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ABSTRACT
The change in polarization state due to the interaction of light with the surface and beneath the surface of an object has become
increasingly important in realistic image synthesis of materials such as metallic, iridescent and pearlescent paint, skin, hair and cosmetics.
This paper presents a model for the anisotropic scattering of polarized light based upon the physics of light; which is capable of calculating
both partial and complete polarization using a combination of Jones and Mueller calculus, as well as incorporating self shadowing effects.
CR Categories and Subject Descriptors: I.3.3 [Computer Graphics]: Three-Dimensional Graphics and Realism – Raytracing;
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INTRODUCTION

The simulation of polarization effects to synthesize
photorealistic images has until recently been generally
overlooked, with a few notable exceptions [5, 8, 14, 20, 22-24].
One of the main reasons why polarization has been overlooked is
the general misconception that polarization effects have a minimal
contribution to the appearance of the average scene, which can in
some way be accounted for by the fact that the human visual
system possesses minimal sensitivity to the polarization states of
the light entering the eye. However, many real world scenes
display significant polarization effects from dielectric materials
such as the glare from glass windows, large volumes of water, and
the darkening of crystals; as well as the discolouration of metallic
objects and their reflections, and some of these have been
simulated in photorealistic image synthesis using the Fresnel
equations [6].
The predictive simulation of the polarization states of the light
that impinges upon a transparent multilayered material is
important to synthesize accurate photorealistic images for
materials that consist of dielectric layers such as automobile
paints, coatings, optical devices and ceramics. Being able to
predict the visual appearance of multilayered materials before
they are manufactured, reduces costs, and improves quality by
estimating the parameter tolerances.
The main focus of this paper is to investigate the use of
polarization techniques described in the physics literature [10-12]
for photorealistic image synthesis within the computer graphics
arena. The research also covers the development of a new
theoretical model for the anisotropic scattering of polarized light,
including the visualization of this theoretical model, and its
validation.
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PREVIOUS WORK

The use of polarization to produce realistic computer generated
images was first proposed by Wolff and Kurlander [24] and was
extended by Tannenbaum et al. [20] to render anisotropic media.
Both these models are based upon Jones calculus that has also
been employed by Guy and Soler [14] to render gemstones.
Another method by Freniere et al. was proposed within the optics
community to model polarization within a Monte Carlo ray tracer
[8]. This method uses Mueller calculus to describe polarization
states. Subsequently Wilkie et al. [22] employed a similar
approach to the rendering of polarization effects which he
extended to model skylight polarization [23]. Previously in
computer graphics, surface scattering models have attempted to
simulate simple polarization effects from optically smooth
surfaces using the Fresnel equations, which was proposed by

Cook and Torrance [6]. This has since been used in a simplified
form by numerous applications to model dielectrics and various
metals. Another more sophisticated surface scattering model
proposed by He et al. [15] simulates polarization effects using
vector Kirchhoff theory [3].
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THE NEW SCATTERING MODEL

The new proposed scattering model is an anisotropic derivative
of the polarized light scattering model originally developed by
Germer et al. [11, 12]. The model is based on Mueller calculus
[16]; which incorporates specular scattering from the surface of
the media, as well as specular scattering from the slopes of plate
like subsurface particles, and diffuse scattering from spherical
subsurface particles (see Figure 1). The advantages of using
Mueller calculus over Jones calculus is that it can be employed to
simulate partially polarized as well as fully polarized radiation.

Figure 1. Schematic representation of the scattering media.

The top surface can be considered to be a coating that
specularly reflects light. The large plate like particles below the
surface layer, produce the specular subsurface scattering. Finally
the deepest scattering layer consists of spherical subsurface
particles that scatter light diffusely.
The ability to simulate a multilayered material is relatively
straight forward, and involves creating a stack of individual
material layers, which can be calculated in a recursive manner.
3.1
Surface Scattering Model
In the proposed model an anisotropic specular surface and
specular subsurface scattering mechanism is derived from the
model developed by Germer and Nadal [12]. The anisotropic
derivations to these scattering models involve extending the
existing isotropic slope distribution functions (sdf) from a mean
distribution of the slope orientation that previously assumed that
the distribution of slopes are uniform in all directions. In the new
model the slope distribution function incorporates the mean
distribution of the orientation of the slopes in both

the x and y directions, which are explicitly defined. The existing
specular surface and subsurface scattering models [11, 12]
contains both exponential and Gaussian slope distribution
functions. The new model contains only an anisotropic Gaussian
slope distribution function that is dependent upon the standard
deviation of the slope orientations for both the x and y directions.
N_s
N_f
θ i (φi )

θ n ( φn )

θ r (φr )
η1

ι
η2

qsssurface _ specular = rp (ι ) sin θi sin θ r sin 2 φr + a2 a3rs (ι )
qspsurface _ specular = − sin φr ( a2 rs (ι ) sin θ r − a3rp (ι ) sin θ i )
_ specular
q surface
= rs (ι ) sin θi sin θ r sin 2 φr + a2 a3rp (ι )
pp

where q xysurface _ specular are the components of the Jones matrix.
Please refer to [11, 12] for details on underlying equations used
in the BRDF models developed by Germer. Finally this model can
be extended to include additional dielectric coating applied to the
surface of the media as long as their optical properties are known.
That is calculated using a recursive method starting at the surface
air interface layer.
The anisotropic surface BRDF expressed in terms of Mueller
calculus is then given by:
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Figure 2. Scattering of light from the surface microfacets
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Figure 2 illustrates the scattering of light from a surface
consisting of facets where N_s is the surface normal, N_f is the
facet normal, and the angle of the surface slope normal is θ n .
The facet scattering model was designed to model the
anisotropic specular scattering of light from facets aligned on the
surface of the media. That can be characterized with respect to the
orientation of the slope in both the x and y directions (ζ x , ζ y ) ,
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where S p is the anisotropic shadowing function.
3.2

Anisotropic Surface Shadowing Function
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considers the probability that the orientation of the slope in both
directions is within a differential slope dζ x dζ y . This can be done

by defining the probability that the slopes in the x orientation is
between ζ x and ζ x + dζ x , and the slopes in the y orientation is
between ζ y and ζ y + d ζ y , which is referred to as the anisotropic
slope distribution function (sdf), S (ζ aniso ) .
We can now define the Gaussian anisotropic slope distribution
function, which was used within the BRDF models.
The given anisotropic Gaussian slope distribution function
(sdf) SGaussian (ζ aniso ) is:
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where the distribution of slopes in the x and

ζ x = tan θ n cosφn
ζ y = tan θ n sin φn

(1)

y orientations are
(2a)
(2b).

The differential probability that a specific point having a slope
is:
p (ζ x , ζ y ) d ζ x dζ y = S (ζ aniso ) dζ x dζ y
(3)
We now consider the surface specular scattering for polarized
light.
This involves converting a four component Jones matrix into a
Mueller, using the method described by Bohren & Huffman [2, 4].
The resulting Mueller matrix is then used to determine the surface
specular scattering for faceted surface. So
⎛ m00 m01 m02 m03 ⎞
⎜
⎟
⎜ m10 m11 m12 m13 ⎟ = J 2 M ⎛⎜ qss q ps ⎞⎟
(4)
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Where J 2 M is the Jones to Mueller matrix conversion illustrated
in equation 4.

Figure 3. Illustrates the basic mean surface geometry and coordinate
system that is used to calculate the shadowing function for the anisotropic
specular scattering from the surface facets and the plate like subsurface
particles.

For the majority of materials the surface is not optically
smooth, but rather contains surface defects known as microfacets
or surface roughness. The scattering of light from a rough surface
can be simulated by the anisotropic surface scattering model
described previously. However, this does not account for the self
shadowing effects caused by the distribution of facets on the
surface.
To account for the surface shadowing effects that are associated
with scattering of light from rough anisotropic surfaces (see
Figure 3) a version of the shadowing function developed by
Sancer [18] was incorporated into the model.
S p is the probability distribution of the surface, and can be
defined for the vector vˆ = kˆ1 − kˆ2 = ( u, v, ω ) [19].
if u = v = 0 and θ1 ≤ θ 2 then S p =

1
C0 + 1

(7a)

1
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Where Cn is the correlation function for a Gaussian random
surface.
The shadow function expressed in equation (7) has been
previously used in computer graphics by Stam [19] to describe the
shadowing effects from rough anisotropic surface for the
simulation of diffraction effects.
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Diffuse Subsurface Scattering Model
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Figure 4. The rendered image on the left of Figure 4 was simulated with
surface shadowing effects enabled. While the image on the right was
simulated with the surface shadowing effects disabled.

Notice the slight difference in the intensity of the light scattered
from the two statues in Figure 4 with the image on the left having
less intense specular highlights.
3.3
Specular Subsurface Scattering Model
The scattering of light from the flat plate like particles beneath
the surface of the transparent medium can be treated in a similar
manner as the anisotropic surface scattering model described
previously. However, the subsurface specular scattering model [5]
as shown in Figure 5, requires the simulation of the refraction of
light that occurs between the layers of the different transparent
materials to be included. The difference in the methods used to
calculate the surface and subsurface specular scattering models
are outlined below.
The refraction of light is calculated using Snell’s law [3],
which gives the relationship between angles of incidence and
refraction for a wave travelling through an interface between two
media with different indices of refraction.
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Figure 6. Diffuse subsurface scattering from spherical particles.

The diffuse scattering mechanism as shown in Figure 6, occurs
when the light undergoes multiple scattering events. This
mechanism results in the depolarization of the light [12], although
a small amount of residual polarization occurs due to the
differences between the transmission coefficients for the s and p
polarization states. This diffuse scattering produces the uniform or
Lambertian diffuse reflection component.
The BRDF for the scattering of light from a distribution of
spherical particles is then given by:
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where α is the reflectance of the diffuse scattering media,
although it should be noted that this alone does not account for the
media interface.
_ particle
The components of the Mueller matrix f rxdiffuse
used in
,y
calculating the BRDF are given in [11, 12].
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Figure 5. Scattering of light from the specular subsurface particles

The components of the Jones matrix for the subsurface specular
scattering particles q subsurface _ specular are described by Germer et al.
[11, 12].
As with the anisotropic surface scattering model the subsurface
specular scattering model is able to account for shadowing effects.
The model doesn’t account for the transmission of light through
the surface of the subsurface particles. However, it would be
relatively straightforward to extend the model to handle the
transmission of light through the subsurface particles, but this
would significantly increase the time it would take to calculate the
BRDF.
The anisotropic subsurface specular BRDF expressed in terms
of Mueller calculus is then given by:

Figure 7. A translucent dragon statue that is made of a type of nephrite
jade simulated using the new theoretical reflectance models for surface
and subsurface diffuse scattering.

Figure 7 shows how smoothly polished the nephrite dragon
statue appears, which enhances the visual realism of the image.
This is due to the combination of reflectance properties from the
surface scattering and the subsurface diffuse scattering of light
from the material.
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COMPONENTS OF THE SCATTERING MODEL

The ratio of light which undergoes specular scattering from the
surface of the material, specular scattering from subsurface
particles or diffuse scattering from subsurface spherical particles
is controlled by:
•
The incident angle of the light that impinges upon the
surface of the material.
The wavelength of the incident light that impinges on the
•
material.
•
The wavelength dependent index of refraction of the
transparent material, which is the real component of the
complex index of refraction.
The density of the subsurface particles distributed within
•
the transparent media.
•
The size of the subsurface particles, distributed within the
transparent media.
It is relatively straightforward to calculate the amount of light
reflected from the surface of the material and the amount of light
that is transmitted into the transparent material using the Fresnel
equations [16]. The specular scattering of light from the surface is
expressed in the form of a BRDF f r surface _ specular and is calculated
by equation (6).
4.1
Combining the Scattering Models
The subsurface scattering components are defined between
upper and lower limits of the particle density distribution of the
specular and diffuse scattering particles, to determine the ratio of
specular to diffuse scattering. Beyond these limits the model is not
valid. If the ratio of specular to diffuse particle densities is close
to the lower limit diffuse subsurface scattering predominates over
specular subsurface scattering, resulting in a reflection hemisphere
of uniform intensity. If the ratio of specular to diffuse particle
densities is close to the upper limit specular subsurface scattering
predominates over diffuse subsurface scattering, resulting in a
reflection hemisphere with the appearance of subsurface specular
highlights known as glitter or sparkles.
The contribution to the total reflectance of the material from
surface and subsurface theoretical scattering models is determined
by adding weighted contributions of the anisotropic surface
scattering BRDF f r surface from equation (6) to the anisotropic

subsurface specular BRDF f r ss _ specular from equation (8), and the
subsurface diffuse BRDF f r ss _ diffuse from equation (9). Hence
giving:
f r = f r surfaceϖ reflected + f r ss _ specularϖ specular + f r ss _ diffuseϖ diffuse

(10)

where ϖ reflected is the amount of light reflected from the surface
of the material, which can be calculated using the Fresnel
equation. ϖ specular is the amount of light specularly scattered from
subsurface particles, which is calculated from the density of platelike particles within the material; which was calculated from the
density and scattering cross sectional area of the plate like
particles.
A beam of intensity I will scatter dI = − I ρσ dx photons within
a distance dx , and the intensity of the light falls by this amount.
Where ρ is the particle density, σ is the scattering cross section

for an individual plate-like particle and I is the intensity of the
light.
dI
Integrating
= − ρσ dx from x = 0 to x = L we now have the
I
exponential attenuation of the light scattered by the specular
subsurface particles.
ϖ specular = I = I 0e − ρσ L
(11)
where I 0 is the intensity of the incident light.

ϖ diffuse is the amount of light diffusely scattered from subsurface
particles, which was calculated from the density of the spherical
particles within the material.
I
N Lρ
ϖ diffuse = scattered = A −3 .
(12)
I incident A × 10
where N A is Avogadro’s constant, A is the molecular mass
calculated from the periodic table of elements, and L is the target’s
thickness.
The research performed initially focused upon the development
of a BRDF model to describe the subsurface scattering of
polarized light that is based upon widely employed scientific
principles and controlled by physically meaningful parameters,
which was then incorporated within a lighting simulation system
to generate photorealistic images. The BRDF model that has been
produced combines the anisotropic version of the specular
scattering of light from the surface facets and the subsurface platelike particles with multiple scattering from the spherical
subsurface particles (rendered images in Figures 8 and 21).

Figure 8. Illustrates how smoothly polished a simulated nephrite jade
dragon statue appears, which enhances the soft appearance of the statue
and the visual realism of the image. This is due to a combination of
reflectance properties from the surface scattering, the subsurface specular
and subsurface diffuse scattering of light from the material.
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IMPLEMENTATION

To enable the theoretical BRDF models to be used to generate
photorealistic images. Three different open source software
components required modification.
The first component was the SCATMECH C++ library [10].
This library contains the underlying polarized BRDF models,
which the research was based upon. That was extended to
incorporate the BRDF models described in this paper.
The next component was an interface that enables the software
rendering program to access the BRDF models within the
SCATMECH library. The interface was a modified version of the
Modeled Integrated Scattering Tool [9] (MIST), which was

developed for the SCATMECH library by Germer. The modified
MIST program performs the integration of the BRDF over solid
angles specified by the renderer. The integrals generated were
then converted into intensity values by the modified MIST
program. The subsequent light intensity values at wavelengths
within the visible spectrum were then converted into a spectral
power distribution. This spectral power distribution was then
converted to its corresponding CIE XYZ colour values, which is
described in detail by Glassner [13]. Finally the resulting XYZ
values were converted to RGB values through multiplication by a
transformation matrix that is unique for a specific output colour
space. The resulting RGB values and corresponding intensity
values were stored within a text file, which would be used by the
renderer.
The Final component was the rendering software that would
generate the images. For the purposes of this research the
Realistic Image Synthesis Engine (RISE) [17] raytracing software
was chosen as it contains numerous useful features such as
support for spectral & optical data, multiple sampling methods,
photon mapping, and allows extensions to be easily incorporated.
The renderer was modified to write the BRDF input parameters as
a MIST input file and read in the MIST output file containing the
BRDF data, which would be used to generate the image.
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Unfortunately, this loss of light from the spectrophotometer
meant that the reflectance measurements could not be used for the
purpose of validation. The result of this meant that we were
unable to determine the physical accuracy of the model.
However, to overcome this problem we decided to use a model
of the human visual system for determining image quality, which
has a varying sensitivity to error that is based upon the viewing
context. This means that equivalent optical discrepancies can be
very obvious in one situation and imperceptible in another. For
the purposes of producing photorealistic images it is ultimately
the perceptibility of this error that governs image quality.
The measurements of visibility were obtained using the model
of human vision captured in the visible differences predictor
(VDP) developed by Daly [7]. This technique is a mixture of
stochastic and deterministic algorithms used in a sequence that are
optimized to reduce the differences between the intermediate and
final images as perceived by a human observer in the course of
lighting computation.
6.2
Datawax Ski Wax
The measured and simulated spectral reflectance data for the
Datawax ski wax is depicted in the graph and visually compared.

VALIDATION

The validation of analytical BRDF models has become an
increasingly important issue in computer graphics [21]. The
benefits of producing physically accurate and predictive rendering
are generating interest in areas such as virtual prototyping [1],
architecture, fashion design, biophysical/ biomedical models and
archaeology.
The validation and implementation of the BRDF model allows
for both quantitative and qualitative analysis to be performed for
demanding applications. This serves as an indication of the errors
incurred within the simulation by comparing the results with
reference data. The validation of the new theoretical BRDF
models employs two methods. The first method involves the use
of spectral reflectance measurements that were obtained for
translucent ski wax samples at four fixed angles using a
goniospectrophotometer for wavelengths between 360nm and
750nm at intervals of 10 nm. The second method involves
performing a visual difference comparison between a reference
image and a rendered image using Daly’s visual difference
predictor [7].
6.1
Measurement
These methods were used to compare the spectral reflectance
distribution of the measured and simulated samples as illustrated
in Figures 10 and 13. These images indicate that in certain
situations the correlation between the measured and simulated
spectral reflection was poor. This was due to random
measurement and sample presentation errors, which led to light
loss from the goniospectrophotometer at the sample presentation
port; and the goniospectrophotometer used to measure the
reflectance requires that the sample materials consist of flat thin
segments so that they can fit snugly against the aperture. If the
sample material is not flat then some of the light scattered from
the sample escapes into the surroundings and is not detected. One
of the problem associated with obtaining reflectance
measurements for flat translucent materials that are not thinly
sliced, is that the light that scatters within the material can exit the
material from any surface at any angle, and not all the light
scattered will then be detected. The problem of light escaping
from the goniospectrophotometer was a constant source of errors
and could not be quantified.

Figure 9. Shows the measured and simulated spectral reflectance for the
Datawax Polar-X wax.

The spectral reflectance of the theoretical BRDF models for
Datawax shown in Figure 9 follows the same trends as the
measured reflectance.
The real and rendered HDR images where then compared using
the VDP program.

Figure 10a

Figure 10b

Figure 10. The comparison of real and rendered images of a block of
Datawax using a perception based metric (VDP). Where 10a is the real
image, 10b is the image generated by the anisotropic BRDF model.

The visual difference image generated from the real and
rendered images of a section of Datawax as illustrated in Figure
10 has only 1.03% pixel difference greater than 75% and 0.29%
difference greater than 95%. This indicates that the human visual
system can only detect a slight difference between the two
images. Even though there is a large difference in the reflectance

values of the measured and anisotropic BRDF model as illustrated
in Figure 9.

Figure 11. A simulated dragon statue made from Datawax ski wax using
isotropic reflectance model with the surface shadowing effects enabled.

6.3
Orange Ski Wax
The measured and simulated spectral reflectance data for the
orange ski wax are depicted in the graph and visually compared.

the human visual system can detect between the image captured
with the digital camera and the one generated by the ray tracer.

Figure 14. A simulated dragon statue made from orange ski wax using the
isotropic reflectance model with the surface shadowing effects enabled.

7

RESULTS

To illustrate the effects of polarized light scattering on the
appearance of a material we generated a set of images that exhibit
strong specular highlights in the form of glare, and then generated
the same set of images as though they are viewed through a
polarizing filter.
The images depicted in Figures 15, 16 & 17 show the effects of
polarization of surface and subsurface scattering from the dragon
and Buddha statues. The statues in Figures 15a, 16a & 17a were
viewed without a polarized filter. While the statues in Figure 15b,
16b & 17b were viewed through a polarizing filter. Notice how
the glare is significantly reduced for the image in Figures 15b, 16b
& 17b, which also appear clearer due to the reduction in the signal
to noise ratio.

Figure 12. Shows the spectral reflectance properties generated by the
theoretical BRDF models for the orange ski wax follow the same trend as
the measured reflectance.

Using the same method described previously the visual
difference metric can be calculated for the orange ski wax.

Figure 15a

Figure 15. Illustrates the effects of polarization of surface and subsurface
scattering from the rendered dragon statue. Figure 15a is viewed without
a polarized filter while Figure 15b is viewed through a polarizing filter.
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Figure 13a

Figure 13b

Figure 13. The comparison of real and rendered images of orange ski wax
using VDP, where 13a is the real image, 13b is the rendered.

Although the reflectance values for the measured orange ski
wax illustrated in Figure 12 are approximately twice that of the
simulated anisotropic BRDF model. The visual difference image
generated from the real and rendered images of the orange ski
wax as illustrated in Figure 13 has a pixel difference of 1.27%
greater than 75% and a pixel difference of 0.36% greater than
95%, which indicates that there is only a slight difference, which

Figure 15b

CONCLUSION

This paper introduces to computer graphics a method described
in the physics literature [10-12] for the simulation of surface and
subsurface scattering of polarized light, which was extended to
incorporate anisotropic scattering behaviour. In addition to being
able to simulate polarized light scattering the modified model can
be used to simulate and predictively render new as well as
existing multilayered materials.
From the initial investigation it is suggested that the effect on
the polarization of the scattered light from the combination of
surface and subsurface scattering, can have a significant effect
upon the colour and overall appearance of the material as
illustrated in Figures 15, 18 & 19. We have also shown that the
addition of an anisotropic surface shadowing function to the

theoretical BRDF models enables better correlation between the
reflectance values of the simulated and measured materials.
In predictive rendering it is essential that results are accurate
and can be validated. In this paper we have shown that it was
difficult to validate the theoretical BRDF model because acquiring
accurate reflectance measurements is a complex task and should
be performed by a specialist. The result of not being able to obtain
accurate reflectance measurements meant that the models could
not be validated for their physical accuracy.
However, it is not always possible to validate the accuracy of
the rendering image generated by the models using measured data
and the use of a method that is based on the sensitivity of the
human visual system can in some cases provide a better method of
validation for computer generated images.
Future work will focus on the validation of the new theoretical
models using measured spectral reflectance measurements that
will include most of the scattering hemisphere as the
goniospectrophotometer used in this research could only obtain
reflectance measurements from thin flat surfaces with a fixed
incident angle and four fixed scattering angles.
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Figure 16a

Figure 16b

Figure 16. Illustrates the effects of polarization of surface and subsurface
scattering from the rendered multilayered dragon statue using the new
anisotropic theoretical reflectance model. Figure 16a is viewed without a
polarized filter while Figure 16b is viewed through a polarizing filter.

Figure 17a

Figure 17b

Figure 17. Buddha statues that are made of a multilayered material
simulated using the new anisotropic theoretical reflectance model. The
image 17a was rendered without a polarized filter. while 17b was
rendered with a polarizing filter.

Figure 18. Rendered Buddha statues made from jade. That was
illuminated with by a light source that consists of 60% perpendicular and
40% parallel polarized using the isotropic reflectance model. The image
on the left has the perpendicular polarized component removed as if it was
viewed through a polarizing filter. While the image on the right has not
undergone any filtering.

Figure 19. Illustrates the interaction of polarized light with a dragon
statue coated with iridescent paint and illuminated with a D65 light
source using the new anisotropic theoretical reflectance model. The top
image is viewed without a polarized filter. The bottom image is viewed
through a horizontal polarizing filter. For highly reflective dielectric
materials the effects of glare can be great and the variation in the
appearance and colour of the objects when viewed through the polarizing
filter is noticeable compared to the image viewed without a polarizing
filter.

Figure 20. A translucent dragon statue that is made of a type of nephrite
jade that contains traces of manganese, simulated using the new
anisotropic theoretical reflectance model

