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The heat equation L02-501

With k£ > 0 a constant, U= u(x, {’) , U T@WPO*@)LM

Uy = kuw:ca

is the heat equation.
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The heat equation L02-501

With k > 0 a constant,
Uy = ku:rsca

is the heat equation.

This is not quite enough to fully specify heat diffusion behavior.

We need initial conditions (how does the system start?),
and boundary conditions (what happens at the endpoints of the rod?).
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Initial conditions L02-502

Initial conditions describes the current, known state of the system.
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Boundary conditions (“Dirichlet”) L02-503

Boundary conditions specify what happens at endpoints of the rod.

One type of boundary conditions are called Dirichlet boundary conditions.
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Boundary conditions (“Neumann” and “Robin”) L02-504
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The heat equation L02-505
A full mathematical model for heat diffusion requires
e the PDE (what happens inside the rod)
e initial conditions (how the rod started)

@ boundary conditions (what happens at ends of the rod)
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The heat equation L02-505
A full mathematical model for heat diffusion requires

e the PDE (what happens inside the rod)

e initial conditions (how the rod started)

@ boundary conditions (what happens at ends of the rod)

For example, one complete specification, with Dirichlet boundary conditions is

ur = kugy, xe(0,L), t>0
u(x,0) = f(x), x € (0, L]
u(0,t) = Ty (t), t>0
u(L,t) = Ts(t), t >0,

where f(x), T1(t), To(t), k, and L are all given.

To “solve” the PDE: compute an (explicit) formula for u(z,t).
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Equilibrium hgs et hangz T 4&%_506
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Most models: diffusion of heat reaches steady-state equilibrium

Steady-state is reached when time ¢ is large enough.

The solution u(x,t) in this steady state regime is the equilibrium solution.
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Equilibrium examples (1/2) L02-507

Example
Compute the equilibrium solution for the PDE

up = k Uy, (k>0) u(x,0) = f(x),
w(0,1) = Ty, w(L,t) = Ty,
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Equilibrium examples (1/2)

Example
Compute the equilibrium solution for the PDE

Uy = k Uz, u(:v,()) = f(m)v
w(0,8) = T, w(L,t) = Ty,

Example
Compute the equilibrium solution for the PDE

U = Kk Ugy, k>D u(x,0) = f(x),
ug(0,t) =0, u.(L,t) =0,
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Equilibrium examples (2/2) L02-508

Example
For what values of («, 3) does

Ut = K Ugy, ’LL(Q?,O) - f(CE),
u.(0,t) = a, ug(L,t) = 5.

have a well-defined equilibrium solution?
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