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Abstract

This paperpresentsa methodthat usesthe level setsof volumesto reconstructthe shapesof 3D objectsfrom

rangedata.Thestrategy is to formulate3D reconstructionasa statisticalproblem:find thatsurfacewhich is mostly

likely, giventhedataandsomeprior knowledgeabouttheapplicationdomain.Theresultingoptimizationproblemis

solved by an incrementalprocessof deformation.We representa deformablesurfaceasthe level setof a discretely

sampledscalarfunctionof 3 dimensions,i.e. avolume.Suchlevel-setmodelshavebeenshown to mimic conventional

deformablesurfacemodelsby encodingsurfacemovementsaschangesin the greyscalevaluesof the volume. The

result is a voxel-basedmodeling technology that offers several advantagesover conventional parametricmodels,

includingflexible topology, noneedfor reparameterization,concisedescriptionsof differentialstructure,andanatural

scalespacefor hierarchicalrepresentations.This paper builds on previouswork in both3D reconstructionandlevel-

setmodeling. It presentsa fundamental result in surfaceestimationfrom rangedata: an analyticalcharacterization

of the surfacethat maximizesthe posteriorprobability. It alsopresentsa novel computationaltechnique for level-

set modeling, called the sparse-fieldalgorithm, which combines the advantagesof a level-setapproach with the

computationalefficiency andaccuracy of a parametricrepresentation. The sparse-fieldalgorithmis moreefficient

thanotherapproaches,andbecauseit assignsthe level setto a specificsetof grid points, it positionsthe level-set

model more accuratelythan the grid itself. Theseproperties,computational efficiency and sub-cellaccuracy, are

essentialwhentrying to reconstructtheshapesof 3D objects.Resultsareshown for thereconstructionobjectsfrom

setsof noisyandoverlapping rangemaps.
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1 Introduction

Therearetwo aspectsto thisresearch.Thefirst aspectis theapplication,which is thedevelopmentof 3D modelsfrom

rangedata.Thatproblemis formulatedusinga statisticalapproach, which maximizesthe posteriorprobability of a

surface.Theresultis a surfacethatis describedby a nonlinearobjective function.Thatoptimizationis solvedusinga

variationalapproachandagradient-descentmethod. Thisoptimizationproducesanevolution equationfor deforming

a surfaceso that it matchesa given setof data.Thework in this paperusesthe level setsof volumesasa meansof

representingandmanipulatingobjectshapes.Thesecondaspectof theresearchis theenhancementof theunderlying

level-settechnology in orderto make it suitablefor problemsin 3D reconstruction.Thissectionintroducestheissues

surroundingthosetwo aspectsof thework, andlaysout theoverall structureof thepaper.

1.1 3D Reconstruction

When investigating3D reconstruction, it is necessaryto describethe kind of databeing considered. This work

dealsprimarily with datathat is from rangeor distancesensorsthathave somekind of “scanningcapability”. Three

differentpropertiesof thisdataareimportant.First,thedatais rangeor distance(i.e.,direct3D) comparedto intensity

or luminance,asonewould expectfrom anX-ray or a videocamera.Second,thedatais relatively dense,ratherthan

a sparsescatteringof 3D points. This densityis obtainedby rotatingor translatinga device that takesa discreteset

of 3D measurements. Froma singlepoint of view therangefindersweepsout a volume,andthereis a 2D topology

on theserangemeasurementsthatis inducedby themotionof thescanningdevice. Thethird importantaspectof this

datais that it is noisy. Thus,the 3D reconstructionproblemis not strictly geometric;it is alsostatistical. For this

work weassumethatalgorithmsfor calibratingtherangesensorandregisteringthemultipleviews aretakenfrom the

variety of automatedandsemiautomatedtechniquesthat arein the literature— e.g. (Besl andMcKay 1992,Chen

andMedioni 1992,Zhang1994).

Under the circumstancesdescribedabove, approaches to 3D reconstructioncanbe distinguishedbasedon the

“level” of themodelsthatoneuses.High-level modelshavebeenusedextensively in computervision — someexam-

plearegivenin (JainandJain1990,JainandFlynn1993). High-level modelsarethosethatrepresentspecificobjects

or classesof objects.Suchapproachescanwork with relatively little information(suchassparsesetsof features),and

whenthey work they canleaddirectly to higherlevel processessuchasrecognition. High-level approachesusually

work bestin situationswherethe domainis restrictedand well characterized,and wherethe distinguishingshape

characteristicsof a particularobjectcanbecapturedby relatively few parameters.Typically, suchreconstructions do

not capturethosedetailsthatareuniqueto a particularobject.

Anotherclassof approachescould be characterizedas“mid level”. Mid-level approachesto reconstruction are

characterizedby the useof geometric primitives that canbe combined in variousways to form morecomplicated

objects.Theassumptionis that theobjectsin thedomaincanbedecomposedinto finite setof suchprimitives. This

strategy canwork quite well on certaindomains,suchasman-madeobjects—many of which weredesignedusing

suchprimitives. The fitting of primitives can also provide importantstructuralinformation suchas part/sub-part

decomposition. Theresultsof suchsystemsaregenerallysomemixtureof thedataandthemodels,but they tendto

stronglyreflecttheshapesof themodelsor primitivesthatarechosen.

Finally, onecould characterizethe classof “low level” approachesto 3D reconstruction.Theseapproachesuse

a few generalassumptionsabout the domain; assumptionsare often at the level of basicsurface geometry, e.g.

continuity. Low-level approachescancapturemoredetailbut often provide very little higherlevel information. For

this reasonsuchapproachesarewell suitedfor applicationsthat aregearedto visualizationby a human,ratherthan

recognitionby someautomatedsystem.Theseapproachesform surfacesfrom setsof 3D databy performinga fusion

of differentscans,but they typically imposevery little structureonthedata.Theperformanceof low-level approaches

tendsto degrade graduallyastheassumptionsabout theenvironment andthesensorareviolated.However, low-level

approaches typically requiremoredatain orderto give useful results. The voxel-basedapproachin this paperis a

low-level approachandis thereforebestsuitedto applications thatprovide a relatively largeamountof datathatmust

befusedto produce a resultwith a greatamount of detail.

Appears in: TheInternationalJournal of Computer Vision , 29(3), October, 1998, pp. 203–231. 1



1.2 Level-set models

The strategy taken within this researchis to posethe reconstruction problemas the processof finding the surface

or setof surfacesthat aremost likely to have given rise to the data. Thus, it is a Maximum A Posteriori(MAP)

strategy which cancombinethe datawith known properties or tendencies of the surfacesbeingmeasured. Finding

thosesurfaceswith thehighestlikelihoodis generallya nonlinearoptimizationproblem.

A commonandoften effective strategy for solving suchoptimizationproblemsis to usea variationalapproach.

That is, startwith an initial solutionandperturbor deformthat solutionso that it improvesthe overall likelihood.

Thus,thevariationalapproachrequiresamodelingtechnology thatcanundergo suchgoal-drivendeformations. Such

models,oftencalleddeformablemodels, areusedextensively in thecomputergraphicsandcomputervisionliterature,

e.g. (Kass,Witkin and Terzopoulos 1987, Staib and Duncan1992,Miller, Breen,Lorensen,O’Bara and Wozny

1991,Terzopoulos,Witkin andKass1988). Thesemodelstypically undergo evolution processeswhich implement

sometypeof hill-climbing strategy on theobjective function.

Conventionalgeometricmodelsareparametric.Thatis, they aremappings from onespace,which coincideswith

thedimensionality of themodel,to another, which is therange.Typically, theseparameterizationsrely on a setof ba-

sisfunctionsthatspansomefinite subspaceof all possibleshapes.Thuswhenconsidering deformations,parametric

modelshave several drawbacks which make theminadequate for certainkinds of applications.The dependency on

the parameterizationandan associatedbasisis critical; it limits the kinds of shapesa modelcanrepresent.Models

typically do not deformfar from their initial conditionswithout somesortof reparameterization.Suchreparameteri-

zationsareofteninefficientanddeveloped on thebasisof heuristicsratherthanaconsistentmathematicalfoundation.

The parameterizationcanalsomake it difficult to measurethe intrinsic geometryof the model,aswith polygonal

meshesfor instance.

An alternativeto aparametricmodelis animplicit model,i.e.,specifyingamodelasalevel setof ascalarfunction,�
. This scalarfunctioncanbe sampledon a discreterectilineargrid. Sucha level-setrepresentation(Sethian1996)

hasanumber of practicalandtheoreticaladvantagesoverconventionalparametricmodels,especiallyin thecontext of

deformationandreconstruction. First, level-setmodelsaretopologically flexible, that is, themodelscan“split” into

piecesto form multiple objects(Malladi, SethianandVemuri1995,Whitaker andChen1994). Secondtheevolution

of the embedding
�

is a differentialexpressionthat is invariantto orthogonal grouptransformations(rotationsand

translations).Theshapes formedby the level setsof
�

arerestrictedonly by theresolutionof thediscretesampling

usedto represent
�

. Finally, therepresentationof deformablemodelsin termsof a multidimensionalimage provides

a methodfor multi-scaleor multi-grid solutions.For instancesolutionscanstarton a relatively coarsegrid andthen

proceedto progressively finer grids asthe energy reachesa minimum (Whitaker 1995). Sucha multigrid strategy

reducescomputationtime,controlstherelative importanceof largeandsmall-scalestructuresin theinput image,and

helpsto simplify theobjective function.

Despitetheseadvantages,level-setmodelssuffer from severaldrawbackscomparedwith parametricmodels.One

disadvantage is the large numberof computationsneededto solve theseequations over the entire range. Surface

deformationsin 3D, for example, requiresolutionsto a 3D, nonlinear, partial differential equation: a significant

computationaltask.Anotherdrawbackof level-setmodelsis theabsenceof any direct,efficient representationof the

surfaceduringdeformation.Suchdirectrepresentationsareusefulwhenincorporatingforcesthatdepend onthemulti-

local or globalinformation.A third drawbackis thefinite resolutionthatis imposedby thediscreteapproximationto

thescalarfield. Level-setmodelsarelimited by resolutionratherthanshape.

Theseproblemsaresignificantin the context of 3D reconstruction. The sparse-fieldalgorithmdescribedin this

paperaddresses theseissuesby representinga surfaceasbotha discretely-sampled3D field anda subsetof thatfield

which consistsof a setof grid points (or voxels), called activepoints, through which the model passes.At each

time stepin the deformationprocessonly a thin layer of voxels nearthe active pointsarevisited andupdated. In

this way thecomputational complexity of thealgorithmgrows with thedimensionality of thesurface,ratherthanthe

dimensionalityof thevolume.Thesetof activepointsarekeptin alinkedlist whichenablesquickandefficientaccess

to a setof pointsnearor on themodel.

The remainderof this paperproceeds asfollows. After a brief review in Section2 of otherrelevant work, Sec-
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tion 3 presentsthe formulationof 3D reconstructionasa processof finding the most likely surfacegiven a setof

rangedataandsomegeneral knowledgeaboutthe relative likelihoodsof differentsurfaceproperties. Solving that

problemrequiresthe ability to manipulate or deformsurfaceshapein a systematicmanner. Section4 shows how

this deformationcanbe achieved via an implicit representation,usingthe level setsof a discretely-sampledscalar

functionof 3D. Thatsectiondiscussesthenumericalmethods thatareusedto solve theequationsof motion. Section

5 describesan efficient computationaltechnique, the sparse-fieldalgorithm,andpresentsthe resultsof an empirical

analysiswhich shows that the sparse-fieldalgorithmgivessolutionsthat comparefavorably to previously proposed

algorithms.Additionally, thesparse-fieldalgorithmis shown to overcomethealiasingartifactsassociatedwith other

level-setapproachesandtherebyachievesgreateraccuracy comparedto thoseapproaches.Section6 shows how the

level-settechnology canbeappliedto theproblemof 3D reconstruction. It shows how usinglevel-setmodelswithin

theMAP reconstructionframework providesnew capabiliti esfor surfacereconstruction.

2 Related work

Several low- andmid-level reconstructionapproachesdescribedin the literatureareworth noting. Turk andLevoy

(1994)describea “zippering” algorithmthat combinestrianglemeshes,eachrepresentinga rangemapof the same

objectfrom a differentpoint of view. ChenandMédioni(1994)usea trianglemeshwhich expandsinsidea sequence

of rangemaps.This strategy is similar to thatof Miller et al. (1991)which wasdemonstratedon 3D medicaldata.

Several low-level volumetric approaches have beenproposed. Chien and Aggarwal (1989) have usedbinary

volumeswith the aid of oct-treesto reconstruct objectsfrom multiple silhouettes.The focusis on usingsilhouettes

and object featuresto do recognition. Muraki (1991) usesimplicit or blobby modelsto reconstructobjectsfrom

rangedata. The individual blobs are sphericallysymmetric3D potentialsthat are combinedlinearly so that they

blendtogether. Theglobal natureof thepotentialsmakesupdatessomewhat expensive, thuslimiting the numberof

primitivesthatcanbeefficiently computed.

Hoppe,DeRose,Duchamp,McDonaldandStuetzle(1992)proposedan implicit strategy which constructsa 3D

field basedon thesigneddistancetransformof tangentplanesgeneratedfrom unordered3D data.Regionsarealways

associatedwith thenearestpoints,andthereforethereis little or no averaging.CurlessandLevoy (1996)describea

volume-basedtechniquefor combining rangedata.They usethesigneddistancetransformto encodevolumeelements

with datathatrepresenttheaverages(with someallowancefor outliers)of multiplemeasurements. Surfacesof objects

arethe level setsof volumes. They show that the resolutionof the scannercanbe overcomeby suchan averaging

technique.Hilton, Stoddart,Illingworth andWindeatt(1996)describea similaralgorithmwhich is anextensionto in

(Hoppeet al. 1992) thataccounts for interferenceat occludingcontours andthin objects.

Anothervolumetricapproach,which is moreof a “mid-level” strategy, is thatof (DeCarloandMetaxas1995),in

which they usea combinationof primitivesthat candeform,split, andeven changetopology in orderto matchthe

input data.Thecomputervision literatureshows numerousmid-level approachesthatfit volumetricmodelsto range

data—see(Dickinson,MetaxasandPentland1997),for example.

In roboticsseveral researchers(Elfes 1989,Moravec 1988)have investigatedthe useof occupancy grids. The

sensormodel and the methodsfor combining sensormeasurementsfrom different points of view follow from a

Bayesianformulation. Strictly speaking an occupancy grid doesnot give a 3D reconstruction; occupanciesdo not

give themostlikely surfaces.

With regardto deformable models,thereareseveralparametricapproachesthatseekto overcometheusualtopo-

logical limitationsof parametricmodels.DeCarloandMetaxas(1995) allow theprimitivesassociatedwith anobject

to make discretechanges asa resultof a setof rulesandthresholds.Szeliski,TonnesenandTerzopoulos(1993) pro-

posesystemsof orientedparticlesthatjoin together, disconnect, andrejoin in orderto changetopology. McInerny and

Terzopoulos(1995) proposeparametricmodelsthat arereparameterizedbasedon a local grid structurethat allows

for changesin topology. Despitetheseadvances, for 3D reconstruction thelevel-setapproachoffersseveralpractical

advantages,which arediscussedin moredetail in thesectionsthatfollow.

With regardto level-setmodels,this work draws on a numberof recentdevelopments in computational physics
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andcomputer vision. OsherandSethian(1988)have proposed theembeddingof wavefrontpropagationsthatmodel

physicalsystems,andthey have developednumericalschemes,calledup-windschemes,to solve theresultingequa-

tions. In imageprocessingAlvarez,Guichard,Lions andMorel (1992)have proposeda morphological scalespace

for planarcurveswhich relieson geometricinvariantcurve evolutions. In computervision Kimia, Tannenbaum and

Zucker (1992) haveproposedareaction-diffusionspacein whichsingularitiesrepresentbasicpropertiesof 2D shape.

They usethe samestrategy as(OsherandSethian1988)of embedding planarcurves in order to creategeometric

flows thatareindependentof any particularparameterization.

Malladi et al. (1995)have proposeda segmentationschemebasedon a wavefront propagationthat allows seed

pointsto contractor expand. The author(Whitaker andChen1994)hasshown that image“forces” (the term used

in the senseof first-orderphysics)can drive level setstoward interestingfeaturesin imagesor volumes,as with

conventional deformable models,while geometricflows canbeusedto enforcesmoothness andcontinuity. Caselles,

Kimmel and Sapiro(1995) have reacheda similar formulation using a conformalmappingand have shown that

the equationsresultingfrom moving level setsin this mannerarewell posed. Adalsteinand Sethian(1995) have

proposeda narrow-band scheme,with a finite bandof 6-12grid pointson eithersideof thelevel set,for reducingthe

computationsassociatedwith level-setmodels.Resultsin successive sectionsof this paperwill show the ability to

reducethewidth of this narrow bandto a singlegrid point will improve computational performanceandaccuracy.

This papermakesseveral contributionsto previous work in this field. Oneis a statisticalformulationof the 3D

reconstructionproblemthat givesan optimal surfaceestimatewhile makingvery few assumptionsaboutthe scene.

This formulation incorporatesa noisemodelandmay includesomeprior knowledgeabout the relative likelihoods

of differentkinds of surfaces. The resultis quitegeneral,but it is particularlywell suitedfor level-setmodels.This

paperpresentsexamplesthatshow effectivenessof thelevel-setapproachfor thisapplication.Anothercontribution is

thenumericalschemefor implementingthe level-setmodels.This new schemecomparesfavorablywith previously

proposedmethodsbothin termsof computational efficiency andaccuracy.

3 A MAP Reconstruction Strategy

A rangefinderis a device thatproducesa distancemeasurementalonga particularline of site.Thedistancemeasure-

mentand,to a lesserdegree,the directionof the line of sight arecorruptedby noise.For the purposesof this work

we assumethat thenoiseis additive andGaussian.Whentherangefinder is combinedwith a scanningmechanism,

it produces a 2D arrayof data,andthe noiseis often assumedto be independentfrom oneelementof the arrayto

another. In theeventthatthenoiseis non-stationary, weassumethatthevariability of thenoiseprocessis known (e.g.

asa function of objectdistanceor scannerorientation). The scanning mechanismis typically calibrated,enabling

oneto calculatethedirectionof theline of sightassociatedwith eachmeasurementin the2D array. In theeventthat

the scanningmechanism doesnot produce a 2D array, but ratheran unorderedlist of rangemeasurementstaken in

differentdirections,onecanimposea 2D topologyon the databy the useof nearest-neighbor relationshipssuchas

Delaunaytriangulation.A single2D arrayof rangedatatakenfrom a singlelocationof thescanneris calleda range

map. Oneof thegoalsof this work is to combinetheinformationfrom a collectionof rangemaps.

Theabove sensormodelhassomesignificantshortcomings. First, thenoiseis rarelyadditive Gaussian.Outliers,

for instance,areaproblem.Thenoisecanoftenberelatedto surfacecharacteristics,andthereforecouldbecorrelated.

In the caseof structuredlight sensors,suchasthe oneusedfor someof the resultsin this paper, the datacontains

occludedregionsfor which thereis no dataat all. As a theoreticalconsideration,Gaussiannoiseallows finite prob-

abilitiesfor measurements behindthescanner. In caseswherethenoiselevel is someappreciablefractionof thethe

distancefrom thescanner(very rarein practice),a log-normal distribution for thenoisemight bemoreappropriate.

In this work, we startwith the simplesensormodel,i.e. independent, additive, Gaussiannoise,to generatethe

basicalgorithmandthenmodify thatalgorithmto accountfor someof theseothercomplicatingfactors.Theoutliers,

for instance,arehandledwithin theminimizationprocessratherthantheunderlyingmodel. Areaswherethesensor

failed (eitherby lack of signalor occlusion) arehandledby giving suchpointslow confidence, i.e. large variance,

sothat they have little effect on thefinal results.Theformulationthat resultsfrom theseassumptionsis optimal for
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independent, additive, Gaussiannoise,but latersectionswill show that it is usefulwhenthe noiseis morecomplex

(suchasin thecaseof outliers).

The strategy in this work is to usea maximuma posteriori(MAP) approachto constructan expressionfor the

surfacelikelihoodconditional on themeasureddata.Thetotal errorassociatedwith a modelconvertsinto a volume

integral, and the Euler-Lagrangeof that volume integral definesthe motion of a deformablemodel that seeksto

maximizethis likelihood.

Let � , a compact subsetof 3D, bethesurfacethatenclosestheobject � , i.e., ������� . Let �
	���
�������������	�������� be

a setof rangemaps,eachof which consistsof setof 3D points 	������ �!��" ���#�
 ����������" �����$ � , which canarrangedin a 2D

grid, with coordinates%&��' , definedby thescanning mechanism.Associatedwith eachgrid point is a ray, calledthe

line of sight, alongwhich the rangemeasurementis taken. Assumethat the rayswithin a singlerangemapdo not

intersect,asis thecasewith thespherical,cylindrical, or linearprojective scanningmechanismsthatareusedon most

rangefinders.

Theposteriorprobabilityof � is givenby Bayesrule:(*) �,+ 	 ��
�� ����������	 ���-��. � (*) 	 ��
�� ����������	 ����� + � . (*) � .(*) 	 ��
�� ���������/	 �0�-� . � (1)

Thegoal is to find themostlikely surfacemodel � to give riseto a particularcollectionof rangedata,132546 7 (*) �8+ 	 �#
�� ���������/	 �����9.�: � 132546 7 (*) 	 ��
�� ����������	 ����� + � . (*) � .�: (2)

wherethedenominator
(*) 	 ��
�� ����������	 ����� . is removedbecauseit is anormalizationfactorthatdoesnotdepend on � .

Theterm
(*) � . is theprior, which reflectsthefact thatwithin thesetof possiblesurfaces,somearemorelikely than

others,independent of thedata.

Therangemaps,conditional on thesurfaceposition,areindependentrandomvariables(this ignorestheeffectsof

surfacepropertieson error, asdiscussedabove),andthus,(*) 	 ��
�� ���������/	 �0�-� + � . � (*) 	 ��
�� + � . ����� (*) 	 ���-� + � . �<; � (*) 	 ����� + � . � (3)

Each	������ consistsof anarrayof 3D rangedatathatcanberepresentedas " �0�#�=?> @ . Within a givenrangemapeachrange

measurementis a independentrandomvariable,andtherefore(*) 	 ��
�� ����������	 ���-� + � . � ; � ; =?> @ (*) " �����=A> @ + � . � (4)

As is typical with suchMAP algorithms,themaximizationis performedasa minimizationon thenegative loga-

rithm of theprobability:132546CBED�FHG (*) �,+ 	 ��
�� ����������	 ���-��.3I5J �LK FNM6 OQPSR
�
R =?> @ DTF (*) " �����=?> @ + � . P D�F (*) � .�U � (5)

Theright-handsideof equation (5) reflectsthe combinationof termsthat is typical with MAP reconstructions. The

termsareof two differenttypes:thosetermsthatenforcethesolutionto look like thedataandthosetermsthatenforce

theprior, i.e., thatencouragethesolutionsto conformto thoseexpectationsthatareindependentof thedata.

Eachindividual rangemeasurement is dependentnot on thesurface � asa whole,but on thatparticularpoint on

thesurfacethat is first intersectedalongthe line of sight from thescannerlocation. Considera singlerangereadingV � , representedasa distancealong its associatedline of sight. Supposethat the distanceto the surfacealong that

line of sightis givenby W � . TheGaussiannoisemodelgivesthefollowing probability densityfunctionfor individual

rangereadings, P D�F (*) V � + � . �YXZ\[� ) W � P V � . [^] X_ `
a Z ��b � ) W � P V � . [^]dc ) b � . � (6)
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(a) (b)

Figure 1: The MAP reconstructionstrategy: (a) The squared error along the line of sight can be written as a an
integral thatincludesa binarymembershipfunction for theobject.(b) A singlerange scan,consistingof a numberof
measurementsalonglinesof sightemanatingfrom thepoint at the left, createssurfacein 3D (shown hereasa curve
in theplane). A circularmodel deformsto fit thedata(motionindicatedby arrows).

wherethe varianceZ [� associatedwith a rangereading V � is representedasa confidencemeasureb � � Xxµ Z [� . The

term
c ) b � . canbe ignored,becauseit doesnot dependon surfaceposition andwill not affect the outcomeof the

optimization.Thesquareddistanceof thesurfaceto therangemeasurementcanberepresentedasanintegral) W � P V � . [ �<¶¸· max¹ )qº P V � .E»�¼ )qº .�½ º P ¶<· max·9¾ )qº P V � .N½ º (7)

where » ¼ )qº . is a function that is unity insidethe objectandzerooutside,and V max indicatesthe maximumeffective

rangeof therangefinder. Theterm V
max servesasa boundon theerrorif theline of sightfails to intersectthesurface,

andit alsoservesto limit therangeof influenceof a particularrangereading. That is, surfacepointsthat lie beyondV
max have no impacton theconditionallikelihoodassociatedwith thatrangemeasurement.

Strictly speaking, this formulationis valid only if thesurfaceintersectstheline of sightat mostoncebetweenthe

scannerand V max, asshown in figure 1(a). Thus,the segment alongthe line of sight with length V max shouldbe long

enoughto penetratethemodel(asit deforms)but not so long that it emergesfrom theothersideor enterstheobject

again,ascouldeasilyhappenwith self occlusions.Typically, V max shoulddepend on V � , e.g. V max � V � ]À¿ . TheuseofV
max and

¿
servesto limit theeffectsof therangedataandtherebysimplifiesthemathematicalmodelby ignoringself

occlusionsof the object. Unfortunately, in orderfor this to work properly,
¿

mustbe chosenso thatscansto do not

interferewith eachotherin areaswheretheobjectself occludes.This is not alwayspossible,but with modifications

to theminimizationalgorithm,discussedin successive sections,this problemcanbeall but eliminated.

Insteadof putting bound V max on the integral, we canusea windowingfunction, Á , that nullifies the effectsof

surfacethatlie beyond V max, i.e., Á ) V max � º . �ÃÂ X if V max

P ºÅÄ�ÆÆ
if V max

P ºÅÇ�Æ (8)

Theerrorbecomes) W � P V � . [ � ¶<È¹ )�º P V � .?»�¼ )qº . Á ) V � ]É¿ � º .�½ º P ¶ÊÈ·�¾ )qº P V � . Á ) V � ]Å¿ � º .�½ º � (9)

Given this formulation,the windowing function Á )�Ë . neednot be binary; it could implementa fuzzy cutoff of the

influenceof the rangedata. Resultsin later sectionsusea Gaussiancenteredat the rangereadingwith standard

deviation Ì .
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To extendthis formulationto includeall of the samplesin a singlescan,	 , we representthe distancealongthe

line of sightin 3D. Let Í � betheunit vectoralongtheline of sightand " � � V � Í � bethe3D locationof the Î th range

reading.ThenP D�F )�(*) 	*+ � .3. � P DTF )�(*) " 
 ����������" � + � .3. (10)� R
� b � ¶ È¹ )3)qº Í � P " � . Ë Í � . Á )3)qº Í � P " � . Ë Í � .�» 6 )qº Í � .�½ º P c� R =?> @ b =?> @ ¶ È¹ )3)qº Í =?> @ P " =A> @ . Ë Í =?> @ . Á )3)qº Í =A> @ P " =?> @ . Ë Í =A> @ .�» 6 )qº Í =A> @ .�½ º P c

where» 6SÏ�Ð ÑÓÒ�ÔÕÖÐ Ñ is unity insidetheobjectandzerootherwise,andc � R =?> @ b =?> @ ¶<È·�×�Ø Ù Á )3)qº Í =A> @
P " =?> @ . Ë Í =?> @ . )qº Í =?> @ P " =A> @ . Ë Í =?> @ ½ º � (11)

which doesnot depend on thesurface.Thenotation %&�3' refersto thefactthatthemeasurements from a singlerange

maparearrangedin a 2D grid. If we assumethat this grid is relatively densewe canapproximatethe likelihoodof

the Ú th scanasanintegral:P D�FHG (*) 	 � Û�� + � .3IÝÜ ¶Ö¶Þ¶ b )�ß �/à . )3)qº Í )�ß �/à . P " )�ß �/à .3. Ë Í )�ß �/à .3. (12)Á )3)qº Í )�ß ��à . P " )�ß �/à .3. Ë Í )�ß ��à .3.�» 6 )qº Í )�ß �/à .3.á½ º ½ ß ½ à P c �
where

ß
and à arethe continuous versionsof % and ' , respectively, and Í )�Ë . , " )�Ë . , b )�Ë . , arecontinuousfunctions

derivedfrom somesuitableinterpolation(e.g.,bilinear)of their discretecounterparts.

Becausetheraysthatdefinethelinesof sightassociatedwith a singlescando not cross,thereis unique mapping

from eachpoint within the 3D subspace sweptout by the rangefinder to the point
)�ß �3à . within the rangemapthat

hasa line of sightpassingthroughthat3D point. Therefore,thevolumeintegral of equation(13) canbereformulated

in Cartesiancoordinates:P D�FâG (*) 	 � Û�� + � .3I,Ü ¶5ã b )qä .áå )qä . Á ) å )qä .3.�» 6 )qä .�æ )qä .\½ ä P c � (13)

where æ )qä . is an integrationfactor, suchthat æ )qä .�½ ä � ½ ß ½ à ½ º . The term å )qä . � )3)qä P " )qä .3. Ë Í )qä .3. is the

signeddistancefrom the surfaceposition to the rangemeasurement, and ç is the volumesweptout by the range

finder. If we definethe confidenceb )qä . to be zerofor any point outsidethe spacesweptout by the scanner, then

onecanextendboundsof the integral to Ð Ñ Ò . Because,» 6 is a binary functionthat is oneonly within theobject,the

integral canbere-expressedover theobjectitselfP D�FHG (*) 	 � Û�� + � .3IÓÜ ¶éè b )qä .áå )qä . Á ) å )qä .3.êæ )qä .á½ ä P c � (14)

Thegradient descenton theposteriorfor a singlerangemapis therefore�ë��ëì � P b ) � .\å ) � . Á ) å ) � .3.êæ ) � .ëí � (15)

whereí is thesurfacenormal.

Equation(15) describesthe motion of a modelas it seeksto maximizeits likelihoodof giving rise to a single

rangemap 	 , which is setof rangemeasurements.A singlerangemapcreatesa surfacein 3D (shown in figure1(b)

asa curve in theplane),andthemodelexpandsor contracts,with a magnitudeproportionalto thedistancealongthe

line of sightto therangereading,sothatit exactly fills thevolumebehindthatsurface.Thewindowing function Á )�Ë .
controlsthedepthof theregion behindtherangesurfaceover which this expanding or contractingactionoccurs.The
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function æ )�Ë . describestheunit-volumerelationshipbetweenthescannercoordinatesandcartesiancoordinates.For

the resultsin this paper we assumethat the rays(lines of sight) emanatingfrom the scannerarenearlyparalleland

regularly sampled,sothat æ )�Ë . is a constant.

Theeffect of multiple rangemapsis additive,andtheEuler-Lagrangeof thecombined posterioris�ë��ëì � Pïî ) � .�í ]Éð ) � . � (16)

where î )qä . � R
Û b � Û�� )qä .\åñ� Û�� )qä . Á G åñ�0�#� )qä .3Iòæ\� Û�� )qä . � (17)

andthesuperscriptsindicatetherange,line-of-sight,andconfidencefunctionsassociatedwith aparticularrangemap.

The term
ð ) � . � Pôó D�F (*) � . is the Euler-Lagrangeof the prior. In the absenceof any prior (i.e., uniform prior),ð ) � . � Æ
, andmaximizingthe combined effectsof a sequenceof rangemapsis linear; the solutionis given by the

zerocrossingsof the 3D functiondefinedin equation(17). Indeed, the algorithmsproposedby (CurlessandLevoy

1996),as well as (Hoppeet al. 1992) and (Hilton et al. 1996), canbe formulatedasa specialcasesof this MAP

approach,with a particularchoiceof Á )�Ë . and b )�Ë . , andwith a uniform prior.

Thereareseveralreasonsfor goingto aniterative schemefor finding optimalsolutions.First is theuseof a prior.

In surfacereconstruction, even a very low level of noisecandegradethequality of therenderedsurfacesin thefinal

result,andin suchcasesbetterreconstructionscanbeobtainedby introducingaprior. Secondis aliasing.Discretizingî )qä . andfinding thezerocrossings will causealiasingin thoseplaceswherethetransitionfrom positive to negative

is particularlysteep.A deformablemodelcanplacethesurfacemuchmoreprecisely. Thethird reasonfor going to

an iterative schemeis that despitethe windowing function Á )qä . thereis interferencebetweendifferentrangemaps

at placesof high curvature. This problemis addressedby introducinga nonlinearitywhich is solved in an iterative

schemeasdescribedin Section6.1. In this work, solutionsof the linear problemwill serve asthe initial conditions

for the nonlinear, iterative optimizationstrategy that resultsfrom the inclusionof a prior anda nonlinear term that

compensatesfor lack of any explicit modelof self occlusions.

3.1 The Prior

Therearenumerouspossibilitiesfor selectingpriors that areconsistentwith the MAP formulationof the previous

section. Thesepossibilitiesrangefrom high-level priors that biasthe solutionto look like certainshapes(Johnson

1993)to low-level priorsthatenforcesomeverygeneralpropertiesonthoseshapes.Thegoalof thiswork is to obtain

a somewhat generalreconstructionalgorithmthatcanbesubsequently tunedto specificapplications.Therefore,we

usea low-level prior thatbiasessolutionstowardsmooth,continuous surfaces,like thoseassociatedwith many man-

madeobjectsor anatomicalstructures.Of course,the selectionof a prior will dependstronglyon the application;

the choiceof prior for the reconstructionof injection-molded, hand-held objectsshouldprobably differ from the

prior neededto reconstructthe shapesof highly irregular objects,suchasthe humanbrain with its many folds and

protrusions.

For many applications,a naturalchoiceof prior is to penalizethe integral of the normalizedfirst derivativeson

the objectsurface,i.e., penalizesurfacearea. This choiceis basedon the heuristicthat many physicalprocesses,

both syntheticand natural,tend to conserve surfaceareaand produceobjectsthat reflect,at somelevel of detail,

this tendency to minimize area. Alternatively, onecould saythat given a setof surfacesthat arenearthe data,the

algorithmshould choosea surfacethat haslessarea. Often, but not always, this will be the smoothersurface. A

probabilitydistribution for theprior thatreflectsthis principleis(*) � . � )-õa .Aö÷ùø�ú 4Àû P õ ¶ 6 í Ë íü½ äéý (18)
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After thelogarithm,theEuler-Lagrangeof this quantityis themeancurvatureof thesurface:ð ) � ) V �3W���ì .3. � õ&þ ) � . � õ û � [ �� V [ ] � [ ��éW [ ý (19)

whereV ��W is a local,orthonormal parameterization.

The term õ controlsthe probability distribution of surfacesin the prior. A larger õ meansthat the prior favors

morestronglysurfacesthat aresmoother. The parameterõ could be setin any numberof differentways. Oneway

would be to “calibrate” the systemby scanninga numberof known objectsanddeterminewhich valuesof õ give

themostaccurate/reliablereconstructions.Anothermethodwould beto take a collectionof objectsthatrepresentthe

applicationdomain,model them,andgeneratea probability densityfunction for surfacearea,possiblyat different

scalesor resolutions. For this work, we treat õ as a free parameterthat must be tunedby the personusing the

algorithm.

Theexistenceof a freeparameterõ representsa typical propertyof signalprocessingsystemsthatmustdealwith

noisein the absenceof specificinformationaboutthe signal. Resultsin the following sectionswill show that the

algorithmis somewhat robust with respectto this free parameter, õ , andthat the algorithmsfails gradually asthis

parameteris set too high or low. This paperwill also show that very small valuesof õ can reducethe effectsof

uncorrelatednoisewithout distortingtheoverall shapesof theobjectsbeingreconstructed.

Despitetheusefulnessof this second-ordersmoothingterm,it is somewhat limited in its effectivenessbecauseit

caninterpolateonly positionandtendsto createstraightlines,flat surfaces, or singularitieswherethereis littl e data.

Thetopic of developingmoreeffective low-level priors (Whitaker 1995), aswell asincorporatinghigh-level priors,

is an areaof ongoing investigation.Fourth-orderterms,for example,could createstructureswith smoothlyvarying

normalsandallow the MAP approachto operatewith lessdata(Sethian1996). This paperwill show that despite

the limitationsof the second-order smoothinggiven in equation(19), that prior is an improvement over noneat all,

especiallyin casesof noisysurfacedata.

4 Level-Set Models

The hill-climbing optimizationstrategy describedin the previous sectionrequiresa modeling technologythat is

capableof accommodatingincrementalchangessurfaceshapein anefficient manner. Theequationof motiongiven

by (16)makesnoassumptionsaboutthetypesurfacemodelusedto achievethereconstruction.TheMAP formulation

couldbeadaptedto any numberof conventional,parametricsurfacemodelsby expressingchangesin surfaceposition

in termsof theparametersthatcontrolsurfaceshape.

However, therearesomedrawbacksto usingparametricdeformablemodels.For instance,asmodelsevolve and

undergo large deviationsfrom their original shapes, surfaceparameterizations often introducede factoconstraints.

Theexpansionof polygonal modelscancreatea kind of coarsenesswhich preventsthemodelfrom capturingsmaller

structures;thustheevolution of polygonal modelsrequiresthecreationanddeletionof polygons (Miller et al. 1991,

MacDonald,Avis andEvans1994, ChenandMédioni 1994), or alternatively, a reparameterization(McInerny and

Terzopoulos1995, DeCarloand Metaxas1995). Also the choicea surfacemodel with relatively few degreesof

freedom,suchassuperquadric or superelipsoid, restrictssolutionsto the relatively small spaceof shapesthat are

capturedby thosemodelingtechnologies.

An alternative to a parametricmodel,is a level-setmodel(Sethian1996),i.e., a model that treatsa 3D surface

as the level-setof a discretely-sampledvolume. Previous work hasshown promisingresultswith this modeling

technologyfor 3D reconstruction,primarily in the context of 3D medicaldata(Malladi et al. 1995,Whitaker and

Chen1994,Whitaker 1994). This sectiongivestheformulationfor this modelingstrategy, startingwith anequation

of motion for a deformablesurface(Whitaker and Chen1994). This formulation differs somewhat from that of

(Caselleset al. 1995), which they develop by applyinga conformal mappingto theenergy functiondefinedover the

range.

The strategy is to rely on the propertiesof regular surfaces,which have local parameterizationsthat canbe ex-
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pressedin termsof intrinsic quantities suchasarc length,curvature,etc. If onestartswith a parameterizedsurface

andthe associatedequationsof motion,andthenremovesthe parameterizationfrom the deformablemodel,all that

remainsis intrinsic geometry, which is expressedin termsof the embedding,
�

. The strategy for embeddingactive

surfacesconsistsof four steps:

1. Expresstheequationsof motionfor adeformablemodelin termsof someunspecifiedparameterization(aswas

donein Section3).

2. Describetheparameterizationin termsof thedifferentialstructureof themodel.

3. Assumethemodelis thelevel setof a function
�

.

4. Expressthegeometryof thelevel setin termsof thedifferentialstructureof
�

andcreateanevolution equation

for
�

.

In order to apply this strategy to a deformable surface � , represent� asa level setof an 3D scalarfunction,� Ï�Ð Ñ Ò,ÿ Ð Ñ��ÀÔÕ Ð Ñ , which evolvesover time. Theevolution equationsof theindividual level surfacesimply corre-

spondingevolution equationsfor thescalarfunction
� )qä ��ì . , where

ä�� Ð Ñ Ò .
A parametricdeformable model, � ) V ��W���ì . where V �3W ����� Ð Ñ , canberepresented� �<� ä + � )qä ��ì . � c �?� (20)

Thesurface� remainsa level setof
�

over time,andthereforethetime derivative is zero:� � ) �Ó�9ì .�ëì ]	� � ) ����ì . Ë �ë��ëì � Æ � (21)

where � � )qä . 
� û � ���� � � ���
 � � ���� ý � (22)

Thus, � ��ëì � P � � Ë �ë��ëì � + � � + �ë��ëì Ë í � (23)

whereí � P � � µ + � � + is thesurfacenormal.

Thedatatermfor reconstructionfrom equation(16) takestheform�ë��ëì � Pïî )qä .�í (24)

where

î )�Ë . is thecumulativeeffectfrom all of theindividual rangemapsasin equation(17). Thelevel-setformulation,

without theprior, becomes � ��ëì � î )qä . + � � + (25)

Themeancurvature,usedfor theprior, from equation (19) is computeddirectly from thefirst- andsecond-order

structureof
�

,+ � � + ) � ·�· ] � ¼�¼�. Ë í � G � [� ] � [� ] � [� I�� ö÷ 7 G � [� ] � [� I � ��� ] G � [� ] � [� I � ��� (26)] G � [� ] � [� I � ��� P ` � � � � � ��� P ` � � � � � ��� P ` � � � � � ��� : �
In thenumericalimplementation,thederivativesarecalculatedusingcentralizeddifferences(Sethian1996).

Combiningthedatatermandtheprior givesthefollowing level-setformulation:� ��ëì � î )qä . + � � + ] õ G � [� ] � [� ] � [� I � ö÷ 7 G � [� ] � [� I � ��� ] G � [� ] � [� I � ���] G � [� ] � [� I � ��� P ` � � � � � ��� P ` � � � � � ��� P ` � � � � � ��� : (27)

Equation(27) is invariantundercertainkinds of geometric transformations.First, it is invariant to orthogonal

grouptransformationson
ä

. Thusthepositionandorientationof the modelor the datahasno impact(to within the
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errorintroduced by therepresentationof
�

) on thesolution.Equation(27) is alsoinvariantto monotonictransforma-

tionson
�

; thatis, equation(27) actsonly on level setsandtreatseachlevel setof
�

asanindividual surfaceevolving

underthesamesetof setof priorsandforcesasall otherlevel setsof
�

.

4.1 Numerical Algorithms

Thedifferentialequationdescribedby equation(27) hastwo parts.Thefirst partis afirst-ordertermthathastheformî )qä . + � � )qä . + . It is a moving wave front with a velocity thatdepends on position. This expressioncannotbesolved

with a simpleforwardfinite differencescheme.Suchschemes tendto overshoot, andthey areunstable.To solve this

problemOsherandSethian(1988)proposeanup-windscheme. Theup-windmethodusesa one-sidedderivative that

looksin theup-winddirectionof themoving wavefront,andtherebyavoidstheovershooting associatedwith forward

finite differences.

The one-sided derivativesaredenotedby ½ � � � and ½ � � � . Let % ��> ��> � with domain � be an approximationto
�

definedon a discreterectilineargrid with spacing� . Theone-sidedderivativesare½é� � �� % ��> ��> � 
� ) % � ��� > ��> � P % ��> ��> � . µ � � (28)½é� � �� % ��> ��> � 
� ) % ��> �
> � P % � � � > ��> � . µ � � (29)

For thefirst termof equation (27) theup-windschemehasthefollowing form (OsherandSethian1988):î ) �&��
 ��� . + � %\+ �  7"!$# ú ) î ) �&�%
 �&� . � Æ .*½ � � �� % ] ! K F ) î ) �&��
 ��� . � Æ .*½ � � �� % : [ (30)] 7"!$# ú ) î ) �&��
 �&� . � Æ .*½ � � �� % ] ! K F ) î ) �&�%
 �&� . � Æ .*½ � � �� % : [] 7"!$# ú ) î ) �&��
 �&� . � Æ .*½ � � �� % ] ! K F ) î ) �&�%
 �&� . � Æ .*½ � � �� % : [�' ö÷ �
wherethetime stepsarelimited by thespeedof thefastestmoving wavefront,( ì*) X132N4 ��> �
> �,+.- �E+ � î ) �&�%
 ���N��ì . + � (31)

Thesecondtermin equation (27) is a diffusion termthatcanbesolved usinga finite forward differencescheme

anddoesnot requiretheup-windmethod.

4.2 Narrow-Band Methods

If oneis interestedin only a single level set,the formulationdescribedpreviously is not computationally efficient.

This is becausesolutionsareusuallycomputedover the entiredomainof % . The solutions, % ��> �
> � ) ì . describethe

evolution of anembeddedfamily of contours. While this densefamily of solutionsmight beadvantageousfor certain

applications,thereareotherapplicationsthatrequireonly a singlesurfacemodel.In suchapplicationsthecalculation

of solutionsover a densefield is anunnecessarycomputationalburden,andthepresenceof contour familiescanbea

nuisancebecausefurtherprocessingmight berequiredto extractthelevel setthatis of interest.

Whensolvingfor only a singlelevel set,
� )qä ��ì . � c

, theevolution of
�

is importantonly in thevicinity of that

level set. The evolution of the implicit modelsis suchthat the level setsevolve independently (to within the error

introducedby thediscretegrid). Thus,oneshouldperformcalculationsfor theevolution of
�

only in a neighborhood

of the surface � � � ä + � )qä . � c � . In the discretesetting,thereis a particularsubsetof grid pointswhosevalues

controla particularlevel set(seefigure2).

AdalsteinandSethian(1995) proposeanarrow-bandapproachthattakesadvantageof thefactthatthemovement

of a particularlevel setis a local phenomenon.Thenarrow-band techniqueconstructsanembeddingof theevolving

curve or surfacevia a signeddistancetransform.The distancetransformis computedover a finite width of only /
points,andthe remainingpointsareset to constant valuesto indicatethat they do not lie within the narrow band,

or tube as they call it. The evolution of the surface(they demonstrateit for curves in the plane)is computedby
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Figure2: A level curve of a 2D scalarfield passesthrough a finite setof cells. Only thosegrid pointsnearestto the
level curve arerelevant to theevolutionof thatcurve.

calculatingtheevolution of % only on thesetof grid pointsthatarewithin a fixeddistanceto theinitial level set,i.e.

within thenarrow band.Whentheevolving level setapproachestheedgeof theband, they calculatea new distance

transformanda new embedding, andthey repeattheprocess.This algorithmrelieson thefact thattheembedding is

not a critical aspectof theevolution of thelevel set.Thatis, theembedding canbetransformedor recomputedat any

point in time,solong assuchatransformationdoesnot changethepositionof the
c

th level set,andtheevolution will

beunaffectedby this changein theembedding.

Despitethe improvements in computationtime, the narrow-bandapproach is not optimal for several reasons.

First it requiresa bandof significantwidth ( / � X ` in the examplesof AdalsteinandSethian(1995))whereone

would like to have a bandthat is only aswide asnecessaryto calculatethe derivatives of % nearthe level set(e.g./ � `
). The wider bandis necessarybecausethe narrow-band algorithmtradesoff two competingcomputational

costs.Oneis the costof stoppingthe evolution andcomputingthe positionof the curve anddistancetransform(to

sub-cellaccuracy) anddeterminingthedomainof theband. Theotheris thecostof computingtheevolution process

over the entireband. The narrow-bandmethodalsorequiresadditionaltechniques,suchassmoothing,to maintain

thestabilityat theboundariesof theband,wheresomegrid pointsareundergoingtheevolution andnearbyneighbors

arestationary.

5 Sparse-Field Solutions

Thenarrow-bandalgorithmreducescomputationtime by restrictingtheupdatesto a bandof grid pointsthatlie near

the level set. However, that strategy is basedon the assumptionthat computingthe distancetransformis so costly

thatit cannotbedoneat every iterationof theevolution process— thebandof computationmustbewide enough to

justify this costlyupdateof theembedding.

The sparse-fieldalgorithmproposedin this sectionusesan approximation to the distancetransformthat makes

it feasibleto recomputethe neighborhoodof the level-setmodelat eachtime step. Thus, it takesthe narrow-band

strategy to the extreme;it computesupdateson a bandof grid pointsthat is only onepoint wide. The valuesof the

pointsin theactive setcanbeupdatedusingtheup-windschemeandthemean-curvature flow describedin theprevi-

oussections.Whencomputing updateson so few points,however, onemustbe carefulto maintaina neighborhood

aroundthosepointsso that the derivatives that control the processcanbe computedwith sufficient accuracy. The

strategy is to extendthe embedding from the active pointsoutward in layersto createa neighborhoodaroundthose

pointsthatis preciselythewidth neededto calculatethederivativesfor thenext time step.

Thisapproachhasseveraladvantages.Thealgorithmdoespreciselythenumberof calculationsneededto compute
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the next positionof the level curve. It doesnot requireexplicitly recalculatingthe positionsof level setsandtheir

distancetransforms.For large 3D datasets,the very processof incrementinga counter andcheckingthe statusof

all of the grid pointsis prohibitive. In the sparse-fieldalgorithmthe numberof pointsbeingcomputedis so small,

it is feasibleto usea linked-list to keeptrack of them. Thus,at eachiterationthe algorithmvisitsonly thosepoints

adjacentto the
c

-level curve. Also, thesparse-fieldapproachidentifiesa singlelevel setwith a specificsetof points

whosevaluescontrol thepositionof that level set.This allows oneto compute externalforcesto anaccuracy that is

betterthanthegrid spacingof themodel,resultingin a modelingsystemthatis moreaccuratefor 3D reconstruction.

The
c

-level surface, 0 , of a function % definedon a discretegrid hasa setof cells throughwhich it passes,as

shown in figure 2. Thesetof grid pointsadjacentto thelevel setis calledtheactiveset, andtheindividual elements

of this setarecalledactivepoints. As themodeldeformstheactive will change. All of thederivatives(up to second

order) requiredto calculatethe updateof % arecomputed usingnearestneighbor differences.Therefore,only the

active pointsandtheir neighborsarerelevant to the evolution of the level-setat any particulartime in the evolution

process.

Oneimportantaspectof the sparse-fieldalgorithmis themechanism to control membershipin the active set. In

orderto maintainstability, onemustupdate the active setandneighboring pointsin a way thatallows grid pointsto

enterandleavetheactivesetwithoutthosechangesin statusaffectingtheirvalues.Thismechanismcanbeunderstood

asfollows. Active pointsmustbeadjacentto thelevel-setmodel.Thereforetheir positionslie within a fixeddistance

to themodel. Becausetheembedding is a distancetransform,thevaluesof % for locationsin theactive setmustlie

within a certainrangeof values.Whenactive-pointvaluesmove out of this activerange they areno longeradjacent

to themodel.They mustberemovedfrom thesetandothergrid points,thosewhosevaluesaremoving into theactive

range,must be addedto take their place. The preciseorderingandexecutionof theseoperationsis critical to the

properoperationof thealgorithm.

If we assumethat the embedding% is a discreteapproximationto the distancetransformof the model,thenthe

distanceof a particulargrid point, � Û , to the level set is given by the valueof % at that grid point. If the distance

betweengrid pointsis definedto beunity, thenwe shouldremove a point from theactive setwhenthevalueof % at

thatpoint no longerlies in theinterval 1 P 
[ � 
[.2 (seefigure3). If theneighborsof thatpoint maintaintheir distanceof

1, thenthoseneighbors will move into theactive rangejust as � Û is readyto beremoved.

Therearetwo operationsthataresignificantto theevolution of theactive set.First,thevaluesof % atactivepoints

changefrom oneiterationto the next. Second,asthe valuesof active pointsmove out of the active rangethey are

removed from the active setandother, neighboringgrid pointsareaddedto the active setto take their place. The

appendixof this paper givessomeformal definitionsof active setsandtheoperationsthataffect them,andit shows

thatactive setswill alwaysform a boundary betweenpositive andnegative regionsin the discretesampling% , even

ascontrolof thelevel setpassesfrom onesetof active pointsto another.

Becausegrid pointsthat arenearthe active setarekept at a fixed valuedifferencefrom the active points,active

pointsserve to control changes in the nonactive grid points to which they areadjacent.The neighborhoodsof the

active setaredefinedin layers, 3 � 
 �������&3 ��4 and 3 � 
 ��������3 � 4 , wherethe Î indicatesthecity-block distancefrom

the nearestactive grid point, andnegative numbers areusedfor the outsidelayers. For notationalconveniencethe

active setis denoted3 ¹ .
Thenumberof layersshouldcoincidewith thesizeof thefootprint or neighborhoodusedto calculatederivatives.

In this way, the insideandoutsidegrid pointsundergo no changesin their valuesthat affect or distort the evolution

of the zeroset. The work in this paperusesfirst- andsecond-order derivativescomputedon a a 5 ÿ 5 ÿ 5 kernel

(city-block distance2 to thecorners).Thereforeonly five layersarenecessary:2 insidelayers,2 outsidelayers,and

theactive set.Theselayersaredenoted3 
 , 3 [ , 3 � 
 , 3 � [ , and 3 ¹ , respectively.

Theactivesethasgrid pointvaluesin therange1 P 
[ � 
[ 2 . Thevaluesof thegrid pointsin eachneighborhoodlayer

arekept 1 unit from the next layer closestto the active set(asin figure 3). Thusthe valuesof layer 3 � fall in the

interval 1 Î P 
[ �3Î ] 
[62 . For
`87 ] X layers,the valuesof the grid pointsthat arenot in any of the layersareeither

insideall of the layers,with a valueof
7 ] 
[ , or outsideall of the layers,with a valueof

P 7 P 
[ . Theprocedure

for updating theimageandtheactive setbasedon surfacemovements is asfollows:
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Figure3: Thestatusof grid pointsandtheirvaluesat two differentpointsin timeshow thatasthezerocrossingmoves,
activity is passedfrom onegrid point to another.

1. For eachactive grid point, � Û , do thefollowing:

(a) Calculatethelocal geometryof thelevel set.

(b) Computethenetchangeof % �g� , basedontheinternalandexternalforces,usingsomestable(e.g.,upwind)

numericalschemewherenecessary.

2. For eachactive grid point � Û addthe change to the grid point valueanddecideif the new value % �g� ) ì ] ( ì .
falls outsidethe 1 P 
[ � 
[.2 interval. If so,put � Û on lists of grid pointsthatarechanging status,calledthestatus

list; 0 
 or 0 � 
 , for % �g� ) ì ] ( ì .�� 
[ or % �g� ) ì ] ( ì . Ç P 
[ , respectively.

3. Visit the grid pointsin the layers 3 � in theorder Î ��� X ��������� 7
, andupdate thegrid point valuesbasedon

the values(by addingor subtractingoneunit) of the next inner layer, 3 ��� 
 . If morethanone 3 ��� 
 neighbor

existsthenusetheneighbor thatindicatesa level curve closestto thatgrid point, i.e.,usethemaximumfor the

outsidelayersandminimumfor theinsidelayers.If a grid point in layer 3 � hasno 3 ���á
 neighbors,thenit gets

demotedto 3 � � 
 , thenext level away from theactive set.

4. For eachstatuslist 0 � 
 ��0 � [ ����������0 � 4 do thefollowing:

(a) For eachelement� Û on thestatuslist 0 � , remove � Û from thelist 3 ��� 
 , andaddit to the 3 � list, or, in the

caseof Î&��� ) 7 ] X . , remove it from all lists.

(b) Add all 3 ��� 
 neighbors to the 0 � � 
 list.

This algorithmcanbeimplementedefficiently usinglinked-list datastructurescombinedwith arraysto storethe

valuesof the grid pointsandtheir statesasshown in figure4. This requiresonly thosegrid pointswhosevaluesare

changing,theactive pointsandtheir neighbors,to bevisitedat eachtime step.Thereforecomputationtime grows as/ñ� � 
 , where / is thenumber of grid pointsalongonedimensionof % . Computationtime for dense-fieldapproach

increasesas /ñ� . The /ò� � 
 growth in computationtime for thesparse-fieldmodelsis consistentwith conventional

(parameterized)models,for which computation times increasewith the resolutionof the domain, ratherthan the

range.

Anotherimportantaspectof theperformanceof thesparse-fieldalgorithmis thelargertimestepsthatarepossible.

In thenumericalschemesfor updatinglevel-setmodels,thetimestepsarelimited by thespeedof the“f astest”moving

level curve,i.e.,themaximumof theforcefunction.Becausethesparse-fieldmethodcalculatesthemovement of level

setsover a subsetof theimage,time stepsareboundedfrom below by thoseof thedense-field case,i.e.,132N4�6+����@- ) î ) � .3. ) 13254�6+.- ) î ) � .3. � (32)

where

î ) � . is thespacevaryingspeedfunctionand � is theactive set.
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Figure4: Linked-list datastructuresprovide efficient accessto thosegrid points with valuesandstatusthat mustbe
updated.

5.1 Empirical results of The Sparse-Field Algorithm

5.1.1 Error analysis

The sparse-fieldalgorithm describedabove is basedon an importantapproximation: grid points adjacentto the

active points are assumedto undergo the samechangein value as their nearbyactive-setneighbors. The dense-

field algorithmstreateachlevel set(andeachgrid point) separately. Becauseproximatelevel setscanhave different

shapesand undergo different forces,nearbygrid points can undergo different changes in value. The questionis

how the sparse-fieldapproximation affectsthe evolution of the zero-level set. The resultsin this sectionshow that

the evolution of the zero-level setin the sparse-fieldalgorithmintroducesan error that is consistent with that of the

dense-fieldapproach andthatbotherrorsaresignificantlysmallerthanthegrid spacing� .

In orderto measuretheeffectsof theseapproximations we comparethemovement of thelevel setscomputedby

theboththedense-fieldandsparse-fieldmethods to thedeformationof a circle, which canbecomputedanalytically

(AdalsteinandSethian1995). The total error of a modelis computedfrom the setof zerocrossingsalongthe lines

connectingthegrid. Thesepointsarefoundby usinga linear interpolationbetweenadjacent pointsthat lie on either

sideof a zerocrossing.Thetotal erroris theaveragesquareddistanceof thesezerocrossingsfrom theideal.

Figure5ashowstheerrorof thedense-andsparse-fieldmethodsin 2D for acirclemoving underits own curvature.

Figure5b shows thesameresultsfor thea circle moving in thedirectionof theinwardnormalat a uniform speedof

1. The2D grid is X Æ�Æ ÿ X Æ�Æ , andthegrid spacingis unity. Thecircle beginswith a radiusof 30 units. Theseresults

show that,on thewhole,thesparse-fieldmethodanddense-field methodsgive comparable errors.Themagnitudeof

theseerrors,whenscaledappropriately for differencesin time constantsandgrid spacing,areconsistentwith those

documentedin (AdalsteinandSethian1995)eventhough theerrormetricis slightly different.Noticethatin thecase

of constantinwardvelocity, bothdiscretelevel-setmethodshave high errorsasthecircle radiusbecomesquitesmall

(it shouldbe zeroat ìê� 5 Æ ). This is to be expectedandis a inevitable consequenceof usingdiscretemethods to

representobjectswith sizesthatarecomparableto thegrid spacing.
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Figure5: The rms errors, relative to ground truth, for a circle evolving underconstantspeedandcurvature suggest
thattheerrorsassociatedwith thesparse-fieldalgorithm areno worsethanthoseintroducedby thediscretization and
level-setapproximation.

5.1.2 Timing

Measurementsof the timing bearout the expectedimprovementsin performancewith the sparse-fieldmethod. A

roughcalculationof theexpectedimprovementsis asfollows. In 2D, an � ÿ � imagerequires
c � [ calculationsper

update,where
c

is thenumberof calculationspergrid point. Theupdatesfor thesparsefield shouldbe
c�� � , where

c��
includestheextra costsassociatedwith updatingandmaintainingtheneighborhood.Let 	�� c µ c�� , betheefficiency

of theimprovement.Of course,we expect 	 is lessthanonebecauseof theextra overheadof maintainingtheactive

setandtheneighborhoodaroundit. For a circle of radius � µ 5 , thecardinalityof theactive setis approximatelỳ � .

Theneighborhoodis another� layers,eachrequiring X passfor anupdate.Let thecostof visiting maintainingthelist

andupdatingtheneighborhoodbedenoted
º

. heThentheratio of calculationtimes, 	 , for thetwo methodsshould

beapproximately 	¸� cc � � c) � º ] X . ` c � X� º ] ` � (33)

If
º

is of the sameorder magnitudeas
c

(because it requiresseveral floating point calculationsinvolving nearest

neighbors),thenequation33 givessomeroughboundson theefficiency:
Æ � Æ X ` )�	�) Æ � 5u� .

Of coursethesenumbersareestimatesanddependquite heavily on the implementation.For the experimentsof

this sectionwe have useda ratherhigh-level, object-oriented,C++ imageprocessing library (developed in house),

which usesin-line functionswherepracticalaswell astemplatedimagesandgenericdatastructures.This library

emphasizeseaseof implementationratherthanperformance.The“inner loops” of themethodscompared,i.e. those

loopsthatdo thecalculationsandupdatesateachpixel, arewrittenwith identicalcodewherepossible.All resultsare

computedon a SunSparc10.

Table1 givesthe averagetime per iteration,averagedover 25 iterations,for a circle of radius � µ 5 moving with

first curvatureandthena constant inwardspeed.Theexecutiontimesandtheefficiency factorsconfirmtheexpected

improvementsin performancefrom thesparse-fieldmethod.

Making direct comparisonsof thesecomputationtimeswith the resultsof otherresearchersis difficult because

of differencesin implementationsandhardware. However, the ratio of the dense-fieldcomputationtime to that of

thesparse-fieldalgorithmgivesa performanceratio. We have computedthesameperformanceratio for thenarrow-

bandmethodfrom thedatain (AdalsteinandSethian1995).Figure6 shows a graphof thatratio for thesparse-field

approachandthe narrow-bandmethodfor two distinct bandwidths, 6 and12. Theseresultsshow that the sparse-

field methodis somewhat faster, andthe improvementsin computationtime grow asthedomainsizeincreases.For

largermodels,thedifferencein computationtime betweenthesemethodsis evenmoreextreme.Themodelsin these

experimentsarerelatively small andthe time differenceshouldbe moredramaticasonegoesto 3D. For instance,
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ImageWidth Sparse-Field Dense-Field Efficiency Factor 	
Circle moving undercurvature.

75 0.02 0.12 0.080
150 0.03 0.49 0.109
300 0.07 1.96 0.093
600 0.14 7.87 0.094

Circle moving at constant speed-1.
75 0.02 0.11 0.073

150 0.05 0.44 0.059
300 0.10 1.74 0.058
600 0.20 6.97 0.058

Table1: A comparisonof executiontimes(seconds/iteration) for computing theevolution a circle

 
¡
¢ £
¤ ¥
¦ §
¨ ©
ª «

¬ ­ ® ¯ ° ± ² ²

³ ´ µ ¶ · ¸�¹ º ¸ » ¼
½�¾ ¿ ¿ À Á�Â�¾ Ã Ä�Å Æ Ç
È�É Ê Ê Ë Ì�Í�É Î Ï�Ð Ñ Ò Ó

Ô
Õ
Ö
×
Ø
Ù Ú
Û Ü
Ý Þ
ß à
á â

ã ä å æ ç è é é

ê ëì
í îì
ïðñ
òë
ó ðôõ
î

ö�÷ùøûú�üwý þ ÿ�ü�� ��ü�þ ú���� �

����	�

��� ��	���������� �����
� ������� � !#"$"$%'&�(�)�*

Figure6: A comparisonof thesparse-fieldmethodwith the narrow-band resultsfrom (AdalsteinandSethian1995)
bearsout theadvantageof thesparsefield method. Theadvantageis modestfor smallmodelsbut growsasthemodels
getlarger— animportanttrendwhenconsideringlarge,volumetric models.
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(a) (b) (c)

Figure7: Thedeformationof a cubemoves downhill on thedistancetransform of a torus. In (a) the steadystateof
the dense-field approachshows that the torussuffers from aliasingdueto theshockswhich form neartheboundary
of thetorus.In (b) thesparse-fieldalgorithmbouncesbackandforth betweengrid pointsthathave forces in opposite
directions. In (c) themodifiedsparse-fieldalgorithmusesa first-orderapproximationto positionthezero-level setto
subcellaccuracy.

the circle in the 5 Æ�Æ ÿ 5 Æ�Æ imagecontainsapproximately 600 pixels alongits border. The surfaceof a spherein a5 Æ�Æ ÿ 5 Æ�Æ ÿ 5 Æ�Æ volumewould containabout 40,000voxels.

5.2 Subcell accuracy

Resultsof theprevious sectiondemonstratetheaccuracy andcomputational efficiency of thesparse-fieldalgorithm.

However, thelevel-setapproachis still not appropriatefor 3D reconstruction becauseof its limited spatialresolution.

This sectionshows how the sparse-fieldalgorithmcanbe modifiedto improve the overall accuracy of the level-set

method.

It is well known that front propagationsof the form of equation(25), without any smoothingterm,form shocks

wherefronts moving in opposite directionsmeet. In the discretedomain,when using an upwind scheme,these

shockstake theform of high contrastregionsthatform alongthosegrid pointsthatlie nearthezerocrossingsof

î )�Ë . .
Unfortunatelytheseshockshaveanadversesideeffect; they constrainthepositionsof level-setsolutionsto fall on the

grid lines,half way betweengrid points.Thehigh contrastregionsassociatedwith shockformationcausealiasing in

thefinal resultsof level-setmodels.

This aliasingis not an inherentpropertyof the implicit representation.Indeed,grid-point valuescanbe manip-

ulatedto positionzerocrossingsanywhereon the grid lines,andlinear or higherorderinterpolationtechniquescan

be usedto constructparametricrepresentationsfrom level setsto within subcellaccuracy. The aliasingassociated

with themoving wavefrontsfollows from thefactthatthenumericalschemesfor propagatingfrontssampletheforce

function

î )�Ë . only at grid point locations;it is aninherentproblemin thelevel-setnumericalschemesthathave been

proposedto date. Any iterative deformationschemethat samplesthe forcing function at only a discretesetof grid

locationswill belimited in its ability to accuratelylocatethesolution.

The problemsassociatedwith the discretesamplingof the forcing function areparticularly troublesomewhen

considering3D reconstruction.Figure7(a) shows the resultof allowing a cube(sampledon a + Æ ÿ + Æ ÿ + Æ grid)

to move on the distancetransformof a torus. The distancetransformof the torus(which servesasthe

î )qä . for the

reconstruction)is computed analyticallyandthensampledon the samegrid asthe cube.Thelevel-setmodelforms

patternsthatreflecttheunderlyinggrid structurebecauseof theshocks that form betweengrid pointsthatareinside

andoutsideof thetorusboundary. Theproblemsof shockcreationandaliasingareevenmoreseriousin caseswhere

the forces,representedby

î )�Ë . , have a greaterresolutionthanthe model— asin the caseof recovering 3D models

from high-resolutionrangemaps.In suchcaseslimiting the modelpositionto the resolutionof the grid is far from

optimal;it introducesunnecessaryartifacts.

Thesparse-fieldalgorithmprovidesa mechanismfor positioninglevel setsto subcellaccuracy. In thesparse-field

algorithmtheactive grid pointscanbethought of ascontrolpointsfor a nearbyzero-level set.Thelevel setdoesnot

necessarilypassthroughthecenterof thegrid point (exceptin thespecialcasewherethegrid point hasa valuezero).
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Figure8: Themodified sparse-fieldalgorithm: (a) For a curve in a plane,thepositionof the level setnearto a grid
point is found usingNewton’s method. (b) For a square beingfit to a circle, thesparse-fieldmethod obtainssubcell
accuracy andalmostperfect fit (lessthanahundredthof avoxel error), while thedense-fieldschemeformsshocksand
stabilizesat anerror of 0.20 cells.

Newton’s methodgivesa first-orderapproximationto thepositionof thenearbyzero-level set,asin figure8(a).

Let
ä�� Ðzy bethepositionof a grid point,

� % { bethevectorof first derivativesof themodelat sometime ì . The

positionof theclosestzero-level setto thegrid point |ä is givenby

|ä � ä P %}{ � %}{� %}{ Ë � %�{ � (34)

exceptwhen
� % { � Æ

, which mustbehandledasa specialcase.Computingthe forceson level-setlocationsaway

from thegrid pointsis similar in philosophyto themethodof extendingthevelocity fieldsof level setsdescribedby

Sethian(1996).

The numerical computationof
� % { in equation(34) can proceedin one of several different ways. Although

centralizeddifferencesarepossible,theclosestzerocrossingcanbefoundby findingthesteepestone-sidedderivative

in eachdimension.Definethefunction

~ # ú���� 1 )�� ��� . 
� �� � � + � + � + �-+� + � + Ç + �-+� ���[ + � +�� + �-+ � (35)

Thedirectionof nearestzerocrossingcanbecalculatingby using� %}{ 
� ~ # ú}��� 1 ) ½�� � �� ö %}{ � ½�� � �� ö %}{ . ��������� ~ # ú���� 1 ) ½é� � ���� %�{é� ½é� � ���� %}{ . � (36)

Figure7(c)showsthatbetterresultsareobtainedfrom themodifiedsparse-fieldmethod(first-orderapproximation

to the level setlocation)thanmethods which sampleforce-fieldvaluesonly at grid point locations.The first-order

approximationallows grid pointsto achieve grey-level valuesthat reflecttheir distancefrom nearbyfeatures.This

first-orderimprovementis essentialin usingthe level-setparadigmfor modeling3D objects. The renderingof 3D

modelsmakesuseof first-orderderivativesof thevolumedata,which aresensitive to aliasingartifacts.

Figure8(b) shows theerror, usingthesameerrormeasuredescribedin section5.1.1,for a squaremoving down-

hill on thedistancetransformof a circle. Theerrorbeginsat about 7 unitsandslowly decreasesasthemodelmoves

toward thecircle. The differencein thesparse-fieldanddense-field methodsdemonstratesthe subcellaccuracy that

is obtainedwith thefirst-ordermodifications.Thedense-fieldmethodformsshocks,andtheerrorstabilizesat about

0.20cells. Thedense-fieldschemeproducesa binary imagewhich is the inside-outsidefunction for thecircle. This

result is representative of other numericalalgorithmsfor level sets,suchas that of (Adalsteinand Sethian1995),
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which do not attemptto positionlevel setsto sub-cellaccuracy. Thesparse-fieldmethodpositionsthezero-level set

to subcellaccuracy andeventually obtainsvery smallerrorsin fitting thelevel set.Thesmalldip in errorat about50

iterationsis evenmoredramaticin thedense-fieldapproach but is not easilyvisible on thelogarithmicscalegivenin

figure8(b). This overshootindicatesthatthemodelmovesthroughthesolutionandslightly beyond beforereaching

a steadystate.

This strategy of approximating the level-setpositionto sub-cellaccuracy cangeneralizedto higherorders. For

instance,in two dimensions onecanfit a second-order function to % in the neighborhood of the active grid point.

Suchhigher order schemesare not pursuedin this paperfor two reasons.First, they would add considerably to

the computational burdenof the method. Second,the embedding of the level set is the distancetransformimplies

that + � + � X almosteverywhere,and thereforesecondderivative in the gradientdirection is virtually
Æ

except at

singularities(BruceandGiblin 1986).

6 Level-Set Models for 3D Reconstruction

This sectioncombinesthelevel-setmodelingtechnology from Sections4 and5 with theMAP reconstructionformu-

lation of Section3 to generate3D reconstructions of objectsfrom multiple rangemaps.The strategy is asfollows.

Constructa rathercoarsevolumethat is the solutionto the linear problem,i.e. the zero-level setsof

î )�Ë . , without

theprior. This volumeservesasinitialization for a level-setmodelwhich movestoward thedatagiven by therange

mapswhile undergoing a second-orderflow to enforcetheprior. After therateof deformationslows to below some

threshold,theresolutionis increased,thevolumeresampled, andtheprocessrepeated.Thecoarse-to-finestrategy is

intendedto beacontinuationmethod(asdescribedby (Nielson1997, Snyder, Han,Bilbro, WhitakerandPizer1995))

for bothreducingcomputationandpreventingthealgorithmfrom converging on local minima.

Thereareseveraladditionalconsiderationswhichaffect theperformanceof thisalgorithm.Thefirst consideration

is that the MAP formulationin Section3 suffers from a problem;it ignoresthe nonlinearityresultingfrom the fact

that the rangescannergivesthe depthreadingfor the singleclosestsurfacepoint alongthe line of sight. Therefore

the solutiongiven by the zerosetsof

î )�Ë . could containartifactsthat result from surfacesinteractingat occlusion

boundaries. Theuseof V max or thewindowing function Á )�Ë . helpalleviatethis problem,but it is virtually impossible

to stopthis interactionin placeswheretheobjecthashigh curvaturenearits occludingcontour. An iterative scheme

caneliminateinteractionsof surfacesnearoccluding contours by takingadvantageof theknowledgethattheobjects

aresolids.Thatis, a surfacecannot returna rangereadingif it is facingaway from thescanner. If thesurfacenormal

is takento beoutward,thenthedotproductof thesurfacenormalandtheline of sightmustbenegative. Theevolution

equation,modifiedto includeonly thosesurfacethatfacethescannerassociatedwith a particularrangemap,is� � )qä �9ì .�ëì � + � � )qä . + R Û åñ� Û�� ) |ä . Á G åñ����� ) |ä .3ISæ\� Û�� ) |ä . b � Û�� ) |ä . G � � Ë Í � Û�� ) |ä .3I �� � Ë Í � Û�� ) |ä . ]
(37)õ G � [� ] � [� ] � [� I � ö÷ 7 G � [� ] � [� I � ��� ] G � [� ] � [� I � ��� (38)] G � [� ] � [� I � ��� P ` ) � � � � � ��� ] � � � � � ��� ] � � � � � ��� .�: �

where Í � Û�� )qä . is theline of sightfrom a rangefinderto a 3D point,
ä

.

A secondpracticalconsiderationis the confidenceassociatedwith the rangedata. In Section3 the confidence

measureb � Û�� )qä . wasexpressedastheinverseof thevarianceof thesensornoiseassociatedwith therangemeasure-

mentalongtheline of sight Í ) |ä . . Otherfactorsalsoaffect this confidencemetric. Onesuchfactoris theuncertainty

in the positionof the model that resultsfrom the discretizationof the embedding
�

. More specifically, eachgrid

point beingupdatedin the volume % , controlsthe movementa of a level surfacenearby, whoseposition is known

to only finite accuracy. Thusthereis cloud of uncertaintyaround eachgrid point. The first-orderapproximation to

the level-setpositiondescribedin Section5.2 improvesmattersconsiderably, but the 3D positionalerror cannot be

discountedentirely. For this work we assumethatuncertaintyis isotropicwith variancedenotedZ [{ .

Thepositionalerrorassociatedwith thediscretesamplingof avolumegivesriseto anuncertaintyabouttheline of
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(a) (b)

Figure9: Therangemapof a mug,viewedasanimage(a),givesriseto a confidencemeasure(b) thatcombinesboth
thenoiseof thescannerwith thespatialuncertainty of themodel.

sightandtherebyuncertaintyaboutthevalueof theassociatedrangemeasurement.Usinga first-orderapproximation

to calculatethis errorwe have b � Û�� )qä . � X) Z � Û�� )qä .3. [ ] + � å � Û�� )qä . + [ Z [{ )qä . � (39)

where Z � Û�� )qä . [ is thevarianceassociatedwith the rangemeasurement alongthe line of sight thatpassesthrough
ä

and å � Û�� )qä . , asin equation(13), is the signeddistancealongthe line of sight betweenthe rangemeasurement andä � Ð ÑÓÒ . Derivativesof å � Û�� )qä . combinethegeometry of thescannerwith derivativesof therangemap.Thatis,

� å � Û�� )qä . � � ä P � V � Û�� )qä . � � ä P � V � Û�� ) àE� ß .��à � à )qä . P � V � Û�� ) àE� ß .� ß � ß )qä . � (40)

Thus,this formulationhasthe intuitive resultof lowering the confidencenearstepedgesin the rangemap. Some

simplereasoninggivesapproximatevaluesfor Z { . If thesurfacepositionis known to within onehalf of a voxel (and

voxels have unit length), thenoneshould chooseZ [{ � Xxµ?X ` . If the first-orderapproximationreducesthat by an

orderof magnitudewe have Z [{ � Xxµ?X ` Æ . Figure9a shows a noisy rangemapgeneratedfrom theCAD modelof a

mug, andfigure 9b shows the resultingconfidence mapwith Z [{ � X�µAX ` Æ anda constantnoisevaluefor all range

measurementsof 1 unit.

6.1 Results

This sectionpresents3D reconstructionsfrom several different setsof data. The first is syntheticdataof a torus,

shown as a surfacein Figures10(a) and 10(b). These200ÿ 200 pixel depthmapsare computedanalytically and

corruptedwith 20% uncorrelatedGaussiannoise. Six suchviews of the torus arecombined in the examplesthat

follow.

The secondsetof datais ten syntheticviews computedfrom a CAD modelof a mug asshown in figure 10(c).

This mughassomesmallerfeaturessuchasthehandle(particularlywhereit attachesto thebody) andthetop of the

rim. Resultswill beshown with andwithout 50%additive Gaussiannoise.

For realdata,figure10(d)showsa � Æ�Æ ÿ + Æ�Æ pixel depthmaptakenfrom atelephonereceiverusingatriangulating

laserrangefinder. Eight suchviews have beenpositionedrelative to eachother, initially by handandthen by an

automatedsurfacematchingtechnique(Turk andLevoy 1994).
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(a) (b)

(c) (d)

Figure10: Rangemaps: Synthetic range dataof a torus — 200� 200 pixels with 20% Gaussianwhite noise(asa
fractionof smallerdiameter) takenof bothend(a) andside(b). Synthetic range dataof a mug(c) — 256� 256pixels
with 50%Gaussianwhite noise(asa fractionof handle width). Triangulatinglaserrangedataof telephone (d).
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(a) (b)

(c) (d)

Figure11: An initial model(a) is constructedby combining six pointsof view of a torus usingthezerocrossingsof���#�b� . Themodel which is attractedto therangedatabut undergoesinternal forcesevolvesandsettlesinto a smoother
steadystate(b) whichresemblestheuncorruptedtorus (c). Image-basedsmoothing producesview-dependent artifacts
(d).

Figure 11(a) shows the initial model usedfor fitting the level-setmodel to the rangedatafor the torus. The

initial modelis a80 ÿ 80 ÿ 40 voxelsandis produced by findingthezerocrossingsof thedataterm,

î )�Ë . . For all of the

examplesof thispaper, 3D surfacerenderingsof level setsarefrom polygonalizedsurfacesobtainedfrom thevolumes

by themarchingcubesmethod(LorensonandCline 1982). Figure11(b)shows theresultof thelevel-setmodelthat

uses11(a)asaninitial stateand õ valueof
Æ � ` + . Theresultingmodel,which combinesthesix pointsof view andthe

smoothingfunction,is a reasonablereconstructionof theoriginal object(figure11(c)). Figure11(d)shows theresult

of the combineddataterm

î )�Ë . createdby the six noisy torusrangemapsthat have beensmoothed with Gaussian

blurring prior to their combination. Suchanimage-spaceblurring distortsthegeometricstructureof therangemaps

sothatthey no longerfit together;this resultsin view-dependentartifacts.Theobject-basedsmoothing, achieved by

incorporatingtheprior of equation(19) into thelevel-setapproach,doesnot producesuchartifacts.

Figure12 shows the effectsof the parameterõ on the final result. The parameteris not a thresholdthat must

be setprecisely;resultschangegraduallyas õ variesover an order of magnitude. Figure13 shows, for different

valuesof õ , the rms error of the reconstructionof the torusasa percentageof the magnitudeof the noiseaddedto

thesyntheticrangemaps.Evenwithout theprior, theaveragingobtainedfrom theMAP methodovercomesmuchof

theinitial noisein thedata.Thequality of thereconstructiondoesdepend on thechoiceof õ , but theuseof theprior
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(a) (b)

(c) (d)

Figure12: Solutionsto reconstruction describedin figure11with values of � at (a) 0, (b) 0.04, (c) 0.32,and(d) 0.64.

�t�
�t�

���
�
���
�
 t¡
¢
£t¤
¥

¦ §t¨ © ªt« ¬ ­t® ¯ °t± ²³}´wµ�¶
´�·w¸tµ�¹zº�´wµ�»
¼tº�µ�¶t½¿¾
ÀÁ´wÀ�ÂÄÃÁº�Ã�´ÆÅ
β

ÇÈÉbÊËËÌ
ËÍÎ
ÏÊËÐÊÑ
Ò ÍÓÊÌ
Ô ÑÌÕ ÎÊ

Figure13: The rms error of the reconstructionof a torus,given asa percentageof the magnitude of the noise,for
differentvaluesof theprior, � .
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providessignificantimprovementsin thereconstruction for any choiceof betathatis within anorderof magnitudeof

theoptimum.

A 3D model of a mug, shown in figure 14(a), is usedto generate10 rangemaps. Theseten views are then

combinedto reconstructthe 3D model (figure 14(b)). The reconstruction resemblesthe original in figure 14(c) to

within the accuracy afforded by the discretizationof the volume and somesmall shadowing artifactsaroundthe

handle,whereit is difficult to completelymapbecauseof selfocclusions.Thefinal modelis X � Æ ÿ X � Æ ÿ X � Æ voxels.

At this resolutionthehandleis lessthantwo voxels thick, but onecanstill recover the fine detailswherethehandle

attachesto the main part of the mug. The facetsarein the original, polygonal model. Suchlarge volumes(almost

3 million voxels) necessitatethe useof the sparse-fieldapproach, which visits the entiredataset only during the

initialization, andvisits only thosevoxels that lie nearthe surfacethereafter. With no priors (i.e. õ � Æ
) andrange

imagesthatarecorruptedby additive Gaussiannoise,thesurfacetakeson anroughappearance.Figure14(d)shows

how a small influenceof theprior, õ � Æ � + , produces a smootherresult.Theresultthatincludesthesmoothingprior

is alsoquantitatively betterasdeterminedby thermserrorfrom theoriginal mugmodel.The X � Æ ÿ X � Æ ÿ X � Æ grid

usedfor the mug required16 iterations. The entirereconstructionprocesslastedabout20 minuteson a Sparc10.

Most of thattime wasspenton theinitialization andresamplingwhich requiresvisiting theentirevolume.

For the workstationusedin this work, this large model is at the limit of what canbe storedin randomaccess

memory. As a result, modelslarger than this typically introducethrashingand significantly longer computation

times. Methods for efficiently representingsparsevolumesarewell documented in the literature,but accesstime

penaltiesassociatedwith currenttechnologies (e.g. oct-trees)would make suchmethodsinefficient for the iterative

proceduresusedin this work. Reducingthesememoryrequirementswhile maintainingrun-timeefficiency is anarea

of ongoing investigation.

Figure15 shows how the algorithmis ableto handleoutliers. Figure15(a)shows a singlescanfrom the same

mug datasetcorruptedwith 1% replacementnoise(i.e. outliers)insteadof additive Gaussiannoise. The resulting

initialization shown in 15(b) is quite poor; it containshundreds of holes. The combinationof smoothingandsub-

voxel accuracy obtainedfrom the level-setmodelspulls the modelaway from the outliersand givesa convincing

reconstruction.

In figure 16 eight rangemapsof a telephone(taken with a triangulatinglaserrangefinder (CurlessandLevoy

1995))arecombinedto createa 3D reconstruction.Figure16(a)shows the40 ÿ 20 ÿ 20 initial modelusedfor fitting

level-setmodelsto the rangedata. That modelservesasthe initial conditionsfor the evolution given by equation

(39). After the modelsettlesdown (changefrom oneiterationto the next dropsbelow a threshold), the volumeis

resampledontoa finer grid, andtheprocessis repeated.Thescanner imageshave artifactswhich affect theresultof

themodelingasshown in figure17(a).Theseartifactsresultfrom falsesurfacesin thedata,aswell asmisalignments

in the rangemaps. The MAP reconstructionalgorithmasit standscannotrealignthe data,but to the extent these

artifactshave a high-frequency characterto them,they canbecontrolledby adjustingthesmoothingparameter, õ .

7 Conclusions

This paperhaspresenteda strategy for reconstructing3D objectsby combiningrangemapstaken from different

pointsof view. Thestrategy is to computethesurfacewhich is mostly likely to have givenriseto thedatagenerated

by therangescanner;it maximizestheposteriorprobability of thesurface.

By usingthe independenceof thesensornoiseandassumingthat thecollectionof datain any onemapis dense

relative to theobjectstructure,theMAP formulationconvertstheerrorfrom individual rangereadingsinto a volume

integral. The Euler-Lagrangeof that volumeintegral givesthe equationof motion for a surfacethat seeksto mini-

mize its likelihoodconditionalon the data. The introductionof a prior leadsto a full MAP formulation. This is a

fundamentalresultin 3D reconstructionwhich posessurfacereconstructionasanevolutionaryprocessbasedon first

principles.

This paperhasalsoproposedlevel-setmodelsfor computingthedeformations associatedwith MAP estimation.

The level-setmodelingapproach is well suitedfor the MAP reconstructionformulation becauseit offers flexible
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(a) (b)

(c) (d)

Figure14: Level-setMAP reconstructionof amugusingsyntheticdatageneratedfrom a3D model (a). Without noise
thereconstruction(b) is limited only by theresolutionof themodel( ÖØ×�ÙÚ�ÛÖÜ×�ÙÚ�ÛÖÜ×}Ù ). With noise,thesurfaceappears
rough (c). Including a prior of �ÞÝßÙáàbâäã improvestheappearanceof thereconstruction (d) andthermserrorfrom the
original.
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(a) (b) (c)

Figure 15: The effects of outliers: (a) The original mug dataset corrupted by replacement noise. (b) The poor
initialization thatresultsfrom thatdata.(c) Theresultsof theiterative,level-setformulation.

(a) (b) (c)

Figure16: Theresultsof thelevel-setMAP reconstructionapproach:An initial model (a) is constructedby combining
eightpointsof view of a telephoneinto a discreteoccupancy grid of 40 � 20 � 20 grid points. Resultsfrom thecourse
model serve asinitial conditions for successively finer modelsin (b) and(c).
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(a) (b) (c)

Figure17: Artif actsthatproducediscontinuities canbecontrolled by tuningtheweight � of thesmoothing term. In
(a),(b), and(c), steady-statesolutionswith � = 0.1, 1.0,and5.0,respectively.

topologies,multiscale/multigridrepresentations, many degreesof freedom,and efficient methodsfor calculating

geometricsurfaceproperties.Despitetheseadvantages,the level-setapproachasdescribedin the literaturesuffers

from high computational costsandlimited accuracy.

This paperhasproposedan enhancement to level-setmodelingtechnologyin the form of a new algorithm, a

sparse-fieldmethod. The sparse-fieldmethodperformscalculationsandupdatesonly at thosegrid point locations

thatlie nearthezero-level set(or any level setof interest).As a resultthisalgorithmis computablein afractionof the

time requiredfor otherlevel-setapproaches.This paperhasshown thatthis new methodintroduces errorsthatareno

worsethanpreviousalgorithms.Thesparse-fieldalgorithmalsoenablesoneto usea first-orderapproximationto the

level-setposition,andthereforeit is actuallymoreaccurateundercircumstanceswheretheforcingfunctionis defined

to greateraccuracy thanthegrid structure,asis thecasewith theproposedMAP formulationfor 3D reconstruction.

Resultsonbothrealandsyntheticdataconfirmtheeffectivenessof combiningtheMAP strategy with thelevel-set

modelingmethod.Theuseof avery simpleprior, which biasessolutionstowardthosethathave lesssurfacearea,can

improve thereconstructionin thepresenceof uncorrelatednoiseandhigh-frequency artifacts.

Thereare,however, several areasthat warrantfurther development. Oneareais the problemof large datasets.

While the sparse-fieldmethodreducesthenumber of computationsrequiredfor deforming,it doesnot alleviate the

needto storedatafor the volumethat coversthe entiredomain. Anotherareaof ongoinginvestigationis the prior.

Thesecond-ordersmoothingusedin this papertendsto distort theshapesof objectswhenappliedtoo aggressively.

This is particularlytruewhentheobjectshave high curvature,suchasthehandle of themugin figure14. Priors,such

asthebending energy, thatrely on higherordergeometryor priorsthatincorporatehigherlevel knowledge about the

objectscouldimprove thequality of theresults.
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Appendix

A formal definitionof active setsandtheoperationsperformedon themgivessomegeneralpropertiesregardingtheir

behavior duringthesparse-fieldalgorithm.Let % bea discreteapproximationto
�

on a rectangular grid. On eachof

thegrid points(or voxelsin 3D), % hasa valueequalto thatof
�

. An active setis a setof grid pointsthatareadjacent

to thelevel set.For notationalconveniencethezero-level setis used,andthusactive setsconsistof grid pointsthatlie

nearzerocrossings.As thelevel setmoves,two thingshappento active sets.First,thevaluesof active setandnearby

pointschange.Second,pointsareaddedandremoved from the active set,i.e., activity is passedon from onegrid

point to another. Theremainderof thissectionservesto formalizetheseideasandshow thatactive setsmaintaintheir

importantpropertiesasthesparse-fieldalgorithmprogresses.In orderto maintaingenerality, thediscussionproceeds

in � dimensions,where�ò� 5 for surfacereconstructionproblemat hand.

A volume » � ���ò��%é� of dimension� is a setof grid points, � , arrangedin a rectilineargrid anda discrete

mapping% Ï � ÔÕ Ð Ñ . A grid point � Û � � hasan associatedindex Î ) � Û . � Ð � (i.e., Îï� Î 
 ���������3Î � and Î Û � Ð ).
This index hasa basis, å 
 ���������zå � , which consistsof unit vectorsalong the grid lines, i.e., å 
 � ) X � Æ � Ë�Ë�Ë . �#å [ �)�Æ � X � Æ � Ë�Ë�Ë . � Ë�Ë�Ë �#å � � )�Æ � Ë�Ë�Ë � X . .

Eachgrid pointhasasetof
`
� connectedneighborswhicharegivenby æ ) � Û . �Ê���áçN+ Î ) �áç . �LÎ ) � Û . �èå $ � X Ç �/ Ç � �\� . Thatis, the

`�é
neighbors of � Û , givenby æ ) � Û . , arethosepointsthatlie adjacentto � Û in oneof thegrid

directions.

Oneminor point is thehandling of boundary conditionson thedomain.For this work we assumethatevery grid

point has
`�é

adjacentgrid points,meaningeithera toroidaltopology (wraparound)or aninfinite arrayof grid points.

All of theresultsdescribedin this sectioncanbeextendedto othertopologiesor boundaryconditions.

Theadjacent operator, ê ) � � �&� Û . for � � �&� Û � � , indicateswhetheror not two or moregrid pointsareadjacent,

i.e., ê ) � � �&� Û . 
� � Û � æ ) � � . � (41)

Thesignoperator O
) � � �&� Û �3% . indicateswhetheror not thevaluesof % associatedwith two grid pointshave values

of oppositesign,i.e.,

O
) � � �&� Û �3% . 
� G % � ¾ Ä�Æ and % �g� Æ I or G % � ¾ Ç�Æ and % �g� Ä�Æ I � (42)

Note that both O
) � � �&� Û . and ê ) � � �&� Û �3% . are commutative. An adjacent grid point pair with valuesthat have

oppositesignsaresaidto lie on a zero crossing.

An activeset � is a subset of � suchthat for every adjacentpair with opposite sign, at leastoneof the grid

pointsof that pair is in the active set. That is, � � � is an active set if andonly if ë�� � �&� Û � � , ì ) � � �&� Û �3% .
and ê ) � � �&� Û . ��í �,� � ��� Û �ïî �ñð�óò . This definition meansthat an active setcould includegrid points that are

not necessaryto satisfythecondition. An active setis saidto beefficient if for all membersof the active sethave a

neighborof oppositesign,i.e., � is efficient if andonly if ë�� Û � �ßô � � s.t. ì ) � � ��� Û ��% . and ê ) � � ��� Û . . Efficient

active setsconsistentirelyof grid pointsthatlie on zerocrossings.

Thereareseveralpropertiesof active setsthatareimportant.First,anefficient active setcanbeconstructedfrom

a volume(if it is finite) by testingthe valuesof eachgrid point andits neighbors andconstructinga union of all of

thosegrid pointsthatlie on zerocrossings.Second,anefficient active setcanbeconstructedfrom any (finite) active

setby successively removing thosegrid pointsthatdo not lie on zerocrossings.Third, active setsdivide imagesinto

enclosedpositive andnegative regions. This is truebecause,by thedefinitionof an active set,thereis no connected

path(a sequenceof adjacentgrid points)from a grid point with positive valueto a grid point with negative valuethat

doesnot passthroughanactive grid point.

The sparsefield algorithmworks with active setsandperformstwo distinct actionson thesesets;it movesthe

activity of grid pointsto adjacent grid points,andit changesthevaluesof grid points.Thefollowing resultsshow that

sparse-fieldalgorithmmaintainsthepropertiesof active sets(they continueto divide positive andnegative regions).

A movement of an active set � is a procedure for constructinga new setof grid points � � �öõ ) � � »E. . This

procedureis to remove a grid point � Û � � from � andaddto � all of � Û ’s neighbors thathave oppositesign. That
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is, õ ) �â� »E. 
�<�õ� P ��� Û ���ø÷ò�8� � + ê ) � � �&� Û . and ì ) � � �&� Û ��% . � � (43)

Proposition 1 A setof grid points � �
constructedby a movementprocedure, � � �ùõ ) �â� »E. , is an activeset.

Proof Proposition 1 Let � Û denote the grid point that is removed. Assumethat � �
is not an active set. Then

thereexists a pair of grid points �,� � ���áç�� suchthat ì ) � � �&� Û �3% . and ê ) � � �&�áç . and �,� � �&�áç��¿î � � �úò .

Therearetwo casesto consider:� Û µ� �,� � �&� ç � In thiscaseneitherof thegrid points ��� � �&� ç �ûî �!�üò . Thus � is notanactiveset,which

violatesoneof theassumptions.� Û � �,� � �&�Æç�� This alsoviolatestheassumptionbecause all opposite-signneighborsof � Û arein � �
.ý

Proposition 2 If � is an efficient activeset, then the setof grid points � �
constructedby a movementprocedure

� � �ùõ ) � � »E. , is alsoan efficientactiveset.

Proof Proposition 2 Let � Û denotethegrid point thatis removed. � � is anactivesetby Proposition1. Thusonly

theproof of efficiency is necessary. Assumethat � �
is not efficient, thenthereexistsanactive grid point � �

with a neighborhood
7 � �,��çE+ ê ) � � �&�áç�� suchthat �,�ÆçE+ ì ) � � ���áçA�3% . ��î 7 �þò . Therearetwo casesto

consider:� Û � � : This violatestheassumptionbecause � is assumedto beefficient.� Û µ� � �
: In this case � Û is one of the grid points that is addedto � �

by the movementprocedure.

However, thesegrid pointsareaddedbecausethey have a neighbor of oppositesign,namely � Û .ý
An updateof anactive setis theconstructionof a new imagewhich hasa new valuefor oneof its active points,

i.e., » � �<�,�ò��% � � where% � � ��) %&��� . .
Proposition 3 An updateof » to » � with » � � ���ò��% � � and % � � ��) %&�!� . preservestheactiveset � , i.e., � is still

an activesetof » � .
Proof Proposition 3 Let � Û bethegrid pointwith avaluethatis changed. Assumethat � is notanactivesetof » � .

Thenthereexistsapairof grid points �,� � ���áç-� suchthat ì ) � � �&� Û �3% � . and ê ) � � ���áç . and �,� � �&�áç�� î�� �üò .

Therearetwo casesto consider:� Û µ� ��� � �&�áç-� In this caseneitherof the grid points ��� � �&�Æç-�¿î � �ÿò , which meansthat � is not an

activesetof �ò�3% (since% and % � differ only in thevalueat � Û ), whichviolatesoneof theassumptions.� Û � �,� � �&�Æç�� This alsoviolatestheassumptionbecause � Û is by definitionin theactive set � .ý
It is provable that the updateprocedure doesnot preserve the efficiency of an active set in all cases.Certain

combinationsof grid pointscanbe shown to produce inefficient active setsafter an updateprocedure. Pathological

casescanproducedensesetsof active pointsthatfill wholeregionsandrenderthesparse-fieldmethodinefficient.

Onesolutionto theproblemof inefficiency is apruning processwhichsystematicallyremovesunnecessaryactive

points.A pruningprocedure
(*) %&��� . is aprocedurethatproducesanew activeset� � � �

P �,� Û � if theneighborhood7
of � Û is of the samesign, i.e., ì ) � � �&� Û �3% . ë � � � 7

, and � � � � otherwise. The pruningprocedure canbe

repeatedfor each� Û � � after an update stepandcanbe shown to produce an efficient active set. The authorhas

found that in practicesucha pruningprocedureis unnecessary, andthat undernormalsituationsactive setsremain

efficient exceptat singularities,i.e.,wherelevel setsbreak,join, or disappear.
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