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Simultaneous power iteration, | L.20-S01

Let (A\j,v;)7_; be the ordered eigenpairs of A, with [\;[ > [\;11].

As relatively ineffective as power iteration is, consider applying it to 2 vectors
v, w, which have expansions

n N
v = chvj, w = Zdjvj.
i=1 i=1
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Simultaneous power iteration, | L.20-S01

Let (A\j,v;)7_; be the ordered eigenpairs of A, with [\;[ > [\;11].

As relatively ineffective as power iteration is, consider applying it to 2 vectors
v, w, which have expansions

n N
v = chvj, w = Zdjvj.
j=1 j=1
For large k, then:

k
Ak [1} w] ~ < /\]fclvl )\]f [dﬂ}l + (%) 1}2] )

C1 )\If dl )\]f
= k = QR
(v1 v2) 0 dy ( A2) Q

by
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Simultaneous power iteration, || L20-502

Extending this argument, if W is some square, full-rank matrix, then
A*W = QR ~ VR,

where V is the eigenvector matrix for A.
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Simultaneous power iteration, || L20-502

Extending this argument, if W is some square, full-rank matrix, then
A*W = QR ~ VR,
where V is the eigenvector matrix for A.

We'll slightly modify simultaneous power iteration: perform orthogonalization
at every step:

Initialize Q5’1 = I. For k =0,1,...,
1AL = AQY!

PI PI ._ API
2. Qk+1Rk+1 T Ak+1

For large k, we expect QF1 — V.

MATH 6610-001 — U. Utah The QR algorithm



Simultaneous power iteration, || L20-502

Extending this argument, if W is some square, full-rank matrix, then
A*W = QR ~ VR,
where V is the eigenvector matrix for A.

We'll slightly modify simultaneous power iteration: perform orthogonalization
at every step:

Initialize Q5’1 = I. For k =0,1,...,
1AL = AQY!
2. QkPJ{1RkPJ£1 = Akpil
For large k, we expect QF7 — V.  In fact, we can show that if we have the
QR decomposition A*¥ = Q;, Ry, then
Q¢ RYTREL - RYT = QiR

So simultaneous power iteration compute Qi implicitly.
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The QR algorithm 120-503

The QR algorithm is a procedure for computing eigenvalues.

(It is distinct from the QR decomposition, but does use QR decompositions.)

The algorithm is so striking that we'll introduce it first without explanation.

As usual we assume A is Hermitian, so that it has a unitary diagonalization:
A=VAV*,
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The QR algorithm 120-503

The QR algorithm is a procedure for computing eigenvalues.

(It is distinct from the QR decomposition, but does use QR decompositions.)

The algorithm is so striking that we'll introduce it first without explanation.

As usual we assume A is Hermitian, so that it has a unitary diagonalization:
A=VAV*,

1. Compute A = QR, the QR decomposition of A
2. Replace A by the procedure A — RQ
3. Return to step 1

In the limit of an infinite number of iterations, A converges to A.
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The QR algorithm 120-503

The QR algorithm is a procedure for computing eigenvalues.

(It is distinct from the QR decomposition, but does use QR decompositions.)

The algorithm is so striking that we'll introduce it first without explanation.

As usual we assume A is Hermitian, so that it has a unitary diagonalization:
A=VAV*,

1. Compute A = QR, the QR decomposition of A
2. Replace A by the procedure A — RQ
3. Return to step 1
In the limit of an infinite number of iterations, A converges to A.
At face value, it’s remarkable that this algorithm does anything useful.

In fact, this actually is performing simultaneous power iteration in disguise.
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The QR algorithm and simultaneous power iteratioho0t

We can now understand why the QR algorithm and simultaneous power
iteration are performing similar operations.
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The QR algorithm and simultaneous power iteratioh>0%

We can now understand why the QR algorithm and simultaneous power
iteration are performing similar operations.

A useful fact from the QR algorithm is the following relationship:

RI"QY" = Q¥..RR?, | R, j=1
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The QR algorithm and simultaneous power iteratioho0t

We can now understand why the QR algorithm and simultaneous power
iteration are performing similar operations.

A useful fact from the QR algorithm is the following relationship:
QRAHQR Q Q .
R7Q7T = Qf RR7 (R, j=1

j+1

This last relation yields the following result via induction:

AR = (QPPQE™--QR") (RZ"RS - ROT)
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The QR algorithm’s QR decomposition L20-S05

Finally, we can uncover what the QR algorithm is doing since we have
uncovered two QR decompositions of A:

AF = (QFRQE". . Q") (REPRES - RZ®)

A¥ = QPT(RETRET, - RPT)
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The QR algorithm’s QR decomposition L20-S05

Finally, we can uncover what the QR algorithm is doing since we have
uncovered two QR decompositions of A:

A = (QfQg"- g™ ("R ")
AR = QI (RYTRZL, - RYT)

Therefore: with A = VAV* the eigenvalue decomposition of A, then:

k
(g"ag™ ") —ap 2.
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The QR algorithm’s QR decomposition L20-S05

Finally, we can uncover what the QR algorithm is doing since we have
uncovered two QR decompositions of A:

AF = (QFRQE". . Q") (REPRES - RZ®)

A* = QT (RY'RL, - RYT)
Therefore: with A = VAV* the eigenvalue decomposition of A, then:

k
(Q?R ggR“_QkQR)ZQkPIﬁ)V

Great, but the QR algorithm doesn’t compute the entire matrix,
RAQR R
(Q2"QE" ") .

it just computes Q,;QR.
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The QR algorithm computes eigenvalues L.20-506

What does the QR algorithm compute? Basically just ASR.
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The QR algorithm computes eigenvalues L.20-506

What does the QR algorithm compute? Basically just ASR.

The final property to note is that AkQR is unitarily equivalent to A:

497 = (@2 @P™)" A (QPQE" Q™).

MATH 6610-001 — U. Utah The QR algorithm



The QR algorithm computes eigenvalues L.20-506

What does the QR algorithm compute? Basically just ASR.

The final property to note is that AkQR is unitarily equivalent to A:

*
AQR <QQR - gR) A (Q?R 2QR“_Q§R) .
But we know that (Q?R QF... QSR) — V. Therefore:

AQR — (QQR .. gR)* A (Q?R ;QR”_QkQR)

M yEAV = A
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The QR algorithm and convergence L.20-507

The QR algorithm therefore performs an eigenvalue decomposition. For real,
symmetric matrices, we have convergence

R
AQR LA,

with error ¢*, where ¢ depends on the ratio of magnitude of consecutive
(ordered) eigenvalues.
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The QR algorithm and convergence L.20-507

The QR algorithm therefore performs an eigenvalue decomposition. For real,
symmetric matrices, we have convergence

R
AQR LA,

with error ¢*, where ¢ depends on the ratio of magnitude of consecutive
(ordered) eigenvalues.

In fact: the real symmetric assumption is not necessary. For (fairly) general
matrices A, the QR algorithm computes A,;QR that converges to the Schur
factor T' in the Schur decomposition

A =QTQ*.
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