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Abstract

This paperpresentsa methodthat usesthe level setsof volumesto reconstructhe shapesf 3D objectsfrom
rangedata. The strateyy is to formulate3D reconstructiorasa statisticalproblem:find that surfacewhich is mostly
likely, giventhedataandsomeprior knowledgeaboutthe applicationdomain.Theresultingoptimizationproblemis
solved by anincrementalprocessof deformation.We represent deformablesurfaceasthe level setof a discretely
sampledscalarfunctionof 3 dimensiors,i.e. avolume. Suchlevel-setmodelshave beenshavn to mimic cornventiond
deformablesurfacemodelsby encodingsurfacemovementsaschangesn the greyscalevaluesof the volume. The
resultis a voxel-basedmodelingtechnoloy that offers several advarntagesover corventional parametricmodels,
includingflexible topology no needfor reparameterizatiorroncisedescription®of differentialstructureandanatural
scalespacefor hierarchicakepresentationsThis pape builds on previouswork in both 3D reconstructiorandlevel-
setmodeling. It presentsa fundamental resultin surfaceestimationfrom rangedata: an analyticalcharacterization
of the surfacethat maximizesthe posteriorprobability It alsopresentsa novel computationatechnique for level-
setmodeling, called the sparse-fieldalgorithm, which combires the adwvantagesof a level-setapproat with the
computationakfficiency and accuray of a parametricrepresetation. The sparse-fieldalgorithmis more efficient
thanotherapprachesandbecaseit assignshe level setto a specificsetof grid points, it positionsthe level-set
model more accuratelythan the grid itself. Theseproperties,compuational efficiency and sub-cellaccurag, are
essentialvhentrying to reconstructhe shapef 3D objects.Resultsareshavn for the reconstructiorobjectsfrom
setsof noisyandoverlappng rangemaps.
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1 Introduction

Therearetwo aspectgo thisresearchThefirst aspecis theapplicationwhichis thedevelopmentof 3D modelsfrom
rangedata. That problemis formulatedusinga statisticalapproachwhich maximizesthe posteriorprobablity of a
surface.Theresultis asurfacethatis describedy a nonlinearobjective function. Thatoptimizationis solvedusinga
variationalapproactandagradient-decentmethod This optimizationprodue@sanevolution equationfor deforming
asurfacesothatit matches given setof data. Thework in this paperusesthe level setsof volumesasa meansof
representingndmanipulatingobjectshapesThe secondaspecbf theresearchs the enhanementof theunderlying
level-settechndogy in orderto make it suitablefor problemsin 3D reconstructionThis sectionintroducesheissues
surroundinghosetwo aspect®f thework, andlaysout the overall structureof the paper

1.1 3D Reconstruction

When investigating3D reconstructionit is hecessaryto describethe kind of databeing considered This work
dealsprimarily with datathatis from rangeor distancesensorghathave somekind of “scanningcapability”. Three
differentpropertiesof this dataareimportant.First,thedatais rangeor distance(i.e., direct3D) compaedto intensity
or luminance asonewould expectfrom anX-ray or avideocamera Secondthe datais relatively denseratherthan
a sparsescatteringof 3D points. This densityis obtainedby rotatingor translatinga device thattakesa discreteset
of 3D measuremds. Froma singlepoint of view the rangefinder sweepsut a volume,andthereis a 2D topology
ontheserangemeasurerantsthatis inducedby the motion of the scanningdevice. Thethird importantaspecof this
datais thatit is noisy Thus,the 3D reconstructiorproblemis not strictly geometric;it is alsostatistical. For this
work we assumehatalgorithmsfor calibratingtherangesensomndregisteringthe multiple views aretakenfrom the
variety of automatedand semiautomatetechnigesthatarein the literature— e.g. (BeslandMcKay 1992,Chen
andMedion 1992,Zhang19%).

Underthe circumstanceslescribedabove, approacksto 3D reconstructiorcan be distinguishedbasedon the
“level” of themodelsthatoneuses High-level modelshave beenusedextensively in computenision— someexam-
plearegivenin (JainandJain1990,JainandFlynn 1993. High-level modelsarethosethatrepresenspecificobjects
or classe®f objects.Suchappro@hescanwork with relatively little information(suchassparsesetsof features)and
whenthey work they canleaddirectly to higherlevel processesuchasrecogtition. High-level approacksusually
work bestin situationswherethe domainis restrictedand well characterizedand wherethe distinguishingshape
characteristicef a particularobjectcanbe capturecby relatively few parametersTypically, suchreconstructiosdo
not capturethosedetailsthatareuniqueto a particularobject.

Another classof approackescould be characterizeds“mid level”. Mid-level approackesto recongructionare
characterizedy the useof geomeric primitivesthat can be combired in variouswaysto form more complicated
objects. The assumptions thatthe objectsin the domaincanbe decompasedinto finite setof suchprimitives. This
stratgyy canwork quite well on certaindomains,suchas man-madeobjects—man of which were designedusing
suchprimitives. The fitting of primitives can also provide important structuralinformation suchas part/sub-part
decompogion. Theresultsof suchsystemsaregenerallysomemixture of the dataandthe models,but they tendto
stronglyreflectthe shape®f the modelsor primitivesthatarechosen

Finally, onecould characterizaéhe classof “low level” appro@hesto 3D reconstruction.Theseapprozhesuse
a few generalassumptionsaboutthe domain; assumptionsare often at the level of basic surface geometry e.g.
continuity Low-level appro@hescancapturemoredetail but often provide very little higherlevel information. For
this reasonsuchapproacksarewell suitedfor applicationghataregearedo visualizationby a human,ratherthan
recognitionby someautomatedystem.Theseapproatiesform surfacesfrom setsof 3D databy performingafusion
of differentscansput they typically imposevery little structureonthedata.Theperformane of low-level approzhes
tendsto degrack graduallyasthe assumptionabou the ervironmen andthe sensomareviolated. However, low-level
approachstypically requiremore datain orderto give usefulresults. The voxel-basedapproachin this paperis a
low-level approachandis thereforebestsuitedto applicatiors thatprovide arelatively largeamountof datathatmust
befusedto produe aresultwith a greatamourt of detail.
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1.2 Level-set models

The stratgy taken within this researchis to posethe reconstrution problemasthe processof finding the surface
or setof surfacesthat are mostlikely to have givenrise to the data. Thus, it is a Maximum A Posteriori(MAP)

stratgy which cancombinethe datawith known propeties or tendenées of the surfacesbeing measured Finding
thosesurfaceswith the highestlikelihoodis generallya nonlinearoptimizationproblem.

A commonand often effective stratgy for solving suchoptimizationproblemsis to usea variationalapproach
Thatis, startwith aninitial solutionand perturbor deformthat solutionso thatit improvesthe overall likelihood
Thus,thevariationalapprachrequiresa modelingtechnology thatcanundego suchgoal-drivendeformatiors. Such
models poftencalleddeformablemodels areusedextensvely in thecompuergraphicsandcomputervision literature,
e.g. (Kass,Witkin and Terzopouos 1987, Staib and Duncan1992, Miller, Breen, Lorensen,0O’Bara and Wozry
1991, TerzopoulosWitkin andKass1988. Thesemodelstypically undego evolution processesvhich implement
sometype of hill-climbing stratgy on the objective function.

Cornventionalgeometriomodelsareparametric.Thatis, they aremapping from onespacewhich coincideswith
thedimensiorality of themodel,to anotherwhichis therange.Typically, theseparameterizationsely on a setof ba-
sisfunctionsthatspansomefinite subsm@ceof all possibleshapesThuswhenconsideing deformationsparametric
modelshave several dravbacks which make theminadequée for certainkinds of applications.The depenéng/ on
the parameterizatiomndan associatedbasisis critical; it limits the kinds of shapesa modelcanrepresentModes
typically do not deformfar from theirinitial conditionswithout somesortof reparameterizatiorSuchreparameteri-
zationsareofteninefficientanddeveloped on thebasisof heuristicsratherthana consistentathematicafoundaion.
The parameterizatiorranalso make it difficult to measurehe intrinsic geometryof the model, aswith polygonad
meshedor instance.

An alternatveto aparametrianodelis animplicit model,i.e.,specifyingamodelasalevel setof ascalarfunction,
¢. This scalarfunction canbe sampledon a discreterectilineargrid. Sucha level-setrepresentatioifSethian1996)
hasanumbe of practicalandtheoreticabdwantagsover corventionalparametrianodels especiallyin thecontext of
deformationandreconstrution. First, level-setmodelsaretopologcally flexible, thatis, the modelscan“split” into
piecesto form multiple objects(Malladi, SethianandVemuri 1995, Whitaker andChen1994). Secondhe evolution
of the embeddingp is a differential expressionthat s invariantto orthogaal group transformationgrotationsand
translations).The shapea formedby the level setsof ¢ arerestrictedonly by the resolutionof the discretesampling
usedto represent. Finally, therepresentationf deformablemodelsin termsof a multidimensionalmage provides
amethodfor multi-scaleor multi-grid solutions.For instancesolutionscanstarton arelatively coarsegrid andthen
proceedto progressiely finer grids asthe enegy reachesa minimum (Whitaker 1995). Sucha multigrid stratey
reducecomputatiortime, controlstherelative importanceof largeandsmall-scalestructuresn theinputimage,and
helpsto simplify the objectie function.

Despitetheseadvantages)evel-setmodelssuffer from severaldravbackscomparedwvith parametrianodels.One
disadwantag is the large numberof compuationsneededto solve theseequatiors over the entirerange. Surface
deformationsin 3D, for example, requiresolutionsto a 3D, nonlinear partial differential equation: a significant
computationatask. Anotherdravbackof level-setmodelsis the absencef ary direct, efficient representationf the
surfaceduringdeformation.Suchdirectrepresentationareusefulwhenincorporatingorcesthatdeperml onthemulti-
local or globalinformation. A third dravbackis thefinite resolutionthatis imposedby the discreteapproXmationto
thescalarfield. Level-setmodelsarelimited by resolutionratherthanshape.

Theseproblemsare significantin the context of 3D reconstruction The sparse-fieldalgorithmdescribedn this
paperaddressgtheseissueshy representing surfaceasboth a discretely-sample8D field anda subsebf thatfield
which consistsof a setof grid points (or voxels), called active points through which the model passes.At each
time stepin the deformationprocessonly a thin layer of voxels nearthe active points are visited and updated. In
this way the computationacomplexity of the algorithmgrows with the dimensiorality of the surface ratherthanthe
dimensionalityof thevolume. Thesetof active pointsarekeptin alinkedlist which enablegjuick andefficientaccess
to asetof pointsnearor onthe model.

Theremainderof this paperproceels asfollows. After a brief review in Section2 of otherrelevantwork, Sec-
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tion 3 presentghe formulationof 3D reconstructioras a processof finding the mostlikely surfacegiven a setof
rangedataand somegenera knowledgeaboutthe relative likelihoodsof differentsurfacepropeties. Solving that
problemrequiresthe ability to manipdate or deform surfaceshapein a systematiomanner Section4 shavs how
this deformationcan be achieved via an implicit representationusingthe level setsof a discretely-sampledcalar
functionof 3D. Thatsectiondiscusseshe numericalmethod thatareusedto solve the equationsof motion. Section
5 describesan efficient computationaltechniqe, the sparse-fieldalgorithm,and presentghe resultsof anempirical
analysiswhich shavs thatthe sparse-fieldalgorithmgives solutionsthat comparefavorably to previously proposed
algorithms.Additionally, the sparse-fielalgorithmis shavn to overcanethe aliasingartifactsassociateavith other
level-setapproacksandtherebyachieresgreateraccurag compaedto thoseappraches.Section6 shovs how the
level-settechnoloy canbe appliedto the problemof 3D reconstructionlt shavs how usinglevel-setmodelswithin
the MAP reconstructiorframenork providesnew capaliliti esfor surfacereconstruction.

2 Related work

Several low- andmid-level reconstructiorappro@hesdescribedn the literatureareworth noting. Turk and Levoy
(1994)describea “zippering” algorithmthat combinestriangle mesheseachrepresentinga rangemap of the same
objectfrom adifferentpoint of view. ChenandMédioni(1994)usea trianglemeshwhich expardsinsidea sequence
of rangemaps.This strateyy is similarto thatof Miller etal. (1991)which wasdemorstratedon 3D medicaldata.

Several low-level volumetric approachs have beenpropcsed. Chienand Aggarnal (1989) have usedbinary
volumeswith the aid of oct-treesto reconstrut objectsfrom multiple silhouettes.The focusis on usingsilhouettes
and objectfeaturesto do recogntion. Muraki (1991 usesimplicit or blobby modelsto reconstructobjectsfrom
rangedata. The individual blobs are sphericallysymmetric3D potentialsthat are combinedlinearly so that they
blendtogether The global natureof the potentialsmalkesupdatessomeavhat expersive, thuslimiting the numberof
primitivesthatcanbe efficiently compued.

Hoppe,DeRose Duchamp McDonaldand Stuetzle(1992) proposedanimplicit stratgy which constructsa 3D
field basednthesigneddistanceransformof tangentplanesgeneratedrom unordered3D data.Regionsarealways
associatedvith the nearespoints,andthereforethereis little or no averaging.CurlessandLevoy (1996)describea
volume-basetkechniqueor combinirg rangedata. They usethesigneddistancdransformto encodevolumeelements
with datathatrepresentheaveragegwith someallowancefor outliers)of multiple measuremes. Surfacesof objects
arethe level setsof volumes. They shawv thatthe resolutionof the scanneicanbe overcomeby suchan averaging
technique Hilton, Stoddart]llingw orth andWindeatt(1996)describea similar algorithmwhich is anextensionto in
(Hoppeetal. 1992 thataccourts for interferenceat occludingcontous andthin objects.

Anothervolumetricapproah, which is moreof a“mid-level” stratay, is thatof (DeCarloandMetaxas1995),in
which they usea combinationof primitivesthat candeform, split, and even changetopology in orderto matchthe
input data. The computervision literatureshovs numerais mid-level approacksthatfit volumetricmodelsto range
data—seégDickinson,MetaxasandPentlandl997),for example.

In roboticsseveral researchergElfes 1989, Moravec 1988) have investigatedthe useof occupancy grids. The
sensormodel and the methodsfor combining sensormeasurementfrom different points of view follow from a
Bayesianformulation. Strictly speakiy an occupanyg grid doesnot give a 3D reconstructionoccupanciesdo not
give themostlikely surfaces.

With regardto deformatbe models thereareseveralparametriappro@hesthatseekto overcomethe usualtopo-
logical limitationsof parametrianodels.DeCarloandMetaxas(1995 allow the primitivesassociatedvith anobject
to malke discretechangs asaresultof a setof rulesandthresholds Szeliski, Tonneserand Terzopoulog1993) pro-
posesystemf orientedparticlesthatjoin togetherdisconnet andrejoinin orderto changs topology Mclnerny and
Terzopoulog1995 proposeparametricnodelsthat arereparameterizelasedon a local grid structurethat allows
for changesn topology Despitetheseadvances, for 3D reconstrution the level-setapproactoffers several practical
adwantags, which arediscussedn moredetailin the sectionghatfollow.

With regardto level-setmodels,this work dravs on a numberof recentdevelopmentsin computatioml physics
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andcompuer vision. OsherandSethian(1988)have proposel the embeddingof wavefront propagationshatmodel
physicalsystemsandthey have developednumericalschemesgalledup-windschemesto solve the resultingequa

tions. In imageprocessindAlvarez,Guichard,Lions and Morel (1992) have proposeda morptological scalespace
for planarcurveswhich relieson geometricinvariantcurve evolutions. In computervision Kimia, Tannenbam and
Zucker (1992 have propoedareaction-difusionspacan which singularitiesrepresenbasicpropertiesof 2D shape.
They usethe samestratgy as (Osherand Sethian1988) of embeddiig planarcurvesin orderto creategeometric
flowsthatareindepemlentof ary particularparameterization.

Malladi et al. (1995) have proposeda segmentationschemebasedon a wavefront propayationthat allows seed
pointsto contractor expard. The author(Whitaker and Chen1994) hasshavn thatimage“forces” (the termused
in the senseof first-orderphysics)can drive level setstoward interestingfeaturesin imagesor volumes,as with
corventiond deformalte models,while geometricflows canbe usedto enforcesmoothnesandcontinuity Caselles,
Kimmel and Sapiro (1995 have reacheda similar formulation using a conformalmappingand have shovn that
the equationsresultingfrom moving level setsin this mannerare well posed. Adalsteinand Sethian(1995) have
proposeda narrav-bard schemewith afinite bandof 6-12grid pointson eithersideof thelevel set,for reducingthe
computationsassociateavith level-setmodels. Resultsin successie sectionsof this paperwill shav the ability to
reducethewidth of this narrav bandto a singlegrid pointwill improve computationbperformanceandaccurag.

This papermakesseveral contributionsto previous work in this field. Oneis a statisticalformulationof the 3D
reconstructiorproblemthat gives an optimal surfaceestimatewhile makingvery few assumptiongboutthe scene.
This formulationincorporatesa noisemodeland may include someprior knowledgeabou the relative likelihoods
of differentkinds of surfaces Theresultis quite generalbut it is particularlywell suitedfor level-setmodels. This
papempresentexampleshatshav effectivenessof thelevel-setapproacHor this application.Anothercontrikutionis
the numericalschemeor implementingthe level-setmodels. This nev schemecomparegavorably with previously
proposednethodshothin termsof computatioml efficiency andaccurag.

3 A MAP Reconstruction Strategy

A rangefinderis adevice thatproduesa distanceneasurerantalonga particularline of site. Thedistancemeasure-
mentand,to alesserdegree,the directionof theline of sightarecorruptedby noise. For the purposeof this work
we assumehatthe noiseis additive and GaussianWhentherangefinderis combinedwith a scanningmechaism,
it produces a 2D array of data,andthe noiseis often assumedo be indepementfrom one elementof the arrayto
another In theeventthatthenoiseis non-stationarywe assumehatthevariability of thenoiseprocesss known (e.g.
asa function of objectdistanceor scannerorientation). The scaniing mechanisimis typically calibrated,enabling
oneto calculatethedirectionof theline of sightassociateavith eachmeasurerantin the 2D array In the eventthat
the scanningmechaism doesnot prodice a 2D array but ratheran unorceredlist of rangemeasurementskenin
differentdirections,onecanimposea 2D topology on the databy the useof nearest-neighor relationshipsuchas
Delaunaytriangulation.A single2D arrayof rangedatatakenfrom a singlelocationof the scanneis calleda range
map Oneof the goalsof thiswork is to combinetheinformationfrom a collectionof rangemaps.

Theabove sensomodelhassomesignificantshortcoming. First, the noiseis rarely additive GaussianOutliers,
for instanceareaproblem.Thenoisecanoftenberelatedto surfacecharacteristicsandthereforecouldbecorrelated.
In the caseof structuredight sensorssuchasthe one usedfor someof the resultsin this paper the datacontains
occludedregionsfor which thereis no dataat all. As atheoreticalconsideation, Gaussiamoiseallows finite prob-
abilitiesfor measuremes behindthe scannerin casesvherethe noiselevel is someappreciabldraction of thethe
distancegrom the scannelveryrarein practice),alog-norma distribution for the noisemightbe moreappropriate.

In this work, we startwith the simplesensomodel,i.e. independat, additve, Gaussiamoise,to generatehe
basicalgorithmandthenmodify thatalgorithmto accountor someof theseothercomplicatingfactors.Theoutliers,
for instance arehandledwithin the minimizationprocesgatherthanthe underlyingmodel. Areaswherethe sensor
failed (eitherby lack of signalor occlusior) arehandledby giving suchpointslow confiderce, i.e. large variance,
sothatthey have little effect on thefinal results. The formulationthatresultsfrom theseassumptionss optimalfor
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independat, additive, Gaussiamoise,but later sectionswill shaw thatit is usefulwhenthe noiseis more comple
(suchasin the caseof outliers).

The stratgy in this work is to usea maximuma posteriori(MAP) approachto constructan expressionfor the
surfacelikelihood condtional on the measurediata. The total errorassociatedvith a modelcorvertsinto a volume
integral, and the EulerLagrangeof that volume integral definesthe motion of a deformablemodel that seeksto
maximizethis likelihood.

Let S, acompat subsebf 3D, bethesurfacethatencloseshe object®, i.e.,S = 9Q. Let{R™,..., R™} be
asetof rangemaps,eachof which consistsof setof 3D points R = {rgi), .. (’)} which canarrangedn az2b
grid, with coordinates., v, definedby the scaniing mechanismAssociatedNith eachgrid pointis aray, calledthe
line of sight, alongwhich the rangemeasuremeris taken. Assumethatthe rayswithin a singlerangemapdo not
intersectasis thecasewith the sphericalcylindrical, or linearprojective scanningnechaimsmsthatareusedon most
rangefinders.

Theposteriorprobabilityof S is givenby Bayesrule:

P(RM, ..., R™|8)P(S)

1) (n)y —
PSIRY, .., R") = =g 1)
Thegoalis to find the mostlik ely surfacemodelS to give riseto a particularcollectionof rangedata,
sup [P(S|R(1), . R(”))] = sup [P(R(l), . R(”)|S)P(S)] 2
S S
wherethedenaninatorP(R™", ..., R™) isremaedbecaseit is anormalizatiorfactorthatdoesnotdepemi on S.

Theterm P(S) is the prior, which reflectsthe factthatwithin the setof possiblesurfacessomearemorelikely than
others,independat of thedata.

Therangemaps.conditiond onthe surfaceposition,areindepen@ntrandomvariables(thisignoresthe effectsof
surfacepropertieson error, asdiscussedbove), andthus,

P(RY,...,R™|S) = P(RVS)... P(R™]S) = HP (RD|S). @)

EachR® consistof anarrayof 3D rangedatathatcanberepresetedasn(})v Within agivenrangemapeachrange
measuremeris aindepementrandomvariable,andtherefore

P(RY,. .., R™|8) = HHP x18) 4)
As is typical with suchMAP algorithms the maximizationis performedasa minimizationon the negative loga-
rithm of the probability:
sup {In (P(S|R™,...,R™))} = inf In P(r{),|8) —n P(S) p . 5
up {In (P(S] ) } Z Z ,18) —n P(S) (5)

Theright-handsideof equdion (5) reflectsthe combinationof termsthatis typical with MAP reconstrutions. The
termsareof two differenttypes:thosetermsthatenforcethe solutionto look lik e thedataandthosetermsthatenforce
theprior, i.e.,thatencouragehe solutionsto conformto thoseexpectationghatareindependentof the data.
Eachindividual rangemeasuremeris depementnot on the surfaceS asawhole, but on thatparticularpoint on
the surfacethatis first intersectedalongtheline of sightfrom the scannettocation. Considera singlerangereading
r;, representeads a distancealongits associatedine of sight. Supposethat the distanceto the surfacealongthat
line of sightis givenby s;. The Gaussiamoisemodelgivesthefollowing probaility densityfunctionfor individua

rangereadings,

—lIlP(’I“1|S) = iz( ’l"a,) + \/%—U = Cz( Si 7'1,) +k(cz) (6)
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s Line of Sight

(@) (b)

Figurel: The MAP recmstructionstratgy: (a) The square error alongthe line of sight canbe written asa an
integral thatincludesa binary membeship function for the object. (b) A singlerange scan consistingof a nunber of
measurerantsalonglines of sightemarating from the poirt attheleft, createssurfacein 3D (shavn hereasa cune
in theplang. A circularmockl defamsto fit the data(motionindicatedby arravs).

wherethe variances? associatedvith a rangereadingr; is representedsa confidencemeasure; = 1/07. The
term k(c;) canbeignored,becausedt doesnot dependon surface positionandwill not affect the outcomeof the
optimization.The squaredlistanceof the surfaceto therangemeasuremertanberepresenteadsanintegral

Tmax Tmax
(si—ri)” = / (@ —ri) I(@)da — / (a—ri)da )
0 r;

wherel, (@) is afunctionthatis unity insidethe objectand zerooutside,andrn., indicatesthe maximumeffective
rangeof therangefinder Thetermr..x senesasaboundontheerrorif theline of sightfailsto intersecthe surface,
andit alsosenesto limit therangeof influenceof a particularrangereading Thatis, surfacepointsthatlie beyond
rmax N@&/€ Noimpacton the conditionallikelihoodassociateavith thatrangemeasuremen

Strictly speakingthis formulationis valid only if the surfaceintersectgheline of sightat mostoncebetweerthe
scannerlndrma, asshavn in figure 1(a). Thus,the sggmert alongthe line of sightwith lengthr..« shouldbe long
enoughto penetratehe model(asit deforms)but notsolong thatit emegesfrom the otherside or entersthe object
again,ascouldeasilyhapperwith self occlusions Typically, rma shoulddepen onr;, €.9.7ma = i + €. Theuseof
rmax ANde senesto limit the effectsof the rangedataandtherebysimplifiesthe mathematicaimodelby ignoring self
occlusionsof the object. Unfortunately in orderfor this to work properly € mustbe chosenso thatscansto do not
interferewith eachotherin areaswvherethe objectself occludes.Thisis not alwayspossible but with modifications
to the minimizationalgorithm,discussedn successie sectionsthis problemcanbeall but eliminated.

Insteadof putting bourd r.. on the integral, we can usea windowingfunction w, that nullifies the effects of
surfacethatlie beyond rmax i.€.,

1 if rax—a>0
maxy = . - 8
(rme @) {0 if i — @ < 0 ®)
Theerrorbecome
(si =)’ = / (a — 1) Is(@)w(r; + &,a)da — / (@ — 7)) w(r; + €, a)da. 9)
0 Ti

Given this formulation, the windowing functionw(-) neednot be binary; it could implementa fuzzy cutof of the
influenceof the rangedata. Resultsin later sectionsuse a Gaussiancenteredat the rangereadingwith standard
deviatione.
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To extendthis formulationto includeall of the sampledn a singlescan,R, we representhe distancealongthe
line of sightin 3D. Let n; betheunit vectoralongtheline of sightandr; = r;n; bethe 3D locationof theith range
reading.Then

—In (P(R|S))

I
I
=

(P(r1,...,1,]S)) (10)
Zci / ((am; — r;) - n;) w ((an; — 1;) - n;) Is(an;)da —k

Zcuv/ anuv_ruv) nuv)w((anuv_ruv) nuv) IS(anuv)da_k'

w,v

wherels : R® — IR is unity insidethe objectandzerootherwise and

k= Zcu,v / w ((anu,v - ru,v) : nu,v) (anu,v - ru,v) Ny y da, (11)

Tu,w

which doesnot depeml on the surface. The notationu, v refersto the factthatthe measuremes from a singlerange
maparearrangedn a 2D grid. If we assumehatthis grid is relatvely densewe canapprodmatethe likelihood of
the jth scanasanintegral:

n (P(RV|S)) / / / (¢,6) (an(p, 6) — x(¢,6)) - n(p, ) (12)
w ((an(p,8) = x(0,6)) - n(¢,8)) Is(an(p, 6)) da dp df — k,

whereyp and arethe continuots versionsof « andv, respectiely, andn(-), r(-), ¢(-), are continuousfunctions
derived from somesuitableinterpolation(e.g.,bilinear) of their discretecounterpats.

Becauseheraysthatdefinethelinesof sightassociateavith a singlescando not cross thereis unique mapping
from eachpoint within the 3D subspae sweptout by the rangefinderto the point (¢, 8) within the rangemapthat
hasaline of sightpassinghroughthat3D point. Therefore the volumeintegral of equation(13) canbereformulated
in Cartesiarcoordirates:

—In (P(RY)]S)) ~ / c(x) D(x) w (D(x)) Is(x)y(x) dx —k, (13)
R

where~y(x) is anintegrationfactor suchthaty(x)dx = dedfda. Theterm D(x) = ((x — r(x)) - n(x)) is the
signeddistancefrom the surfacepositionto the rangemeasurerant, and R is the volume sweptout by the range
finder If we definethe confidencec(x) to be zerofor ary point outsidethe spacesweptout by the scannerthen
onecanextendbourds of theintegralto IR®. Because/s is a binaryfunctionthatis oneonly within the object,the
integral canbere-expressedver the objectitself

—In (P(RYVS)) ~ / ¢(x) D(x) w (D(x)) y(x) dx — k. (14)
Q
Thegradien descenbn the posteriorfor a singlerangemapis therefore

3¢ = A8 D(S) w(D(S) v(S) N, (15)
whereN is the surfacenormal.

Equation(15) describeshe motion of a modelasit seeksto maximizeits likelihood of giving rise to a single
rangemap R, which is setof rangemeasurerants.A singlerangemapcreatesa surfacein 3D (shawvn in figure 1(b)
asacurwe in the plane),andthe modelexpandsor contractswith a magnitudeproportionalto the distancealongthe
line of sightto therangereading sothatit exactly fills the volumebehindthatsurface. Thewindowing functionw(-)
controlsthe depthof theregion behindthe rangesurfaceover which this exparding or contractingactionoccurs.The
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function~(-) describeghe unit-volumerelationshipbetweerthe scannercoordnatesandcartesiarcoordnates.For
theresultsin this pape we assumehatthe rays(lines of sight) emanatingrom the scannemre nearly paralleland
regularly sampledsothat~(-) is aconstant.

Theeffect of multiple rangemapsis additive, andthe EulerLagrangeof the combinel posterioris

% = —g(S)N +p(8), (16)

where
9(x) =Y P (x) DV (x) w (DD (x)) 7 (x), an
J

andthesuperscripténdicatetherange line-of-sight,andconfidencdunctionsassociatedavith a particularrangemap.
Theterm p(S) = —d1n P(S) is the EulerLagrangeof the prior. In the absenceof ary prior (i.e., uniform prior),
p(8) = 0, andmaximizingthe combinel effectsof a sequene of rangemapsis linear; the solutionis given by the
zerocrossingof the 3D function definedin equation(17). Indeed the algorithmspropcsedby (Curlessand Levoy
1996), aswell as (Hoppeet al. 1992 and (Hilton et al. 1996), canbe formulatedas a specialcasesof this MAP
approachwith a particularchoiceof w(-) ande(-), andwith a uniform prior.

Thereareseveralreasongor goingto aniterative schemeor finding optimalsolutions.Firstis the useof a prior.
In surfacereconstrution, evenavery low level of noisecandegradethe quality of therenderedsurfacesin thefinal
result,andin suchcasedetterreconstructionsanbeobtainedby introducingaprior. Seconds aliasing.Discretizing
g(x) andfinding the zerocrossing will causealiasingin thoseplaceswherethe transitionfrom positive to negative
is particularlysteep.A deformablemodelcanplacethe surfacemuchmoreprecisely Thethird reasorfor goingto
aniterative schemes thatdespitethe windowing functionw(x) thereis interferencebetweendifferentrangemaps
at placesof high curvature. This problemis addressedby introducinga nonlinearitywhich is solvedin aniterative
schemeasdescribedn Section6.1. In this work, solutionsof the linear problemwill sene astheinitial conditions
for the nonlinear iterative optimizationstrateyy thatresultsfrom the inclusion of a prior and a nonlinear term that
compensatefor lack of ary explicit modelof selfocclusions

3.1 ThePrior

Thereare numerouspossibilitiesfor selectingpriors that are consistentwith the MAP formulation of the previous

section. Thesepossibilitiesrangefrom high-level priors that biasthe solutionto look like certainshapegJohnson
1993)to low-level priorsthatenforcesomevery generalpropertieson thoseshapesThegoal of thiswork is to obtain
a somevhatgeneralreconstructioralgorithmthat canbe subseqantly tunedto specificapplications.Therefore we

usea low-level prior thatbiasessolutionstoward smooth,continuots surfaces|ik e thoseassociatedvith mary man-
madeobjectsor anatomicalstructures.Of course the selectionof a prior will dependstrongly on the application;
the choiceof prior for the reconstructiorof injection-molded handheld objectsshould probally differ from the

prior neededo reconstructhe shapeof highly irregular objects,suchasthe humanbrain with its mary folds and
protrusions.

For mary applicationsa naturalchoiceof prior is to penalizethe integral of the normalizedfirst derivativeson
the objectsurface,i.e., penalizesurfacearea. This choiceis basedon the heuristicthat mary physicalprocesss,
both syntheticand natural,tendto conseve surface areaand produceobjectsthat reflect, at somelevel of detalil,
this tendeng to minimize area. Alternatively, one could saythat given a setof surfacesthatare nearthe data,the
algorithmshoud choosea surfacethat haslessarea. Often, but not always, this will be the smoothersurface. A
probability distribution for the prior thatreflectsthis principleis

P(S) = (%)% exp (—ﬂ//\/-.f\/dx) (18)
s
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After thelogarithm,the EulerLagrangeof this quantityis the meancurvatureof the surface:

FERE) (19)

2 2
st = pi(s) =5 (55 + 22
wherer, s is alocal, orthonorméparameterization.

Theterm 3 controlsthe probability distribution of surfacesin the prior. A larger 3 meansthatthe prior favors
morestrongly surfacesthatare smoother The paramete3 could be setin any numberof differentways. Oneway
would be to “calibrate” the systemby scanninga numberof known objectsand determinewhich valuesof 3 give
themostaccurate/reliableeconstructionsAnothermethodwould beto take a collectionof objectsthatrepresenthe
applicationdomain,modelthem,and generatea probability densityfunction for surfacearea,possiblyat different
scalesor resolutions. For this work, we treat 3 as a free parametetthat must be tuned by the personusing the
algorithm.

Theexistenceof afreeparametep representatypical propertyof signalprocessingystemshatmustdealwith
noisein the absenceof specificinformation aboutthe signal. Resultsin the following sectionswill showv thatthe
algorithmis somevhat robust with respectto this free parameter3, andthat the algorithmsfails gradually asthis
parameteiis settoo high or low. This paperwill alsoshav thatvery small valuesof 3 canreducethe effects of
uncorrelatechoisewithout distortingthe overall shape®f the objectsbeingreconstructed

Despitethe usefulnesof this second-oder smoothingterm, it is somavhatlimited in its effectivenessecausét
caninterpolateonly positionandtendsto createstraightlines, flat surfaces or singularitieswherethereis littl e data.
Thetopic of developingmoreeffective low-level priors (Whitaker 1995, aswell asincorporatinghigh-level priors,
is anareaof ongdng investigation.Fourth-orderterms,for example,could createstructureswith smoothlyvarying
normalsand allow the MAP approachto operatewith lessdata(Sethian1996). This paperwill shov that despite
the limitations of the second-eder smoothinggivenin equation(19), thatprior is animprovemen over noneat all,
especiallyin casef noisy surfacedata.

4 Level-Set Models

The hill-climbing optimization stratgly describedin the previous sectionrequiresa modeling technologythat is
capableof accommalatingincrementakchangesurfaceshapein anefficient manner The equationof motiongiven
by (16) makesno assumptionaboutthetypesurfacemodelusedto achieze thereconstructionThe MAP formulation
couldbeadaptedo ary numberof corventional parametrisurfacemodelsby expressingchangesn surfaceposition
in termsof the parametershatcontrol surfaceshape.

However, therearesomedravbacksto usingparametriadeformablemodels.For instance asmodelsevolve and
undego large deviations from their original shaps, surface parameterizationoften introducede facto constraints.
Theexparsionof polygonal modelscancreateakind of coarseesswhich preventsthe modelfrom capturingsmaller
structuresthusthe evolution of polygoral modelsrequiresthe creationanddeletionof polygors (Miller etal. 1991,
MacDonald,Avis and Evans1994, Chenand Médioni 1994), or alternatiely, a reparameterizatioMclnerry and
Terzopoulos1995, DeCarloand Metaxas1995. Also the choicea surface model with relatively few degreesof
freedom,suchas supergadric or superelipsoidrestrictssolutionsto the relatively small spaceof shapeghat are
capturedby thosemodelingtechnol@ies.

An alternatve to a parametricmodel,is a level-setmodel (Sethian1996),i.e., a modelthattreatsa 3D surface
asthe level-setof a discretely-sampledolume. Previous work hasshavn promisingresultswith this modeling
technologyfor 3D reconstructionprimarily in the context of 3D medicaldata(Malladi et al. 1995, Whitaker and
Chen1994,Whitaker 1994). This sectiongivesthe formulationfor this modelingstratey, startingwith anequation
of motion for a deformablesurface (Whitaker and Chen1994). This formulation differs somevhat from that of
(Casellestal. 1995, which they develop by applyinga conformal mappingto the enegy function definedover the
range.

The strat@y is to rely on the propertiesof regular surfaces,which have local parameterizationthat canbe ex-
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pressedn termsof intrinsic quartities suchasarclength,cunature,etc. If onestartswith a parameterizedurface
andthe associate@quationsof motion, andthenremovesthe parameterizatiofrom the deformablemodel, all that
remainsis intrinsic geometry which is expressedn termsof the embedding¢. The stratgy for embeddingactive
surfacesconsistof four steps:
1. Expresgheequation®f motionfor adeformablemodelin termsof someunspecifiedparameterizatiofaswas
donein Section3).
2. Describethe parameterizatiom termsof the differentialstructureof the model.
3. Assumethemodelis thelevel setof afunction ¢.
4. Expresghegeometryof thelevel setin termsof thedifferentialstructureof ¢ andcreateanevolution equation
for ¢.
In orderto apply this stratey to a deformalte surfaceS, representS asa level setof an 3D scalarfunction,
¢ : R x R* = IR, which evolvesover time. The evolution equationsof theindividua level surfacesimply corre-

spondingevolution equationgor the scalarfunction¢(x, t), wherex € IR>.
A parametriddeformalbe model,S(r, s, t) wherer, s € U C IR, canberepresented

S = {xl¢(x,1) = k}. (20)

ThesurfaceS remainsalevel setof ¢ overtime, andthereforethetime derivative is zero:

86(S, 1) s

o+ V(S,t) - 5 =0 (21)
where
s (99 3¢ 99
Thus,
U 8¢__V -aS—IV |88_N 23)
ot = Ve g = IVl N

whereN = —V¢/|V¢| is thesurfacenormal.
Thedatatermfor reconstructiorfrom equation(16) takestheform

B = g (24)

whereg(+) isthecumulative effectfrom all of theindividual rangemapsasin equation(17). Thelevel-setformulation,
without the prior, become
9 _
5, = 9|Vl (25)
Themeancurvature,usedfor the prior, from equdion (19) is computeddirectly from thefirst- andsecom-order

structureof ¢,

IVl (Srr+8es) N = (2 + 5 + ¢3)‘% [(63 + ¢2) Guw + (62 + ¢2) Dy (26)
+ (2 + 8) G2z — 2020y dny — 20y P by: — 2¢:Pa0za] -

In the numericalimplementationthe derivativesarecalculatedusingcentralizedlifferencegSethian1996).
Combiningthe datatermandthe prior givesthefollowing level-setformulation:

00 = GVl +B (62462 +2) (634 62) dun + (624 62) g
+ (62 + 8y) bz — 200Gy buy — 26y Dbz — 26 0za 27)

Equation(27) is invariantundercertainkinds of geomeric transformations.First, it is invariantto orthogon
grouptransformation®n x. Thusthe positionandorientationof the modelor the datahasno impact(to within the
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errorintroducel by therepresentationf ¢) onthesolution. Equation(27) is alsoinvariantto monotonictransforma-
tionson ¢; thatis, equation(27) actsonly on level setsandtreatseachlevel setof ¢ asanindividual surfaceevolving
underthe samesetof setof priorsandforcesasall otherlevel setsof ¢.

4.1 Numerical Algorithms

Thedifferentialequationdescribedy equation(27) hastwo parts.Thefirst partis afirst-ordertermthathastheform
g9(x)|V(x)|. It is amoving wave front with a velocity thatdepend on position. This expressioncannotbe solved
with a simpleforwardfinite differencescheme Suchschemetendto overshoa, andthey areunstable.To solve this
problemOsherandSethian(1988)proposeanup-windscheme The up-wind methodusesa one-sidedleriative that
looksin theup-winddirectionof the moving wavefront,andtherebyavoidsthe overshmting associatedavith forward
finite differences.

The one-side derivativesaredenotedby d*) andd(~’. Let u,,, . with domainX be an approximatiorto ¢
definedon adiscreterectilineargrid with spacingh. The one-sidedlerivativesare

dgc+)um,y,z (Uoth,y,z = Us,y,2) /b, (28)

(Ua,y,z — Uz—h,y,z)/h- (29)

> 1>

da(c_)uz,y,z
For thefirst termof equdion (27) the up-wind schemeéhasthe following form (OsherandSethian1988):
— (+) ; -),,12
9@9,2)IVul = ([max(g(e,y,2),0) d5u + min (g(z,y,2),0) 7] (30)

+ [max (g(,y, 2),0) dPu + min (g(z,y,2),0) d{u]’

-

2

o+ [max (g(2,,2), 0) 4+ min (g(z,,2),0) 4] "),

wherethetime stepsarelimited by the speedf thefastesmaoving wavefront,

At < ! (31)

o Sup:c,y,zEX“Vg(x: Y, 2, t)'}

Thesecondermin equdion (27) is a diffusiontermthat canbe solved usinga finite forward differencescheme
anddoesnotrequirethe up-wind method.

4.2 Narrow-Band Methods

If oneis interestedn only a singlelevel set,the formulation describedoreviously is not compuationally efficient.
This is becase solutionsare usually computedover the entire domainof u. The solutions,u .- (t) describethe
evolution of anembediedfamily of contous. While this denseamily of solutionsmight be advantageousfor certain
applicationsthereareotherapplicationghatrequireonly a singlesuriacemodel.In suchapplicationghecalculation
of solutionsover adensefield is anunnecssarycomputationaburden,andthe presenc®f contou familiescanbea
nuisancebecausdurtherprocessingnight be requiredto extractthe level setthatis of interest.

Whensolvingfor only a singlelevel set,¢(x,t) = k, theevolution of ¢ is importantonly in the vicinity of that
level set. The evolution of the implicit modelsis suchthatthe level setsevolve indepenéntly (to within the error
introducedby thediscretegrid). Thus,oneshouldperformcalculationsor the evolution of ¢ only in aneighlmrhood
of the surfaceS = {x|¢(x) = k}. In thediscretesetting,thereis a particularsubsewof grid pointswhosevalues
controla particularlevel set(seefigure 2).

AdalsteinandSethian(1995 proposea narrow-band approactihattakesadantageof thefactthatthe movemen
of a particularlevel setis alocal pheromenon.The narrav-bard techniqueconstructsan embeddingof the evolving
cunwe or surfacevia a signeddistancetransform. The distancetransformis computedover a finite width of only m
points, andthe remainingpoints are setto constan valuesto indicatethat they do not lie within the narrav band,
or tube asthey call it. The evolution of the surface (they demonstratét for curvesin the plane)is computedby
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Figure2: A level curwe of a 2D scalarfield passeshrough a finite setof cells. Only thosegrid pointsnearesto the
level curve arerelevart to the evolution of thatcurve.

calculatingthe evolution of « only on the setof grid pointsthatarewithin a fixed distanceto theinitial level set,i.e.
within the narrav band. Whenthe evolving level setappro@hesthe edgeof the band they calculatea new distance
transformandanew embedling, andthey repeathe processThis algorithmrelieson the factthatthe embeddiig is
notacritical aspecf theevolution of thelevel set. Thatis, the embedéhg canbetransformedr recomptedat arny
pointin time, solong assuchatransformatiordoesnot changethe positionof the kth level set,andthe evolution will
be unafectedby this changdn theembedihg.

Despitethe improvemens in computationtime, the narrov-band appro&h is not optimal for several reasons.
Firstit requiresa bandof significantwidth (m = 12 in the examplesof Adalsteinand Sethian(1995))whereone
would like to have a bandthatis only aswide asnecessaryo calculatethe derivatives of w nearthe level set(e.g.
m = 2). Thewider bandis necessarpecausdhe narrav-bard algorithmtradesoff two competingcomputationa
costs. Oneis the costof stoppingthe evolution and computingthe position of the curve anddistancetransform(to
sub-cellaccurag) anddeterminingthe domainof theband Theotheris the costof computingthe evolution process
over the entireband. The narrav-bandmethodalsorequiresadditionaltechniquessuchas smoothing,to maintain
thestability atthebourdariesof theband ,wheresomegrid pointsareundegoingthe evolution andnearbyneighbors
arestationary

5 Sparse-Field Solutions

Thenarrav-bandalgorithmreducescomputatiortime by restrictingthe updaesto a bandof grid pointsthatlie near
the level set. However, that stratgy is basedon the assumptiorthat computingthe distancetransformis so costly
thatit cannotbe doneat every iterationof the evolution process— the bandof computatiormustbe wide enoud to
justify this costly updateof theembedding.

The sparse-fieldalgorithmpropcsedin this sectionusesan approimationto the distancetransformthat makes
it feasibleto recomputethe neightorhoodof the level-setmodel at eachtime step. Thus, it takesthe narrav-band
strat@y to the extreme;it computesupdateon a bandof grid pointsthatis only one point wide. The valuesof the
pointsin the active setcanbeupdatedusingthe up-wind schemeandthe mean-curature flow describedn the previ-
oussections.Whencompuing updateson so few points,however, one mustbe carefulto maintaina neightorhood
aroundthosepoints so that the derivatives that control the processcan be computedwith suficient accurag. The
strat@y is to extendthe embeddhg from the active pointsoutwardin layersto createa neightorhoodaroundthose
pointsthatis preciselythe width neededto calculatethe derivativesfor the next time step.

Thisappro@hhassereraladwartages.Thealgorithmdoespreciselythenumberof calculationsieededo compute
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the next positionof the level curve. It doesnot requireexplicitly recalculatingthe positionsof level setsandtheir
distancetransforms. For large 3D datasets,the very processof incrementinga courter and checkingthe statusof
all of the grid pointsis prohibitive. In the sparse-fieldalgorithmthe numberof pointsbeingcomputedis so small,
it is feasibleto usea linked-listto keeptrack of them. Thus, at eachiterationthe algorithmvisits only thosepoints
adjacento the k-level cune. Also, the sparse-fieldapproachidentifiesa singlelevel setwith a specificsetof points
whosevaluescontrol the positionof thatlevel set. This allows oneto comptte externalforcesto anaccurag thatis

betterthanthe grid spacingof the model,resultingin a modelingsystemthatis moreaccuratefor 3D reconstruction.

The k-level surface, S, of a function« definedon a discretegrid hasa setof cells throughwhich it passesas
shavn in figure 2. The setof grid pointsadjacento thelevel setis calledthe activeset andtheindividual elements
of this setarecalledactivepoints As the modeldeformsthe active will change All of thederivatives(up to second
order) requiredto calculatethe updateof « are compued using nearesineighba differences.Therefore,only the
active pointsandtheir neighborsarerelevantto the evolution of the level-setat ary particulartime in the evolution
process.

Oneimportantaspecbf the sparse-fieldalgorithmis the mechaism to control membershipn the active set. In
orderto maintainstability, one mustupdae the active setandneightoring pointsin a way thatallows grid pointsto
enterandleave theactive setwithoutthosechangein statusaffectingtheir values.Thismechaism canbeundestood
asfollows. Active pointsmustbe adjacento thelevel-setmodel. Thereforetheir positionslie within afixeddistance
to the model. Becauseghe embedling is a distancetransform the valuesof u for locationsin the active setmustlie
within a certainrangeof values.Whenactive-pointvaluesmove out of this activerange they areno longeradjacem
to themodel. They mustberemovedfrom thesetandothergrid points,thosewhosevaluesaremoving into theactive
range,mustbe addedto take their place. The preciseorderingand executionof theseoperationss critical to the
properoperationof thealgorithm.

If we assumehatthe embeddingu is a discreteapproximationto the distancetransformof the model,thenthe
distanceof a particulargrid point, z;, to the level setis given by the value of » at that grid point. If the distance
betweengrid pointsis definedto be unity, thenwe shouldremove a point from the active setwhenthevalueof « at
thatpointnolongerliesin theinterval [—%, %] (seefigure 3). If theneightorsof thatpoint maintaintheir distanceof
1, thenthoseneighbas will move into the active rangejustasz; is readyto beremoved.

Therearetwo operatiors thataresignificantto the evolution of theactive set. First, thevaluesof « atactive points
changefrom oneiterationto the next. Secondasthe valuesof active pointsmove out of the active rangethey are
removed from the active setand other neighboringgrid pointsare addedto the active setto take their place. The
appendixof this pape givessomeformal definitionsof active setsandthe operationghataffect them,andit shavs
thatactive setswill alwaysform a bourdary betweerpositive andnegative regionsin the discretesamplingu, even
ascontrolof thelevel setpasse$rom onesetof active pointsto anothe.

Becausegrid pointsthatarenearthe active setarekeptat a fixed valuedifferencefrom the active points,active
pointssene to control changs in the nonadive grid pointsto which they are adjacent. The neighbahoodsof the
active setaredefinedin layers, Ly1,... Lyy andL_1,... L_n, wherethei indicatesthe city-block distancefrom
the nearestactive grid point, and negatve numbes are usedfor the outsidelayers. For notationalconveniencethe
active setis denotedLy.

Thenumberof layersshouldcoincidewith thesizeof thefootprintor neighbahoodusedto calculatederivatives.
In this way, the insideandoutsidegrid pointsundego no changesin their valuesthat affect or distortthe evolution
of the zeroset. The work in this paperusesfirst- and second-oder derivativescomputedonaa3 x 3 x 3 kernéd
(city-block distance? to the corners).Thereforeonly five layersarenecessary?2 insidelayers,2 outsidelayers,and
theactive set. ThesdayersaredenotedLy, L2, L_1, L_», and Lo, respectiely.

Theactive sethasgrid pointvaluesin therange| —%, %]. Thevaluesof thegrid pointsin eachneighlmrhoodlayer
arekept 1 unit from the next layer closestto the active set(asin figure 3). Thusthe valuesof layer L; fall in the
interval [¢ — %,i + %]. For 2N + 1 layers,the valuesof the grid pointsthatarenotin ary of the layersareeither
insideall of thelayers,with avalueof N + % or outsideall of the layers,with avalueof — NV — é The procedure
for updaing theimageandthe active setbasedon surfacemovemernsiis asfollows:
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Figure3: Thestatusof grid pointsandtheir values attwo differentpointsin time showv thatasthezerocrossingnoves,
activity is passedrom onegrid poirt to another

1. For eachactive grid point, z;, do thefollowing:

(a) Calculatethelocal geometryof thelevel set.

(b) Compuethenetchangeof u,,, basedontheinternalandexternalforces,usingsomestable(e.g.,upwind)
numericalschemewherenecessary

2. For eachactive grid point z; addthe chang to the grid point valueanddecideif the new valuew,, (t + At)
falls outsidethe[—%, %] interval. If so,putz; on lists of grid pointsthatarechangng status calledthe status
list; Sy or S_1, for u, (t + At) > 3 orug, (t + At) < —3, respectiely.

3. Visit thegrid pointsin thelayersL; in theorderi = +1,... &+ N, andupdae the grid point valueshasedon
the values(by addingor subtractingoneunit) of the next innerlayer, L;x1. If morethanone L;1 neighba
existsthenusethe neighba thatindicatesa level curve closestto thatgrid point, i.e., usethe maximumfor the
outsidelayersandminimumfor theinsidelayers.If agrid pointin layer L; hasno L;1 neighlors,thenit gets
demotedo L;+1, thenext level away from the active set.

4. For eachstatudist S+1, S+2, ..., S+~ dothefollowing:

(a) Foreachelementr; onthestatudist S;, remove z; from thelist L;+1, andaddit to the L; list, or, in the
caseof ¢ = £(IV + 1), removeit from all lists.

(b) Add all L1 neighbasto the S;+1 list.

This algorithmcanbe implementecefficiently usinglinked-list datastructurescombinedwith arraysto storethe
valuesof the grid pointsandtheir statesasshavn in figure 4. This requiresonly thosegrid pointswhosevaluesare
changingthe active pointsandtheir neightors, to bevisited at eachtime step. Thereforecomputatiortime grows as
m™ !, wherem is thenumbe of grid pointsalongonedimensionof ». Computatiortime for dense-fielcapproach
increasessm™. Them™ ' growth in computatiortime for the sparse-fieldnodelsis consistentith corventiond
(parameterizedinodels,for which compuation timesincreasewith the resolutionof the domain ratherthanthe
range.

Anotherimportantaspecbf the performancef thesparse-fieldlgorithmis thelargertime stepshatarepossible.
In thenumericalschemesor updatinglevel-setmodels thetime stepsarelimited by thespeedf the“f astest'maving
level curwe,i.e.,themaximumof theforcefunction. Becausehe sparse-fielanethodcalculateshemovemeri of level
setsover asubsebf theimage time stepsarebourdedfrom below by thoseof thedensefield casej.e.,

sup (g(x)) < sup(g(z)), (32)

rEACX reX

whereg(z) is the spacevarying speedunctionand.4 is theactive set.
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Figure4: Linkedist datastructuesprovide efficient accesgo thosegrid poirts with valuesandstatusthat mustbe
updaed.

5.1 Empirical resultsof The Sparse-Field Algorithm
5.1.1 Error analysis

The sparse-fieldalgorithm describedabove is basedon an importantapproximation grid points adjacentto the
active points are assumedo undego the samechangein value as their nearbyactive-setneightors. The dense
field algorithmstreateachlevel set(andeachgrid point) separatelyBecauseroximatelevel setscanhave different
shapesand undergo different forces, nearbygrid points can undergo differentchangsin value. The questionis
how the sparse-fielcapprodmation affectsthe evolution of the zero-level set. The resultsin this sectionshav that
the evolution of the zero-level setin the sparse-fieldalgorithmintroducesan error thatis consistenwith thatof the
dense-fielcapproab andthatbotherrorsaresignificantlysmallerthanthe grid spacingh.

In orderto measurehe effectsof theseapproximatiois we comparethe movemer of thelevel setscomputecby
the boththe dense-fieldandsparse-fieldnethod to the deformationof a circle, which canbe computedanalytically
(Adalsteinand Sethian199%5). Thetotal error of a modelis computedfrom the setof zerocrossingsalongthe lines
connectinghe grid. Thesepointsarefound by usinga linearinterpolationbetweernadjacem pointsthatlie on either
sideof azerocrossing.Thetotal erroris the averagesquarediistanceof thesezerocrossingsrom theideal.

FigureSashawvstheerrorof thedense-andsparse-fieldnethodsn 2D for acircle moving underits own curvature.
Figure5b shawvs the sameresultsfor the a circle moving in the directionof the inward normalat a uniform speedof
1. The2D grid is 100 x 100, andthegrid spacingis unity. The circle beginswith aradiusof 30 units. Theseresults
shaw that,onthe whole, the sparse-fieldnethodanddensefield methodsgive comparake errors. The magnitudeof
theseerrors,whenscaledappropiately for differencesn time constantandgrid spacing,are consistentith those
documentedn (AdalsteinandSethian1995)eventhoudh the errormetricis slightly different. Notice thatin thecase
of constaninward velocity, both discretelevel-setmethodshave high errorsasthe circle radiusbecomegjuite small
(it shouldbe zeroatt = 30). Thisis to be expectedandis a inevitable consequece of usingdiscretemethod to
represenbbjectswith sizesthatarecomparabldo the grid spacing.
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Figure5: Thermserrors, relative to ground truth, for a circle evolving undercorstantspeedand cunature suggest
thatthe errorsassociatedavith the sparse-fieldlgoritrm areno worsethanthoseintroducedby the discretizatio and
level-setappioximatian.

5.1.2 Timing

Measurementsf the timing bearout the expectedimprovementsin performancewith the sparse-fieldnethod. A
roughcalculationof the expectedimprovementss asfollows. In 2D, ann x n imagerequireskn® calculationgper
updatewherek is the numberof calculationspergrid point. Theupdatesfor the sparsdield shouldbe ¥ n, wherek’
includesthe extra costsassociatedvith updatingandmaintainingtheneighbahood. Let R = k /K, betheefficiengy
of theimprovement.Of coursewe expectR is lessthanonebecausef the extra overheadof maintainingthe active
setandthe neighbahoodaroundit. For acircle of radiusn/3, the cardinalityof the actve setis approximately2n.
Theneightorhoodis another layers,eachrequiringl passfor anupdate.Let the costof visiting maintainingthelist
andupdatingthe neighbahoodbe denotedw. he Thentheratio of calculationtimes, R, for thetwo methodsshould

be approximately
k k 1

R= = Ga+D2k ~ Bav2’
If a is of the sameorder magnitudeas k (becaus it requiresseveral floating point calculationsinvolving nearest
neighbors)thenequation33 givessomeroughbourds on the efficiengy: 0.012 < R < 0.36.

Of coursethesenumtersare estimatesand dependquite heavily on the implementation.For the experimentsof
this sectionwe have useda ratherhigh-level, object-orientedC++ imageprocessig library (developed in house),
which usesin-line functionswherepracticalaswell astemplatedmagesand genericdatastructures.This library
emphasizesaseof implementatiorratherthanperformanceThe “inner loops” of the methodscomparedi.e. those
loopsthatdo the calculationsandupdaesat eachpixel, arewritten with identicalcodewherepossible All resultsare
computedona SunSparcl0.

Table1 givesthe averagetime periteration,averagedover 25 iterations,for a circle of radiusn/3 moving with
first cunatureandthena constaminward speed.The executiontimesandthe efficiengy factorsconfirmthe expected
improvementsn performarte from the sparse-fieldnethod.

Making direct comparison®f thesecomputationtimeswith the resultsof otherresearcherss difficult because
of differencesn implementationsand hardware. However, the ratio of the dense-fielccomputationtime to that of
the sparse-fieldlgorithmgivesa performanceratio. We have computedhe sameperformanceatio for the narrov-
bandmethodfrom the datain (Adalsteinand Sethian1995). Figure6 shavs a graphof thatratio for the sparse-field
approachandthe narrov-bandmethodfor two distinct bandwidths, 6 and 12. Theseresultsshov thatthe sparse-
field methodis somevhat faster andtheimprovementsin compuationtime grow asthe domainsizeincreasesFor
largermodels the differencein computatiortime betweerthesemethodss evenmoreextreme.The modelsin these
experimentsarerelatively small andthe time differenceshouldbe more dramaticasone goesto 3D. For instance,

(33)

Appeas in: ThelntemationalJourral of Compuer Vision, 29(3, Octoker, 1998 pp. 203-231. 16



| ImageWidth || Sparse-Field] Dense-Field| Efficiency FactorR ||

Circle moving undercunature.

75 0.02 0.12 0.080
150 0.03 0.49 0.109
300 0.07 1.96 0.093
600 0.14 7.87 0.094

Circle moving atconstamspeed-1.

75 0.02 0.11 0.073
150 0.05 0.44 0.059
300 0.10 1.74 0.058
600 0.20 6.97 0.058

Tablel1: A comparisonof executiontimes(seconds/iteratim) for computing the evolution a circle

Curvature Flow Constant speed (-1)

——=—— Sparsc Ficld
=0 Narrow Band (6)

== Narrow Band (12)

04 + ! 0 l
75 150 300 75 150 300

Image size (height)

Performance Ratio
8

Figure6: A comparisonof the sparse-fieldnethodwith the nariow-bard resultsfrom (Adalsteinand Sethian1995
bearsouttheadwartageof the sparsdield method Theadwntageis modestfor smallmocdelsbut grovs asthemodels
getlarger— animportanttrendwhencorsideringlarge, volumetric models.
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Figure7: The defomationof a cubemoves downhill on the distancetransfam of a torus. In (a) the steadystateof
the densefield apprachshaws thatthe torussuffers from aliasingdueto the shockswhich form nearthe bourdary
of thetorus.In (b) the sparse-fieldlgorithmbouwncesbackandforth betweergrid pointsthathave forces in opposite
directiors. In (c) the modifiedsparse-fieldlgorithmusesa first-orderappraimationto positionthe zero-level setto
subcellaccurag.

thecircle in the 300 x 300 imagecontainsapproXmately 600 pixels alongits border The surfaceof a spherein a
300 x 300 x 300 volumewould containabou 40,000voxels.

5.2 Subcell accuracy

Resultsof the previous sectiondemastratethe accurag and computationbefficiency of the sparse-fieldalgorithm.
However, the level-setapproacthis still not appropriatdfor 3D reconstration becausef its limited spatialresolution.
This sectionshawvs how the sparse-fieldalgorithm canbe modifiedto improve the overall accurag of the level-set
method.

It is well known thatfront propagationsof the form of equation(25), without any smoothingterm, form shocks
wherefronts moving in oppasite directionsmeet. In the discretedomain, when using an upwind scheme these
shockstake theform of high contrastregionsthatform alongthosegrid pointsthatlie nearthezerocrossingof g(-).
Unfortunatelytheseshockshave anadwersesideeffect; they constrairthe positionsof level-setsolutionsto fall onthe
grid lines, half way betweengrid points. The high contrastregionsassociateavith shockformationcausealiasingin
thefinal resultsof level-setmodels.

This aliasingis not aninherentpropertyof the implicit representationindeed,grid-point valuescanbe manip-
ulatedto positionzerocrossingsarnywhereon the grid lines, andlinear or higherorderinterpolationtechniquesan
be usedto constructparametricrepresentationfrom level setsto within subcellaccurag. The aliasingassociated
with themoving wavefrontsfollows from thefactthatthe numericalschemegor propagting frontssampletheforce
functiong(-) only atgrid pointlocations;it is aninherentproblemin the level-setnumericalschemeshathave been
proposedo date. Any iterative deformationschemethat sampleghe forcing function at only a discretesetof grid
locationswill belimited in its ability to accuratelylocatethe solution.

The problemsassociatedvith the discretesamplingof the forcing function are particularly troublesomewhen
considering3D reconstruction.Figure 7(a) shaws the resultof allowing a cube(sampledon a 50 x 50 x 50 grid)
to move on the distancetransformof a torus. The distancetransformof the torus (which senesasthe g(x) for the
reconstruction)s compued analyticallyandthensampledon the samegrid asthe cube. Thelevel-setmodelforms
patternghatreflectthe underlyinggrid structurebecausef the shocls thatform betweengrid pointsthatareinside
andoutsideof thetorusbourdary. The problemsof shockcreationandaliasingareevenmoreseriousin casesvhere
theforces,representetdy ¢(-), have a greatemresolutionthanthe model— asin the caseof recovering 3D models
from high-resolutiorrangemaps. In suchcasedimiting the modelpositionto the resolutionof the grid is far from
optimal;it introducesunnecessargrtifacts.

Thesparse-fieldlgorithmprovides a mechanisnfor positioninglevel setsto subcellaccurag. In thesparse-field
algorithmthe active grid pointscanbe thought of ascontrolpointsfor a nearbyzero-level set. The level setdoesnot
necessarilpassthroughthe centerof the grid point (exceptin the specialcasewherethegrid pointhasavaluezero).
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Figure8: The modfied sparse-fieldalgoithm: (a) For a curve in a plane,the positionof the level setnearto a grid
pointis found usingNewton’s metha. (b) For a squae beingfit to a circle, the sparse-fieldnethal obtainssubcell
accurag andalmostperfect fit (lessthanahundedthof avoxd error) while thedense-fieldchemdormsshocksand
stabilizesatanerra of 0.20 cells.

Newton’s methodgivesa first-orderapprodmationto the positionof the nearbyzero-level set,asin figure 8(a).
Letx € IP bethepositionof agrid point, Vu, bethevectorof first derivativesof themodelat sometime t. The
positionof the closestzero-level setto the grid pointx is givenby

N Vux
X=X— ux Vor Vi’ (34)
exceptwhenVu, = 0, which mustbe handledasa specialcase.Computingthe forceson level-setlocationsaway
from the grid pointsis similarin philosophyto the methodof extendingthe velocity fields of level setsdescribedy
Sethian(1996).
The numeical computationof Vux in equation(34) can proceedin one of several differentways. Although
centralizedlifferencesarepossibletheclosestzerocrossingcanbefoundby finding the steepesbne-sidedierivative

in eachdimension.Definethefunction

N a |a| > o]
MaxAbs(a,b) = b lal < b - (35)
¢ lal =[]

Thedirectionof nearestzerocrossingcanbe calculatingby using
Vix = MaxAbs(dS uy, dSuy), ..., MaxAbs(d$H uy, dSH ). (36)

Figure7(c) shavsthatbetteresultsareobtainedrom themodifiedsparse-fielanethod(first-orderapproximation
to the level setlocation)thanmethod which sampleforce-fieldvaluesonly at grid point locations. The first-order
approximationallows grid pointsto achieve grey-level valuesthatreflecttheir distancefrom nearbyfeatures.This
first-orderimprovementis essentiain usingthe level-setparadigmfor modeling3D objects. The renderingof 3D
modelsmakesuseof first-orderderivativesof the volumedata,which aresensitve to aliasingartifacts.

Figure8(b) shaws the error, usingthe sameerrormeasuredescribedn section5.1.1,for a squaremoving down-
hill onthedistancetransformof a circle. Theerrorbeginsatabou 7 unitsandslowly decreaseasthe modelmaves
towardthecircle. Thedifferencein the sparse-fieldand densefield methodsdemorstrateshe subcellaccurayg that
is obtainedwith the first-ordermodifications.The dense-fieldnethodforms shocks, andthe error stabilizesat abott
0.20cells. The dense-fieldschemeprodu@sa binaryimagewhich is the inside-outsidgunction for the circle. This
resultis representatie of other numericalalgorithmsfor level sets,suchasthat of (Adalsteinand Sethian1995),
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which do not attemptto positionlevel setsto sub-cellaccurag. The sparse-fieldnethodpositionsthe zero-level set
to subcellaccurag andeventudly obtainsvery smallerrorsin fitting thelevel set. Thesmalldip in errorat about50
iterationsis even moredramaticin the dense-fieldapproat but is not easilyvisible on the logarithmicscalegivenin
figure 8(b). This overshootindicatesthatthe modelmovesthroughthe solutionandslightly beyond beforereaching
asteadystate.

This stratgy of approakimating the level-setpositionto sub-cellaccurag cangeneralizedo higherorders. For
instance,in two dimensiors one canfit a second-ordr functionto u in the neighbortood of the active grid point.
Suchhigher order schemesare not pursuedin this paperfor two reasons.First, they would add consideraly to
the computatioml burdenof the method Secondthe embedihg of the level setis the distancetransformimplies
that |¢| = 1 almosteverywhere,and thereforesecondderivative in the gradientdirectionis virtually 0 exceptat
singularities(BruceandGiblin 1986).

6 Level-Set Modelsfor 3D Reconstruction

This sectioncombineshe level-setmodelingtechnol@y from Sectionst and5 with the MAP reconstructiorformu-
lation of Section3 to generate8D reconstrutions of objectsfrom multiple rangemaps. The stratey is asfollows.
Constructa rathercoarsevolumethatis the solutionto the linear problem,i.e. the zero-level setsof g(-), without
the prior. This volumesenesasinitialization for a level-setmodelwhich movestoward the datagiven by therange
mapswhile undegoing a secondorderflow to enforcethe prior. After the rateof deformationslows to belov some
thresholdtheresolutionis increasedthe volumeresampledandthe processepeated The coarse-to-finestrateyy is
intendedo bea continuatiormethod(asdescribedy (Nielson1997, Sryder, Han,Bilbro, WhitakerandPizer1995)
for bothreducingcomputatiorandpreventingthe algorithmfrom cornverging on local minima.
Thereareseveraladditionalconsiderationsvhich affectthe performancef this algorithm. Thefirst consideration
is thatthe MAP formulationin Section3 sufiersfrom a problem;it ignoresthe nonlinearityresultingfrom the fact
thatthe rangescannemgivesthe depthreadingfor the singleclosestsurfacepoint alongtheline of sight. Therefore
the solutiongiven by the zerosetsof g(-) could containartifactsthat resultfrom surfacesinteractingat occlusion
boundaies. The useof rwx or thewindowing functionw(-) helpalleviate this problem,but it is virtually impossible
to stopthis interactionin placeswherethe objecthashigh cunaturenearits occludingcontou. An iterative scheme
caneliminateinteractionsof surfacesnearoccluding contous by taking advantageof the knowledge thatthe objects
aresolids. Thatis, asurfacecannd returnarangereadingif it is facingaway from the scannerlf the surfacenormal
is takento beoutward,thenthedot productof thesurfacenormalandtheline of sightmustbenegative. Theevolution
equationmodifiedto includeonly thosesurfacethatfacethe scanneassociatedvith a particularrangemap,is

(V¢ . n(]')(f())+

V- n() (%) + @37

ot = 9o Y D R)w (D) 1) (3
J
B2+ 0 +02) T [(62+62) buw + (67 +02) buy (38)
+ (02 + ¢y) b2z — 2 (Pabyduy + Sydzdyz + $z02d:2)]

wheren? (x) is theline of sightfrom arangefinderto a 3D point, x.

A secondpracticalconsideratioris the confidenceassociatedvith the rangedata. In Section3 the confidence
measure:’) (x) wasexpressedstheinverseof the varianceof the sensomoiseassociateavith the rangemeasure-
mentalongtheline of sightn(x). Otherfactorsalsoaffect this confiderce metric. Onesuchfactoris the uncertainty
in the position of the modelthat resultsfrom the discretizationof the embedling ¢. More specifically eachgrid
point beingupdatedin the volume u, controlsthe movementa of a level surfacenearby whosepositionis known
to only finite accurag. Thusthereis cloud of uncertaintyarourd eachgrid point. The first-orderapproxmationto
the level-setpositiondescribedn Section5.2 improves mattersconsideraly, but the 3D positionalerror cannd be
discountedentirely, For this work we assumehatuncertaintyis isotropicwith variancedenoteds2.

Thepositionalerrorassociateavith thediscretesamplingof avolumegivesriseto anuncertaintyabouttheline of
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Figure9: Therangemapof amug,viewedasanimage(a), givesriseto a confidexcemeasurégb) thatcombiresboth
thenoiseof thescannewith the spatialuncetainty of themodel.

sightandtherebyuncertaintyaboutthe valueof theassociatedangemeasurementJsingafirst-orderapproximation

to calculatethis errorwe have .

(0D (x))" + VDD ) 03 (x)’
whereg) (x)? is the varianceassociatedvith the rangemeasuremt alongthe line of sightthat passeshroughx

and DY) (x), asin equation(13), is the signeddistancealongthe line of sightbetweenthe rangemeasurerentand
x € IR%. Derivativesof DY) (x) combinethe geoméry of the scannewith derivativesof therangemap. Thatis,

P (x) = (39)

nV0,0) Gy PR Gy (40)

vDY (x) = Vx — Vr¥ (x) = Vx — 50 Rr

Thus, this formulation hasthe intuitive resultof lowering the confidencenearstepedgesin the rangemap. Some
simplereasoninggivesapproximatevaluesfor ox. If the surfacepositionis known to within onehalf of avoxel (and
voxels have unit length), then one shoud chooseo? = 1/12. If the first-orderapproximationreducesthat by an
orderof magnitudewe have o2 = 1/120. Figure9ashaws a noisy rangemapgeneratedrom the CAD modelof a
mug, andfigure 9b shaws the resultingconfiderce mapwith o2 = 1/120 anda constantnoisevaluefor all range
measurementsf 1 unit.

6.1 Results

This sectionpresents3D reconstructiongrom several differentsetsof data. The first is syntheticdataof a torus,
shavn asa surfacein Figures10(a) and 10(b). These200x 200 pixel depth mapsare computedanalytically and
corruptedwith 20% uncorrelatedGaussiamoise. Six suchviews of the torus are combired in the examplesthat
follow.

The secondsetof datais ten syntheticviews computedfrom a CAD modelof a mug asshawn in figure 10(c).
This mug hassomesmallerfeaturessuchasthe handle(particularlywhereit attachedo the body) andthetop of the
rim. Resultswill be shavn with andwithout 50% additive Gaussiamoise.

Forrealdatafigure10(d)shavs a400 x 500 pixel depthmaptakenfrom atelephorreceverusingatriangulating
laserrangefinder. Eight suchviews have beenpositionedrelative to eachother initially by handandthenby an
automatedsurfacematchingtechnique(Turk andLevoy 1994).
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Figure 10: Rangemaps: Syntheic range dataof a torus — 200x 200 pixels with 20% Gaussiarwhite noise(asa
fractionof smallerdiamete) taken of bothend(a) andside(b). Synthetic range dataof a mug(c) — 256x 256 pixels
with 50% Gaussiamwhite noise(asa fractionof hande width). Triangulatinglaserrangedataof telephow (d).
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Figure11: An initial model(a) is constrietedby combning six pointsof view of a torus usingthe zerocrossingof
g(+). Themodé whichis attractedo the rangedatabut undergoesinterral forcesevolvesandsettlesinto a smootter
steadystate(b) whichresembleshe uncoruptedtorus (c). Image-basedmootting producesview-dependen artifacts

(d).

Figure 11(a) shaws the initial model usedfor fitting the level-setmodelto the rangedatafor the torus. The
initial modelis a80x 80x 40 voxelsandis producel by finding the zerocrossing of thedataterm, g(-). For all of the
examplesof thispaper 3D surfacerendering of level setsarefrom polygorelizedsurfacesobtainedrom thevolumes
by the marchingcubesmethod(LorensonandCline 1982). Figure11(b)shaws theresultof thelevel-setmodelthat
usesll1(a)asaninitial stateandg valueof 0.25. Theresultingmodel,which combineshesix pointsof view andthe
smoothingfunction,is areasonableeconstructiorof the original object(figure 11(c)). Figure11(d) shavs theresult
of the combineddataterm g(-) createdby the six noisy torusrangemapsthat have beensmootted with Gaussian
blurring prior to their combination Suchanimage-spacélurring distortsthe geometricstructureof therangemaps
sothatthey no longerfit togetherthis resultsin view-dependentartifacts. The object-basedmoothing achieved by
incorporatingthe prior of equation(19) into the level-setapproachdoesnot producesuchartifacts.

Figure 12 shaws the effects of the paramete3 on the final result. The parameteis not a thresholdthat must
be setprecisely;resultschangegraduallyas 8 variesover an order of magnitude. Figure 13 shaws, for different
valuesof 3, thermserror of the reconstructiorof the torusasa percentag®f the magnitudeof the noiseaddedto
the syntheticrangemaps.Evenwithout the prior, the averagingobtainedfrom the MAP methodovercomeanuchof
theinitial noisein the data. The quality of thereconstructiordoesdepen on the choiceof 3, but the useof the prior
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Figure12: Solutionsto reconstration describedn figure 11 with values of 8 at(a) 0, (b) 0.04 (c) 0.32,and(d) 0.64.
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Figure 13: The rms error of the recastructionof a torus, given asa perceaitageof the magnitue of the noise,for

differentvaluesof theprior, 3.
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providessignificantimprovementsn thereconstrution for ary choiceof betathatis within anorderof magnitudeof
theoptimum.

A 3D model of a mug, shavn in figure 14(a), is usedto generatel0 rangemaps. Theseten views are then
combinedto reconstructhe 3D model (figure 14(b)). The reconstrution resembleghe original in figure 14(c) to
within the accurag afforded by the discretizationof the volume and somesmall shadeving artifactsaroundthe
handle whereit is difficult to completelymapbecausef self occlusions Thefinal modelis 140 x 140 x 140 voxels.
At this resolutionthe handleis lessthantwo voxelsthick, but onecanstill recover the fine detailswherethe handle
attachego the main part of the mug. The facetsarein the original, polygonal model. Suchlarge volumes(almost
3 million voxels) necessitatehe useof the sparse-fieldapproad), which visits the entire datasetonly during the
initialization, andvisits only thosevoxelsthatlie nearthe surfacethereafter With no priors (i.e. 8 = 0) andrange
imagesthatarecorruptedby additive Gaussiamoise,the surfacetakeson anroughappeaance.Figure14(d) shavs
how asmallinfluenceof the prior, 8 = 0.5, produce a smootheresult. The resultthatincludesthe smoothingprior
is alsoquantitatvely betterasdeterminedy thermserrorfrom the original mug model. The 140 x 140 x 140 grid
usedfor the mug required16 iterations. The entire reconstructiorprocesdastedabout20 minuteson a Sparc10.
Most of thattime wasspenton theinitialization andresamplingwvhich requiresvisiting the entirevolume.

For the workstationusedin this work, this large modelis at the limit of what canbe storedin randomaccess
memory As a result, modelslarger than this typically introducethrashingand significantly longer computation
times. Methaods for efficiently representingsparsevolumesare well documetred in the literature,but accesgime
penaltiesassociatedvith currenttechnologes (e.g. oct-trees)would make suchmethodsnefficient for the iterative
proceduresisedin this work. Reducingthesememoryrequirementsvhile maintainingrun-timeefficiency is anarea
of ongoing investigation.

Figure 15 shavs how the algorithmis ableto handleoutliers. Figure 15(a) shavs a single scanfrom the same
mug datasetcorruptedwith 1% replacemennoise(i.e. outliers)insteadof additve Gaussiamoise. The resulting
initialization shawvn in 15(b) is quite poor; it containshundred of holes. The combinationof smoothingand sub-
voxel accuray obtainedfrom the level-setmodelspulls the modelaway from the outliersand gives a corvincing
reconstruction.

In figure 16 eight rangemapsof a telephone(taken with a triangulatinglaserrangefinder (Curlessand Levoy
1995))arecombinedto createa 3D reconstruction Figure16(a)shovs the 40x 20x 20 initial modelusedfor fitting
level-setmodelsto the rangedata. That model senesasthe initial conditionsfor the evolution given by equation
(39). After the modelsettlesdown (changefrom oneiterationto the next dropsbelow a threshold, the volumeis
resampledntoafiner grid, andthe processs repeatedThe scanne imageshave artifactswhich affect the resultof
themodelingasshawvn in figure 17(a). Theseartifactsresultfrom falsesurfacesin thedata,aswell asmisalignments
in the rangemaps. The MAP reconstructioralgorithmasit standscannotrealignthe data,but to the extent these
artifactshave a high-frequeng/ characteto them,they canbe controlledby adjustingthe smoothingparameters.

7 Conclusions

This paperhaspresenteda stratgyy for reconstructing3D objectsby combiningrangemapstaken from different
pointsof view. The strat@y is to computethe surfacewhich is mostlylikely to have givenriseto the datagenerated
by therangescannerijt maximizesthe posteriorprobablity of thesurface.

By usingtheindependaceof the sensomoiseandassuminghatthe collectionof datain ary onemapis dense
relative to the objectstructure the MAP formulationconvertsthe errorfrom individua rangereadingsnto avolume
integral. The EulerLagrangeof thatvolumeintegral givesthe equationof motion for a surfacethat seeksto mini-
mizeits likelihood conditionalon the data. The introductionof a prior leadsto a full MAP formulation. This is a
fundamentatesultin 3D reconstructiorwhich posessurfacereconstructiorasanevolutionaryprocessasedn first
principles.

This paperhasalsopropcsedlevel-setmodelsfor computingthe deformatiors associatedvith MAP estimation.
The level-setmodelingapprachis well suitedfor the MAP reconstructiorformulation becauset offers flexible
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Figurel4: Level-setMAP recorstructionof amugusingsyntheticdatageneratedrom a 3D mockl (a). Without noise

therecorstruction(b) is limited only by theresolutionof themodel(140 x 140 x 140). With noise thesurfaceappears
roudh (c). Including aprior of 8 = 0.25 improvesthe apparanceof thereconstration (d) andthermserrorfrom the

original.

Appeas in: ThelntemationalJourral of Compuer Vision, 29(3), Octoker, 1998 pp. 203-231. 26



@ N (b)

Figure 15: The effects of outliers: (a) The original mug dataset corrypted by replacenent noise. (b) The poa
initialization thatresultsfrom thatdata.(c) Theresultsof theiterative, level-setformulation.

(@) (b) (©

Figurel6: Theresultsof thelevel-setMAP recmstructionapprach: An initial model (a) is constrietedby combining
eightpointsof view of atelephmeinto a discreteoccumng grid of 40x20x 20 grid points. Resultsfrom the course
modé sene asinitial conditiors for successiely finer modelsin (b) and(c).
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Figurel7: Artif actsthat prodice discontinities canbe contrdled by tuningtheweight 3 of the smoothimg term. In
(@), (b), and(c), steady-statsolutionswith g = 0.1, 1.0,and5.0,respectiely.

topologies,multiscale/multigridrepresentationsmary degreesof freedom,and efficient methodsfor calculating
geometricsurfaceproperties.Despitetheseadwantags, the level-setapproachasdescribedn the literaturesuffers
from high computatioml costsandlimited accurag.

This paperhaspropcsedan enhancemet to level-setmodelingtechnologyin the form of a new algorithm, a
sparse-fieldnethod. The sparse-fieldnethodperformscalculationsand updatesonly at thosegrid point locations
thatlie nearthezero-level set(or ary level setof interest).As aresultthis algorithmis compuablein afractionof the
time requiredfor otherlevel-setapproaties.This paperhasshavn thatthis newv methodintroduces errorsthatareno
worsethanpreviousalgorithms.The sparse-fielalgorithmalsoenablesoneto usea first-orderapproimationto the
level-setposition,andthereforet is actuallymoreaccurataindercircumstancewheretheforcing functionis defined
to greateraccuray thanthegrid structure asis the casewith the proposedVIAP formulationfor 3D reconstrution.

Resultson bothrealandsyntheticdataconfirmthe effectivenesof combiningthe MAP stratagyy with thelevel-set
modelingmethod.Theuseof avery simpleprior, which biasessolutionstowardthosethathave lesssurfacearea,can
improve thereconstructionn the presencef uncorrelatedhoiseandhigh-frequency artifacts.

Thereare,however, several areasthat warrantfurther development. Oneareais the problemof large datasets.
While the sparse-fieldnethodreduceshe number of compuationsrequiredfor deforming,it doesnot alleviate the
needto storedatafor the volumethat coversthe entiredomain. Anotherareaof ongoinginvestigationis the prior.
The second-oder smoothingusedin this papertendsto distortthe shapef objectswhenappliedtoo aggressiely.
Thisis particularlytruewhentheobjectshave high curvature,suchasthehhande of themugin figure 14. Priors,such
asthebendng enenpy, thatrely on higherordergeometryor priorsthatincorpaatehigherlevel knowledge about the
objectscouldimprove the quality of theresults.
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Appendix

A formal definition of active setsandthe operationgperformedon themgivessomegenerapropertiegegardingtheir
behaior duringthe sparse-fieldlgorithm. Let u be a discreteapprodmationto ¢ on arectanguar grid. On eachof
thegrid points(or voxelsin 3D), » hasavalueequalto thatof ¢. An active setis asetof grid pointsthatareadjacem
to thelevel set.For notationalconveniercethe zero-level setis used,andthusactive setsconsistof grid pointsthatlie
nearzerocrossingsAs thelevel setmoves,two thingshapperto active sets.First,thevaluesof active setandnearby
pointschange.Second pointsare addedand removed from the active set,i.e., actwvity is passedon from onegrid
pointto another Theremaindeof this sectionsenesto formalizethesedeasandshaw thatactive setsmaintaintheir
importantpropertiesasthe sparse-fielalgorithmprogreses.In orderto maintaingenaality, the discussiorproceeds
in n dimensiors, wheren = 3 for surfacereconstructiomproblemat hand.

A volumeI = {X,u} of dimensionn is a setof grid points, X, arrangedn a rectilineargrid and a discrete
mappingu : X — IR. A grid pointz; € X hasanassociatednhdex i(z;) € I" (i.e.,s = 41,...,i, andi; € I).
This index hasa basis,ey, . . ., en, Which consistsof unit vectorsalongthe grid lines,i.e.,e; = (1,0,---),e2 =
(0,1,0,---),+-+,en = (0,---,1).

Eachgrid pointhasasetof 2n connetedneighbaswhicharegivenby C(z;) = {zk|i(zx) = i(z;) tem, 1 <=
m <= n}. Thatis, the2d neighbas of z;, givenby C(z;), arethosepointsthatlie adjacento z; in oneof thegrid
directions.

Oneminor pointis the handing of boundary conditionson the domain. For this work we assumethatevery grid
pointhas2d adjacengrid points,meaningeitheratoroidaltopology (wraparound)or aninfinite arrayof grid points.
All of theresultsdescribedn this sectioncanbe extendedto othertopologesor bourdary conditions.

Theadjacen operator A(x;, z;) for z;,x; € X, indicateswhetheror nottwo or moregrid pointsareadjacent,
i.e.,

A(xi,mj) = T € C(.’I:z) (42)

Thesignoperator O (z;, z;, u) indicateswhetheror not the valuesof « associatedvith two grid pointshave values
of oppositesign,i.e.,

O (zi,zj,u) 2 (umi >0 and Uz 0) or (Um,- < 0 and Ug; > 0) . (42)

Note thatboth O (z;, z;) and A(z;, z;,w) arecommuative. An adjacen grid point pair with valuesthat have
oppositesignsaresaidto lie onazeio crossing

An activeset.A is a subsé of X suchthat for every adjacentpair with oppasite sign, at leastone of the grid
points of that pair is in the active set. Thatis, 4 C X is anactve setif andonly if Vz;, z; € X, O(zi, zj,u)
andA(z;,z;) = {wzi,z;} N A # 0. This definition meansthatan active setcould include grid pointsthatare
not necessaryo satisfythe condtion. An active setis saidto be efficientif for all membersof the active sethave a
neighborof oppasitesign,i.e., A is efficientif andonly if Vz; € A 3 z; s.t. O(z;, z;,u) and A(z;, z;). Efficient
active setsconsistentirely of grid pointsthatlie on zerocrossings.

Thereareseveral propertief active setsthatareimportant.First, anefficient active setcanbe constructedrom
avolume (if it is finite) by testingthe valuesof eachgrid point andits neighlors and constructinga union of all of
thosegrid pointsthatlie on zerocrossings Secondan efficient active setcanbe constructedrom ary (finite) active
setby succesively removing thosegrid pointsthatdo notlie on zerocrossingsThird, active setsdivide imagesinto
enclosedpositive andnegative regions. This is true becauseby the definition of an active set,thereis no connected
path(asequenre of adjacengrid points)from a grid pointwith positive valueto a grid point with negative valuethat
doesnot passthroughanactive grid point.

The sparsefield algorithmworks with active setsand performstwo distinct actionson thesesets;it movesthe
actiity of grid pointsto adjacengrid points,andit changeshevaluesof grid points. Thefollowing resultsshow that
sparse-fieldalgorithmmaintaingthe propertieof active sets(they continueto divide positive andnegative regions).

A movemen of an active setA is a procedue for constructinga new setof grid points A = M (A, I). This
procedures to remove agrid pointz; € A from A andaddto A all of z;’s neighbas thathave oppositesign. That

Appeasin: ThelntemationalJourral of Compuer Vision, 29(3, Octoker, 1998 pp. 203-231.

31



is,
M(AT) & {A— {2;}} U {zi|A(zi, z;) and O(zi,2;,u)} . (43)

Proposition 1 A setof grid points.A’ constructedby a movemenprocedug, A = M (A, I), is anactiveset.

Proof Proposition 1 Let z; dende the grid point thatis removed. Assumethat A’ is not an active set. Then
thereexists a pair of grid points {z;, zx} suchthatO(z;, z;,u) and A(z;, zx) and {z;, zx} N A" = 0.
Therearetwo casedo consider:

z; ¢ {z:,zx} Inthiscaseneitherof thegrid points{z;, zx } N.A = 0. ThusA is notanactive set,which
violatesoneof theassumgions.
z; € {z;, =i} Thisalsoviolatestheassumptiorbecaus all opposite-sigmeightorsof z; arein A’

O

Proposition 2 If A is an efficient active set, thenthe setof grid points A’ constructedoy a movementprocedire
A’ = M(A,I),isalsoan efficientactiveset.

Proof Proposition 2 Letz; denotethegrid pointthatis removed A’ is anactive setby Propositionl. Thusonly
the proof of efficiengy is necessgy. Assumethat.A’ is not efficient, thenthereexistsanactive grid point z;
with aneightorhood N = {zx|A(z;, 2} suchthat{z;|O(z;, zk,u)} N N = ). Therearetwo casedo
consider:

z; € A: Thisviolatestheassumptiorbecase. A is assumedo be efficient.

z; ¢ A': In this casez; is one of the grid points thatis addedto .A' by the movementprocedue.
However, thesegrid pointsareaddedbecausehey have aneighlor of oppositesign,namelyz;.

O

An updateof anactive setis the constructionof a new imagewhich hasa new valuefor oneof its active points,
i.e.,I' = {X,u'} wherev' = U(u, A).

Proposition 3 Anupdateof I to I’ with I' = {X,«'} and«’ = U(u,.A) preservegheactiveset.4, i.e., A is still
an activesetof I'.

Proof Proposition 3 Letz; bethegrid pointwith avaluethatis changel. Assumethat.A is notanactive setof I'.
Thenthereexistsapairof grid points{z;, zx } suchthatO(z;, z;, v") and A(z;, 1) and{z;, zx }N.A = 0.
Therearetwo casedo consider:

z; & {z;, 21} In this caseneitherof the grid points {z;, zx} N A = @, which meansthat.A is not an
active setof X, u (sinceu and«’ differ only in thevalueatz;), which violatesoneof theassumptios.

z; € {z;,z} Thisalsoviolatestheassumptiorbecaus z; is by definitionin theactive set.A.

O

It is provable that the updateprocedue doesnot presere the efficiency of an active setin all cases. Certain
combinationsof grid pointscanbe shawvn to prodice inefficient active setsafter an updateprocedue. Pathological
caseganprodice densesetsof active pointsthatfill wholeregionsandrenderthe sparse-fieldnethodinefficient.

Onesolutionto the problemof inefficiency is a pruning processvhich systematicallyemovesunne@ssarnyactive
points.A pruningprocedire P(u, A) is aproceduethatprodiwcesanew activeset4 = A—{z;} if theneightorhood
N of z; is of the samesign,i.e., O(z;,z;,u)Vz; € N, and A" = A otherwise. The pruning procedire canbe
repeatedor eachz; € A afteranupdae stepandcanbe shavn to prodwce an efficient active set. The authorhas
foundthatin practicesucha pruning procedureas unnecesary andthatundernormalsituationsactive setsremain
efficientexceptatsingularitiesj.e., wherelevel setsbreak,join, or disappear
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