¢), where z¢ is a reaI numbef.

j{ X Kojz i J:: £(X"KD) e\\wxcfx

=X K — LPN M"’ ') ?(4}/0"')(’)
RS ] T ) € o dy = fT@ ’

-9
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The Dirac delta function L09-505

We introduce the Dirac delta function or Dirac mass, §(x).

Informally, this is often introduced as

(D= g

?é 0, z#0 ' Iy
0

More rigorously, this is a “function” satisfying the following property:

J f 5(x)dz = £(0),
y)g(\éa/)cl)( {x,)

for every smooth function f.

Example
Compute the Fourier transform of d(z — x¢), where z¢ is a real number.
Thus, /‘\q{go CMH‘W'}S’ (gj(uﬁ)

@ Dirac masses in physical space correspond to complex exponentials in
frequency space

@ Dirac masses in frequency space correspond to complex exponentials in
physical space
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Convolution, | L09-506

The final and perhaps most technical property of Fourier transforms answers the
followmg questlon

If (f, dj g, are Iﬁourler transform pairs, then what is the inverse Fourier
transform of F(w) (w)? Whow 1 gl QHL«DG) w)} 7

l.e., what does multiplication in frequency space correspond to in physical space?
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Convolution, | L09-506

The final and perhaps most technical property of Fourier transforms answers the
following question:

If (f, F) and (g,G) are Fourier transform pairs, then what is the inverse Fourier
transform of F(w)G(w)?

l.e., what does multiplication in frequency space correspond to in physical space?

Example
Compute F~' (FG) in terms of f, g.

:[A QF((,O)@(W)} - LZ Flug) 6(w) é*iwxéw
iLfH; fls) el | ¢

- {Lrl I: f_:q&) Mg v bl du

(f:fscj
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Convolution, Il L09-S07

This motivates the following definition:

Definition
Let functions f and g be given. The convolution of f and g is the function h
defined as

h(z) = (F % g)(x) = o fo 9()f (@ — )ds

=50 |7 60 ghed) s
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Convolution, Il L09-S07

This motivates the following definition:

Definition
Let functions f and g be given. The convolution of f and g is the function h
defined as

h(z) = (f = g)(z =—f g(s)f(z — s)ds

Therefore,
@ Multiplication in frequency space corresponds to convolution in physical space

@ Multiplication in physical space corresponds to convolution in frequency space

W hat (¢ (Mvv{uéll%? o
Lao&e[j cyeakuy - Convolution s Local ety iy /fmoo#h»wj,

€¥8: £ s “d//fwggéﬁ éy 9
§ 1S uﬂvmg((f;" éy f
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Convolution, Il L09-S07

This motivates the following definition:

Definition
Let functions f and g be given. The convolution of f and g is the function h
defined as

h(z) = (f = g)(z =—f g(s)f(z — s)ds

Therefore,
@ Multiplication in frequency space corresponds to convolution in physical space

@ Multiplication in physical space corresponds to convolution in frequency space

Example

Compute the inverse Fourier transform of F(w)e® in terms of f using
convolutions.

[ fou hoe 3 Moy F cowz'wlé e iaveee ET (1) (aqvolutimn
(1) Sh\@‘ Pﬂ)Pzrhf’g ) (g) Pefmitn o Nwerse FT )
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