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L30-S01Step functions
The focus in this section is deriving and discussing one final Laplace
transform property: temporal shifts.

To proceed, we need to introduce step functions.

The step function or Heaviside function uptq is defined as

uptq “

"

0, x ă 0
1, x ě 0

Note that shifts can place the discontinuity at aribitrary locations.

uaptq :“ upt´ aq

594 Chapter 10 Laplace Transform Methods

Termwise Inverse Transformation of Series
In Chapter 2 of Churchill’s Operational Mathematics, the fol-
lowing theorem is proved. Suppose that f .t/ is continuous for
t = 0, that f .t/ is of exponential order as t !C1, and that

F.s/ D

1
X

nD0

an

snCkC1

where 0 5 k < 1 and the series converges absolutely for s > c.
Then
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Apply this result in Problems 39 through 41.

39. In Example 5 it was shown that
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Expand with the aid of the binomial series and then com-
pute the inverse transformation term by term to obtain
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Finally, note that J0.0/ D 1 implies that C D 1.

40. Expand the function F.s/ D s!1=2e!1=s in powers of s!1

to show that
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10.5 Periodic and Piecewise Continuous Input Functions
Mathematical models of mechanical or electrical systems often involve functions
with discontinuities corresponding to external forces that are turned abruptly on or
off. One such simple on–off function is the unit step function that we introduced in
Section 10.1. Recall that the unit step function at t D a is defined by

x = ua(t )

a

x

1

t

…

FIGURE 10.5.1. The graph of the
unit step function at t D a.

ua.t/ D u.t ! a/ D

(

0 if t < a,

1 if t = a.
(1)

The notation ua.t/ indicates succinctly where the unit upward step in value takes
place (Fig. 10.5.1), whereas u.t ! a/ connotes the sometimes useful idea of a “time
delay” a before the step is made.

In Example 8 of Section 10.1 we saw that if a = 0, then

Lfu.t ! a/g D
e!as

s
: (2)

Because Lfu.t/g D 1=s, Eq. (2) implies that multiplication of the transform of u.t/
by e!as corresponds to the translation t! t !a in the original independent variable.
Theorem 1 tells us that this fact, when properly interpreted, is a general property of
the Laplace transformation.

THEOREM 1 Translation on the t-Axis

If Lff .t/g exists for s > c, then

Lfu.t ! a/f .t ! a/g D e!asF.s/ (3a)

and
L

!1fe!asF.s/g D u.t ! a/f .t ! a/ (3b)

for s > c C a.

Note that

u.t ! a/f .t ! a/ D

(

0 if t < a,

f .t ! a/ if t = a.
(4)
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L30-S02t Translation

Let F psq be the Laplace transform of fptq and a an arbitrary constant.

Then e´saF psq can be written using temporal shifts.

e´saF psq “ e´sa
ż 8

0

e´sτfpτqdτ

“

ż 8

0

e´spτ`aqfpτqdτ

t“τ`a
“

ż 8

a

e´stfpt´ aqdt

“

ż 8

0

e´stupt´ aqfpt´ aqdt

Thus, “multiplication by e´sa in s is shifting by a in t."
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L30-S03Examples

Example
Compute the inverse Laplace transform of e

´sa

sn .

Example (Example 10.5.2)
Compute the Laplace transform of

gptq “

"

0, t ă 3
t2, t ě 3

Example (Example 10.5.3)
Compute the Laplace transform of

fptq “

"

cosp2tq, 0 ď t ď 2π
0, otherwise
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L30-S04Discontinuous forcing

The main utility of this shift theorem for Laplace transforms is in solving
DE’s.

Example (Example 10.5.4)
Solve the initial value problem

x2 ` 4x “ fptq, xp0q “ x1p0q “ 0,

where fptq is as in the previous example:

fptq “

"

cosp2tq, 0 ď t ď 2π
0, otherwise
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L30-S05Summary of Laplace transform properties

t domain s domain

fptq F psq

gptq Gpsq

fptqe´at F ps´ aq

fpt´ aqupt´ aq F psqe´sa

p´tqnfptq F pnqpsq

f pnqptq snF psq ´
řn´1
j“0 f

pjqp0qsn´j

pf ˚ gqptq “
şt

0
fpτqgpt´ τqdτ F psqGpsq
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