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L09-500

The singular value decomposition

MATH 6610 Lecture 09

September 23, 2020

Trefethen & Bau: Lectures 4, 5
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Diagonalizability = thﬁm% A mgtr\Y /W? a L09-501
dt‘a@m( ngtey via @ £/mi)afzfy tranim

@ All non-defective square matrices are diagonalizable (eigenvalue

decomposition) A = \//\,\/\l

@ All square matrices are bidiagonalizable (Jordan normal form) /43 \} 3 VF|

Recall:

o _All square matrices are unitarily triangularizable (Schur decomposition)

@ All normal matrices are unitarily diagonalizable (spectral theorem)

A=UTU
K UAUY
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Diagonalizability L09-501
Recall:

@ All non-defective square matrices are diagonalizable (eigenvalue
decomposition)

e All square matrices are bidiagonalizable (Jordan normal form)
o All square matrices are unitarily triangularizable (Schur decomposition)

@ All normal matrices are unitarily diagonalizable (spectral theorem)

What about rectangular matrices?

Koot Al watnus e diagonal, upan dpporpriale v
L vransforms ot Waﬁd{;ﬂmamwm 'Wge. ,}(/
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The singular value decomposition L09-502

Theorem (SVD) [Ach M,,D M, V\S

Any matrix A € C™*"™ can bé& written as the product,

A=USY*

where U e C™*™ and V_e C™"*" are unitary.

The matrix > € C™*™ s d/agona/ with non- negat/ve entries.
g

2° Jﬂﬂj(O‘ 05 .~ G mﬂﬁ — } are g Wl
i
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The singular value decomposition L09-502

Theorem (SVD)

Any matrix A € C™*"™ can be written as the product,
A=UXV*,

where U € C™*™ and V € C™*™ are unitary.
The matrix ¥ € C™*" is diagonal with non-negative entries.

WithﬂfM, notational convention:
o X = diag(o1,...,0p) »

©01=2022--20p20 (Nd/(/"vlj (ig QQWWJ)
o U =[ui, u, ..., Up] C(/O[WWMS )
o V =[v, va, ..., Uy] ((,@LWWﬁ)

MATH 6610-001 — U. Utah The SVD



\%v* |
O SMguLv valu(g_

(man) /y
>

Peosk = Thoa: induchion on (mn)
bse g (1) m2l a=l (A a oluwmn vetts)

A’*(a't.) = 'M% a0l [iF (ol >0)

Debe u=(£‘.__ - d )Wzmw
' | | guj}Jzz 15 an

Mwi’mm{‘alam
v=24 ¢ = |la, | o =
A=2e gl 15U U

~la,\



[i]) m=| ,VIZI (/Ar i< A row velbin)
Tur use SUp for A (iolumn vedor)
A=UuZV’
SA: VU (s is e SV o A).

[Nl\ W[ M- A:O
A: Iwwm OMW] Im/m
wy (B W
Tnludve s dsume M A2 2
cM'(er Ave@nxﬂ
B A g Homdian Semi~ posrie dedine
lhpguse A4 i Hormntian or
Ry ) >0 )

Ve can asume A7) becavie otecwis

A=0



Lw’rv‘ be (M(d) MPM@{\‘Z«{ e?@nu@[ﬁ/
bor ).
A = \v (vec")

Nefing 0*\=F),">0.
Dotue \A,z’/%'

|
P “woke et o= (%),
LA vl
RA_MA(/M)'Z M = _“/4/;'
S, v/
—) g = ¢ X (\Z
1417 = sup Ryl

¥ X
oy SV VS

i %30 ,<V§(, 5.
- s ST = ) = ()

yfr’O <9/d>
N - vedege A - |
L
Uf [(fq ‘r‘l“ V\\W\]
N



U u s 4]
| |

\’TJg IV wvwﬂéwiw of ¢
U ond V ar W]FW}/

UA%AV u (/‘V‘ /R; A’§n>
| |

v —x—
V\: T M/ﬁ”"v //AT
o W%LJ

il Ay = o=
X .
A\ Jd

=L
/ T2 il 2 7



foltn of Loaptn "1/

S 2 Jonly]

o we con e Hyis 1 gor 300 fwr 4
/a



The SVD L09-503

The SVD is arguably the most powerful matrix decomposition.
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The SVD won 03 100503
The SVD is arguably the most powerfulécrix decomposition.

A=UXV* =

. . *
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The SVD %1/[” valtts at ordpred: 0>L09 5,93@ >,
¥

The SVD is arguably the most powerful matrix decomp05|t|on

A=UXV* = Z o; (ujv¥)

J
J=1

If r = rank(A):
o; =0, ] >

(i ot W(/M>r)
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The SVD L09-503

The SVD is arguably the most powerful matrix decomposition.
p

A=USV* = 3 o; (ujv})
j=1
If r = rank(A):
o; =0, ] >
A has a reduced SVD:
A= Y 0 (ujvﬁ:fjiv* ~

r i—1
— /\/\/—qu\/ 7~ /\/\/_\
U= H

AR

rxry
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The SVD L09-503

The SVD is arguably the most powerful matrix decomposition.

p
A=USV* = 3 o; (ujv})
j=1
If r = rank(A):
o; =0, ] >
A has a reduced SVD:
A=) oj(uv}f) = USv*
j=1
|Allz = o1

= Su “ X -
M, IMfl A, MS;{Q'WMZV&HI
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The SVD H09-503

The SVD is arguably the most powerful matrix decomposition.
p

A=USV* = 3 o; (ujv})
j=1
If r = rank(A):
o; =0, ] >

A has a reduced SVD:

A=) oj(uv}f) = Usv*

j=1
|Allz = o1

If A is square and invertible:
I AL = ) = 2

an(”\
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