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L05-S00

Laplace's equation

MATH 3150 Lecture 05

March 2, 2021

Haberman 5th edition: Section 2.5
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The heat equation

The heat equation for u(x,t) is

Uy = kuwa:; ’UJ(JT,O) = f(CU),
u(0,1) = 0, w(L,t) = 0,
forO<axz<Landt=>0.
£y ‘Fl)( y=0.
Y‘:O '\90‘ —e /
=0 yzL
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The heat equation L05-501

The heat equation for u(x,t) is

Ut = kuxwa U($,O) = f(CU),
u(0,t) =0, u(L,t) =0,

forO0<x<Landt=>0.

What about for domains that are not (essentially) one-dimensional?

Cocler 1D domam (vettongle )
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The two-dimensional heat equation L05-502

For a two-dimensional rectangle, 0 < z < L and 0 < y < H, the heat
equation has a similar form, J_c

Uy = kuxac"'kuyya u(xayaO) = f(iﬁ,y),
where u(x,y,t) represents the temperature at location (z,y) at time ¢.

We also need boundary conditions on the four sides of the rectangle, e.g.,:
’LL(CL’,O) :fl(x)7 ’LL(ZU,H) :f2(m)
u(0,y) = g1(y), u(L,y) = gof)
'ca,(k) fi{‘f}
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The two-dimensional heat equation L05-502

For a two-dimensional rectangle, 0 < z < L and 0 < y < H, the heat
equation has a similar form,

Ut = kuwx+kuyya u(xvyaO) = f(xay)a
where u(x,y,t) represents the temperature at location (z,y) at time ¢.

We also need boundary conditions on the four sides of the rectangle, e.g.,:

U(QS,O) = fl(m)v u(ZCvH) = f2($)
u(0,y) = g1(y), u(L,y) = g2(x)

. . . . 2 2
Recall that, in two dimensions, we write A = a‘% + aa?_

A !
The operator A is the Laplacian operator. [y w-dim* Au: > _aa/q«l
=)

— - § X
U, = Ay = Ut Uy, loat gy 4= D
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Equilibrium solutions L05-503

The equilibrium solution: long-time temperature distribution when transients
have settled.

Lllée in i N: éguffibfiuw co/m‘w{ acl m/w/ Q%
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Equilibrium solutions L05-503

The equilibrium solution: long-time temperature distribution when transients
have settled. O
e kby > k40060

AU = Ugg + Uyy =0

This is Laplace’s equation, dictating the steady-state temperature that
evolves according to the heat equation.
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Equilibrium solutions L05-503

The equilibrium solution: long-time temperature distribution when transients
have settled.

AU = Ugg + Uyy =0

This is Laplace’s equation, dictating the steady-state temperature that
evolves according to the heat equation.

Unlike the 1D case, solving for equilibrium solutions is much harder in 2D.

However, it can be tackled using separation of variables, with some minor
modifications.
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Examples, |

Example
Compute the solution u(z,y) to the following PDE:

Ugg + Uyy = 0, O<zx< L, O<y<H,
u(x,0) =0, u(x, H) =0
u(0,y) = 0, u(L,y) = g(y).
I SF V. [ U foamﬁw of vmfaé/a; as
o 3[11> '[_tx W (f 'J with fhe heat %mﬁﬂw,
o A’"Kmlzf' V(X,(j) = CP()() \/(U)
0 0} (I
L Uy = "y ‘/(3 )
qw = Q’{)() L{U[ﬂ)
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Examples, Il L05-505

Example
Compute the solution u(z,y) to the following PDE:

A= Uge + tyy =0, O<z<L, 0<y<H,
ou ou
5 (0 =y, ) 5 (r H) =0
o= 50.0, Lyl
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Upye ¢ Uy =0
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