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LO7-S00

The wave equation

MATH 3150 Lecture 07

March 23, 2021

Haberman 5th edition: Section 4.1 - 4.4
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The wave equation L07-501

We've seen two types of PDE's so far:

(L\CJ{}— (1(/1, ) Ut = Uza, u = u(z,t),
(chpiaafl Nu\) Uz + Uyy = 0, u = u(z,y).
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The wave equation L07-501

We've seen two types of PDE's so far:

Ut = Uzzx, UIU(ZE,t),

Uz + Uyy = 0, u = u(x,y).
We will consider one more type of PDE in this class, the wave equation,

Uttt = Ugx, u = u(x,t)
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Derivation of the wave equation L07-502

In one spatial dimension, the wave equation models displacement of an “idealized”
string.
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Applications of the wave equation L07-503
The wave equation models, unsurprisingly, wave phenomena occurring in

@ electromagnetic (light) propagation

@ acoustic phenomena

@ mechanical stress waves/vibrations/oscillations
o (celestial) gravitational studies

@ quantum mechanics
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Initial /boundary conditions L07-504

Like the heat equation and Laplace’s equation, the wave equation requires boundary

conditions.

These conditions may be of Dirichlet or Neumann type:
o (Dirichlet) u(0,t), u(L,t): Ends of the string are fixed.
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Initial /boundary conditions L07-504

Like the heat equation and Laplace’s equation, the wave equation requires boundary

conditions.

These conditions may be of Dirichlet or Neumann type:
o (Dirichlet) u(0,t), u(L,t): Ends of the string are fixed.
o (Neumann) £%(0,t), $%(L,t): Ends of the string are free to vertically move.
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Initial /boundary conditions L07-504

Like the heat equation and Laplace’s equation, the wave equation requires boundary
conditions.

These conditions may be of Dirichlet or Neumann type:
o (Dirichlet) u(0,t), u(L,t): Ends of the string are fixed.

o (Neumann) £%(0,t), $%(L,t): Ends of the string are free to vertically move.

/ 2 dororf e ¢

Initial conditions: the wave equation is second-order in time. MH—, = u\l)(

As a result, we require two initial conditions: the value of u and its time derivative:
U(CE,O) = f((E), _(3770) = (ZB)
Lartial JISFIMWN D?Hal J (,H] .
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Solving the wave equation L07-S05

The particular wave equation we consider is a linear, homogeneous PDE.
Therefore, we can use separation of variables to solve.

Example
Compute the solution u(x,t) to the following PDE:

Uy = c2um, (C g(\/(),ﬂ)

u(zx,0) = f(z), g—?(wao) = g() (I[‘j gl\/@n)
u(0,t) =0, u(L,t) = 0.

Physically, one can discern normal modes and natural frequencies from a
mathematical solution.

Areatz: ul b)= ¢ l) T ) ([ h urkgprn)

T'(t) @'lx)
-2 U — » — = = _
Uy e CTE) By \

MATH 3150-002 — U. Utah The wave equation



OpE's: T'[¢) + N2 Tle) =0
@'l )1 ) gl)=0
Lek: ul0 =0 —— ¢(0)T(e)=0
= ¢{p)=0
(T(é)ﬂ? \cj,‘&/(/f tavtal
) ('n)
WL PO —= (L) TH) =0
| = (L) - 0
TC ny u&ZVCM/ fnl.llvfmaﬁm a— iy F?/\M'

AV]ﬁaf'Z'Z7 Cb”[)()-l')\ Q(x):&
T ek T(E 20

alo)=0
o(L) =0
gv[\/& 0}[0\\/&11"1@ P’UHVW’" find bost thae (¢ a Mer)\/d/

olybo~ @ fo
& [+ () =0

®[0)=0
o(L)=D

pu

SDI\({W\ (Vlﬂ?/((. to Shdw worle ] ® _ (hT
) )\M‘ (T],ﬂ:/,z‘-.

6, () = s (22X )
:Slln()(m_)



ﬁrﬂaoﬂmal,@‘ IDL o ol = % pem
0 n#m

Ar )c’)»\t Tv:.l[{/) H\v.CQTn/%);O
Chasmefenictn e({/: rr+kct= 0 ( lb)zg™
v IR 1\ ¢*

nlic -
‘{; T /l=[|2.(~_

)

=Tl = g el TR ) rbysin(lAH)

—_—

L= @) Tnld) = a. cin Th ) oe(e]d7¢)
vhy sinl[37 ¢ ) slcldat)
oo b stichy ql0)= £ -f%(x,ﬁ):j /

S«()w{w@imw
\*(VJJC): Z un(x,t)

p\".'—'

X
= q, sin["E )cog("””)

h=)

b o0 (%) (T
(&er\m] Yﬁl'ﬂj

~



[CE. heat ¢ wlnf\/ﬁm("W)cYp( T ) )]

T _;-;[—)(,0)”1[ ", V% Zdﬂg,m[@f)z ﬁ(k)
i g%io)zﬁ(y) - ¢
§, 00

KONW owa [I‘ty

(muIH/lo LJ ¢’W\,
M@mf&)
Vlz":) ar\((a’— CP,, (>/) (?W{}X)Jk):
[ £1) b )dx

0, 5= 1, b g bV dy

A= %L [DL wf(k) P (k)C/X
(CMPM aﬁatngf RS cu(’(fs)_

0

a =

g\t: Pl ~d, ”_T%Cw(”ﬂgﬁ,\n(”ﬂ%ﬂ
n>|

e Sf@[nﬂg) Of)ﬁ([ﬂkﬁ%)

L






o
Colution u(x}{): Z(aﬂ gm(@)wg/ﬂ%ﬂ
n="1

oo [ )

/am: DTZL SM(M?T)()({
> e ), g b s (M )

To iweeryate natera \(;Eﬂ[/wlwa\f’! aod orong] moda, Il
ek the colutba

u[y'g): f sin () [anwg(mlfk) + by o ("E%L)]

=1
' . _A i
nlict n ., /Nhick
= 5 ) T [ o () i )
n—— \/\fh
coc S &

(L OF an0=1)

{—anﬁ‘ —M-Q = E"
(086 An

= Q<grcdar (%4,



29]

= > SM(@() Ja%b:

he
n= | h>2 w3
A AU AV T
A~ A of- o,
£20 —— —— Ty "
e SRVAV, . ahﬁ: {Pﬁ?/wﬁ;u&;aﬂ
a4 m .
\_\/’ \/\ \/\/ oot ae (M- 6)
L
|
Vord| wndeg o Virbn [ feequtneies a7
(\V\(J/tlficl/u%, fo/mf in e n=l) .
Wy summatiny; -
Wormal modes

(EE) Cg(ﬂcf Q]

[0 o (") £ O si (W/FL>]
recall: (o;(o(;ff) = (0§ o mg/? T oomdl Q‘nﬁ
(w= "5 p=6)

O <aretan ( b'/q, )

o ("2 ) o (@f -0




Vivws] woles @€ ale Callgd Sty Urans



