L08-S00

The Fourier transform and its properties

MATH 3150 Lecture 08

April 6, 2021

Haberman 5th edition: Sections 10.1 - 10.3
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PDE’s on infinite domains L08-501

We have been solving PDEs on bounded spatial domains, e.g.,
Ut = Ugg, —L <x< L.

for some finite L.

MATH 3150-002 — U. Utah Fourier transforms



PDE’s on infinite domains L08-501

We have been solving PDEs on bounded spatial domains, e.g.,
Ut = Uz, —L <x < L.

for some finite L.

Goal for the rest of the semester: solve PDEs on unbounded domains, e.g.,
Ut = Uzxzx, —0 < T < .

The ideas for bounded domains will extend almost directly to unbounded domains,
but the language will look rather different.
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The essential change L08-502

The main difference on unbounded domains is: we will exchange a Fourier Series
for a Fourier Transform.

In practice, this replaces summations by integration. Given a funciton f(x),

©0)
Fourier Series = T;O Qy, COS <%> + b, sin <%> ,
1 [~ ;
Fourier Transform = o J_OO 5(@)6 dzx.
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The essential change L08-502

The main difference on unbounded domains is: we will exchange a Fourier Series
for a Fourier Transform.

In practice, this replaces summations by integration. Given a funciton f(x),

0]
Fourier Series = Z Qy, COS <%> + b, sin <%> ,

n=0
1 © ~
Fourier Transform = — J % e “Tdr.
2™ J_ o
(x)

@ The series is determined by the frequency coefficients a,, b,. The transform is
determined by the frequency function F'(w).

@ Series: the parameter n is frequency (is discrete). Transform: the parameter w
is frequency (is continuous).

@ Series: summation. Transform: integration.
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The next few weeks L08-S03

Rough outline of next few weeks:
@ (1.5 classes) derive relationship between Fourier series and Fourier transform
@ (2.5 classes) explore Fourier transform properties

@ (2 classes) use Fourier transforms to solve PDEs.
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Fourier Series — Fourier transform

L08-S04

There are two ways we'll consider to make the connection between a series and a

transform.

First method: via a PDE.

Ut = Uggx,
lim |u(zx,t)] =0,
T 0
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Fourier Series — Fourier transform L08-S05

Second method: directly from Fourier series on [—L, L]
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The Fourier transform, | L08-506

Either method we have discussed results in the following definition:

. WX
Definition F(W): Jfﬁf‘: (:(x) ¢’ o’)(
Given a function f(x), the Fourier transform of f is F'(w), defined as

» (¢ osqity ofw) fom prvidss
Fw)=F{f}w) = %p(x)ewmdx, oMot j_qoo dvn P -(\/;d/r)
—90

Given a function F'(w), the inverse Fourier transform of F'is f(x), defined as

f(x) = F HF}(x) = Jm F(w)e_ww(}@clb(] —00 < < 0.
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The Fourier transform, | L08-S06

Either method we have discussed results in the following definition:

Definition
Given a function f(x), the Fourier transform of f is F'(w), defined as

90 wa[X
F(w) = F{/}w) _M, 37 ) ‘q—go <w < @

Given a function F'(w), the inverse Fourier transform of F'is f(x), defined as

f(z) = FY{F}(z) =de, ‘ —00 <x < 0.
= S_:, HW) @’WXC{W

Like in the Fourier series case, it need not be the case that = {F{f}} = f. In
general:

S + 1)) = FUEW).
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L08-S07

. r £9 _’\Nx
O™ Coudeatds = [ e ™

Plw) = FUI) = 5T, f(x)=f_1{F}(w)=M

The Fourier transform is a direct analogue of Fourier series:

The Fourier transform, Il fﬁg X

MATH 3150-002 — U. Utah Fourier transforms



The Fourier transform, |l L08-S07
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The Fourier transform is a direct analogue of Fourier series:

1. Fourier Series: an, b, are the frequency components. Fourier Transform: F(w)
determines the frequency components
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The Fourier transform, |l " L08-S07
|

- EJ’: E{k) eﬁwaX ,J ot = Jr_i F(U) 6«)‘w2<c{ W

F(w) = F{IHw) = o-J¥e=dz, f(a:)=f_1{F}(w)=;>@

The Fourier transform is a direct analogue of Fourier series:

1. Fourier Series: an, b, are the frequency components. Fourier Transform: F(w)
determines the frequency components

2. Fourier Series: The series is formed by summing components over all
frequencies. Fourier Transform: The inverse transform is formed by integrating
components over all frequences.
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The Fourier transform, Il € Lt L08-S07

) S0 - TWwx
1'7_( '”/Ko’)( jW+ :J:m Flw)e duw
F(w) = F{f} () = — f@fedz, f(z) = F{F}(z) =

The Fourier transform is a direct analogue of Fourier series:

1. Fourier Series: an, b, are the frequency components. Fourier Transform: F(w)
determines the frequency components

2. Fourier Series: The series is formed by summing components over all
frequencies. Fourier Transform: The inverse transform is formed by integrating
components over all frequences.

3. Fourier series: applies over a bounded domain. Fourier Transform: applies over
an infinite domain.
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Fourier transform examples

Example 1
Compute the Fourier transform of f(z) = exp(—|z|). /\
: — ¥
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Fourier transform examples L08-508

Example
Compute the Fourier transform of f(x) = exp(—|x|).

Example
Let B > 0 be given. Show that the Fourier transform of f(z) = exp(—z2/(43)) is

P(w) = /% exp(—Bu?),
L3 )= = f: (e dx
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