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Hermitian matrices L04-501

If A e C™*" is Hermitian, recall that:
@ A is unitarily diagonalizable, A = UAU*
@ The spectrum of A is real-valued

o (Hermitian) Positive-definite matrices have matrix square roots
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Hermitian matrices L04-501

If A e C™*" is Hermitian, recall that:
@ A is unitarily diagonalizable, A = UAU*
@ The spectrum of A is real-valued

o (Hermitian) Positive-definite matrices have matrix square roots

Today: Variational characterizations of eigenvalues for Hermitian matrices.
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Rayleigh quotients, | L04-502

Let A € C"*" be a matrix, and let € C"\{0} be a vector.

The Rayleigh Quotient (of A at ) is the scalar,

_ (Az, x)
- (m@)

RA(:B) :
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Rayleigh quotients, | L04-502

Let A € C"*" be a matrix, and let € C"\{0} be a vector.

The Rayleigh Quotient (of A at ) is the scalar,

_ (Az, x)
- (m@)

RA(:B) :

@ The numerical range of A is the set of all possible values of R4:

Wa(C") := Ra (C™\{0}).
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Rayleigh quotients, | L04-502

Let A € C"*" be a matrix, and let € C"\{0} be a vector.

The Rayleigh Quotient (of A at ) is the scalar,

_ (Az, x)
- (m@)

Ra(x) :

@ The numerical range of A is the set of all possible values of R4:
Wa(C") := Ra (C™\{0}).

@ The numerical range contains the spectrum of A.
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Rayleigh quotients, | L04-502

Let A € C"*" be a matrix, and let € C"\{0} be a vector.

The Rayleigh Quotient (of A at ) is the scalar,

_ (Az, x)
- (m@)

Ra(x) :

@ The numerical range of A is the set of all possible values of R4:
Wa(C") := Ra (C™\{0}).

@ The numerical range contains the spectrum of A.
e If A is Hermitian, then Apin(A) < Ra(x) < Amax(A).

MATH 6610-001 — U. Utah Courant-Fischer-Weyl



Rayleigh quotients, | L04-502

Let A € C"*" be a matrix, and let € C"\{0} be a vector.

The Rayleigh Quotient (of A at ) is the scalar,

_ (Az, x)
- (m@)

Ra(x) :

@ The numerical range of A is the set of all possible values of R4:
Wa(C") := Ra (C™\{0}).

@ The numerical range contains the spectrum of A.

e If A is Hermitian, then Apin(A) < Ra(x) < Amax(A).
We can also consider the image of the Rayleigh quotient but only on a
subspace V:

Wa(V) = Ra (V\{0}).
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Rayleigh quotients, Il L04-S03

Let A e C™"*™ be Hermitian. Consider a subspace V < C".

The image of the V' under the Rayleigh quotient, W4 (V), is some subset of
R.
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Rayleigh quotients, Il L04-S03

Let A e C™"*™ be Hermitian. Consider a subspace V < C".

The image of the V' under the Rayleigh quotient, W4 (V), is some subset of
R.

@ The minimum of W4 (V') can be Apin(A).
What is the largest possible minimum value?
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Rayleigh quotients, Il L04-S03

Let A e C™"*™ be Hermitian. Consider a subspace V < C".

The image of the V' under the Rayleigh quotient, W4 (V), is some subset of
R.

@ The minimum of W4 (V') can be Apin(A).
What is the largest possible minimum value?

@ The maximum of W4 (V) can be \pax(A).
What is the smallest possible maximum value?
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The “min-max’ theorem L04-504

Theorem (Courant-Fischer-Weyl “min-max")

Let A € C"*™ be Hermitian, with eigenvalues A\ < Ay < ... < \,. Then for
eachl <k <n,

Ar = min max W4 (V)
veen
dim V=k

Ak = max  min Wa(V)
Vcen"
dim V=n—k+1
In addition, if (Uj)?zl are the eigenvectors associated with (/\j)?zl, then:
o V =span{uy,...,u} achieves the outer minimum

o V = span{uy,...,u,} achieves the outer maximum
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Cauchy interlacing theorem L04-505

A matrix B is a compression of A if B = Q* AQ for some Q € C™*" with
othonormal columns.
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Cauchy interlacing theorem L04-505

A matrix B is a compression of A if B = Q* AQ for some Q € C™*" with
othonormal columns.

Just one consequence of the min-max theorem:

Theorem (Cauchy interlacing)

Let B e C"~1*("=1) pe 3 compression of a Hermitian matrix A € C"*". If
A has eigenvalues \y < Ay < ... < \,, and B has eigenvalues i1, ..., tin_1,
then

Aj S g S At

forallj=1,...,n—1.
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