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DE's and Laplace transforms L27-501

Our goal is to solve DE's using Laplace transforms. Given,
az” (t) + ba'(t) + cx(t) = f(t),
applying the Laplace transform yields
al{z"} + bL{z'} + cL{x} = L{[}.

Thus, we ned to compute Laplace transforms of derivatives to proceed.
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Laplace transforms of derivatives (1/2)

Suppose we are given f(t). What is L{f"(¢)}7
By definition:

e - | " P e,

L27-502
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Laplace transforms of derivatives (1/2)

Suppose we are given f(t). What is L{f"(¢)}7
By definition:

e - | " P e,

Using integration by parts,

u= eista v = f(t)a

! —st

u = —se ", v = f(t),

we obtain

L27-502
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Laplace transforms of derivatives (1/2) L27-503

Assume that F(s) := L{f} exists for s > ¢. Then L{f’(t)} is given by

L ()} = sF(s) = £(0), (s >c).
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Laplace transforms of derivatives (1/2) L27-503

Assume that F(s) := L{f} exists for s > ¢. Then L{f’(t)} is given by
L{f' )} = sF(s) = £(0), (s>¢).
Note that this procedure can be iterated:

L™ = sL{f'} = 11(0)
= s[sF(s) = f(0)] = £'(0)
= s"F(s) — sf(0) = f'(0)
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Laplace transforms of derivatives (1/2) L27-503

Assume that F(s) := L{f} exists for s > ¢. Then L{f’(t)} is given by

L{f'(#)} = sF(s) = f(0), (s>¢).
Note that this procedure can be iterated:
L{f"} = sL{f'} = f/(0)
=s[sF(s) = f(0)] - f'(0)
= 5?F(s) —sf(0) — f'(0)

And in general:

L{f™} = s"F(s) — s" 71 f(0) = s"72f(0) — - — sf"72(0) — f™71(0)

)=
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Examples (1/2) L27-504

Example
Compute the Laplace transform of f’(t), where f(t) = sin(at).
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Examples (1/2) L27-504

Example
Compute the Laplace transform of f’(t), where f(t) = sin(at).

Example
Compute the Laplace transform of f’(t), where f(t) = 3t — exp 2t.
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Examples (1/2) L27-504

Example
Compute the Laplace transform of f’(t), where f(t) = sin(at).

Example
Compute the Laplace transform of f’(t), where f(t) = 3t — exp 2t.

Example
Solve the initial value problem

2/ (t) — 4z(t) = sint, z(0) =1
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Examples (1/2) L27-504

Example
Compute the Laplace transform of f’(t), where f(t) = sin(at).

Example
Compute the Laplace transform of f’(t), where f(t) = 3t — exp 2t.

Example
Solve the initial value problem

2/ (t) — 4z(t) = sint, z(0) =1

Example (Example 10.2.1)

Solve the initial value problem

2" — a2 —6x =0, z(0) =2, 2/(0) = —1.
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Examples (2/2) L27-505

Example (Example 10.2.2)

Solve the initial value problem

2" + 4z = sin 3t, z(0) = 2/(0) = 0.
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Examples (2/2) L27-505

Example (Example 10.2.2)

Solve the initial value problem

2" + 4z = sin 3t, z(0) = 2/(0) = 0.

Example (Example 10.2.4)
Compute the Laplace transform of f(t) = te®.
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Examples (2/2) L27-505

Example (Example 10.2.2)

Solve the initial value problem

2" + 4z = sin 3t, z(0) = 2/(0) = 0.

Example (Example 10.2.4)
Compute the Laplace transform of f(t) = te®.

Example (Example 10.2.5)
Compute the Laplace transform of f(¢) = ¢sin(kt).
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The mathematical idea L27-506

az”(t) + ba'(t) + cx(t) = f(¢)
Differential equations are, in general, difficult to solve.

This is in contrast to algebraic equations that are, generally, easier to solve.
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The mathematical idea L27-506

az”(t) + ba'(t) + cx(t) = f(¢)
Differential equations are, in general, difficult to solve.
This is in contrast to algebraic equations that are, generally, easier to solve.
The Laplace transform turns a DE into an algebraic equation:
as’X(s) + (b —as2'(0))sX (s) + (c — a2’ (0) — bx(0)) X (s) = F(s).

This is, therefore, much easier to solve.
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The mathematical idea L27-506

az”(t) + ba'(t) + cx(t) = f(¢)
Differential equations are, in general, difficult to solve.
This is in contrast to algebraic equations that are, generally, easier to solve.
The Laplace transform turns a DE into an algebraic equation:
as?’X(s) + (b—as2'(0))sX(s) + (c —az'(0) —bxz(0))X(s) = F(s).

This is, therefore, much easier to solve.

The price we pay: we must learn how to efficiently compute the
correspondence f(t) < F(s).
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