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L06-S01Mixture examples

Example (Example 5, section 1.5)
A 120-gallon tank initially contains 90 lb of salt dissolved in 90 gallons of
water. Brine containing 2 lb/gal of salt flows into the tank at the rate of 4
gal/min, and the well-stirred mixture flows out of the tank at the rate of 3
gal/min. How much salt does the tank contain when it is full?
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L06-S02Mixture examples

Example (Section 1.5, problem 39)
Suppose that in the cascade shown in the figure, tank 1 initially contains 100
gal of pure ethanol and tank 2 initially contains 100 gal of pure water. Pure
water flows into tank 1 at 10 gal/min, and th eother two flow rates are also
10 gal/min. (a) Find the amounts xptq and yptq of ethanol in the two tanks
at time t ě 0. (b) Find the maximum amount of ethanol ever in tank 2.

54 Chapter 1 First-Order Differential Equations

30. Express the solution of the initial value problem

2x
dy

dx
D y C 2x cos x; y.1/ D 0

as an integral as in Example 3 of this section.

Problems 31 and 32 illustrate—for the special case of first-
order linear equations—techniques that will be important
when we study higher-order linear equations in Chapter 3.

31. (a) Show that
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is a general solution of dy=dx C P.x/y D 0. (b) Show
that
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is a particular solution of dy=dx C P.x/y D Q.x/.
(c) Suppose that yc.x/ is any general solution of dy=dx C
P.x/y D 0 and that yp.x/ is any particular solution of
dy=dxCP.x/y DQ.x/. Show that y.x/D yc.x/Cyp.x/
is a general solution of dy=dx C P.x/y D Q.x/.

32. (a) Find constants A and B such that yp.x/ D A sin x C
B cos x is a solution of dy=dxC y D 2 sin x. (b) Use the
result of part (a) and the method of Problem 31 to find the
general solution of dy=dx C y D 2 sin x. (c) Solve the
initial value problem dy=dx C y D 2 sin x, y.0/ D 1.

Mixture Problems

Problems 33 through 37 illustrate the application of linear
first-order differential equations to mixture problems.

33. A tank contains 1000 liters (L) of a solution consisting of
100 kg of salt dissolved in water. Pure water is pumped
into the tank at the rate of 5 L=s, and the mixture—kept
uniform by stirring— is pumped out at the same rate. How
long will it be until only 10 kg of salt remains in the tank?

34. Consider a reservoir with a volume of 8 billion cubic
feet (ft3) and an initial pollutant concentration of 0.25%.
There is a daily inflow of 500 million ft3 of water with a
pollutant concentration of 0.05% and an equal daily out-
flow of the well-mixed water in the reservoir. How long
will it take to reduce the pollutant concentration in the
reservoir to 0.10%?

35. Rework Example 4 for the case of Lake Ontario, which
empties into the St. Lawrence River and receives inflow
from Lake Erie (via the Niagara River). The only differ-
ences are that this lake has a volume of 1640 km3 and an
inflow-outflow rate of 410 km3=year.

36. A tank initially contains 60 gal of pure water. Brine
containing 1 lb of salt per gallon enters the tank at
2 gal=min, and the (perfectly mixed) solution leaves the
tank at 3 gal=min; thus the tank is empty after exactly 1 h.
(a) Find the amount of salt in the tank after t minutes.
(b) What is the maximum amount of salt ever in the tank?

37. A 400-gal tank initially contains 100 gal of brine contain-
ing 50 lb of salt. Brine containing 1 lb of salt per gallon
enters the tank at the rate of 5 gal=s, and the well-mixed
brine in the tank flows out at the rate of 3 gal=s. How
much salt will the tank contain when it is full of brine?

38. Two tanks Consider the cascade of two tanks shown in
Fig. 1.5.5, with V1 D 100 (gal) and V2 D 200 (gal) the
volumes of brine in the two tanks. Each tank also initially
contains 50 lb of salt. The three flow rates indicated in the
figure are each 5 gal=min, with pure water flowing into
tank 1. (a) Find the amount x.t/ of salt in tank 1 at time
t . (b) Suppose that y.t/ is the amount of salt in tank 2 at
time t . Show first that

dy

dt
D

5x

100
!
5y

200
;

and then solve for y.t/, using the function x.t/ found in
part (a). (c) Finally, find the maximum amount of salt
ever in tank 2.

Tank 1
Volume V1

Amount x

Tank 2
Volume V2

Amount y

FIGURE 1.5.5. A cascade of two tanks.

39. Two tanks Suppose that in the cascade shown in
Fig. 1.5.5, tank 1 initially contains 100 gal of pure ethanol
and tank 2 initially contains 100 gal of pure water. Pure
water flows into tank 1 at 10 gal=min, and the other two
flow rates are also 10 gal=min. (a) Find the amounts x.t/
and y.t/ of ethanol in the two tanks at time t = 0. (b) Find
the maximum amount of ethanol ever in tank 2.

40. Multiple tanks A multiple cascade is shown in
Fig. 1.5.6. At time t D 0, tank 0 contains 1 gal of ethanol
and 1 gal of water; all the remaining tanks contain 2 gal
of pure water each. Pure water is pumped into tank 0 at
1 gal=min, and the varying mixture in each tank is pumped
into the one below it at the same rate. Assume, as usual,
that the mixtures are kept perfectly uniform by stirring.
Let xn.t/ denote the amount of ethanol in tank n at time t .
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L06-S03Population models

If P ptq is a population (of people, animal species, bacteria, etc.) as a
function of time t, then a model for the evolution of this population is

dP

dt
“ βP ´ δP,

where β and δ are the non-negative birth and death rates, respectively.

Both β and δ can be functions of time t and/or the population P .
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L06-S04Unbounded populations

If the death rate is zero, populations become unbounded.

Example (Section 2.1, problem 9)
The time rate of change of a rabbit population P is proportional to the
square root of P . At time t “ 0 (months) the population numbers 100
rabbits and is increasing at the rate of 20 rabbits per month. How many
rabbits will there be one year later? What is the population as tÑ8?
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L06-S05Bounded populations
With non-zero death rates, we can model populations with bounds. A (very)
popular model for this is called logistic growth, where the birth and death
rates are

β “ β0 ´ β1P, δ “ δ0,

where β0, β1, and δ0 are all constants. This results in the differential equation
dP

dt
“ aP ´ bP 2,

for some constants a and b that depend on β0, β1, and δ0. This is called the
logistic equation.

Example (Section 2.1, problem 21)
Suppose that the population P ptq of a contry satisfies the differential
equation dP

dt “ kP p200´P q with k constant. Its population in 1960 was 100
million and was then growing at the rate of 1 million per year. Predict this
country’s population for the year 2020. What is the population as P Ñ8?
In logistic models, this finite limiting population is sometimes called the
carrying capacity.
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