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ABSTRACT

The demand for batteries is continually growing. The use of personal electronic devices
such as smart phones and tablets, the increase in renewable energy sources, and the contin-
uing trend to replace fossil-fuel-based personal transport with electric vehicles all require
the use of batteries. With this increase in demand is the need for lighter and more efficient
batteries. Computational modeling plays a key role in the development of new designs
and the exploration of novel of materials, which in turn leads to improvements in battery
efficiency and weight. The modeling of a battery cell involves capturing the physics of
electrochemical diffusion, deformation, and electrostatics. The multiphysics nature, as well
as the difference in time scales at which the physical processes occur, make this problem
difficult. The numerical method used to model the multiphysics of an battery cell undergoing
a charge/disscharge cycle is the Material Point Method (MPM). This work focuses on two
key areas: improving upon current approaches to MPM and applying MPM and the finite
volume method to battery modeling. The improvements in MPM have been achieved in the
following ways: 1) developing approaches by which information is transferred back and forth
between particles and the grid through the use of nullspace filters and corrected derivatives;
2) analyzing different time integration schemes that can be used to address the multiscale
nature of modeling the coupled diffusion/deformation problem using MPM; and 3) the use
MPM in the reference configuration to solve diffusion type problems. The application of
MPM to modeling battery problems has been demonstrated through the simulation of a
silicon electrode within a lithium ion battery undergoing multiple charge/discharge cycles.
The finite volume vethod is applied to modeling a full battery cell during the charging

phase, which involves the coupled physics of electrochemical diffusion and electrostatics.
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CHAPTER 1

INTRODUCTION

Batteries are ubiquitous in today’s society. They are used in personal eletronic devices
such as smartphones, tablets, and laptops. Electronic vehicle (EV) now account for 1% of
vehicles in current use in the US and 7.4% of vehicles sold in 2023 [1]. The use of batteries for
home energy storage will continue to grow. In 2020 almost 4% of US homes had solar power
as means of power generation, and by 2030 the usage of home solar power is expected to
triple [2]. In the 2023 the US saw a 35% year-over-year increase in added solar capacity [3].
By 2027 it is projected that nearly 30% of all solar installs will be paired with battery
storage [4].

Batteries are also becoming important in national defense. Today’s warfighter now
carries, in addition to their standard tactical gear, a variety of mission critical electronic
devices. Thoughout history soldiers have needed to carry a large quantity of gear over long
distances for combat. For a Roman legionaire in 100 B.C., the average weight of their gear
was 80 lbs, a Union soldier in the Civil War carried an average of 60 lbs, and a soldier
in WWII carried an average of 75 lbs [5]. Today’s soldier now carries between 70-1001bs,
and for many the number is even higher [6]. When looking at all the pieces of gear that
contribute to the total weight, batteries account for 20 lbs of the total [6].

Innovation in battery technologies and materials, such as litium-ion batteries (LIB),
has allowed for increases in charge capacity and decreases in weight and form factor.
These improvements have contributed to the wide spread adoption of items ranging from
smartphones to EVs. As was stated in the Economist, “the lithium-ion battery is the
technology of our time” [7].

The process of developing novel battery designs and materials requires new insights
that stem from both physical and computational experimentation. For a researcher in

electrochemistry and electrochemical cell design, computational tools are a valuable asset.
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Through the use of computer-aided engineering (CAE), scientists and engineers can explore
new ideas in material design and electrochemical cell development [8, 9]. The suite of
computational modeling capabilities of CAE tools ranges in scale from the atomic all the
way up to the systems level [10].

Within that scale, ranging from atomistic to the system level, there are software tools,
mathematical models, and numerical methods capable of modeling physical phenomena at
the continuum scale. Numerical methods such as finite difference methods (FDM), finite
element methods (FEM), and finite volume methods (FVM) are all popular numerical
methods for modeling continuum level phenomena. All three methods utilize a grid or mesh
to discretize the problem domain. Another family of numerical methods utilize particles to
represent the problem domain [11]. Within the family of particle methods there are two
types. The first type utilizes only the particles in solving the model equations. Examples
of this type are smooth particle hydrodynamics (SPH) [12] and reproducing kernel particle
methods (RKPM) [13]. The second type utilizes both particles and a mesh. Examples of
this type are particle-in-cell (PIC) [14], fluid implicit particle (FLIP) [15], and the material
point method (MPM) [16].

1.1 The Material Point Method
and Recent Advances

The material point method (MPM) has been the subject of continual research and de-
velopment since its introduction in the mid 1990s [16, 17, 18, 19]. One of the key advantages
of MPM is its ability to model large deformation problems, which becomes important in
modeling electrodes in an electrochemical cells. The charge capacity of a cell comes as a
result of the quantity of ions an electrode can absorb and release during a charge discharge
cycle. As the ratio of ions to electrode material goes up, so does the volume expansion of
electrode itself. Large changes in volume of the electrode lead to large deformations [20].
For this reason MPM becomes a viable method for use in continuum scale modeling of
electrochemcial materials. A more complete discussion on electrode materials and the vol-
ume expansion of electrodes during a charge/discharge cycle is presented in Chapter 2 and
Chapter 7.

A more complete discusion of MPM, including a discussion of the original algorithm;
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improvements upon the original method, and a historical discussion covering some of the
key particle methods that preceeded MPM’s development, is presented in Chapter 3. At
this point a brief discussion of the more recent advancements in MPM is presented.

In 2008 the original use of B-splines in MPM was proposed by Steffen et al. [21],
and in recent years, is has continued to be a topic of research. Koster et al. [22] have
developed an approach on unstructured meshes that incorporates mesh refinement and
utilizes Powell-Sabin spines. Chen and Li [23] developed a novel C! coursened shape function
constructed using B-splines. Their approach shows improvements in stability and accuracy
when modeling nonlinear heterogenous materials. Sadeghirad [24] combined B-splines with
the convected particle domain interpolation technique (CPDI) to create the BSCPDI vari-
ant of MPM. Isogeometric analysis was developed by Hughes et al. [25] to combine the
Non-Uniform Rational Basis Splines (NURBS) used to model geometry in CAD programs
with FEM. This approach has been adapted by Moutsanidis et al. [26] for MPM.

Recent research has also been applied to resolving stability issues in MPM. One such
issue is associated with volumetric locking, which comes when modeling a nearly incom-
pressible material that resists volumetric change, resulting in a overly stiff reaction in the
model. For FEM one solution is to use higher order basis functions while reducing the
number of integration points in the element, but this is not possible for MPM because of
the movement of particles, which act as integration points, through the background grid [27].
A variety of recent approaches have been proposed to resolve the volumetric locking issue.
Wang et al. [28] adopted the use of the F-patch method coupled with simplex elements
to overcome volumetric locking. For each element the F-patch method creates a “patch”
of the surrounding elements which constitutes the initial volume. Particle positions are
then updated, and the new patch is the set of elements based on the new positions of the
particles. The deformation gradient increment is then scaled based on the ratio the new
and initial patch volumes. Xie et al. [29] proposed an implicit B-spline MPM that uses an
F method to resolve instabilities from volumetric locking. Their approach differs from the
previous approach in that the incremental deformation gradient is scaled based on a ratio
of an averaged incremental deformation gradient Jacobian and the incremental deformation
gradient. The averaging is done by mapping the incremental Jacobian from particle to nodes

and back.
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Along with improvements in the method itself, MPM is also seeing wider adoption
for a variety of applications. One area in particular is in the geotechnical field. In 2024
a quick search of journal articles involving MPM will produce a large variety of articles
related the geotechnical field. For example Di Perna et al. [30] used MPM for modeling
landslide-structure interactions, Zhao et al. [31] introduced a two-phase for modeling debris
flows using MPM, and Antonello [32] demonstrated the use of MPM to model landslide
kinematics in senstive clay. On top of journal articles, an entire book by Fern et al. [33] has
been published that focuses on the use of MPM in the geotechnical field.

MPM has been applied to modeling additive manufacturing. For example Yildizdag [34]
presented an MPM based framework for simulating the extrusion process used in 3D
printing, which uses a level set method for tracking the free surface boundary conditions.
Lian et al. [35] proposed a multiphysics version of MPM for metal additive manufacturing.
There approach is designed to model heat transfer, fluid flow, and phase change.

The use of MPM in robotics simulations and robotics design is an interesting application
for MPM. Bianchi et al. [36] created a bioinspired aquatic snake robot. As part of the design
process, they created a computer model of the robot and used MLS-MPM to model the fluid.
The computer simulation was used for refining control parameters. Davy et al. [37] have
introduced a framework for magnetic soft robots that use MPM. Magnetic soft robots are
made of a soft magnetic material that can be controlled by a magnetic field. MPM is well
suited for modeling these types of materials and has an advantage over FEM in that it
handles self-collisions by design, which is important for these types of robots that fold in
on themselves. Cochevelou et al. [38] proposed a method for optimizing the topology of a
soft robot under the senarios of walking, walking up stairs, and avoiding obstacles. They
use MLS-MPM for simulating the soft robot material.

Over the last seven years, two survey papers [18, 19] have also been published covering
the key developments in MPM over the last 25 years. Three books have been published on
the subject of MPM. T'wo of the books covers the theory, implementation, variations of the
method, and applications in a general sense [39, 40], while the third, as was noted earlier,

covers the use of MPM as applied to the geotechnical field [33].



1.2 Motivation

Even with all the advancements that have been made in battery technologies, there
is much room for improvement. As was noted previously, the modern warfighter carries
a variety of electronic devices that all require a battery in some form or another. Modern
soldiers operate in extreme environments where their equipment is subject to large variations
in temperature; exposure to dust, water, and other debris; and physical abuse. As a result
battery designs need to be improved so that they can meet the required demands of the
operating environment. Improvements also need to be made in increasing charge capacity
and reduction of weight. Doing so will reduce the total weight the soldier is required to
carry.

The motivation of this dissertation is to provide improvements in numerical models that
will aid scientists and engineers in the development of new and improved battery designs

and will allow for the exploration of novel battery materials.

1.3 Thesis Statement
The material point and finite volume methods are shown to be valuable methods for
modeling electrochemistry materials. An examination of the issues associated with the
stability and accuracy MPM is presented along with solutions to such issues.
The focus of this research has been on the use of the material point method (MPM) and
the finite volume method (FVM) for modeling electrochemical materials and to examine
the issues associated with the stability and accuracy of MPM generally and when applied

to electrochemical problems.

1.4 Contributions
The focus of this research has been on understanding the issues associated with the
stability and accuracy of MPM, using MPM for multiphysics problem involving diffusion,
the application of MPM to modeling electrodes, and examining the use of FVM for modeling
a full electrochemical cell. The belief is that the analysis, insights, and solutions presented
here can be of use to researchers of MPM generally, while demonstrating the use of MPM and
FVM to electochemical problems specifically. Here are a number of specific contributions:

1. In MPM there is a mismatch in dimensionality between particles and nodes that
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results in a nullspace. When values are mapped from nodes to particles, numerical
noise can be mapped to the particles as a result of this nullspace. A singular value
decomposition (SVD) can be used remove the noise, but the SVD is computationally
expensive. An approximate local nullspace filter, which is computationaly efficient, is
introduced to aid in the removal of the nullspace noise.

. In particle methods such as smooth particle hydrodynamics (SPH) and reproducing
kernal particle methods (RKPM) the use of corrective derivatives have been used to
improve the accuracy of the methods. This dissertation proposes the use of corrective
derivatives to improve the accuracy of mapping particle values to nodes in MPM.

. Stability constraints can become an issue when using explicit time-integration methods
for multiphysics problems, because of the differences in timescales between the physical
processes being modeled. In order to overcome the stability constraints of the system,
implicit or semi-implicit methods can be used. Implicit methods address the issues
associated with stability, but do not address the accuracy associated with the time
step size. An analysis of local time stepping errors for implict MPM is provided in
this work along with the method for computing the local error. This local error can
be used to gauge the accuracy of the time step size or be used in an adaptive time
stepping algorithm.

. Traditional MPM solves the conservation of momentum equation in the reference
configuration. An alternative is to solve the equation in the spatial configuration. An
advantage to this approach is that because the position of the particles in the reference
configuration does not change, stability analysis becomes feasible. A stability analysis
for the 1D MPM solution in the reference configuration is presented and is shown,
under the correct assumptions, to be similar to a finite difference solution.

. A method for solving the diffusion equation in the reference configuration using MPM
is presented along with a discussion of the stability constraints of the given solutions.
. In order to improve the charge density of batteries, electrode materials are going to
need to increase the ratio of ions to host materials. With this increase comes a greater
change in volume of the electrode during the full charge/discharge cycle. The research
presented here demonstrates the use of MPM as applied to electrode modeling and

its ability to model the large deformation behavior that comes with the changes in



volume.

7. A preliminary model, based on the Poisson-Nernst-Planck equations, for simulating
the charge/discharge cycle of a full electrochemical cell is provided. Also, an analysis
of the use of FVM as a numerical method for solving the model equations, along with

the solutions used to address numerical instabilities, is presented.

1.5 Document Organizations

This dissertation will proceed as follows: Chapter 2 will present an overview of the
fundamental physics that drive the process in an electrochemical cells, including a discussion
on the driving mechanisms for chemical diffusion and deformation. Chapter 3 will give an
introduction to the different numerical methods that will be used in modeling an electro-
chemical cell. Because of the central role that MPM plays in this dissertation, a discussion of
the key historical developments in the evolution of MPM along with coverage of key recent
developments will be presented. Chapter 4 will discuss the stability issues that arise in MPM
along with proposed solutions to the issues. Chapter 5 will present the various approaches
to time integration methods for MPM. A discussion of implicit MPM will be given along
with analysis of local time step errors. Chapter 6 will discuss modeling diffusion when
coupled with MPM in both the spatial and reference configurations. Chapter 7 will present
the use of MPM to model a silicon anode that undergoes multiple charge/discharge cycles.
Chapter 8 will present the use of the finite volume method to model a full electrochemical
cell undergoing a full charge/discharge cycle. Chapter 9 will present concluding remarks

along with discussion of future work.



CHAPTER 2

PHYSICS AND COMPUTATIONAL MODELS
OF THE ELECTROCHEMICAL CELL

The basic components of an electrochemical cell are an external electronic conductor; two
half-cells, which consist of an electrode and an electrolyte; and, in some cases, a permeable
membrane or salt bridge that separates the electrolytes of the two half-cells. When the
external conductor connects the two electrodes in the half-cells, a circuit is made, and
electrons are allowed to transport from one electrode to the other. The movement of electrons
across the external conductor is one-half of the electric circuit. The second half of the circuit
consists of ions moving across the electrolyte from one electrode to the other [41, 42]. Fig. 2.1

shows a basic schematic of the flow of charge in an electrochemical cell circuit.

2.1 Reduction and Oxidation Reactions
The driving physical principle that makes electrochemical cells useful is the reduction-
oxidation (redox) reaction. Oxidation occurs when a chemical species loses one or more

electrons in a chemical reaction, given as

DA A fne—. (2.1)
2 2

A reduction reaction occurs when a chemical species gains one or more electrons in a

chemical reaction, shown as

DA fne— — 2A. (2.2)
z z

The variable n is the number of electrons that are involved in either chemical reaction,
and the variable z is the valence of element A. In a standard chemical redox reaction, both
the reduction and oxidation reactions occur in the same locale. The combustion reaction
involving methane and oxygen, which results in carbon dioxide and water, is an example of

a standard redox reaction. That is,



CH4 + 209 — CO5 + 2H50. (2.3)
The combustion reaction consists of two chemical reactions, the oxidation, i.e.,

CH,4 + 2H50 — COg + S8HT + 8e™ (2.4)
and the reduction, as follows:

O +4H' +4e™ — 2H,0. (2.5)

An electrochemical redox reaction differs from a standard chemical redox reaction in that
the reduction and oxidation reactions occur in separate locations. Each reaction occurs
in one of the half-cells. In standard and electrochemical redox reactions, the rates of
the two reactions are coupled because of the physical law of conservation of charge and
electroneutrality [42]. Generally, an electrochemical cell is a closed system, i.e., no mass
enters or leaves the system. In an electrochemical cell, electric charge is carried by electrons
or ionic chemical species, all of which have mass. Because mass is conserved in a closed
system, the charge must also be conserved [42].

The principle of electroneutrality stipulates that the balance of charge within a material
be zero. For the electrolyte, this means that the concentrations of charge associated with

the positive and negative ionic species must be equal [42, 43], i.e.,

Z Z;C; = 0. (2.6)

Within the electrode, the concentration of free electrons and the concentration of charge

associated with the positive ionic species must be equal [42, 43], as in

Z zic; — ce = 0. (2.7)

The variables z;, ¢;, and c. are the valence, concentration of ionic species i, and the
concentration of free electrons, respectively.

Finally, redox reactions within an electrochemcial system are heterogeneous; they do
not occur in the bulk electrolyte or in the electrode materials but rather at the interface

between the electrode and the electrolyte [42].

2.2 Types of Electrochemical Cells
Electrochemical cells are either galvanic or electrolytic. In galvanic cells, the redox

reactions occur spontaneously, driven by the potential difference in the two electrodes. For
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electrolytic cells, work is required to drive the redox reactions. Some electrochemical cells
are both galvanic and electrolytic, for example, the rechargeable lithium ion battery. To
better explain the principles pertaining to electrochemcial cells, examples of both galvanic

and electrolytic cells are discussed in Sections 2.2.1 and 2.2.2.

2.2.1 Example of a Galvanic Cell
A simple example of a galvanic cell is the Daniell cell, which consists of one half-cell

containing a zinc (Zn) anode and aqueous zinc sulfate electrolyte, as in
ZnS04 — Zn?*(aq) + SO~ (aq). (2.8)

The other half-cell consists of a copper (Cu) cathode and aqueous copper (II) sulfate

electrolyte, as follows:

CuSO4 — Cu?*(aq) + SO (aq). (2.9)

A salt bridge containing a sodium sulfate (NaxSO4) solution connects the two half-cells.
The image on the left of Fig. 2.2 shows a simple diagram of the Daniell cell.

When a circuit is made between the two half-cells, electrons begin to flow, driven by
the difference in standard potentials of zinc and cooper. The standard electrode potential
of zinc is —0.76 V, and the standard electrode potential of copper is +0.34 V. The voltage
of the cell is determined by the difference in potentials of the cathodic half-cell reaction and

anodic half-cell reaction. In the case of the copper and zinc electrodes, the voltage is

(34V) = (=.76V) =1.0V. (2.10)
hod d
cathode anode

As electrons flow from the anode to the cathode, the copper ions, Cu?t, within the
electrolyte are reduced at the cathode/electrolyte interface, producing a new layer of copper
on the cathode, which is

+2
Cu(aqueous

)+ 2e” = Cu(goliq)- (2.11)
On the anode side, as electrons are leaving, the anode zinc atoms are being oxidized at the
anode/electrolyte interface and are leaving the anode and entering into the electrolyte as
zinc ions, shown as

Zn(sotiqy — 202 +2e”. (2.12)

(aqueous)
As the copper ions are reduced, the charge-neutral electrolyte in the cathode half-cell

will become more negatively charged. In the anode half-cell, the zinc atoms in the electrode
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are oxidized and enter the electrolyte, thus making it more positive. A salt bridge is used
to maintain the charge neutrality of the electrolytes. As the copper ions are reduced at the
cathode/electrolyte interface in the cathode half-cell, the positive potassium ions in the salt
bridge enter the electrolyte to balance the negative sulfate ions. As zinc is oxidized and
enters the electrolyte solution in the anode half-cell, negatively charged sulfate ions enter

the electrolyte to maintain the charge balance.

2.2.2 Example of an Electrolytic Cell

In the case of the electrolytic cell, the redox reactions do not occur spontaneously, so an
externally applied voltage, potential, or fuel source is needed to drive the redox reactions.
An example of an electrolytic cell is a simple fuel cell [44], which consists of two platinum
electrodes and a sulfuric acid electrolyte. External fuel sources of hydrogen and oxygen
gases are used to drive the redox reactions. Hydrogen gas is allowed to percolate past one
electrode and oxygen past the other. The image to the right in Fig. 2.2 shows a diagram of
the fuel cell configuration.

As the hydrogen gas passes by the electrode, an oxidation reaction occurs at the elec-

trode/electrolyte interface, producing the following reaction:

Hagas) = 2H{neons) T 2€- (2.13)

(aqueous
The protons enter the electrolyte solution, and the electrons pass through the external
circuit to the opposite electrode.

On the other side of the fuel cell, the percolating oxygen gas is reduced at the electrode
interface. The components of the reduction reaction consist of the excess protons in the
electrolyte, the free electrons in the electrode, and the oxygen gas. Both the excess protons
and the free electrons are made available as a result of the oxidation reactions occurring at

the opposite electrode. Combining these elements produces the following reaction:

(aqueous)

1
5o2 +2H +2e~ — HyO0. (2.14)

H5O0 is formed instead of the individual gases Hy and Os on the reduction reaction side of
the fuel cell, because HoO is at a lower energy configuration compared to the state of the

individual gasses.
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2.3 Current Electrochemical Materials

Lithium-ion batteries (LIB) have become the defacto for battery use cases where light
weight and energy density are a primary requirement. The use cases for LIBs range from
powering small portable devices, to electric vehicles, to home energy storage. There is also
a range of different materials that are used for the various components within a LIB cell
depending on the application. For the purposes of this dissertation, the focus will be on the
anode material used within LIBs.

Carbon is common element used in LIB anodes with graphite being the most common
anode material [45]. It is a material that is low cost and widely available. It is an intercalation
type anode in that the Li-ions move in between the empty spaces of the grid-like structure of
the material. Graphite has a low operating volatage and has a theoretical specific capacity
of 372mAhg~"! . The positive features of graphite is the small volume change that occurs
at full charge and its ability to withstand a high number of charge/discharge cycles with
the drawbacks being diminished electrochemical properties at low temperatures and lithium
dendrite formation, which can lead to short circuiting of the cell [45, 46, 47].

Titanium is another element that is being used as a commercially viable anode material.
Common titanium-based anode materials are lithium titanium oxide (LTO) and titanium
dioxide. LTO like graphite undergoes minimal strain at full charge and unlike graphite
preserves its electrochemical properties at low temperatures. LTO has a theoretical charge
capacity of 175mAhg~!, which is lower than graphite [47, 45].

Silicon (Si) as an anode material has some highly desirable properties as well as some
major drawbacks. Silicon is an abundant element that is easily obtained at a low cost with
minimal environmental impact. As an anode material it has a theoretical specific capacity
of 3579mAhg~! at room temperature and a max specific capacity of 4200mAhg~! at 410°C
[48], which is a 10x improvement over graphite. Silicon falls within the alloy-type anodes in
that, as the lithium moves through the anode, it reacts with the host material forming an
alloy. This process allows for high specific capacities at lower potentials [45].

Silicon’s high specific capacity comes at a cost in terms of a 300% volume increase at
full charge [48]. Over just a few charge/discharge cycles, the anode material can become
highly deformed and eventually fractures.

Graphite, LTO, and Si are just three examples of materials that are being used in
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electrochemcial cell development. Each of these materials has pros and cons associated with
it. A summary of the materials characteristics for each of the anode materials can be found
in Table 2.1. For the remainder of this dissertation, the focus will be on LIBs with silicon

as the anode material.

2.4 The Thermodynamic Potential
of an Electrochemical Cell

A variety of physical processes are involved in the movement of lithium ions through an
electrochemical cell during the entire charge/discharge cycle. What drives thoses physical
processes is the thermodynamic potential. The purpose of this section is to describe the
thermodynamic potential and derive the equations that define the potential within the

electrochemical cell.

2.4.1 Thermodynamic Potentials

The internal energy of a system is a function of both entropy and volume, i.e.,

U=U(SV) (2.15)

where S is entropy and V is the volume of the system. Experimentally, the equation is
difficult to work with because of the inherent difficulty of measuring the quantities of
entropy and volume [44]. Applying the Legendre transform to (2.15) produces alternative

thermodynamic potentials. The alternative thermodynamic potentials are the Gibbs energy,
G(T,p)=U+pV -TS (2.16)
where T is temperature and p is pressure, enthalpy,

H(S,p) =U +pV (2.17)

and Helmholtz energy [44],
F(T,V)=U —TS. (2.18)

2.4.2 Derivation of the Chemical Potential
The original concept of a chemical potential was developed by Gibbs in his work On

the Equilibrium of Heterogeneous Substances [49], in which he noted the need to account
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for changes in the energy of a system that come as a result of changes in the quantity of a

given substance [50]. This formulation can be expressed for an open system as
dU = TdS —pdV + > pidn; (2.19)
i

where u; is the chemical potential of species ¢, and dn; is the change in the quantity of
species 7 in the system. From this formulation, it can be seen that the chemical potential
relates the change in the energy of the system to the change in the quantity of the species.

Up to this point, the four thermodynamic potentials, as described in Section 2.4.1,
are functions of state dependent upon the intrinsic physical quantities of temperature and
pressure and the extrinsic physical quantities of entropy and volume. As noted by Gibbs [49],
the changes in the quantities of a given chemical species must also be accounted for as

follows:

U=U(S,V,n1,...,n),

Do
[\)
—_

G = G(Tapvnlv" . ,’I’Ln),

o
)
)

H:H(S,p,nl,...,nn),

F=FT,V,ni,...,ny,).

The change of the thermodynamic potentials can likewise be derived as follows:

dU = ggdS + —dV + Z dnz, (2.24)
dG = g—ng + —d + Z dnl, (2.25)
dH = %st + —d + Z o dnl, (2.26)
dF = g—l;dT + —dV + Z . (2.27)

From these derivations, the relationships for temperature, pressure, volume, and entropy

are defined as follows:
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ou OH
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<8S>V,n <85>p,n7 ( 8)
ou OF
== = = 2.2
P (av)s,n <6V>T,n ’ ( 9)
V= (30) - <3H> , (2.30)
8}? Tn p S,n
oG OF
_g= (= = = . 2.31
s=(or),,~ (o)., e
For the chemical potential, the following equalities hold:
oUu oG oH oF
L I U B ) I ) I
ani S,V,'f”‘;ﬁi anl T,p,nj¢i 8n7' S,p,nj¢i anl T,V,TLj#i

By combining the results found in (2.24) with (2.28), (2.29), and (2.32), the original
relationship observed by Gibbs, as described by (2.19), can be seen.

As shown by the equalities found in (2.32), the chemical potential is the change in energy
with respect to the change in the quantity of chemical species i. The change in the Gibbs
free energy is then defined as

dG = —SdT + Vdp + > pdn;. (2.33)

1

The relationships for the other thermodynamic potentials are defined in a like manner. If
the temperature, pressure, and quantities of chemical species other than species i are held
constant, the chemical potential is the change in the Gibbs free energy with respect to a

change in the quantity of chemical species i, as follows:

4G
- dn,-'

Hi (2.34)
2.4.3 The Chemical Potential
The definition of the chemical potential can take many forms depending on the nature
of the material. For an ideal solution or mixture, such as ideal gas, the chemical potential
is defined as

i = p + kpTIne; (2.35)

where u? is the chemical potential of the species 7 in its standard state and kg is Boltzmann’s
constant.
For nonideal mixtures, the chemical potential can be seen as a combination of an ideal

and non-ideal chemical potential, e.g.,
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i = ,U,ideal + M?on-ideal. (236)

To account for this nonideal nature of the mixture, Lewis introduced the concept of thermo-
dynamic activity [43]. Using the concept of thermodynamic activity, the chemical potential
is defined as

i = pd + kpTlna; (2.37)

where a; is the thermodynamic activity of chemical species i. The chemical potential in this
form is known as the standard chemical potential [43]. The thermal activity is a measure
that accounts for the deviation from the standard state where a thermal activity of a; = 1

represents the standard state, given as

pi = pd. (2.38)

The thermal activity is defined as follows:
a; = Ci7; (239)
where ~; is the activity coefficient that is a measure of the departure of a mixture from the

ideal mixture. An activity coefficient of 1 indicates an ideal mixture. Substituting (2.39)

into (2.37) produces the following:

i = 1 + kT In(cy;), (2.40)
= 1 + kpTInc; + kpTIn~;. (2.41)
From (2.41), both the ideal,
pideal = 10 4 kpTIng, (2.42)
and nonideal potentials,
ppon-ideal — ko Iny;, (2.43)

of the standard chemical potential can be seen.

2.4.4 The Electrochemical Potential
For noncharged chemical species, the chemical potential describes the change in ther-
modynamics potential with respect to a change in the quantity of a given chemical species.
For a charged chemical species, such as ions or electrons, additional considerations need to

be made.
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A charged chemical species is acted upon by electric and magnetic fields. These fields
exert a force on a charged particle. The mathematics that describe the electrostatics and
electrodynamics are defined by Maxwell’s equations. When a change in the thermodynamic
potential occurs as a result of change in the quantity of chemical species, the chemical
potential is not sufficient, and thus the chemical potential needs to be extended to account
for the electrodynamic effects on the thermodynamic potential. The potential of charged

chemical species acting under an electric field is defined as

Mflec = z;e¢ (2.44)

where z is the valence of the chemical species i, e is the elemental charge, and ¢ is
the electrostatic potential. The electrochemical potential is determined by combining the

potential defined by (2.44) with the chemical potential, as follows:

;= Wi + zieo. (2.45)

2.4.5 Stress-Dependent Chemical Potential
A final component that can contribute to the overall thermodynamic potential is stress.
In the work proposed by Li et al. [51] and Larché and Cahn [52], [53], [54], [55], a framework
was developed that addressed the added contribution of stress on the overall chemical
potential.
The Larché and Cahn chemical potential for a guest chemical species, ¢, within a host

material is generally defined as follows [55], [56], and [57]:

dE° ds
i = ,u? + kT In(vyic;) — € ( co+o:— a’>

2.46
dCZ‘ dCi ( )

where 2; is the partial molar volume which is the change in volume per change in concen-
tration, i.e., AV/Ac;, E€ is the concentration dependent strain, o is the Cauchy stress, and
S is the compliance tensor. In the case where the concentration-dependent strain is a linear

isotropic relationship, e.g.,

E° = 5(c — co)l, (2.47)

then (2.46) reduces to

d
wi = pd + kT In(vyic;) — (ﬂtr(d) +o: ; : cr> . (2.48)
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2.5 Description of a Continuum Body

In the previous section a description of a stress dependent chemical potential was given.
In order to model stress and strain we need a brief discussion of the two description of a
continuum body, the reference and spatial configurations. The reference configuration is the
geometric description of a continuum body at a fixed point in time, €. Other terms used
for the reference configuration are the material configuration and Lagrangian configuration.
The current configuration is the geometric description of the continuum body at a given
point in time, 2. Other terms used for the current configuration are spatial configuration
and Eulerian configuration.

The mapping from the reference configuration to the current configuration is given as
x = ®(X, 1) (2.49)

where x is the coordinate in the spatial configuration, and X is the coordinate in the
reference configuration. As a point of notation, vector and tensor values will be in bold.
Unless otherwise specified, vector values in the reference configuration will use upper case
letters, where as vector values in the spatial configuration will be upper case, following
the convention used by [58]. This mapping is continuous, one-to-one, and onto and thus
invertible, i.e.,

X = o7 (x,1). (2.50)

The initial configuration is the configuration at ¢ = 0. In most cases the initial and reference

configuration are the same, i.e.,

x = ®(X,0) (2.51)

such that x = X. Fig. 2.3 is a schematic description of the mapping between the reference
and current configurations defined by (2.49).

By defining a continuum body in terms of its reference and current configurations we
are able to derive mathematical models that describe physical properties such as stress and
strain of a deformible body. It also allows us to derive mathematical descriptions of other
physical process occuring on a physical body undergoing deformation.

Using (2.49) we can derive a handful of other equations that are used to derive mathe-

matical models of the key physical process mentioned above. The first of these equations is
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the deformation gradient. The deformation gradient is derivative of (2.49) with respect to
the material coordinates as described by

0

F=——_. 2.52
0X ( )
An alternate description using index notation is written as
0P,
Fi; = a—X; =®; ;. (2.53)

The inverse of the deformation gradient is the gradient of (2.50) with respect to the spatial

coordinates as defined follows:
0P~
F!= .
ox

The gradient and divergence operators with respect to the material coordinates will be

(2.54)

represented, respectively, by Vx() and Vx - () and the gradient and divergence operators
with respect to the spatial coordinate will be defined, respectively, by V() and V - (). Using

this notation the deformation and inverse of the deformation gradients are defined as
F =Vx®(X,t) (2.55)

and

F!=volx,t) (2.56)

respectively.
The velocity in terms of the material coordinates is derived as

V(X,t) = (w. (2.57)

Substituting (2.50) into (2.57) produces the following relationship between the velocity in

material and spatial coordinates:
V(X,t) = V(& (x,1),t) = v(x,1). (2.58)

The material time derivative is defined as

D() _ 90

— = . . 2.

Di ot +v-V() (2.59)
The common shorthand notation of using a dot over a given field quantity to denote a

material time derivative will also be used in this dissertation, e.g.,

Dy _.

= 2.60
Ty =9 (2.60)
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2.6 Diffusion

The total mass of a continuum body at any given point in time is the sum of the mass

of the host material and the guest materials, i.e.,
m(t) = my(t) + my(t), (2.61)

where subscripts h and ¢ indicate host and guest materials, respectively. By definition the

total mass can be derived at any point in time by integrating the density over the continuum

body,
mi(t) = /Q po(t) dV = / oL (2.62)

Q

Using (2.61) and (2.62) the following relationships for the host and guest material are defined

respectively as
mp(t) :/phdv and  my(t) :/pgdv. (2.63)
Q Q

The density and concentration of the host and guest materials are related to each other by
the equations

pn = Mper, and  pg = Mgyey (2.64)
where ¢j, and ¢4 are the host and guest concentrations and M}, and M, are the molar masses
of the host and guest material, respectively. Using the relationships defined by (2.63) and
(2.64) the total quantity of material for the host and guest species is defined, respectively,
as

Np(t) = 77;&(;) = /Qchdv and Ny(t) = mﬂi[(gt) = /chdv. (2.65)

The total quantity of the host material does not change, i.e.,

. D
Nult) = & /Q endv = 0 (2.66)

The change in the total quantity of guest species comes as result of flux of guest material

across the continuum body’s surface, i.e.,

D

Ng(t) = Dt o

cgdv = — /Fjg -nda. (2.67)

As was noted earlier, the continuum body, 2, deforms over time and thus the time derivative

and volume integral are not interchangeable. The same method that was used to rewrite
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the change in linear momentum equation defined by (2.86) is used to rewrite the change in

quantity of the guest species. The results of the method produce the following equality,

D

Dt Jq Codv = /S)[ég +¢(V-v)]dv. (2.68)

Using (2.68) and by means of the divergence theorem, (2.67) can be rewritten as

/Q 6y + ¢y (V - v)]dv = — /Q V- jdo. (2.69)

Noting that (2.69) must be true for any arbitrary volume, it can be written in its local form
as

bg+cg(V-v) ==V -], (2.70)

The flux of the guest species is a function of the local concentration and the chemical

potential, p4, of the guest species within the host material,
Jg = —MycyVipg. (2.71)

My, is the mobility defined by the Einstein relation [59],

trace
_Dg

My = RT

(2.72)

where Dg’"‘we is the tracer diffusivity, R is the gas constant, and 7' is the temperature. If
guest species carries a charge and an electrostatic field is present, then the mass flux is

defined by the generalized Nernst-Planck transport equation [41, 42], which is

Jg = —Mgycy[Vig + 2 FV §]. (2.73)
where z4 is the valence and F' is the Faraday constant.

2.6.1 Electrostatics
The governing equation for the electrostatic field, ¢, as used in Equation 2.73 is defined
as follows [60]:
V-E=p. (2.74)

The vector field E is the electric field which is defined as a force per unit charge and is

proportional to gradient of the electrostatic potential, i.e.,

E=—cVo. (2.75)
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The values € and ¢ are the electric permittivity and electrostatic potential, respectively.
The charge density, p, is related to the concentrations of charged chemical species in the

following manner:

where ¢ is the unit charge and z; is the valence of chemical species i. In the case were the
permittivity is constant through out the domain, (2.74) and (2.75) can be combined and
simplified to the Poisson equation,

Vi = —g (2.77)

2.7 Deformation

An understanding of the physical process of deformation along with the derivation of
the governing equations can begin with the equations for linear momentum in the spatial

and reference configuration, respectively [58],
LM(t) = / p(x,t)v(x,t)dv = / po(X, )V (X, t)dV. (2.78)

Q Qo

The values p and pg respectively represent density in the current and reference configura-
tions, and the values v and V respectively represent velocity in the current and reference

configurations. The change in linear momentum is defined as

LM = é)t/ﬂp(x,t)v(x, t)dv = % /Qo po(X, )V (X, t)dV. (2.79)

In the reference configuration, the geometry of the continuum body remains unchanged,

as a result the time derivative and the volume integral are interchangeable, as in

D . .
o [ ovav = [ wVav = [ v+ peiav. (2.80)
Dt Jq, Q% Q%

In the spatial configuration, the geometry changes with respect to time, and thus a
change in variables is needed in order to swap the time derivative and volume integral. The
relationship between a defined volume in the reference configuration and its deformed state
in the spatial configuration is [58]

v=JV (2.81)

where J is the volume ratio which is the determinant of the deformation gradient, J =

det(F). The material time derivative of the volume ratio is defined by [58]
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J=J(V-v). (2.82)

Using (2.81) and a change of variables, the equation for the change in linear momentum is

written as a volume integral over the material coordinates, given as

= /Q o, 1)V, o = & /Q AR08 VR, 1,0)T (X, )V (2.83)
= B[p(é(X,t),t)v@(X,t),t)J(X, t)]dV. (2.84)
0, DI

Then, applying the product rule and (2.82) leads to

/ VTV = / [V + i + pv(V - V)] JdV. (2.85)
Qo Qo

Using a change of variables again leads to the following relationships:

D

i [ ove = [ (954 5 o7 vl (2.86)

The change in linear momentum comes as a result of stresses acting on the surface of
the continuum body and body forces. In the spatial configuration, the stresses acting on

the surface are defined by the Cauchy traction vector, which is

t(x,t,n) = o(x,t)n (2.87)

where o is the Cauchy stress tensor, and n is the surface normal in the spatial configuration.
In the material configuration the surface stresses are defined by the first Piola-Kirchhoff
traction vector, given as

T(X,t,N) = P(X, )N (2.88)

where P is the first Piola-Kirchhoff stress tensor, and N is the surface normal in the reference
configuration. Traction vectors are defined as force per unit area. The body forces are
symbolized by b in the spatial configuration and B in the material configuration and are
defined as force per unit volume. An example of a common body force is the force due to
gravity, i.e.,

b = pg (2.89)

where g is the gravitational acceleration.
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The total force acting on the continuum body in the spatial description is then defined

as

Total Force:/tda—i-/ bdv:/anda+/ bdv (2.90)
r Q r Q

where I is the surface of the continuum body, 2. The total force in the material description
is given as

Total Force = TdA + / BdV = PNdA + BdV (2.91)
Fo QQ FO Q()

where T’y is the surface of the continuum body, €. Using the divergence theorem, (2.90)

and (2.91) can be rewritten as

Total Force = / (V.o +b)dv (2.92)
Q
and
Total Force = / (Vx - P+ B)dV (2.93)
Qo

respectively. Combining (2.86) and (2.92) produces the momentum balance equation in the

spatial configuration

/Q 07 + (5 + p(V - v))v]dv = /Q (V-0 + b)dv (2.94)
and combining (2.80) and (2.93) produces the momentum balance equation in the material
configuration

/Q (poV + poV)dV = i (Vx - P+ B)dV. (2.95)
Given that (2.94) and (2.905) must hold for any a:“bitrary volume the following is also true
pv+(p+p(V-v))v=V-o+b (2.96)

and
poV +poV = Vx - P+ B. (2.97)

In those cases where mass is conserved, i.e.,

117)15/90 podV = gt/ﬂpdv = (2.98)
(2.96) and (2.97) reduce to
pv=V-o+b (2.99)
and
poV =Vx-P+B, (2.100)

respectively.
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A general description of the physical processes of diffusion and deformation have been
presented in Sections 2.6 and 2.7, respectively. In the final section of this chapter, a brief

discussion on how the two physical process are coupled is presented.

2.8 Chemical/Mechanical Coupling of
Diffusion and Deformation Processes

The original work by Larché and Cahn’s established the foundation for modeling the
coupled physical process of deformation and diffusion [52], [53], [54], and [55]. The Larché
and Cahn model consists of an embedded network or lattice within the solid that tracks the
displacement of the solid material. Diffusion occurs through substitution of chemical species,
i.e., atom/atom or atom/vacancy, between lattice sites. In the Larché and Cahn model, the
deformation is assumed to be elastic and the quantity of lattice sites are conserved.

New models have been developed that extend the work of Larché and Cahn as applied
to electrochemistry problems. [61], [62], and [63] extended the Larché and Cahn model
to include plastic deformation while still conserving the number of lattice sites. Drosdov
separated the guest species into two types, mobile and immobile, which accounted for the
alloying of the guest species with the host medium [64]. Bower et al. developed a model that
included lattice sites for both the guest and host species [65]. In this model the guest species
can occupy both host and guest lattice sites. Their model also accounts for irreversible
changes in the underlying network where lattice may be created do to viscoplastic flow. Full
models have also been developed that involve the coupling of deformation and plastic flow,
diffusion, and electrostatics as applied to a complete electrochemical cell [66].

This section will give an overview of the different strategies that are used to couple
the diffusion and deformation processes. First will be a discussion on how changes in
concentration affect stress followed by a discussion on the effects of stress or strain on

the transport of the guest chemical species in the host medium.

2.8.1 Chemical Diffusion’s Effects on Stress
Work relating the effects of chemical diffusion on stress can be found in the original work
by Prussin [67]. The method used by Prussin was by means of an additive decomposition
of the total strain of the host material into elastic and concentration dependent portions,

given as
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€ =€+ €, (2.101)

where € and €° are the elastic and concentration-dependent strains, respectively. This
method of strain decomposition is akin to the method used for modeling thermal stress [68].
Like the model used by Timoshenko [68] for thermal stress, Prussin uses a linear relationship
between concentration levels and strain for the concentration-dependent portion of the total

strain,

€ = B(c— eI, (2.102)

where ( is the chemical expansion term and cg is the strain-free concentration. By defining
the total strain as an additive decomposition of elastic and concentration-dependent parts,
an unbounded material with a uniform insertion of guest chemical species leads to a uniform
change in volume with strain being solely dependent on the concentration levels. In this
scenario the total strain would be the concentration dependent strain. In the case of (2.102),
concentration-dependent strain is a linear isotropic relationship to concentration. Generally,
concentration-dependent strain is a function of the current and initial concentration levels,
e.g.,

€ =f(c—cp). (2.103)
In the case of a linear anisotropic relationship, the chemical expansion term is a tensor, as

shown by
€ =B(c— ). (2.104)

For linear elastic constitutive models the relationship between stress and elastic strain

is defined as follows:

e€=S:0 (2.105)

where S is the compliance tensor. Combining (2.101) with (2.102) and (2.105) produces the
following equation:

€e=S:0+ f(c—co)l (2.106)

Given that (2.106) is linear, stress is then defined as

o=C:le—p(c— o), (2.107)

where C is the elastic or stiffness tensor.
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This additive decomposition of strain can also be extended to include plastic behavior.

As presented in the work by Stephensen [69], the total strain is represented as
€=¢€"+ €+ €. (2.108)

A review of plastic and viscoplastic theory based on the additive decomposition of strain
can be found in [70].

Christensen and Newman [71] proposed an alternate approach to coupling chemical
diffusion and stress by defining the total stress as the difference between the elastic stress

and a thermodynamic pressure,
o,total —0— ptherm' (2109)

This method is equivalent to the additive strain decomposition model when the total stress
is defined as,

oltal = C : ¢, (2.110)

and the thermodynamic pressure is defined by,
pher™ — B¢ — ¢y)C : L. (2.111)

An alternate approach to modeling elastic and nonelastic deformation behavior is through

a multiplicative decomposition of the deformation gradient [66], [63], as follows:
F = F°F* (2.112)

This approach, made popular by Lee [72], consists of elastic, F¢, and nonelastic, F*, compo-
nents. In the case of a constitutive model consisting of elastic-, plastic-, and concentration-

dependent deformations, the nonelastic component of (2.112) is
F* = F°FP, (2.113)
with F¢ and F? being the concentration-dependent and plastic deformation contributions,

respectively. Fig. 2.4 shows schematically how the deformation decomposition works for

concentration-dependent and elastic deformations.
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The correlation between strain and the deformation gradient is dependent upon the
strain measure. Using the Green-Lagrangian strain measure, we have

E = %(FTF -1 (2.114)

The relationship between the elastic strain and the concentration dependent strain can be

derived as follows:

E = [(F)"(F) FF 1]

[(F)T(F9)TF° — I+ DF° —1I]

N = DN =

FC)TEch + E°

—

where

E° = _ [(FO)TF° -1 (2.115)

E¢ =

N = DN =

[(F9)TFe —-1]. (2.116)

The elastic strain, in terms of the total strain and the concentration-dependent strain, is
then
E¢ = (F)"1(E — E9)(F°) L. (2.117)

A review of constitutive models based on the multiplicative deformation gradient can be

found in [73] and as applied to battery electrodes [57], [63].

2.9 Conclusion

This chapter has covered some of the fundemental physics that are involved in an
electrochemcial cell. A brief explaination of the types of electrochemical cells was presented
along with a survey of some of the materials that are used in a cell. One material that will
be of interest in this thesis is silicon because of its large carrying capacity for lithium at full
charge. The physical processes of diffusion and deformation were presented along with a
discussion on the coupling of the two processes. An understanding of the coupled processes
is of particular importantance when examining silicon as an anode material because at full

charge a silicon anode can swell up to 300%.



Fig. 2.1. Schematic of galvanic and electrolytic cells.
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Fig. 2.2. Diagrams of the Daniell cell and fuel cell.
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Fig. 2.3. Schematic of deformation.
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Fig. 2.4. Deformation decomposition.

Table 2.1. Summary of anode materials [45, 46, 47, 48].

Material ~ Capacity(mAhg™!) Volume Change Cycle Life

Graphite 372 10% > 1000
LTO 175 0.1% -
Si 3579 300% 200 — 300




CHAPTER 3

NUMERICAL METHODS FOR MODELING
ELECTROCHEMISTRY PROBLEMS

Because of the multiphysics nature of electrochemistry problem, special care needs to be
taken when implementing numerical codes to simulate these problems. Different numerical
methods and approaches are used in this publication but the material point method (MPM)
is of primary focus both as a tool for the simulation of electrochemistry problems and as
topic of research. Because of the central role that MPM plays in this work and because of
the resent interest in the method generally, a discussion of the method, salient features, and

some of the key historical developments that lead to its development will be covered.

3.1 The Origins of the Particle-in-Cell Method

MPM belongs to a larger class of numerical method called particle-in-cell (PIC) methods.
The original PIC method was developed by Francis Harlow and colleagues in 1955 at
what was then the Los Alamos Scientific Laboratory [74, 14]. At the time Los Alamos
was developing new computing machines that allowed scientists and engineers to explore
solutions to difficult problems. Harlow’s original focus at Los Alamos was in the field of
fluid dynamics, specifically supersonic flows and shock behavior [75].

Harlow explored two approaches to model supersonic flows. The first was a Lagrangian
approach in which the computational mesh moved and distorted with the flow of the fluid.
The advantage of this approach was that it could easily model interfaces. The disadvan-
tage of this approach was that it was difficult to model large distortions, slippages, and
cavitations. The second was an Eulerian approach where the mesh remained fixed with the
fluid flowing through it. The advantage of the Eulerian approach was that it could handle
distortions and large slippages easily but had difficulty handling interfaces and smeared out

sharp features [14], [75]. Today, many of the negatives associated with both the Lagrangian
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and Eulerian approaches have been resolved, but at the time these issues where the catalyst
for the development of the original PIC method [75].

In 1955, Francis Harlow and Martha Evans began to look at ways to combine the two
approaches that would take advantage of the positives of the Eulerian and Lagrangian
approaches while mitigating the negatives. Their method involved using a fixed Eulerian
mesh combined with Lagrangian particles or marker [74]. Quantities such as velocity, density,
internal energy, and pressure are mesh values while mass is assigned to the particles. PIC
uses the Eulerian mesh to resolve the field variables, i.e., pressure, velocity, and energy,
whereas Lagrangian particles act as fluid elements that transport according to the fluid
flow [74], [76], [77], [14].

The original PIC method developed by Harlow [74] was extended to solve plasma physics
problems [78, 79], which was then followed by the development of the fluid-implicit-particle
method (FLIP) [15] for fluids problems. The FLIP method then lead to the development
of the material point method (MPM) for solid mechanics problem. What follows in Sec-

tions 3.2, 3.3, 3.4, and 3.5 is a brief discussion of each of these developmental phases.

3.2 The Formulation of the Original PIC Method

Each time step of the PIC method consists of an Eulerian and Lagrangian phase [14].
To see how the two phases are implemented, the PIC method is applied to the following set

of conservative equations for fluid flow:

dp

8t—&-v-Vp—i—,oV-V:O (3.1)
0
paf:%—p(v‘Vv)—i-Vp:O (3.2)
pgj%—p(v-Ve)—FpV‘v:O (3.3)

where (3.1), (3.2), and (3.3) represents the equations for the conservation of mass, momen-
tum, and energy, respectively. The variables p, v, p, and e represents mass density, velocity,
pressure, and specific internal energy, respectively. As will be seen in Section 3.2.1, a mass
is assigned to each particle in the initial discretization of the problem. Mass is conserved
because the quantity of mass assigned to each particle remains fixed through the duration

of the simulation and thus (3.1) does not need to be solved explicitly.
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3.2.1 The Preprocessing Phase
The preproccessing phase of the PIC method involves discretizing the problem domain
onto a cell-based Cartesian mesh. The field variables for velocity and internal energy are
assigned to the cell centers and mass is assigned to the particles base on the number of

particles in each cell, i.e.,

my = 22 (3.4)

Subscript ¢ represents the cell index and subscript p represent the particle index. The initial

density of the material is pg, v, is the cell volume, and N, is the number of particles in cell.

3.2.2 The Eulerian Phase
The field values of velocity, specific internal energy, and density are represented by a
set of mean value approximations at each cell in the Eulerian grid. During the Eulerian
phase, the particles are assumed to be fixed, and fluid motion and other transport process

are ignored.

3.2.2.1 Calculation of Cell Density
The total mass of the cell is determined by the following equation:
my = Nl'm,,. (3.5)

Superscript n indicates that N!' represents the the number particles in the cell at the
beginning of the timestep. The density of the cell is simply the total cell mass divided by

the cell volume, i.e.,

o3

o 3.6
pe =" (3.6)
An integer number of particles in a cell results in an approximation of density that is not

continuous but rather step-wise across the domain.

3.2.2.2 Calculation of Cell Pressure
The calculation of the cell pressure is dependent upon the chosen equation of state,

which is function of density and specific internal energy, e.g.,

pe = o, ec)- (3.7)
For a cell that consists of just one material (3.7) is sufficient for determining the cell pressure.

In the case of a cell containing a mixture of material types the calculation of the cell pressure
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may not be as straightforward. In some cases, simply adding the partial pressures of the
different particle types may be sufficient. When the equation of state is dependent upon
variables other than density, a simple summing of partial pressures may still be possible,
but in most cases this method may produce total pressures that vary greatly from what

should be the actual pressure [80], [14].

3.2.2.3 Approximation of Momentum
Conservation Equation

Because particles are considered fixed during the Eulerian phase of the PIC calculation
the transport term,

v-Vv (3.8)

found in (3.2) is not approximated. Accounting for the absence of the transport term, (3.2)

is written as

9 1
M v (3.9)

o p
The pressure gradient is approximated using a centered finite difference scheme. On a 2
dimensional domain (2d) let the components of v be represented by u and v and let the

subscripts ¢ and j be the indicies of the cell-centers in the x and y directions, respectively.

The approximation of (3.9) uses a centered finite difference approximation

Ouij 1 Pit1; —Picay (3.10)
ot P 2Ax ’
Ovij 1 Piji1 —Pij (3.11)
ot Py 2Ay ) ’
An intermediate cell-centered velocity is computed as follows:
: Quij
uly = ufy + At (3.12)
. Dvij
vi; = vy + At 5 (3.13)

where v}, and v};

J ; represent intermediary values for the updated cell values of u;; and v,

respectively. The intermediary values are the results of the Eulerian phase of the calculation

and have yet to take into account the transport terms.
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3.2.2.4 Approximation of Energy
Conservation Equation

As was the case in the approximation of the momentum conservation equations, the

transport term,

v - Ve, (3.14)

as found in (3.3) is absent in the approximation of the energy conservation equation. The
change in the internal energy of the cell on a 2d grid is approximated using the following

centered finite difference scheme:

deij n [ Witlj —UWi—1j5 | Vij+1 — Vij—1
= —p* : : : : 3.15
ot Pij 2Ax * 2Ay ' (3.15)

where u and v are average values based on the current velocity and the updated intermediate

velocity values,

_ T

— - n
Vij = i(vij + v3)- (3.17)

Harlow et al. [14] found that averaging the old and updated velocity values provided for
increased stability and an increase in accuracy with regard to the behavior of fluid entropy.
As was done in the updates to the cell velocities, an intermediary value for the specific

internal energy of the cell is computed as follows:

Oe,.
ot

el = e+ At (3.18)

In addressing the issue of how to compute the cell energy for a cell containing more
than one type of material, two points of concern need to be addressed. The first is to
choose a numerical approach that would best model the transport of energy across the
interface between two different materials. The second is that the numerical approach should
be convenient from a developer’s perspective [14]. One approach would be to model the
change in temperature as adiabatic compression, but for even simple models the equations
can be moderately complex. A second approach is to apply the change in energy equally
across all material types in the cell. A third alternative is to apply the change in specific

internal energy to each material type [14].
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3.2.2.5 Compute Intermediate Cell Values
for Total Energy and Momentum

Intermediary cell values for the total energy and momentum are computed as follows:

C

1
Total Energy, = m. [ez + §(vz : v*)} (3.19)

P, =M.V, (3.20)

where p;, is the cell momentum.

3.2.3 The Lagrangian Phase
In the Eulerian phase we saw particle how particle mass was used to compute cell
densities from which the change in energy with respect to time and velocities were computed
at cell centers. In the Lagrangian phase value particles are moved and cell values are

updated.

3.2.3.1 Update Particle Position

The position of the particles is updated using the intermediary cell velocities,
cpYer

xptl = x4+ ALY Spve (3.21)

where S, are the values of the interpolating functions located at the cell-centers and

evaluated at the particle positions, i.e.,

S7 = Su(x). (3.22)

3.2.3.2 Update Cell Velocity and Internal Energy
The final step in the PIC method is to account for the change in cell velocity and energy

as a particle moves from one cell to another. First, the new mass of the cell is computed,
mith = NI, (3.23)

Then, using the new cell mass, the updated cell velocity is computed as follows:

1
+1 _ *
v = TP (3.24)
The specific internal energy is computed following a similar approach,
" Total Energy 1
entl = e §(vc V). (3.25)

m;;
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3.3 PIC and Plasma Physics

Along with Harlow’s work in the 1950s and 1960s developing the original PIC method
for modeling fluid dynamics problems, the PIC method was also being used as a method for
solving plasma physics problems. The pioneering work in this period using PIC methods for
solving plasma physics problems was done by Buneman [78] and Dawson [79]. Due to the
computational restraints of the time, the original work focused on one dimension problems
but as computer power increased, plasma physics simulations were being done in two and
three dimensions.

Two general approaches can be taken to model plasma. The first models the plasma as
a fluid, and the second uses a kinetic model where the distribution function is determined
by solving either the Boltzmann or Vlasov equation. For high temperature plasmas, the
kinetic model approach is used [81].

The Vlasov equation for charged species acting under an electrostatic field is defined

by [81],
Ofs
ot

v Vit LB Vef =0, (3.26)
ms
where f(x,v,t) is the distribution function for species s. The variables ¢ and m are the
charge and mass of the charged species, respectively; E is the electric field; and Vy is the
gradient operator with respect to the velocity components. In the case of a 3d problem, the
gradient with respect to velocity would be
9
ou
Ve=|2Z]. (3.27)
0
ow
The electric field, E, is defined in terms of the electrostatic potential, ¢, by the following

relationship:

E=—cVo (3.28)

where € is the permittivity. In turn the electrostatic potential field is related to the charge
density by Poisson’s equation,
Vi =2 (3.29)
€
The charge density field is related to the distribution functions of each of the species, s, in

the following manner:
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p= qu/f(x,v,t)dv. (3.30)

The preprocessing phase for the PIC method begins with assigning a charge and velocity
to each particle. The initial particle velocity is given based on initial conditions. The charge
quantity for each particle is based on the initial particle position, velocity, and volume as
follows:

charge, = fo(xp, vp)vp. (3.31)

The basic steps for each time step are as follows: first, map the particle charges to
the grid to determine the charge density. Second, solve for the electrostatic field on the
grid using a Poisson solver of choice to solve (3.29). Third, approximate the gradients of
the electrostatic field in order to approximate the electric field as defined by (3.28) on the
grid. Fourth, interpolate the electric field to the particles. Fifth, update particle position
and velocity based on a chosen numerical integration scheme. A common approach in PIC

methods for plasma is to use a second-order leapfrog scheme

xit = x" + Atvit2 (3.32)
+1/2 _ n—1/2 D 7
vitl/2 = 12 g Atm—pEp. (3.33)

A key difference between the original PIC method developed by Harlow and the PIC
methods in simulating plasma is that particles carry more information. In the Harlow
version, mass is assigned to each particle, but properties such as velocity and energy are
assigned to the grid. In plasma simulations quantities such as mass, charge, and velocity
are assigned to the particles. The grid is used as a means to solve the given set of equations
but now information is carried from one time step to the next. Any information that is
assigned to the grid variable is discarded at the beginning of the next time step. For a more
complete discussion of thy use of PIC in plasma physics simulations, the reader is refered
to [11] and [82].

For the rest of this dissertation when the term PIC is used it will be used to denote
a particle-in-cell methods where information such a mass, velocity, etc. is assigned to the

particle and original PIC to denote Harlow’s original particle-in-cell method.
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3.4 FLIP — The Fluid Implicit Particle Method

Building upon the concepts that were being used in the plasma physics simulation
community Brackbill et. al. introduced the fluid-implicit-particle (FLIP) method in the
1980s [15], [83]. FLIP, like other PIC methods, uses both Lagrangian particles and an
Eulerian grid to model fluid flow. In the FLIP method, the physical quantities of mass,
velocity, and internal energy are assigned to the particle. The grid is used solely for compu-
tational purposes and does not carry information from one time step to the next. Because
the grid does not carry any information between time steps it can be adapted to arbitrary

configurations at the beginning of each time step [15].

3.4.1 Preprocessing Phase
As is done in PIC methods the problem domain is discretized using a grid and a set
of particles for each material. Based on the material type, the physical quantities of mass,
velocity, internal energy, and constitutive properties are assigned to each particle consistent
with the initial conditions. For example, given an even distribution of particles per cell, the

particle mass can be derived in the following manner:

(3.34)

3.4.2 The Basics of the Time Step Algorithm
In FLIP values on the grid can be either assigned to nodes or cell centers. The subscripts
¢, 1, and p represent the indicies for cell centers, grid nodes, and particles, respectively.
The basis functions located at the cell centers and evaluated at the particle position are

represented by
Sep = Se(xp) (3.35)

and the basis functions located at the nodes, evaluated at the particle position are repre-
sented by
Sip = SZ (Xp). (336)

A description of the basic steps that are used to complete the calculation of one time

step proceed as follows:
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e Map Particle Values to Grid: The first step in the process is to compute the cell

mass density and energy along with mapping particle velocities to cell nodes,

1
pe=17 > mpSep, (3.37)
©p
1
I = €pSep, 3.38
pc‘/:: ; p~cp ( )
mi =Y mySi, (3.39)
p
1
i = Sip, 3.40
v m; zp:mpr P (3.40)

where p, is the cell density and I, specific internal energy of the cell.

e Solve Conservation of Momentum and Conservation of Energy Equations:
Once particle values are mapped to the grid the conservation equation for momentum
and energy can then be solved. The continuity equation is accounted for by means of
assigning mass directly to the particles as was done in the original PIC method. In
the method proposed by Brackbill et. al. [83], a finite volume menthod combined with
backward Euler time integration scheme is used to compute the values on the grid. A
complete description of the method can be found in [15].

e Update Particle Values: The key point to the FLIP method is that changes in
particle values are interpolated from the grid to the particles and then particle values
are updated. For velocity this would be

VIt = v > S, (vt = v, (3.41)

7

The update to the particle position is then
1 6
xptt = x4 ALY S, (3.42)
i

where
vl =ovit 4 (1 - o)v?, (3.43)

with 6 being chosen on the closed set [0, 1].
3.4.3 FLIP’s Improvements over Original PIC

The original PIC method suffered from excessive diffusion that came about from the

averaging that was done as particles crossed from one cell to the next. By assigning mass,
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velocity, and internal energy to the particles, the excessive diffusion that comes from aver-
aging cell values is eliminated [84], [15]. The second key difference between original PIC and
PIC methods in general is that FLIP interpolates the difference in a value to the particle
and then updates the particle values verses updating the particle value based on the grid

value [84].

3.5 The Material Point Method

The material point method (MPM) takes the concepts found in the FLIP method and
extends them to solid mechanics problems. The original MPM was developed by Sulsky et
al. [16, 17] in the mid 1990s. In many PIC methods the basic steps of the method are to
first map values to the grid. Second, solve the governing equations using a method such as
finite difference method. Third, interpolate updated grid values to the particle and update
particle values. Finally, advect particles and reset grid values. MPM follows the same basic
steps of other PIC methods but the formulation of the method, as originally presented by

Sulsky et al. [16], is based upon a finite element formulation.

3.5.1 The Governing Equations
In it standard formulation, MPM is used to solve solid mechanics problems defined by
the conservation of mass
Dp

and conservation of linear momentum equations,
pv=V.o+b, (3.45)
where o is the Cauchy stress and b is the applied external force. For the purposes of this
explaining the basic steps of MPM the following constitutive model will be used:
o=

se, (3.46)

e =

N~ 6

I-FTF1), (3.47)

where C is the 4th order stiffness tensor, e is the Euler-Almansi strain tensor, and F is

the deformation gradient. The constitutive model can further be simplified by assuming the
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material is a homogeneous and isotropic material. Based on the simplifying assumption the

constitutive model can be reduced to the following:
o = 2Gey, + 3Key,, (3.48)

where G is the shear modulus and K is the bulk modulus. The strain tensor is decomposed

into its deviatoric and volumetric components,

tr(e)
3

€dev = € — €yl- (350)

€yl = I, (349)

3.5.2 The General MPM Algorithm
There are different variations on the original MPM algorithm, but for the purpose of
understanding the fundamentals of the method the description that follows will be based
on the original work presented by Sulsky et al. [16] and descriptions of the method found

in the following literature [85, 86].

3.5.2.1 Preprocessing Phase

The initial phase involved in the MPM algorithm is the preprocessing phase where the
different material domains are discretized into a set of particle. Based on the division of
each material domain, each particle is assigned a mass and initial volume based on the mass
density and initial discretization of the domain. The values for velocity, stress, strain, and
other necessary state variables are assigned to each particle base on the given set of initial

conditions [85].

3.5.2.2 Time Step Algorithm
The steps of the time step algorithm are as follows:
1. Map Particle Values to the Background Grid: The mapping from particle to

the grid nodes is done in the following manner:

m; = Z gbipmp, (3.51)
p

Py = ippvimy, (3.52)
p
1

vi=—p}, (3.53)
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where m, and m; are the particle and nodal masses, respectively, p; is the nodal
momentum, v, and v; are the particle and nodal velocities, and ¢;), are values of the
basis functions centered at the grid nodes and evaluated at the particle positions,
dip = ¢i(xp). In this section the subscript 7 indicates a nodal value and subscript
p indicates a particle value. Linear basis functions are a common first choice when
implementing the MPM algorithm. For a one dimension problem, the linear basis

function on a uniform grid with nodal spacing of A is shown in Fig. 3.1 and is defined

as
0, <z —h,
1+ 2%, z;—h<x<ua,
¢i(z) = e ho ' (3.54)
-5, <o <z +h,
0, x <z + h.

. Compute the Internal Forces at the Grid Nodes: The internal forces at the

grid nodes are computed as follows:
£ ==Y "V, - oy V', (3.55)
P

where V), is the current particle volume.
. Compute Nodal Acceleration: The nodal acceleration is computed using both

internal and external forces,
int ext

m;

n
K3

(3.56)

. Update Nodal Velocity: The nodal velocities are updated using an explicit Euler
time integration scheme,

vt = v 4 Atal. (3.57)

. Compute Velocity Gradients Velocity gradients are computed for each particle.
The velocity gradient is the tensor product of the updated nodal velocity and the

gradient of the basis functions evaluated at the particle position,
=

Vvt =3 Vit @ Ve, (3.58)

. Update Deformation Gradients: Deformation gradients are updated using an

explicit Euler time integration and the newly computed velocity gradients,

Fptt = (I+ Vv At) Fy. (3.59)
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7. Update Particle Velocity and Position: The particle velocities and positions are
updated using an explicit Euler time integration and the updated nodal velocities and

accelerations,
vt = v 4 ot Z dipaf, (3.60)
xpth = x7 + 5ti pipvith. (3.61)
i
8. Update Particle Volumes: Particle volumes are updated as follows:
Vot = Jvy, (3.62)

where Vp0 is the initial particle volume and J is the determinant of the updated
deformation gradient,

J = det (Fp™). (3.63)

9. Update Particle Stresses Updated particle stresses computed based on the given
constitutive model. In the case of the constitutive model defined in Section 3.5.1 the

steps to compute the updated particle stress would proceed in the following order:

p,vol = 3

n+1 __ n+1 n+1
(d) op™ =2Ge, 4., +3Ke, .

3.6 Key Advances in MPM’s Development

Since its original development MPM has been under continual development with many
new insights and improvements to the method over the years. Bardenhagen and Kober
developed the generalized interpolation material point method (GIMP), which improves
upon the original method by generalizing the formation of the grid weighting functions

such that

1

60) = [ wsiav, (3.64)

where x,(x) is the particle domain and S;(x) is the grid basis function located at node
i [87]. If Sj(x) is a linear basis function and x,(x) = d(x — x,,) then ¢;(x) resolves to the

original MPM weighting function.
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The convected particle domain interpolation technique (CPDI) developed by Sadeghirad
and Brannon represents particle domains as parallelograms in 2d and parallelepipeds in
3d. The particle domain shape is updated according to the particle deformation gradient
and the deformation gradient is considered constant across the particle domain [86]. The
second-order convected particle domain interpolation (CPDI2) developed by Sadeghirad,
Brannon, and Guilkey eliminates the overlaps or gaps that can occur with CPDI [88].

B-splines have become a popular choice for grid weighting functions. Steffen et al.
explored the use of B-splines in their analysis work on MPM [89]. Stomakhin et al. [90] and
Gan et al. [91] have presented b-spline based MPM formulations. Least squares approaches
have also been adopted for MPM. Wallstedt and Guilkey developed a weighted least squares
variation of MPM [92] and moving least variations of MPM have been developed by Edwards
and Bridson [93], Hu et al. [94], Tran et al. [95] and Song and Kim [96].

The approach to how information is moved between the particles and grid is another
area of focus in MPM research. Wallstedt and Guilkey incorporated the velocity gradient
values, which are computed for each particle, when computing velocity values at the grid
nodes [97]. The affine-particle-in-cell (APIC) method developed by Jiang et al. [98] and
the angular conserving affine-particle-in-cell method [99], which improves upon the original
APIC method, uses an affine transfromation in the particle to grid mapping that has been
shown to conserve angular momentum.

From this small survey of the literature, it can be seen that MPM continues to be a topic
of interest to the research community and because of its unique strengths it is continuuing

to gaining greater adoption.
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CHAPTER 4

NULLSPACE FILTERS AND CORRECTED
DERIVATIVES FOR MPM

The particle-in-cell (PIC) [14] method, fluid implicit particle method (FLIP) [15], and the
material point method (MPM) [16], as described in Chapter 3, use moving particles whose
dynamics are defined by calculating quantities such as acceleration on a fixed background
grid. The main idea in such methods is to make use of basis functions at particles (originally
delta functions) and basis functions at nodal grid points (originally linear basis “hat”
functions). MPM has been much studied since it was introduced, and there are many
examples of papers that improve the performance of the method. Examples of such papers
are the improved basis functions for MPM derived by [87, 86, 88, 100] and the higher order
basis functions derived by [21, 101]. Many of these papers produce improved results by
developing methods that help reduce the grid crossing error that occurs when particles cross
a grid cell boundary. In general the combination of moving Lagrangian particles and a fixed
Fulerian grid used by PIC and MPM is successful on many challenging problems; however,
many theoretical issues to do with such methods remain at least partially unresolved in the
areas of stability, accuracy, and convergence.

One such issue is that the PIC method is well-known, e.g. [102, 103], to have an aliasing
error due to the difference between the degrees of freedom at the grid points of the spatial
mesh cell compared to the degrees of freedom at the particles. This error may result in
oscillatory solution values. For example Brackbill [103] states that, “Because the number of
particles is finite, the number of Fourier modes is also finite. Thus, when there are n particles
in each cell, there are n times as many Fourier modes as there are grid points.” When values
are mapped from nodes to particles the lack of resolution at the nodes compared to resolution
at the particles can cause an aliasing error. Again to quote Brackbill, “Aliases occur because

all Fourier modes with wavelengths shorter than the grid spacing are indistinguishable at
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the grid points” [103]. This aliasing is exactly the null space error addressed in this work.
Brackbill showed that the user of better interpolants associated with the nodes to particles
mapping helped reduce these errors and conducted a Fourier analysis of the problem. Early
attempts to address this instability started from the PIC jiggling work of Langdon [102] and
Chen, Langdon and Birdsall [104] to Brackbill and Lapenta [105]. The jiggling approach
artificially moves the points and results in reduced oscillations.

An alternative approach is to use the conservation of energy to improve the performance
of PIC and MPM. While conservation of energy does not necessarily itself imply stability
[106], it is a desirable property for a numerical method. Examples of work to improve the
accuracy and stability of PIC methods by introducing energy conservation are Lapenta [107]
and Brackbill [108] address energy and momentum conservation properties of PIC applied
to plasma calculations. At the same time it is not entirely clear how the approach used with
PIC methods applied to plasma calculations may be used with MPM. Energy conservation
in MPM is addressed by Bardenhagen [109], and Love and Sulsky provide energy consistent
and conserving approaches [110, 111]. Finally the work of Mast et al. [112] addresses the
locking phenomenon observed originally in finite element methods in the context of MPM.
Locking is a phenomenon that is different to the grid crossing error mentioned above and is
addressed by multidimensional filtering of stresses and strains. However, while these papers
greatly improve the accuracy and conservation properties of PIC and MPM and indirectly
result in more stable methods they do not directly address the nullspace issue in MPM.
Part of the challenge with undertaking analysis of MPM as Wallstedt and Guilkey point
out is its nonlinearity [113] and the fact that moving particles may dynamically change the
effective computational stencils frequently.

Similar issues of stability due to moving particles arise in smooth particle hydrodynamics
(SPH) and in the many finite element formulations of particle methods. For examples of
the related work on SPH [114, 115, 116] and finite element methods, see [117, 118, 119].
Belytschko and Xaio [119] address two sources of instability of their particle methods. The
first one is a rank deficiency of the discrete equations that is similar to the ringing instability
or the nullspace problem considered here and the second is a distortion of the material
instability. The work on these methods deals with continually moving points without having

a background grid as is used in MPM. For this reason it is not at all clear how the body
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of work introduced above immediately relates to MPM with its mixture of Lagrangian
particles and an Eulerian background grid. The general approaches adopted clearly have
some potential application to MPM however.

There has been resent work on both linear and non-linear stability analysis for MPM.
Bai and Schroeder [120] formulate a stability analysis of explicit MPM using Von Neumann
stability analysis. Ni and Zhang [121], propose a stable time stepping criterion based on
linear analysis for explicit MPM. Berzins [122] provides a nonlinear stability analysis for
MPM based on the work of Spigler and Vianello [123] along with time stepping criterion
for the update stress last version of MPM [109].

In previous work we began to address the general area of spurious oscillations in PIC
[124, 125] based on a matrix approach that directly reflects the fact that there are nonzero
values at the particles that cannot be “seen” at the nodes and the space of such values is
oscillatory. The positive results that were obtained have provided encouragement to expand
these ideas to MPM. As the intention here is to shed some light upon this issue for MPM,
attention is focused on one-dimensional (1d) problems to add clarity. Sections 4.1 and 4.2
describes MPM. Section 4.3 addresses the nullspace that results from the difference between
the number of particles and the nodal grid points points that they are mapped to. While a
global approach based on a singular value decomposition for addressing this was given in
[124, 125], Section 4.4 defines a method based upon a local calculation using values in the
elements on either side of a grid node. Finally, Section 4.7 describes a numerical experiment
that illustrates the benefits of this approach and compares it against the method of [100]

as well as some of the challenges that remain.

4.1 Material Point Method

The model problem used here is a pair of equations connecting velocity v, displacement

u and density p and is typical of straightforward MPM applications:

Du

- — 4.1
Du o, (1)
Dv  Oo

— = —+b 4.2

with a linear stress model 0 = F % for which Young’s modulus, F, is constant, a body force

b and with appropriate boundary and initial conditions. In describing MPM the starting
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point is to assume that there is a mesh of N + 1 fixed nodes X; on some fixed interval [a, b]
such that

a=Xo<X1<...<Xny=0 (4.3)

The mesh has N elements with the interval I; defined by

I = [Xi, Xiy1], (4.4)
and the width of each interval is denoted by

hi = X; — Xi_1. (4.5)

A fixed evenly spaced mesh is used here with h = h;Vi.
It is assumed that there are m particles between each pair of nodes, situated at x

points where at each time step, t" = §t xn, where n is the nth time step, and the computed

n

solution at the pth particles will be written as u,

= u(zy,t"). The superscript n and the
dependence on t will often be dropped unless they are necessary to clarify timestep issues.
The restriction of attention to equal numbers of particles in each interval is used solely to
simplify the algebra in the analysis that follows and imposes no constraint on the approaches

discussed. In this case the particles in interval ¢ lie between X; and X4 and have positions

xierjvj = 17 -y M.

4.1.1 Mapping Matrix for Solution Values
In both the MPM and PIC grid-based particle methods it is necessary to map values
from the particles to the nodes and from the nodes to the particles [16, 87]. For example, in
mapping particles to the node X; and back to particles, the linear basis functions centered

at that point and given by ¢;(x)

—X;
gi(z) = xi’Xi—l <z <X, (4.6)
Xi— Xi1
Xi — T
i v v Xir1 =22 2> X;. 4.
¢i(z) X X, 2T (4.7)
gi(z) = 0,2 ¢ [Xi—1, Xiy1] (4.8)

are often used. There are, of course, many alternative choices [87, 86, 88, 100, 21, 101].
In the case of the basis functions associated with particles, there are a number of

possibilities ranging from delta functions to approaches such as [87]. In general given a
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function value u,(t) at a particle x,, the representation used in MPM is given by u,(t)x,(x,t)

where the basis functions x,(x,t) in the case of delta functions §(x — x,) are given by
Xp(2,1) = 6(z = xp)Vp (4.9)

where V), is the width in one dimension of the particle as defined below. In two dimensions
V), is the area of the particle and in three dimensions its volume. Bardenhagen points out

[87] that this is not to be a partition of unity in that

pr(x’t) 7& L (410)
P
As a result other representations such as piecewise constant functions
xp(z,t) = lxzelV, (4.11)
xp(z,t) = 0,z ¢V, (4.12)

or even more complex basis functions such as [86, 88, 21, 101] are used. In general the

volume of the pth particle V), is defined as

Vp = /b Xp(x,t)dx. (4.13)

The particle volumes are initially defined to span the interval [a,b] and are then modified
as the particles move, as is shown in the next section.

The mapping from particles to nodes in MPM takes into account all the particles in
adjacent intervals to the node in question (X; for example) and may be written, regardless

of the choice of particle basis, as
Ui(t) = > Sipup(t). (4.14)
P

where Uj;(t) is the value at the node X;. The argument (¢) will often be dropped unless

needed for clarity. From [87, 89] the mapping constants are given by

b
Siy ! o / o2, ) () da. (4.15)

- f; Xp(z,t
In the case of linear basis functions and particles represented by Equation (4.9), it follows
that

Sip = ¢i(zp). (4.16)
This mapping may be modified in two ways. The first modification is that a mass weighting

is often used when velocity is mapped, e.g. [113], see Equation (4.40) below. The second
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modification is that the S;, multipliers correspond to a partition of unity by dividing by
the sum of all the components that contribute to node X; using the modified mapping

coefficients 7, defined by
Pi(zp)
Wi

Si, = (4.17)

where W; =3 ;. 5, ¢i(zp), such that

> 8, =1. (4.18)
p

While this mapping from particles to nodes can be expressed in terms of a system-wide
matrix, which was adopted in [124, 125], for this chapter a local version of the mapping
from the set of particles in the two elements on either side of a node to that node will be

used. This local mapping is represented as
Ui = S;‘puip, (4.19)

where U; is the mapped value at the node X; and u;, is the vector of particle values in the
two elements adjacent to X;. Thus, as there are 2m particles in the two adjacent elements
the matrix S7, has only one row and 2m columns with the value in the jth column being

given by S}

(= 1)mtg)" As the entries of the row vector S} are positive, it is straightforward

to construct vectors consisting of non-zero entries, say v;, that give rise to zero values at

the nodes. In other words

St vip =0, (4.20)

This is the null space problem in our previous work [124, 125] and is also, when considered for
gradient mappings, termed a high-frequency instability that arises from the rank deficiency

of the discrete divergence operator [117]. This topic will be examined in detail in below.

4.1.2 Internal Force Calculation
The calculation of the internal forces in MPM at the nodes requires the calculation of
the volume integral of the divergence of the stress [113]. The divergence of the stress, o, at

a node X;, as denoted by %‘;1 given the stress at particles o,. After integration by parts,

the force calculation is written as

£ ==>"DSyo,V, (4.21)
p
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where in the case of linear functions at the nodes from [87] in the case when Delta functions

are used to represent particles it follows that

DS, = . (4.22)

In the same way that the mapping coefficients S;p are modified to be a partition of unity,
the coefficients DS;, are amended to reproduce derivatives of constant and linear functions
exactly. In order to reproduce linear functions exactly, a derivative correction is needed [126,
118]. Multiple methods have been proposed to correct for this deficiency [13, 114, 115, 127].
In one space dimension, the modified coefficients for the derivative of a constant to be zero

are given by [13],

Kk 1 d¢l (xp) ¢7f xl’ d¢1 xl’p
DS = 4.23
Py bi(ay)  do (3, 4i(@))? Z (4.23)

where the subscript pp indicates the set of particles within the support of the basis functions

for node 7. From this it follows immediately that
Y DSy =0. (4.24)
P

A constant C' is then used to ensure that differentiating the function z at the particles give

the correct value of one at the node X
C> DSpa,=1. (4.25)
p
The correction thus is defined [119] by

C= ———"—. 4.26
Zp xpDSf; ( )

Therefore if the mapping coefficients are defined by

1 1 d¢z(xp) _ (bl xp 2 Z d¢z xpp

DS;, = .
P pr Lpp Szpp pr (;Sl (xpp) dx (pr d)z

(4.27)

The force calculation is given by

fint — Z DS; (4.28)
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It should also be noted that this is essentially a derivative approximation in that the
derivative at a node dy/dx(X;) of a function whose values at particles are given by y,

is approximated by

dy .
- (X)) = - > DSy (4.29)
p

This form of computing the values of the internal force at the nodes varies from the
traditional MPM approach, which is defined in the variational form. The above method
for computing nodal forces is focused on ensuring that the gradients of weighting functions
meet the criteria for the reproducibility of constant and linear functions. This method is
only applied to the nodal force calculation in this chapter. A consistent approach would be
to apply the method for all particle to node mappings as is done for moving least squares

approaches to MPM [94].

4.1.3 Interpolating Back to Particles
Once the nodal values of either the solution or the derivative are calculated, then by
using the piecewise linear basis functions, ¢;(z), associated with the mesh nodes, a linear

approximation to the function u(x) at a particle may be defined as
up = Z Uz(ﬁzp (4.30)
i

where ¢;, = ¢i(xp). It is convenient to write this mapping as a matrix operation. In the

case of linear basis functions the individual mappings have the form given by

Un(i-1)+j = Uic10m(i—1)45 T Ui(1 = aum(iz1)45), (4.31)

Umitj = Uitmivj +Uir1(1 — amitj), j = 1,...,m (4.32)

where

Xi = Ton(i—1)+j
Am(i-1)+j = —hi( ) 2, (4.33)

Omigj = —HL_Imitd i m. (4.34)
hit1

The grid to particle mapping may be written as a matrix equation to define the values at

all the points in [X;_1, Xjt+1].



A (i—2)+1

Um(i-2)+m (1 — Qm(i—2)4m)

0

0

Ui

where the mapping matrix M is defined by

Ujp = M Ul
Uit1
(1 = am(i-2)+1)

A (i—1)+1

Qmy

0
(1 = am(im1)41)

(1= ami)

and where the vector u;, is defined as in Equation (4.19). The mapping to construct

derivative values at the particle points is similar and is defined by

8 m(1— 1
S (U - Ui /(X - Xio), (4.36)
% = (U’i+1 - UZ)/(XZJrl - Xl)v.] = 1’ e TN, (437)

and, in the case of evenly-spaced nodes, gives rise to a similar form of the mapping matrix.

-1 1 0
. 1l -1 1 0
Mbp=71¢ _11

0 -1 1|

and a similar equation to calculate the derivatives at the particles as in Equation (4.35).

bl R Ui—l
%uip =Mp | U; (4'38)
Uit

4.2 Material Point Method

The description of MPM given here follows that of a number of authors such as [113].
The first two steps in MPM are to compute the mass and velocity values at the nodes.

Masses at the particles m, are mapped to the nodes as follows:

mi =Y Sjmy. (4.39)
p

Velocity is similarly mapped to the nodes as follows:



56
v = Sy, (4.40)
p

where the coefficients of the mass-weighted mapping are S’,-p Sfp :Lf Forces at the nodes

are computed by using Equation (4.21)
Z DS;,on Vi +b; (4.41)

where o) is the stress at particle p, b; is the body force at the node and V" is the volume

of that particle. The nodal acceleration is then computed using the nodal mass and force,

f,"
n_ 2t 4.42
i m; ( )

With the acceleration computed at the node, nodal velocities can now be updated using a

Fuler-forward time stepping scheme,
ot = + al't. (4.43)

Using the updated nodal velocity, the velocity gradients are then computed at the particles

using the gradient of the interpolating function,

1
avg+ aqblp n+1 (444)
oz oz
The deformation gradient at particle p is updated as follows:
n+1
it = Fr (;’x EJ'St. (4.45)

Stress is updated using the appropriate constitutive model. In this case using the velocity

gradlent , and Young’s Modulus, F,
a n+1

optt = o + dtE

4.4
p 83: (4.46)

The particle velocity and position is updated by interpolating nodal values to the particles,
vt = o) gipalldt, (4.47)
P
1
ot = a4 gttt (4.48)
p

Finally the particle volumes are updated using the determinant of the deformation gradient,
J, and the initial particle volume,

AR ATA (4.49)

In one dimension the determinant of the deformation gradient is J = FI?H.
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4.3 Null Space of the Mapping Vector

The general mapping matrix S;;, maps from all particles to nodes and so has N 41 rows
and m x N columns, [124, 125]. While the global SVD analysis used in [124, 125] applies
to MPM considered here, it is prohibitively expensive to use as an algorithmic approach
for large meshes and more than one space dimension. For this reason while a global SVD
method is a useful comparison tool in one space dimension, it is important to consider local
mappings from particles to each node and back again independently. In what follows the
standard mapping matrix to the nodes defined by the coefficients S}, is used. The approach
could be applied equally well to any mapping matrix. In this local mapping case the mapping
matrix reduces to a row-vector, but still has an SVD decomposition and a nontrivial null
space. For example let ¢ be a vector in R?™. If S;,c = 0, then we say that ¢ is in the null
space of Sj,. We can determine the null space of Sj, by making use of its singular value

decomposition, SVD [128]. Taking the SVD of S}, gives the following decomposition:

S* =U,,aSV7T, (4.50)

ip
where Usvd is a scalar that is assumed to have value one, Sis1 by 2m, and V is 2m by 2m.
In the global case in contrast U,y is a matrix of size (N + 1)z(N +1) , Sis N +1
by m x N, and V is m x N by m x N. While all the remaining analysis will be for the
local nodal case, the full global form of the SVD as used by [124, 125] will be used below
to motivate the local approach used here.
In both local and global cases the matrix V is unitary, meaning that the columns are

orthonormal [129]. In other words, if v; and v; are columns of the matrix V, then,
VZTVj = 5ija (451)

where 0;; is the Kroenecker delta. The columns of V are orthogonal, linearly independent

and span the space R?™, [129]. The matrix S is an 1 by 2m matrix of the form
S=[6 0 ... 00 ... 0]. (4.52)

Taking the matrix product of S and V7 gives

N N T
SvT = <VST> = Giv1 O0xvy | ... | 0%voy, : (4.53)
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Consequently, the column vectors ve to v, span the null space of S;kp. Since the columns
of V are orthogonal, they form a basis for R, which means that any vector ¢ € R*™ can

be expressed as a linear combination of the columns of V,

c=c |vi| +eca|vy| +c3 |v3| +--+com | Vom | - (4.54)

null(S;p+)
A portion of ¢ is thus in the null space of S}, if ¢; # 0 for some j = 2, .., 2m. Using the inner
product [129] allows the components of a vector that are in the null space to be found. As

the vectors v; are a basis it follows that

2m

Wijp = Z(VZ . uip)vz-. (455)

i=1
where u;;, is defined by Equation (4.19). A similar equation exists in the case of the full
global form of the SVD matrix [124, 125]. In the local case considered here, the vectors va
to vam span the null space of the mapping from particles to a node. From this it follows
that a filtered form of the vector u;, with the null space elements removed is denoted by
uipF and is defined by

uf; = (V1 - up)vi, (4.56)

or by using the SVD decomposition of S}, to get
U; = 6viug,. (4.57)

Equation (4.19) in terms of the nodal value Ur as

U.
uj, = glvl. (4.58)

The portion of any given vector that lies in the null space of S;) can be found as follows:
as the vector S}, can be written in terms of the singular value components,

S;, = =1 [5’,0,0,--' ,O] [vl,VQ,V3,--- ,vn]T
= +1(o;vi +0vy +0vg +--- + Ovn)T

— t160T (4.59)
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Taking the dot product of the vector S7, with itself gives

Sy, St =UsaSVT(UaaSVT)T,

= UypySVTVTSTT

svd?

= UyaSSTUL

svd?

= (6;)% (4.60)

From the vector dot product above it can be seen that the singular value for the mapping
defined by S;, is 6 = | /(Sj, - Sj,). Using the above two observations the column vector v
can be found as follows:

1
vie — s (4.61)
(S5, - S3,)

Given the vector vi, the part of u, that lies in the the null space of the mapping vector Sj,

is then given by Wy, is then analogously as in the full SVD version and is given by

Wipnull = Wip — (Vl : uip)vl (462)
or as
_ lj; * \1T
Wipnull = Wip — 6'2 (Szp) (463)

2

4.3.1 Numerical Example of Nullspace
The following example shows the null spaces for both the derivative mappings and the
solution mappings, in the case of the original MPM with a linear basis at the nodes and
delta functions at the particles. The null space vectors for both the derivative mappings
and the solution mappings are shown in the case of two cells adjacent to a node have four
particles per cell. The cell width is 1 and the spatial domain of the problem goes from —1

to 1. The values at the particles is defined by the function,

u(z) = e”. (4.64)

Using the function a vector of particle values is computed where u, = u(zp). The vector
of mapping weights are computed about the node at position 0.0, S;, = ¢;(x,). Fig. 4.1
shows the values at the particles and the portions of the particles values that lie in the null
space of the nodal mapping (4.19) and of the derivative mapping (4.28) using linear basis

functions at the nodes and delta functions at the particles.
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Fig. 4.1 shows the single oscillation about the node. Other more oscillatory examples of
null space components occur with symmetric positive Sfp values. In this case for each pair
of Sfp values one solution component may be positive in one interval, and the other solution
value in the other interval may be negative. In the case of the mapping DS}, associated

with derivatives, as the mapping values will have different signs, the null space could still

be oscillatory but may not necessarily change sign.

4.3.2 Mapping to Particles Reinforces the Nullspace
Equation (4.19) maps particle values to the nodes. At this point, the null space compo-
nent of u, has been removed by the nature of the mapping. It is at the next step in the
computation that a null space component can be re-introduced. From Equations (4.55 to
4.62) it follows that if for any v; for ¢ = 2, ..., 2m the following is true

Ui
vIM | U |, vi#0, i=2,.,2m (4.65)
Uit

then the vector u;p, as defined by the mapping in Equation (4.19), has a null space compo-
nent.

As an example consider the case of one particle per cell with the particles numbered
0,1,2,3, etc. being midway between nodes, i —1,%,i+1 etc. Then, with linear basis functions

the mapping to nodal values is given by
Ui—1 = (up +u1)/2,
Ui = (u1 +u2)/2, (4.66)
Uit1 = (ug + usz)/2.
The new values at particles 1 and 2 are now given by the mapping
ul = (uog + 2ug + uz)/4, (4.67)

u; = (u1 + 2ug + ug)/4. (4.68)

As the null space vector associated with the mapping from particles to nodes is

v =[-1,1]T. (4.69)
The mapped values u] and u3 only have a zero null space component if they are equal,

[UT7 u;]'[_lv 1]T =0 (470)
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which requires that

(’U,o + 2uq + UQ) — (U1 + 2uo + U3) =0 (4.71)

or that

ug+uy —ug —uz3 =0 (4.72)

holds. A similar result is obtained if gradient values are calculated at the points 1 and 2

using the nodal values.

4.4 Local Removal of the Nullspace Noise
As was shown in [124] using a full singular value decomposition across the whole grid
for the removal of null space noise works well for small one-dimensional problems, but is
computationally expensive, as the computational complexity of generating the matrix V
with a singular value decomposition is O((mN)3) [128]. This method calculates a filtered
full particle vector across the whole grid as denoted by Ugilter in terms of the full vector of

all the particle values Uj"".

p

Ufilter _ Z(Vl ) Ugull)vi, (4.73)

i
where the vectors V; are the vectors that are not in the null space as calculated from the
full SVD decomposition [124].

It is thus desirable to have a method for removing the null space noise that works locally
at each node, X; with less complexity than the full SVD method. In [124] a local nullspace
filter was proposed, the following discussion provides an analysis of the proposed approach.
If we consider the interval [X;_1, X;11], then using (4.56) it is possible to define a particle

vector in this interval using the null space associated with node X; by

uf = (Vi up)vig, (4.74)

where v1 ; is the vector v; associated with the mapping to node X;. and a particle vector

in the interval [X;, X;;2] using the null space associated with node i + 1 by

uéil)p = (V1it1 * Ui 1)p) V1it1, (4.75)
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or by using Equation (4.63) to get

U.
AF J * \T'
u; = o o (Sp) - (4.76)
P (Sip ’ Sip) b
U.
AF i+1 * T
Ui = * * (S{ir1)p) - (4.77)
(i+1)p (S(z‘+1)p } S(i+1)p) (i+1)p

From this and Equation (4.17) we see that the x,th component obtained by adding Equa-
tions (4.76) and (4.77) is

AF Ui ¢i(xp) n Uis1 dit1(xp)

AF
3 ! = 4.78
Uzp —I—U(H_l)p » SN’L WZ SNZ'_A,_l Wi+1 ( )
where z, € I;, SN; = (Sfp . Sfp), SNy = (S>(ki+1)p . Szﬁi—i—l)p) and W;, W;1 are defined

by Equation (4.17). Hence, the filtered values correspond to a modified form of linear
interpolation. However, as the example in Section 4.1 illlustrates the linear interpolation
mapping can still reintroduce null space errors. The reason for the new nullspace error is
that parts of the vector S;, may lie in the null space of S(; 1), and vice versa. For this
reason a second mapping is done back to the grid nodes and then linear interpolation used
again.

The local nullspace method [124] takes a different approach than the SVD method to
removing the null space components. The key idea in the local method is to

e first map particle values to the nodes, using Equation (4.19) to compute U; and Uj1.

e and then interpolate values from nodes to particles as in Equations (4.31, 4.32). When

this happens, a null space component is introduced by this calculation.

e The newly computed solution values are again mapped back to the nodes, and

e These new nodal values are interpolated back to the particles.

In the case of mapping velocities to the nodes and then forming velocity gradients at

any point x, in an interval I; the value of the derivative instead of being

) Vigr — Vi h
87;(%) = S (1 - 20,) SViu (@) + hoont (4.79)

is now defined for the new method by

v (Vie1 = Vi) _(Vi=Vi)
I L J)

i h
Vieo = Vi _ (Vin -V
+ <S;;1((+2h“)+5i+l(ﬂh)> (4.80)
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where «,, is defined by Equation (4.33) or (4.34) and

SH=Y_s;, (4.81)

pel;

S;= > S, (4.82)

pel;i—1

The error of this new method is given by a Taylor’s series analysis as

@(.’L'p) — (1—ap) <S+(VZ+1_V1)_|_SZ—(VZ_VZ_1)>

ox v h h
Viea =V _ (Vi =V,
N 5;1( +2 +1)+Si+1( +1— Vi)
h h
- +_ o + N
= i((1— ap)(Si =5, )+ ap(5i+1 - Sz’+1))§Vm(xp)- (4.83)

The effect of this approach is thus not to increase the underlying accuracy but to broaden
out the stencil used to create the derivatives at the particles. This approach can be used with

both solution and gradient values, but is used here with the velocity gradient calculation.

4.4.1 Multidimensional Extensions

As this approach makes use of the standard mappings from only particles to nodes and
back again, there is no conceptual problem in extending it to the use of MPM in two and
three space dimensions. While there is further work to be done, there is clearly room for
combining the approaches suggested here with the improved grid crossing approaches such
as [100] and the locking approach of Mast [112]. In particular the latter approach with
its careful tensor-based decomposition ideas may have important implications for multi-
dimensional extensions of the approach suggested here. What may well be the case, however,

is that it is a combination of all these approaches that will be important.

4.5 Alternate Approaches to
Global Nullspace Filter

In the previous section a local nullspace filtering method was presented which greatly
reduces the computational cost of reducing the nullspace noise as compared to the SVD
approach. As noted above, the above filter only approximates the nullspace filtering affects
of the full SVD approach. Probabilistic approaches to matrix decompositions [130] present
an interesting possibility for reducing the computational cost of the global nullspace filter.

In general terms, the randomized SVD [131], as applied to a m x n matrix A, involves two
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steps [132]. The first step is to generate a random projection matrix P of size n x r, where

r is less than or equal to the rank of matrix A, and multiply A by P,

B = AP. (4.84)

The QR factorization is then applied to the reduced matrix B,

B = QR. (4.85)

Matrix A is then projected onto Q,

C=Q"A. (4.86)

The second step computes the SVD of A by first computing the SVD of the reduced
matrix C,

C=UxcVE. (4.87)

Note that both A and C share the same values of ¥ and V¢ [132], i.e.,
oVE=%,VE (4.88)

The matrix U of the SVD of matrix A is then computed using matrix Q as follows:
U =QUc. (4.89)

The use of the randomized SVD as a possible nullspace filtering technique for MPM presents
an interesting direction for possible future research. For a more complete discussion of the

randomized SVD the reader is referred to [132].

4.6 New Work in Nullspace Filtering Methods

Since the initial publication of the work presented in this chapter [133] and previous
work [125, 124], new approaches to addressing the issues associated with the nullspace
errors have been developed. Hammerquist and Nairn [134] introduced the XPIC method
for enhancing the stability of MPM. In their approach a filter is applied during the particle

update phase of the MPM algorithm. For example if ¥; represents the vector of all particle
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velocities, a; represents the vector of all nodal accelerations, and Sip is the matrix that

maps nodal values to particles, then the particle velocity update is represented as
vt =97 + AtSpa). (4.90)

The XPIC filtering approach uses both the node to particle mapping matrix, Sip, and the
particle to node mapping matrix, S;,. The particle velocity update using the XPIC method

is defined as

VIl = 90— (1 8;,Si,) V2 + AtS,al. (4.91)

In the case where m = 1, the above equation reduces to

VZ—H = SipSipv;’ + Atgipﬁ?. (492)

The approach used for XPIC and the approaches discussed in this chapter and in previous
work [125, 124] share some common features. For example the matrix matrix multiplication,
él-pSZ-p, in the equation above is the same operation that is used for the local nullspace filter
approach discussed in Section 4.4. Hammerquist and Nairn also note that as m — oo the
XPIC approach removes the nullspace component using the orthogonal nullspace vectors
which is similar in approach, but different in application, to the SVD method discussed
in [125, 124].

Nairn and Hammerquist [135] build upon their XPIC approach which proposes the use of
an approximation to a full mass matrix to improve the stability and accuracy of MPM. Tran
and Solowski [136] use a nullspace filter coupled with generalized - « integrator to improve
the performance of MPM. Their proposed nullspace filter approach uses a QR decomposition

to remove the nullspace component in the computed particle velocity gradients.

4.7 Computational Experiments
We compare the original MPM approach to those proposed above. We start by defining
the one dimensional bar problem, the linear elastic constitutive model, associated initial
conditions, and the analytic solution. Experiments are then run to compare the original

MPM approach to those described above.
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4.7.1 Model Problem

The constitutive model used for this experiment is defined as follows:

ou

where E is the Young’s modulus. The rate of change of stress is then computed as
&= E(F), (4.94)
= E(IF), (4.95)
where [ is the velocity gradient in the spatial description.

The problem considered is a one dimensional bar problem, following similar examples

in [89]. The analytic solutions for displacement and velocity defined in the material descrip-

tion are
u(X,t) = Asin(2nX)sin(cnt), (4.96)
% = Acrsin(2nX)cos(crt), (4.97)

where ¢ = y/FE/p, and A is the maximum displacement. The constitutive model is defined

in Equation 4.93 and the body force is
b(X,t) = 3A(cm)*u(X, t). (4.98)

The initial spatial discretization uses two evenly spaced particles per cell with the spatial
domain being [0, 1]. The periodic nature of the analytic solution means that both periodic
boundary conditions and zero Dirichlet boundary conditions are both appropriate. The

initial conditions for the updated Lagrangian description of the particles are

F=1, (4.99)
zp = X, (4.100)
V, =V (4.101)

For the 1d bar problem the cell width is A = 1072, the material density is pg = 1, Young’s
modulus is £ = 103, maximum displacement is A = 3x 1073, and the time step is dt = 107°.
It should be noted that with the use of the above parameters no particles will cross from

one cell to another.



67

4.7.2 Versions MPM Used in Experiments

Initial experiments were undertaken with standard MPM using linear basis functions
at the nodes and delta functions at the particles to provide a baseline calculation. Two
modifications were then made to standard MPM in order to apply the new corrected
derivatives. First, the mapping of mass and velocity to the nodes was modified to use the
mapping function as defined by (4.19). Similarly, the modified derivative weight function
defined by (4.27) replaces the standard derivative weight function when computing the
internal forces as found in (4.41) of the MPM algorithm. From Fig. 4.2 it can be seen
that the use of the corrected derivatives in computing the internal force calculation greatly
increased the accuracy of the method. By the 2000th time step there is a noticeable difference
in accuracy between those versions of MPM that use the corrected derivatives and the
standard version.

To further increase the accuracy the use of the full SVD and approximate nullspace filters
were used in combination with the corrected derivatives. The nullspace filters are applied
after velocity gradients are computed as done in (4.80). Again from Fig. 4.2 it can be seen
that the use of the nullspace filter in both the SVD form and the approximate forms appear
to improve the accuracy of MPM when used in conjunction with the corrected derivatives.
Here are a few observations from the experimental results. First, the example problem is a
one dimensional bar where the material between the two end points is oscillating between
compression and tension. Because of this oscillating behavior, the numerical solution and
the analytic solution get closer to each other at different points in the cycle, which causes
the up and down pattern in Fig. 4.2. The second observation is the sudden change in the
error of the full SVD nullspace filter after 14000 time steps. In numerical experiments it was
observed that in some cases small instabilities would be introduced that would eventually
led to the solution becoming completely unstable. At this point the reason for this behavior
is not understood and further work still needs to be done to explore the cause of this type
of instability.

In these simulations it is observed that the nullspace filter removes the nullspace noise
that is introduced when velocity gradients are computed at particles. The nullspace noise
produces oscillations that are visible in the computed velocities of the particles. Fig. 4.3

shows the computed velocity of each particle. On the right hand side of the figure are
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velocity plots at three time steps where corrected derivatives MPM was used and on the
left are velocity values where the global null space filter was applied. Fig. 4.4 shows the same
results but using the local filter. From these plots it can be seen that both the nullspace
filter remove the oscillations that can arise due to the nullspace noise.

The dual domain MPM [100] increases the accuracy of MPM by improving the method of
computing weight function gradients. The improved weight function gradients, as described
in [100], are applied to the internal force calculation and the velocity gradient calculation
steps of the MPM algorithm described in this paper. The updated version of MPM using the
improved weight function gradient calculations is then used to solve the example problem
described in this section. Fig. 4.5 shows a comparison of the dual domain method compared
to the corrected derivatives version with the approximated nullspace filter as proposed in
this paper. From the plot it can be seen that the two methods are comparable in accuracy.

Further work needs to be done on the methods proposed in this paper. Currently, the use
of the different nullspace filters have been applied to problems where particle do not cross
cell boundaries. The nullspace filters have not currently shown improvements in accuracy

when cell crossings are involved.

4.8 Summary

MPM, like all variants of PIC methods, suffers from a mismatch in the dimensionality
between grid nodes and particles. As has been shown when particle values are mapped to
grid nodes, particle data are lost. We also demonstrate that when grid values are used to
update particle values spurious noise can be introduced into the particle update due to the
nullspace of the grid to particle mapping.

A global solution to the removal of the nullspace noise is through the use of an SVD
approach, but such an approach can be computationally prohibitive for larger problems.
In this chapter an analysis of the local approach proposed in [124] for approximating the
nullspace noise removal has been presented and has been shown in preliminary experiments
to help reduce numerical noise. Along with the local nullspace filter, the use of corrective
derivatives have been shown in preliminary experiments to improve the accuracy of the
method. As with the work on SPH [115], there is the potential for using the presented

approaches in multidimensional production codes as part of future work.
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CHAPTER 5

TIME INTEGRATION METHODS FOR
MULTISCALE PROBLEMS USING MPM

Difficulties arise in modeling multiphysics problems when the coupled set of physical
processes occurs at time scales that can be many orders of magnitude different. An example
of this is the fully coupled chemical diffusion and mechanical deformation problem described
in Chapter 7. In this example lithium ions diffuse through a silicon anode, which causes the
anode to swell. The swelling induces mechanical waves to travel through the material. A
simple comparison between diffusivity of lithium in amorphous silicon and speed of sound
in the same material will show the differences in time scale.

The diffusivity of lithium within amorphous silicon is estimated to be within the range

of 10718 m?2/s to 10714 m?/s [137, 138, 139]. The equation for the material sound speed

K +4/3G
c= — (5.1)

where K is the bulk modulus, G is the shear modulus, and p is the mass density. For

is [140]

amorphous silicon, reasonable values for initial density, bulk modulus, and shear modulus are
2.33x10% kg/m?, 67 GPa, and 31 G Pa, respectively, which is a sound speed of 6.8 x 103 m /.
A simple comparison between diffusivity and sound speed shows the difference in magnitude
between the two physical processes.

A comparison of the stability constraints for the explicit time integration of diffusion
and mechanical wave propagation problems further demonstrates the point. For a diffusion

problem the time step constraint is [141],

Az
At < — 5.2
<35p (5.2)

where At is the time step size, Az is the grid spacing, and D is the diffusivity. For the wave

equation the time step size is restricted by the CFL condition [141], which is defined as,
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To illustrate, if a second-order finite difference scheme coupled with an explicit Euler time
integration method is used to model the diffusion process, then the limit on time step size,
based on the stability constraint, is

At < 22 (5.3)

C

Note that in MPM a constraint of this form is not sufficient to ensure stability as was
demonstrated in [122].

Using a uniform grid with spacing Az = 1078 m, a diffusivity value of D = 107 m?2/s,
and the sound speed computed above, the stability limited time step sizes for diffusion and

deformation are, respectively,

Az? 2
< ——=25. - .
At< T =5.0x107% (5.4)
A
At < 28 2147 x 10712, (5.5)
&

From this simple example it would take roughly 10'° deformation time steps to reach the
length of one diffusion time step. Based on these numbers, it would be impossible to see
any appreciable change in the diffusion process within a tractable time frame. An implicit
time-integration scheme can be used to ease the stability constraint on the time step size
for the deformation process. Using the implicit approach would reduce the number of time
steps needed to reach the length of one diffusion based time step, but at the possible cost
of a decrease in numerical accuracy. This simple examples demonstrates the care that is

needed when modeling a coupled system of this type.

5.1 Introduction
An understanding of the different time integration approaches used in MPM is necessary
when solving problems as the one described above. In its original implementation, MPM

uses a symplectic Euler time integration scheme [122].

5.1.1 Related Work
Since the introduction of MPM by Sulsky et al. [16], a large body of work has been
produced to address the accuracy, stability, performance, and understanding of the method.
Research focused on the issues associated with time integration schemes is becoming a larger
area of focus for the method. Bardenhagen [109] examined energy conservation issues associ-

ated with the MPM and the choice of time integration schemes. Wallstedt and Guilkey [113]
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investigated the choices of explicit integration schemes and presented a Stormer-Verlet-like
integration scheme for MPM. Berzins [122] performed the stability analysis and derived the
stability bounds for the symplectic Euler-A time integration method, which is commonly
used in MPM. Berzins also derived the time integration errors and examined the energy
conservation properties of the Stormer-Verlet method as applied to MPM [142]. Gast et
al. [143] introduced an optimization integrator that allows for the use of larger time step
sizes in MPM. Berzins [144] looked at the accuracy and energy conservation properties of a
variety of explicit time integration schemes for MPM. Von Neumann stability analysis has
also been applied to PIC methods [124] and MPM [121, 120].

Implicit integration methods have also become an area of focus dynamic problems.
There are a variety of approaches to using implicit MPM for dynamic problems. Cummins
and Brackbill developed an implicit MPM approach for granular flow [145]. Guilkey and
Weiss [146] implemented an implicit approach based on particle value updates using the
trapezoidal rule. Sulsky and Kaul also explored an implicit approach to MPM [147]. Wang

et al. developed an implicit MPM approach for geotechnical problems [148].

5.2 The Ordinary Differential Equations
Based on MPM Discretization

To better examine the implementation of an appropriate time integration scheme for
MPM, as applied to the coupled multiphysics problem, it is appropriate to write the MPM
formulation as a system of ordinary differential equations (ODEs). As is often done in finite

element methods (FEM), the momentum balance equation can be written as
Ma=f+b (5.6)

where M is the mass matrix, a is the vector of nodal accelerations, f is the vector of internal
force values, and b is the vector of nodal body forces. The nodal internal force calculation

in MPM, as described in Section 3.5.2 but repeated here for clarity, is
fi==> oy dipVp. (5.7)
P

The constitutive model for stress is a function of the deformation gradient along with model

specific parameters such as velocity and concentration, e.g.,

op = 0(Fp,vp,cp). (5.8)
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MPM is an updated Lagrangian calculation in that at the beginning of each time step the
background grid is reset and the new material and reference configurations are the same.
Particle quantities are mapped to the grid and nodal velocities are then updated. Using
the updated velocities incremental displacement, u*, of the node can be computed. The
updated the deformation gradient can be treated as a decomposition of a new incremental
deformation gradient, F*, based on the incremental displacement and the deformation

gradient at the beginning of the time step, i.e.,

FHl = FAF™. (5.9)

The new incremental deformation gradient is computed using the incremental displacement
as follows:

F* = (I+ Vu*). (5.10)

Because this is an updated Lagrangian calculation and particles have yet to be moved,
gradients with respect to material and reference coordinates are the same. Using the incre-
mental displacement values at the nodes the displacement gradients are calculated at the

particles as follows:

Vuy =) uf @ Vi, (5.11)
Combining (5.9) and (5.10) the updated deformation gradient at the particle is
n+1 __ * n
Fitl = (I+ Vu))F7. (5.12)

Observe that the updated particle stress is dependent upon the updated deformation gra-
dient as defined by (5.8) and the updated particle deformation gradient is dependent upon
the nodal displacement as defined by (5.11) and (5.12). Based on these two observations
the nodal internal force, as defined by (5.7), can be written as a function of the nodal

displacements plus other model dependent variables, i.e,
fi = fmt(ul, ceey un). (513)
A more common approach in MPM is to update the deformation gradient in terms of

rate of deformation.

F=1F (5.14)
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where 1 is the velocity gradient. The deformation gradient updated using a forward Euler

time integration method as follows:
1
Fyt =F) + AtLF}. (5.15)
The particle velocity gradient is calculated in a manner similar to (5.11),
L= vi® V. (5.16)
i

As was noted previously, the updated particle stress is dependent upon the updated defor-
mation gradient. Observe that in this approach the updated particle deformation gradient
is dependent upon the nodal velocities as defined by (5.15) and (5.16). Based on this
observation the nodal internal force is a function of the nodal velocities, the timestep,

plus other model dependent variables, i.e.,
fi = fm,g(vl,. ..,Vn,At). (517)

T and x = [x1,...,Xp|T be the vectors of nodal

Let u= [ula"'>un]T7 v = [Vlv"'vvn]
displacements, velocities, and positions, respectively. The system of ODEs for MPM is then
written in a similar manner to that which is done in FEM. In the case where the deformation

gradient is updated according nodal displacements, the system is written as

Ma = f(u) + b(x). (5.18)

In the case where deformation gradients are updated according to nodal velocities the system
is defined as
Ma = fj;,:(v) + b(x). (5.19)

The relationship between nodal velocity and nodal acceleration is

v=a (5.20)
and the relationship between nodal displacement and nodal velocity is

a=v. (5.21)
The nodal values for external forces are computed as a function of time and nodal location,
i.e,

bl = b(x;, t). (5.22)
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5.3 Explicit MPM

One of the initial decisions that needs to be made when choosing a integration scheme
is where in the time step algorithm is the stress update performed. Bardenhagen [109]
proposed two approaches, update stress first (USF) or update stress last (USL). In the USF
approach after the initial steps of mapping mass and velocity values to the grid, velocity

gradients are then computed at the particles,
Ve = Vi@ V. (5.23)
i

From here updates to particle deformation gradients, volumes, and stresses are computed.
The USL approach uses the updated nodal velocity values to compute the velocity gradient
at the particles, followed by updating particle deformation gradients, volumes and stresses.
The original MPM uses USL.

A variety of explicit time integration schemes have been proposed for MPM. The original
MPM time uses a Symplectic Euler scheme [149]. Other explicit time integration approaches
that have been adopted to MPM have involved a central difference scheme [113, 150] and
the use of the Stormer-Verlet time integration method [149, 144]. In the central difference
approach developed by Wallsteadt and Guilkey [113], velocities values are shifted by half a
time step prior to the start of the simulation with the algorithmic steps then being similar to
the traditional USL MPM approach. Berzins [144] developed an alternate time integration
for MPM based on the Stormer-Verlet integration scheme. This approach involves additional
mappings from grid to particles in order to account for the changes in particle position the
occur midway through the time stepping algorithm. Table 5.1 shows a comparison between
the traditional USL, Stormer-Verlet, and central difference approaches. Note that in the
table o () denotes the function that computes the Cauchy stress and Ao () is the function to
compute the objective stress rate which, in both cases, are defined by the chosen constitutive
model.

The method for updating particle values from grid values has been investigated. There
are two approaches to updating particle values that fall under either the PIC approach or
the FLIP approach. In the PIC approach updated node values are mapped directly to the

particles,

Vit = " gVt (5.24)

i
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In the FLIP approach [15] the update to the particle value is mapped to the particle and

then the particle value is updated,
Vil = v L ALY gpal. (5.25)
i

The drawback of the PIC method is the excess of numerical diffusion and for the FLIP
method it is the introduction of numerical noise [98]. Zhu and Bridson [84] use a hybrid of

the two methods,
vt = g ("3 +ALY %a?) +1=8) D oV (5.26)
i i

which uses the diffusive nature of the PIC method to control the excess noise of the FLIP

method.

5.4 Implicit MPM
A brief discussion of the method developed by Guilkey and Weiss [146] will be presented
for context in order to better understand the approach to error analysis of the time integra-
tion method. In the implicit method discussed in [146], nodal displacements and velocities

are updated using a trapezoidal integration method as defined by

At

vith =i+ () Ayt (5.27)
At
w = S v, (5.28)

This method of time integration is in the family of Newmark-3 methods [151], i.e.,

At
Vn—&-l = v+ 7(an 4 an—i—l)

2
n+l _ ..n n 1_2/6 2.n 2 .n+l
u =u"+ Atv —i—TAt a" + fAt“a

with 8 = 1/4. With MPM being an updated Lagrangian method, nodal displacements are

reset at the beginning of each time step, i.e., u’ = 0, (5.28) is reduced to the following:

At
't = -5 (Vi + v, (5.29)

Combining (5.29) and (5.27) produces the equation for the updated acceleration,

a"tl = iunﬂ o i (5.30)
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Noting the observations found in (5.13), the implicit MPM nodal form for the momentum

balance equation is written as

mPaltt = f;(u], . umth) F b(xg, t 4+ At). (5.31)

7

Substituting (5.30) into (5.31) produces the following:

4 4
m? (At?u;‘“ — V- an) = f(ul™, .. ulth) + b(xg, t+ At). (5.32)

Written as a system of equations for all nodes, the implicit formulation is

4 4
M <At2“”+1 Ay a") = f(u""") + b(x, ¢ + At). (5.33)
The matrix M" is the lumped mass matrix that is commonly used in MPM formulations.

In order to solve for u"*!, the system of equations defined by (5.33) is rewritten as

Aiﬁg”“ - Aitg" — a") — f(u"™!) — b(x,t + At) = 0. (5.34)

F(u"™) =M" (
In this form, Newton’s method is applied to (5.34) in order to determine the updated nodal

displacements.

5.4.1 Steps for Computing One Timestep
of Implicit MPM Algorithm

The steps for computing a complete time step of the implicit algorithm are given below.
Note that during the computation process for each time step the particles do not move,
as a result the values for ¢;, and V¢;, are computed only once at the beginning of each
time step. The superscript k is used to denote the kth Newton iteration. The superscript n
indicates values computed at time ¢ or the beginning of the time step and superscript n + 1
indicates the time at the end of the time step, i.e., ¢t + At.

1) Reset grid and set nodal displacement to zero.

(3

2) Map particle values to nodes.
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D
i = Z PipTMpVy,
P
= Z opVoipvy
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(5.36)
(5.37)
(5.38)

(5.39)

(5.40)

3) Compute predicted values for the initial displacement and update velocity according

0 (5.29).

k
u;

k
Vi

The variable « is a user defined parameter in the range (0 < o < 1).

4) Compute the Jacobian of (5.34) with respect to the nodal displacements.
Jij(u") =

5) Solver linear system of equations to determine the displacement increment.

J(u*)Au* = —F(u")

=u + aAtv}

2 &

=——u — vy

At

OF
o, “(u")

6) Update the nodal displacements and velocities.

uf”“ = uf + Aui-C

k+1 _
i

7) Update particle values.
k+1

new __
F,*" =

Fk+1

lkJrl

Vi = det(F’;“)V

2
k+1 v

At 7 (2

Z uk+l ® VQSZp

(I + Vu]pfﬂ)

— FTLB'LU F”I'L

Z Vil ® Vi,

p

8) Update particle stress based on constitutive model.

k+1
Gp

— O.(Fl;+1)

(5.41)

(5.42)

(5.43)

(5.44)

(5.45)

(5.46)

(5.47)

(5.48)
(5.49)

(5.50)

(5.51)

(5.52)
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9) Check for convergence. If the convergence criteria is not met return to step 4.

10) Save nodal and particle state.

wtt = uft! (5.53)
Vit = i (5.54)
Fptl =Fpt! (5.55)

11) Compute updated the nodal acceleration according to (5.30).

4 4
atl = u'tt - vt —al (5.56)

P AR At g

12) Update particle velocity, position, and stress.

At

Vil = vy 5 > i@t +ap) (5.57)
X0 = P 4 5 > (vt v (5.58)
oyt =g (Fph). (5.59)

5.5 Formulating the Jacobian

As has been noted earlier, there are different approaches to implementing implicit
MPM. Along with differences in approach, there are also different means of determining the
Jacobian. In the case of [145] and [147] the Jacobian was formed using an approximation to
the Jacobian. Because MPM uses both a grid and particles in its calculations the method for
computing the Jacobian of (5.34) with respect to the nodal displacement is not necessarily
straightforward. Numerical approaches to approximating the Jacobian using finite difference
are a common approach that is used in common ODE libraries such as SUNDIALS [152].
In this section a brief discussion on both analytic and numerical approaches to formulating

the Jacobian will be given.

5.5.1 Analytically Determined Jacobian
In [146] the Jacobian was determined analytically. To better help understand to process
for determining the Jacobian analytically, a simple one dimensional (1D) example will be

given. In this example the constitutive model will be defined by the following equation:
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c=P=EF-I). (5.60)

In the 1D case, the ith row of (5.34) is written as

4m; 4my
Fl(gk) = Ait;ul — Ttlvi —m;a; — fz(gk) — m;g = O, (561)

where u” is the vector of nodal displacement values

ub = [u,ug, U1, ) (5.62)

and g is the acceleration due to gravity. The internal force is evaluated as
- ZUp(Fp(Ek))V}?(Fp(Ek))v@p- (5.63)
P

Taking the partial derivative of (5.61) with respect to the jth element of u* leads to the
following value for the ijth element of the Jacobian:

where ¢;; is the Kronecker delta function. The partial derivative of (5.63) with respect to

the jth element of u” is defined by

——Z[a”pv pgl‘?/ o g (5.65)

ou;

The relationship between the current particle volume and the initial particle value is defined
by (5.51). Taking the partial derivative of (5.51) with respect to the particle deformation

gradient leads to the following:
OV, _ Oldet(Fy) o

= . 5.66
oF, OoF, P ( )
In the 1D case the above partial derivative reduces to
oV, 0
OF =V, (5.67)
and for the multi-dimension case the partial derivative is
oV, _
aTﬂj, = det(F,,)F, V). (5.68)

Taking the partial derivatives of the particle stress based on the constitutive model defined

by (5.60) leads to the following:
oo,

e _p. .
FF. (5.69)
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Using the above relationships, (5.65) is reduced to

of;
8uj

OFk
= [E det(F") + a,,} VO—LVg,, (5.70)
p

6uj
The deformation gradient for the kth Newton iteration is defined by

k _ K\
Fk = (I+ Vub)F?, (5.71)

= <I +Y uf® quzp) F). (5.72)
l

In the 1D case the partial derivative of (5.72) with respect to the jth element of u is
OFk
p _ n
Substituting (5.73) into (5.70) leads to the final form of (5.63), given as
of;
8Uj

= =" [Bdet(F}) + 0| VOV, Vo, F. (5.74)
p

Applying (5.74) to (5.61) leads to the final form of the Jacobian as defined by
Bu = Apdi T2 (B det(F}) + 0| VOV, V5, Fy. (5.75)
p
5.5.2 Approximating the Jacobian
As can be seen from the example above, for each constitutive model there is a new
analytic solution to determining the Jacobian. The analytic approach to determining the
Jacobian for each constitutive model can be a difficult and error prone task. An alternate
approach to this method is to compute an approximation to the Jacobian using finite
differences. This is a common approach to Jacobian formation and a complete discussion
on the topic can be found in [153] and [154].
The approximation of each entry of the Jacobian is defined by
Fi(u* +¢je;) — Fi(u”
Jij(u*) = o) - Bl (5.76)

€

where F' is the function 5.34, €; is perturbation parameter, and e; is the column vector
defined by
e; =[0,0,...,1,...,0,0]" (5.77)

with the 1 being located at the jth location. There exist multiple approaches to to deter-

mining the size of €;. A survey of the different approaches to determining the size of €; can
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be found in [154]. For the purposes of this paper, €; is computed using the method defined
by [155], which is used in the SUNDIALS package [152].

The evaluation of (5.34) given a set of nodal displacements u* is a relatively strait
forward calculation with the exception of the internal force calculation defined by f(u”).
Because of the hybrid nature of MPM, the internal force calculation involves moving
information from grid to particle and then back. The steps to do this are as follows:

1) update grid velocities according to (5.46);

2) update deformation and velocity gradients at the particles using (5.47), (5.48), (5.49),

and (5.50);

3) use updated deformation and velocity gradients to compute the particle stresses as

defined by the given constitutive model;

4) compute the internal forces at the nodes using (5.7).

5.6 Local Error Analysis for
Time Integration Methods

To understand the error analysis frame work used to examine the time integration
schemes used in MPM, a brief discussion of error analysis as applied to ordinary differential

equations will be presented. Given the following initial value problem,

v = f(ty@), t>t (5.78)

y(t°) = 1. (5.79)

The numerical approximation to the function y(¢) using an multi-stage explicit method is
defined by

Y=y At y", At), (5.80)

where y" = y(t") for time steps t" > t° and y° = n at time step t" = t°. The true or global

error of the numerical approximation at a given time t" is defined by [156, 157],
ge" =y" —y(t"). (5.81)

Based on Equation 5.78 the local solution at ¢" is g(t) where

g = f(t,g(t), (5.82)

g(t") = y". (5.83)
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The local error at t" is the accumulated error over one time step based on the local
solution [156, 157],
le™ = y" T — g(t" + At). (5.84)

The relationship between the local error and the global error, based on Equation 5.84 and

Equation 5.81, is defined as
g™ = [g(t + At) — y(t + At)] + le™. (5.85)

There exist multiple approaches to approximate global errors, but generally in numerical in-
tegrators it is the local error that is controlled. In numerical codes, such as SUNDIALS [152],

a local error is computed and then compared to a given tolerance, i.e.,

|le™]| < tol. (5.86)

If the local error exceeds the tolerance, the time step size is reduced in order bring the local

error below the tolerance level.

5.7 Local Error Analysis of Implicit MPM

A variety of local error estimators for Newmark methods have been proposed [158, 159,

160]. These methods seek to find a local error estimator for dynamics problems of the form,
Mu(t) + C(t)u(t) + K(t)u(t) = b(t), (5.87)

where M is the mass matrix, C(t) is the dampening matrix, and K(¢) is the stiffness matrix.
A detailed survey of some of the error estimators for dynamics problems of this type can
be found in [161]. While the published work on local error estimators can provide fruitful
insights, care needs to be taken when examining time integration methods as applied to
MPM. The method by which MPM moves information from particles to grid and then
back provides unique challenges when examining local time integration errors. Local error
estimation as applied to MPM is relatively new. Berzins [144] used local error estimates in

his examination of the Stormer-Verlet time integration scheme as applied to MPM.

5.7.1 Local Error of Nodal Displacement and Velocity
Let u;(t"), vi(t"), and a;(t") be the local solutions for displacement, velocity, and

acceleration at node 7, respectively, where
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u; =w(t"), vi=vwv;(t"), and aj =a;(t"). (5.88)

(2 K3

The local errors for the nodal displacements and velocities at t" 4+ At are, respectively,
leu/™ =ul™ —w;(t" + At)  and  levIth = v v (17 + At). (5.89)

The time integration of the nodal displacement is

At
u;.”l =u] + 7(v? + V?H), (5.90)
and for the velocity update,
At
vitl =y 4 ?(a? +alth. (5.91)

The Taylor series expansions of nodal displacement and velocity for ¢ + At about ¢ are

u; (t + At) = lli(t) + Atvi(t) + A2t28i(t) + Agg)a(gu), (592)
Vit + At) = vi(t) + Ata(t) + A;Qai(t) + Ajai(gv). (5.93)

Using (5.89), (5.90), and (5.92) and noting the relationship defined in (5.88), the local error

for displacement can be rewritten as

A At? At3
lertt = Shymt _ymy _ 20 B0 e, (5.94)
! 2 ! 2 6
Substituting (5.91) in to (5.94) results in the following:
At? A
teg ! = S5 —al) - e, (5.95)

The final term in the above equation can be approximated as

aT.H_l —a?

a;(&u) & Zth (5.96)

Using the approximation above the local error term for the nodal displacements can then

be written entirely in terms of the nodal accelerations,

2
i1 At

: E(anﬂ —al). (5.97)

le_u .

Using (5.89), (5.91), and (5.93) and following a similar approach as above the local error
for the velocity update is

At? [(altt —ar) . A3
nl — 5 A —ai| = ——ai(%). (5.98)

le_v
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The final term of the above equation can be approximated using

altt —2a? +al!

Bi(g) ~ Tk (5.99)

By using the approximations for a; and a; the local error for the nodal velocity can be

reduced to

(5.100)

3 +1 -1
Jo v+ A At (a’.1 —2a} +a ) .

3
i 76 At2

At this point we have local errors for both the nodal displacement and velocity.

5.8 Local Error Analysis of Particle
Displacements and Velocities

Let u,(t) and vp(t) be the local solutions for displacement and velocity, respectively,
where

u, =uy(t) and v, =uy(t). (5.101)

The local errors for displacement and velocity at t + At are, respectively,

le,u;”rl = ugﬂ —u,(t+ At) and le,v;;’+1 = v;”rl —u,(t + At). (5.102)
The particle update for displacement is
n+1 n At n n n+1
wp =g+ > o (v Vi, (5.103)
i
and for velocity,
At
Vit =y g 5 > o (ar +arth. (5.104)
i

Noting the relationships defined in (5.101), the Taylor series expansions of nodal displace-

ment and velocity for ¢t + At about ¢ are

At? At3

u,(t + At) = uy + Atvy + Ta;‘ + Ta(fu), (5.105)
At? At3

vp(t o+ At) = v + Atag + = —ap + = (&). (5.106)

Combining (5.102), (5.103) and (5.105) the local error for displacement can be written as

At? At3

n At n n n n n .
le,up—H = 7 <Z ¢Zp<vz +V1 +1)> — Atvp — Tap — 7ap(§u) (5107)

Noting the following relationships:
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Zqﬁw vl (5.108)
a’ _Z% al, (5.109)
al = Z Al (5.110)
Al = Z A, (5.111)
then (5.107) can be written as
le ! — (Z¢ Vit V") _ n) At32¢ ai(). (5.112)

Substituting an approximation of &; into (5.112) results in the following approximation of

the local error for the updated particle displacement:

n+1 n n+1 n
eyt <Z¢ ‘ V) ) At32¢ i a). (5.113)

Determining the local error for the particle velocity update follows a similar approach
to that of the particle displacement. Combining (5.102), (5.104), and (5.106) leads to the

following equation for the local error,

v At a7 At? At
+ Z¢ Pt al) - Atal - Ay - (). (5.114)

Updating the above equation using (5.109), (5.110), and (5.111) leads to the following:

n+1 3
vl = <Z¢ (@™ —af) _an> At Zgb Ay (Eu). (5.115)

Substituting an approximation of 4; and & into (5.115) results in the following approximation

of the local error for the updated particle velocity:

At P —2al +a !
levit! ~ Z i ~ tal), (5.116)

5.9 Local Error Analysis of Deformation Gradient
Let F,(t) be the local solution where
Fr =F,(t), L'F}=F,@). (5.117)
The local error for the deformation gradient at t + At is

le Fptt = Fptl — Fp(t + At). (5.118)
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The deformation update is computed in the following manner:

+1 _ x
Fitl = FIFD, (5.119)

where FJ is defined in terms of the incremental displacement gradient,

Fr=1+) u"'oVep, (5.120)
7
Noting that
At
it = 5 — (v vy, (5.121)

as defined by (5.29) in the algorithm, (5.120) can updated to,

* At n n n n
F,=T+— (Z vitl @ Vel + Zv - ®v¢ip> . (5.122)

Then noting that the approximate velocity gradient may be written as

Zv ® Vi,

ln"rl Z vn+1 ® v¢
so that (5.122) can be rewritten as

At ey s
Fy=T+ (" + 1), (5.123)

Substituting the above into (5.119) the deformation gradient is then defined as
Frit— g St | jnypn 5.124
r p+7(p +p) P (5.124)

The Taylor series expansion of the deformation gradient local error is defined as follows:

. .. At?
Fp(t+ At) = Fy(t) + Fp(t) AL + Fp(Ep)— -

n _ n nA n Atz
= F} + LF AL+ 1, (¢0) =
Combining (5.118) and (5.124) with the above Taylor series expansion gives the local error

for the deformation gradient update,

At At?
leFyt! = = (1"“ 1”) Fy — ¥,(60) 5 (5.125)

By the product rule,
=DLF) + 1F), (5.126)
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and thus the local error can be written as

A2 in—l—l _ in ) A2 .
n+1l __ P 14 n n n
le,Fp == 9 ( At - lp Fp — TIPFP. (5127)
Noting that
L (O
——— = =1"+ O(At 5.128
ot =+ o(a), (5.128)
then (5.127) reduces to,
n At2 nEpn
le By = == ~TJF] + O(At?). (5.129)

5.10 Summary

The time scales at which diffusion and deformation occurs can be very different. In the
opening section of this chapter, a case was presented that demonstrated the large difference
in time step size, based on stability constraints, when solving the diffusion and deformation
equations using an explicit time integration approach. In order to resolve the stability issues,
either an implicit or semi-implicit approach needs to be used.

The use of an implicit method for solving the deformation portion of the coupled
deformation and diffusion equations will allow for time steps sizes that are on the same
order as those used for the diffusion equation. The drawback to using larger time steps is
that the error associated with the time stepping scheme will also increase. If care is not
taken in the selection of the time step size, then the resultant error may produce results
that are no longer valid for the modeled problem. It is for this reason that an analysis of
time integration approach needs to be done in order to understand the implications of using
a larger time step size.

In this chapter a local error analysis was done on the implicit MPM scheme introduced
by Guilkey and Weiss [146]. For each of the nodal and particle values, a local error approx-
imation has been derived. The approximations found in Equations (5.97), (5.100), (5.113),
(5.116), and (5.129) can be used to compute an error estimate that can be used to determine
if the time step size is within the allowed tolerances needed for the model. This approach
thus provides an alternative to the stability-only approach frequently adopted in MPM time
integration [39, 162, 163].



Table 5.1. Explicit time integration scheme comparison.

91

Traditional Stormer-Verlet Centered-Difference
mi =), pm mi =), pm m; :E Py

Py =2, Ve Py =2, Ve =2, PV

v = Ay v = Lol %%meiw

fr=—,Vor

1 en

n _
a’ = !
) m;

V;LJFI = v} + Ata?
ln+1 Z Vn+1 ® v¢
V;H-l — Z qb;?u :LJrl
X;H_l =x, + Atvﬁ‘*‘1
Nk 11
F,=L"F;

+1 _ ok
Fg = FZ + AtFp
o,= Ao (1)

n+l _ —n ok
o, =0, —i—AtO'p

R A
a = L gy
v?+2 =vir4 2ta
1;} - Z Vit vw

Z¢zp 7

1

Xn+1 — Xn + Ath +3

P
lg-‘rl — Zp 2 ® V¢n+1
£ = LFy 4 1R

+1 ok
Fril = F1 4 AfF;

p

n+l _ —n ok
o —Up+At0p

p

n+1 n+1
f; =2, Vi,
n+l _ 1 en+l1l
a; " = oo

ay = 5(3; ohparl + 3, 03 )

n+l _ n *
v, =v, + Ataj;

&5 = L(Aa(l") + A (1))

n+1 n+1
oV

Op = U(FZ)
n __ n 0
Vit = det(F))V,

fr=—Y,Vor

n_ 1e¢en
=k
1
n-+ n—z
v, *=v, *+ Ata}

Zv
quzpz

n+l _ n
x, " =%, + Atvp

2®V¢

1
e _ 13 pn
S S

+1 __ nh
Fril = F1 4 AfF;




CHAPTER 6

DIFFUSION MODELING IN MPM

The coupled processes of deformation and diffusion can be found in a variety of forms
such as thermal-induced stress, concentration-induced stress, and material phase change.
Numerical methods such as FEM, SPH, and discontinuous-Galerkin have all been used
successfully to solve these types of coupled problems. In some cases the introduction of a
new chemical species in a host material or the transfer of heat that induce a phase change
in the material can lead to large deformations of the host material. Examples of this type
of physical behavior can be seen in melting plastic or a dry sponge dropped in a bucket of
water.

MPM is well suited for modeling large deformations and has already been applied to
diffusion problems [90, 164, 165, 166, 167, 168, 169]. The heat equation in the spatial

configuration is modeled by [170],
DT
.q = 1
pC T, +V.q=0, (6.1)

where C' is the heat capacity and q is the heat flux. Chemical diffusion in the spatial
configuration is modeled by [41]
Dc

e i 2
o TV =0 (6.2)

where ¢ is chemical species concentration and j is the flux.

There are a couple of different approach to modeling diffusion with MPM. One common
approach [166, 171, 164] follows a similar pattern by which MPM is used to solve the
momentum balance equation. Using the heat equation as the case example, the first step is

to compute the nodal temperature based on particle values in the following manner:
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Cr =Y mpCroip, (6.3)
p
=Y myCpT bip, (6.4)
p
o
TN — 6.5
(] CZ* ) ( )

where m,, Cp, T}, and T; are the particle mass, particle heat capacity, particle temperature,

and grid temperature, respectively. The next step is to compute the nodal heat load,
Q=) Vy(ay - Vi), (6.6)
P

where qj, is the particle heat flux and ¢;; is the nodal basis function. The nodal temperature

rate is then computed,

_oQr
"= =L, 6.7
Nodal temperature values are updated,
T =T + AT, (6.8)

and boundary conditions are applied. Particle values are then updated based on the updated
nodal temperatures,

T =T+ ALY T7 (6.9)
i
Using the updated nodal temperature the particle heat flux can then be computed,
Q@ =k, Y VeIt (6.10)
i

were kj, is the thermal conductivity tensor. For a complete discussion on this approach to
modeling diffusion, the reader is referred to [167, 171, 40].

An alternate approach is to use a mesh base method such as FVM or FEM to solve
the heat equation using the values stored at the MPM particles. An example of this type
of approach has been proposed by Stomakhin et al. [90]. In their approach they use a
cell-centered finite volume method (FVM) to solve the heat equation. First temperature is

mapped to cell-centers,
Cr =Y mpCpoep, (6.11)
P

1
" = o > mpCpTpbep, (6.12)
¢ p
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where the subscript ¢ represents the cell-center index, followed by mapping thermal con-

ductivity to face-centers,

Me =Y Mpep, (6.13)
p
n 1 n
ke =— > mpksdey, (6.14)
€

where subscript f is the face-center index.

Once values have been mapped to the grid an implicit FVM solver is used to compute
the updated temperature values on the grid. Particle values can then be updated using the
old and new cell-center values,

T =T+ (TP = T2 ep. (6.15)

(&
An alternate approach used by [90] is to use a weighted combination of the updated cell-
center temperature and the change in the cell-center temperature, this is similar in approach
to the PIC/FLIP method for updating particle velocities [84] as described in Chapter 5.3,

=3 <Tg +) (Tt - TC”)SCP) +(1-p)) T (6.16)

Cc

6.1 MPM in the Reference Configuration

The traditional approach to MPM is to solve the model equations in the spatial config-
uration. Alternates to this approach, such as moving-mesh MPM [172] and total lagrangian
MPM (TLMPM) [173], solve the equations in the reference configuration and then up-
date the particles positions in the spatial configuration. For purposes of simplification the
term reference configuration MPM (REFMPM) will be used when discussing MPM in the
reference configuration, generally, and moving-mesh MPM or TLMPM when discussing
specifics of their respective approaches. The process of solving the model problems in the
reference configuration has been used with particle methods [174, 175] and FEM [176, 177]
for decades. As noted by [173], there are advantages to solving the model equation in the
reference configuration. First, because the particles positions in the reference configurations
don’t change the weights, ¢;;,, and gradients, V¢;,, of the basis functions remain the same
for each timestep and therefore only need to be computed once. Second, given that mass

is conserved, the nodal mass needs only to be compute once. Computing nodal masses
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once becomes especially advantageous when using the full versus lumped mass matrix [16].
Third, because particles don’t move, numerical fracture is avoided. In traditional approaches
to MPM, numerical fracture occurs when the number of particles in a cell or cells is not
capable of modeling large strains correctly [178]. Methods used to avoid this nonphysical
behavior are the use particle splitting [178] or deforming the particle domain [86, 88].

The conservation of linear momentum equation in the reference configuration is defined

as [5§]
ov
Po It

where V( represents the gradient with respect to the reference coordinates and P is the first

=V, P (6.17)

Piola-Kirchhoff stress tensor. The relationship between density in the reference and spatial
configuration is defined by [58]

po = Jp, (6.18)
where J = det(F) and the relationship between the first Piola-Kirchhoff and Cauchy stress

tensors is defined as [58],

P=JoF T (6.19)

6.1.1 The Algorithm
The methods used by Steffen et al. [172] and De Vaucorbeil et al. [173], while similar,
do have slight variations. A description of the general of REFMPM, along with discussion
on differences between moving-mesh MPM and TLMPM, are presented below. REFMPM
follows similar steps to those of MPM. For an explicit stress last approach the first step is

to map particle values to the grid.

m; = Z (bipmp, (6.20)
p
1
Vi =— Z GipMpVp, (6.21)
m; <
£ = =3 " PVogipVy, (6.22)
p
£757 = " myby, (6.23)
p
1
a? _ 7(fiznt,n + fi(aact,n>. (624)
m;

In this set of equations the mapping function, ¢;,, is in terms of the reference position of

the particle, i.e., ¢ip = ¢i(X,).
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At this point in the algorithm there are variety of time integration approaches that can
be used as demonstrated by Berzins [144]. moving-mesh MPM uses a symplectic Euler time

integration, where nodal velocity and displacements are updated as follows:
n+l _ . n n
Vi =vi +Ataj, (6.25)

uftt = ul + At (6.26)
Particle velocity and displacements are then updated,
V;H_l =v, + At Z Gipa (6.27)
uZH =u, + At Zl: Gipvi L. (6.28)
i

TLMPM also uses symplectic Euler scheme, but with a few modifications. First the nodal
velocity is updated,

v = v +aAt, (6.29)
but the updated nodal velocity, v, is a temporary nodal value. Temporary, particle values
for velocity and acceleration are computed based on the nodal values and the particle

position is updated,

vi=Y vy, (6.30)
7
as=> opaf, (6.31)
7
XSH =x, + Atv,. (6.32)

Particle velocities are then updated using the hybrid PIC/FLIP update [84, 98],

vith = (1= B)vy + B(vy + Ataj). (6.33)

The nodal velocity is then updated by mapping the updated particle velocity back to the

node,

1
1
Vit = o Ep mpvy T (6.34)

The process for updating particle deformation gradients varies between moving-mesh

MPM and TLMPM in execution, but as will be shown later, are equivalent. The moving-
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mesh MPM approach utilizes the nodal displacement to compute the deformation gradient
directly,
FIl =1+ ul' @ Vogip. (6.35)
i

TLMPM updates the particle deformation gradient using the reference velocity gradient,

F, = vith @ Voo, (6.36)
7

Fptl = Fp + AtF),. (6.37)

A close examination of the two approaches will show that they are equivalent. Substituting

(6.26) into (6.35) leads to
Frtl =T+ uf @ Vogip + At vt @ Vogy,. (6.38)
i i

Noting the relationships in (6.35) and (6.36) then the above equation is the same as (6.37).
Using the updated particle deformation gradient particle volumes and stresses are then

computed,

n+1 __ 0
vt = gvo, (6.39)

Pt =P(F;, (6.40)
where P(-) is dependent upon the chosen constitutive model.

6.1.2 Stability Analysis

Von Neumann stability analysis has been applied to PIC methods [124] and to MPM [120,
121]. Using Von Neumann analyis for developing stability criteria for MPM is not always
fruitful. Because particles move from cell to cell and the distribution of particles does not
remain evenly distributed, as compared to finite difference methods, it becomes difficult to
correctly formulate the equations analyis. In the analysis provided by Ni and Zhang [121],
they show that in the case of cell crossing, terms within the formulation become complex,
which violates the requirements of the analysis. Bai and Schroeder [120] provide an analysis
for MPM in multiple dimension, but their work requires uniformity of particle mass and
volume, even distribution of particles, and that particle displacements remain near zero.

Stability analysis for REFMPM has an advantage over variants of traditional MPM in

that the evaluation of the basis functions is done in relation to the reference configuration
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of the particle and as such the values do not change from time step to time step. Because
the particles don’t move the complexity of the analysis is reduced and does not require the
assumption that particle displacements be near zero [120]. The analysis provide here follows
a similar approach to that done in [124, 121]. For this analysis the following assumptions
are made:
1. All particles are evenly spaced over the entire domain.
2. The background grid is uniform and Cartesian, in that the spacing between nodes in
each cardinal direction is the same and Az = Ay = Az.
3. The distribution of particles is such that there is symmetry of particle about a grid
node.
4. No body forces are applied.
5. The domain of the problem is infinite or has periodic boundary conditions.
From assumption 1 all particle have the same mass and volume, and as a result the nodal

mass for each time step is

mi=my Y dip. (6.41)
p

One observation about the computing of the nodal mass, is that for a 1D grid using linear
basis functions, with evenly spaced particles that are symmetric about node ¢, the above

equation reduces to

m; = Nimp, (6'42)

where N; is the number of particle in a cell. For this analysis linear basis functions on a one

dimensional grid, with two particles per cell, and a linear elastic constitutive model,
P=EF-1), (6.43)

will be used.
As was noted earlier, the approaches for computing the deformation gradient are equiva-
lent for moving-mesh MPM and TLMPM. For the purposes of this analysis the moving-mesh

MPM approach will be used. The nodal displacement defined as
utt =X X (6.44)

The particle deformation gradient for time step n + 1 is then computed as follows:
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Voup ! = Z Vopipu) ™, (6.45)
Frtl = vou;“ +1 (6.46)

Note that for linear basis function on a one dimensional grid the gradient of the basis
function is Vo¢s, = £1/Az, thus in the one dimensional case the particle displacement

gradient, for a particle between nodes ¢ and i + 1, is then defined as

un+1 _ un+1
Voult! = —#L 7 6.47
oup Az ( )
The particle stress can then be computed using (6.43), (6.46), and (6.47),
n—i—ll un+1
prtt = plitt — W 6.48
p Ax ( )

The force calculation defined by (6.22) can now be rewritten as

i+1
Zvoqssz”V ZVO%P VP, (6.49)
i+1 n u?
. z - z 11,0 i+ i
_—ZE Az +ZE =V (6.50)
z — z 1 O z—i—l i 0
—2u? +ul

o 0 z+1
= 2BV}

A , (6.52)

where the summation notation, Z;, indicates summing over the particles between nodes

i — 1 and 7. Noting the observation in (6.42) the nodal acceleration as defined by (6.24)

al = —f7, (6.53)
(A
2EV0 ( 7,+1 ZU? + u?*l) (6 54)
m; Ax? ’ '
.
= A—xz(uiﬂ 2ul +ul ), (6.55)

where ¢ = 4 [E
PO

The updates for the nodal velocity and the displacement updates for n and n + 1 are
defined as

Vit = I+ Ata?, (6.56)

u/tt = u? + ArvI (6.57)

u? = ul"t 4+ At (6.58)

(3
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Using the above equations, the velocity update can be rewritten as
n+1 n n—1 __ 2.n
u'" —2ul +u = At%al. (6.59)
Combining the above equation with (6.55) leads to
u/ ™ —2ul +ul ! = K2 (uly - 2ul +ul ). (6.60)

_ cAt
where k = Ay

At this point, (6.60) is in the form of the standard finite difference stencil for the wave

equation which has the stability constraint & <1 [179].

6.2 Diffusion in the Reference Configuration

The heat equation in the reference configuration is defined as,
oT
poc s + Vo Q =0, (6.61)

where Q is the Piola-Kirchhoff or nominal heat flux [58].

6.2.1 Constitutive Relationship

The nominal heat flux is defined as [58],
Q= —koVoT (6.62)

where kg is the conductivity tensor in the reference configuration. Heat flux in spatial

configuration, also known as the Cauchy heat flux [58], is defined as,
q=—-kVT (6.63)

where k is the conductivity tensor in the spatial configuration. The total flux of heat entering

the body, 2, is the same in either configuration,

Q- -NdA = / q - nda. (6.64)

Qo o0N

Using Nanson’s formula (6.64) can be re-written as
/ Q NdA = q- JFNdA, (6.65)
aﬂo 890

= / JF1q - NdA, (6.66)
Qo
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which then leads to the following relationship between the heat flux in the two configura-
tions:

Q=JF'q (6.67)

The relationship between a gradient of a scalar field in the reference configuration, ®(X,t),

and spatial configuration, ®(x,t), is defined as [58]
Vo® =FIVo. (6.68)

By combining (6.62), (6.63), and (6.67) along with noting the relationship defined by (6.68)

leads to the following:

koVoT = JF'kVT, (6.69)

= JFkFTV,T. (6.70)

From the above equation we get the mapping between the conductivity in the reference and
spatial configurations,

ko = JF'kF T, (6.71)

In the case that the conductivity is isotropic, then (6.71) can be simplified to
ko = JECL, (6.72)

where C is the right Cauchy-Green tensor, FTF [58]. For a more complete discussion on
the relationship between the heat flux in the reference and spatial configuration, the reader

is referred to Holzapfel [58].

6.3 Modeling Diffusion with REFMPM
Two approaches were discussed for modeling diffusion using MPM. The hybrid ap-
proach [90] using FVM coupled with REFMPM could be advantageous in the reference

configuration, but the focus here will be on developing an approach similar to [164, 167].

6.3.1 REFMPM Diffusion
The process of modeling diffusion with REFMPM follows steps similar to those described
in the intro to this chapter. The first step is to map mass and temperature to nodal values

as is done in (6.3), (6.4), and (6.5). The difference is that the nodal basis function are
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evaluated with respect to the particles reference position and not spatial. The nodal heat

load is then computed,

=" VAQp - Vooip) (6.73)
p

where V;jo is the particle volume in the reference configuration and Qp is the particle
nominal heat flux. The process for computing the nodal temperature rate, updating nodal
temperatures, applying boundary conditions, and updating particle temperatures is the
same as (6.7), (6.8), and (6.9). The particle heat flux can then be computed using the

updated nodal temperature and the updated particle deformation gradients,
VoIt = Z Voo, T, (6.74)

ntl = JF 'k, F, VT (6.75)

6.3.2 Stability Analysis of REFMPM Diffusion
For this analysis the same assumptions apply that were used in section 6.1.2, in terms
of particle placement, number of particles per cell, nodal spacing, and boundary conditions.
Also, the problem will be one dimensional and linear basis functions will be used. Note that
in the one dimensional case, the deformation gradient, F, and the Jacobian, J = det(F),

are equivalent,

F = J = det(F), (6.76)

and thus the thermal conductivity term defined by (6.72) can be reduced,

ko = Jk(FTF)™!, (6.77)
Jk
ko = % (6.79)

The nodal temperature update for REFMPM diffusion is defined as

T =T + AT?, (6.80)

where TZ” is defined as

0
e B o0

Using linear basis functions the heat flux is deﬁned as

k T, z+1 _ T;n

6.82
J, Az (6:82)

Q=
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Note that .J, is the same for all particles in the nodal interval 7 to 41, because the gradient
of the basis function is a constant. Using the same logic that was applied for in (6.49), (6.50),

(6.51), and (6.52) the nodal temperature rate can be rewritten as

. 1 [ 4 +1
I = g |22 Vo0 @Vy = 3 Voou @Yy (6.83)
L P p
L N AT T e NS RT T (6.84)
o 2m,Cy > Jp  Az? p 5 Jp  Az? P ’
_ kVpO iTzn B Tzn—l _ 1 TzT—LH B Tzn (6 85)
mpCp | Jpi  Ax? Jpiv1  Aax? 7 .
K 1 1
- — (T —-Tr )y —— (T, —T" 6.86
AxQ [Jpz( 7 z—l) in-i-l( i+1 7 ):| ) ( )

where K = k/(p)C,) and Jy; represents the Jacobian for the interval . Substituting in the

newly derived nodal temperature rate into (6.80) leads to,
T4 =T — BTy — (i + i) T + i T} ) (6.87)

where a; = 1/Jpi, aiy1 = 1/Jpit1, and B = KAt/Ax?.

Using Von Neumann analysis, let
T = Gneifine (6.88)

where G is the amplification factor and in this particular case ¢ is the imaginary number

and j represents the node index. Substituting (6.88) into (6.87) leads to
Gn—i—leiﬂjA:c — GneiﬂjAm _ B(aiGneiﬁj—le _ (ai + aiJrl)GneiﬁjAm + ai+1Gneiﬁj+1Az).
(6.89)
The above equation can be further reduced to

G=1- B(Oéie_wAaC — (Oéi + Oé¢+1) + aiﬂew&”). (6.90)

As compared to the analysis done for the REFMPM solution of the linear momentum
equation, the REFMPM diffusion solution does not resolve to a nice finite difference stencil.

From this analysis it can be see that stability is dependent upon both K At/Az? and values
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of the particle Jacobians on either side of node i. For the sake of discussion let us assume

that a; &~ ajt1. If this is the case, then (6.90) is written as
G =1 —2Ba(cos(fAz) — 1), (6.91)

which is similar to that of a standard finite difference solution for the diffusion equation
with the added a term. From (6.91) it can be seen that stability is contingent upon the

particle deformation gradients.

6.4 Nullspace Issues Associated
with MPM Diffusion

Modeling diffusion using the methods described at the beginning of this chapter and in
Section 6.3.1 can introduce numerical oscillations in temperature field defined by values at
the particles. These oscillations are most prominent at interface and boundaries. Nairn [180]
has pointed out these oscillations are a result of the null-space noise that is introduced as
particle values are updated from nodal values.

Fig. 6.1 is an example of this type of nullspace induced numerical noise. In this figure
there are three images. The one on the left is the analytic solution evaluated at the
particles. The middle and right images are the temperature values at the particles and nodes,
respectively, as computed using REFMPM diffusion. An observation of the middle image
will show that there is a layer of particles around the boundary that is at a lower temperature
than those the next layer in from the boundary. This oscillation in the temperature field
near the boundaries is not represented in the nodal solution, as shown by the image on the
right. These oscillations are an example of the numerical noise that is introduced at the
particle as a result of the mismatch in dimensionality between particles and nodes. A full
description of the numerical experiment that resulted in these images is discussed in the
experimental results section below.

One method for overcoming the nullspace issue is to use the PIC/FLIP approach that

was presented in the introduction to this chapter and is posted here for convenience,

T =3 <T; +) (T - TC”)SCP> +(1-p)) T (6.92)

When modeling mechanics problems it is well known that the PIC approach for updating

particle velocities,
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is much more stable than the FLIP approach,
Vit = v ALY Cartt (6.94)

but at the cost of excess numerical diffusion [99]. A hybrid of the two combines the positives
of both approaches while mitigating some of the negatives. The same principle applies to the
particle temperature update [40]. By using the PIC/FLIP approach the nullspace noise is
not apparent, but even for values of 8 = 0.995 there is some excess numerical diffusion that
which reduces the accuracy of the temperature update, as will be seen in the experiment

results section below.

6.5 Experimental Results
6.5.1 One Dimensional Heat Transfer Problem

A one dimensional heat transfer problem is presented to validate the REFMPM diffusion
approach. In this example a standard heat transfer problem is used with density, specific
heat capacity, and conductivity of unit value, i.e., ppC =1/ (m °C) and k = 1 J/(m3 °C).
The length of the domain is, [ = 1m, and is subdivided into 20 cells of equal width. GIMP
basis functions are used with two particles per cell. The initial temperature is Ty = 0 °C
with the left boundary condition being, T; = 1 °C, and the right, 7, = 0 °C. The time step
size was le-5 s. The analytic solution for this problem is [181],

o+ 22 (To =) = (To =T a2y sin@h) (6.95)

7T

T()Tl+

where K = k/(poC) and A = jr/l.

This numerical study looks at the accuracy of the REFMPM diffusion along with the
accuracy of using the PIC/FLIP temperature update. Two simulations where run, the first
set the weighting value to 8 =, which means that the particle temperature update uses just
the FLIP type update,

T =T+ ALY T (6.96)

The second simulation used a value of beta = .99. Fig. 6.2 shows the results of the

simulation at time 0.025 s. In the plot the use of the PIC/FLIP update, even by a small
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percentage, decreases the accuracy of the approach through the introduction of excess
numerical diffusion. Table 6.1 shows the error results at times 0.005 s, 0.025s, and 0.045s.

The errors for each chosen time step are computed using the root mean square,

err =, | Z T (zp,t")). (6.97)

6.5.2 Two Dimensional Heat Transfer Problem

The second set of numerical experiments simulates heat transfer on a two dimensional
square plate. The dimension of the plate is 1m x 1m and the cells is 20 x 20 with four
particles per cell. The values for density, specific heat capacity, and conductivity are of unit
value, i.e., poC =1/ (m °C) and k = 1 J/(m?3 °C). The initial temperature of the plate is
Ty = 0 °C. At the start of the simulation, a boundary condition of 1 °C is applied along
the boundaries, i.e., the top, left, bottom, and right boundary conditions being, Ty = 1} =
Ty, = T, = T1 = 1 °C. The analytic solution for this problem is [171],

S p— 2 .2 ‘ inz\ -
) <1 B0 S Lo (o () an () (52).

1=1,3,... 7=1,3,.
(6.98)

Two simulations were run in a similar fashion to the previous example. The first used
the full FLIP version, i.e., 5 = 1, and the second used a weighting value of 5§ = 0.995. Both
simulations were run using a time step size of 0.005s. The errors for each chosen time step
are computed using the root mean square. Table 6.2 shows the error results at times 0.005s,
0.025s, and 0.045s.

From the results it can been see that full FLIP version is less accurate than the PIC/FLIP
approach when looking at the particle values, but looking at the nodal values the FLIP
approach is the most accurate. The nullspace noise causes a decrease in accuracy in the
particles. On the other hand the excess diffusion from the PIC/FLIP approach, while
preventing the numerical noise at the particles, does lead to a decrease in accuracy when
looking at the nodal values.

Fig. 6.3 shows results of the computed temperature values at the particles for the two
approaches along with the analytic solutions at times 0.005s, 0.025s, and 0.045s. As was
discussed in section 6.4, the images of the full FLIP, 8 = 1, results show the prominence of

the nullspace noise near the plate boundaries. In the PIC/FLIP version the nullspace noise
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does not exist, but from visual examination it can be seen that temperature is diffusing into
the center of the plate at a higher rate than that of both the FLIP and analytic solutions.
The higher rate of diffusion comes from the excess numerical diffusion the is introduced by
the PIC/FLIP approach.

Fig. 6.4 shows the temperature results at the nodes. Looking at the nodal values for
B = 1.0, there is no noise and the results are close to the analytic solutions values. The

B =.995 appear to be more diffuse than those of the both 8 = 1.0 and the analytic results.

6.6 Conclusion

A discussion on modeling diffusion using MPM along with a review of the different
approaches has been presented. All of the approaches presented model diffusion in the spatial
configuration. For mechanics problems, modeling in the reference configuration is not new
and has been done using particle methods and FEM. Using MPM to model problem in the
reference configuration, while not common, has been explored. The Moving Mesh MPM and
TLMPM are both examples of this approach.

In this chapter a stability analysis of REFMPM showed that, under the correct as-
sumptions, the nodal displacements stencil structure is the same as the finite difference
stencil for the wave equation. The equality in stencil structure between REFMPM and a
finite difference approach comes from the fact that all computation is done in the reference
configuration, which means that particle positions do not change and all particle/node
weights and gradients remain the same for each time step. Because of the relationship
between REFMPM nodal displacements and the finite difference structure, the stability
constraints on the time step size are already known.

This chapter also introduces a REFMPM diffusion approach that follows the same
process as the traditional MPM approach to modeling diffusion. A stability analysis of
this approach is presented. The analysis shows that the stability criteria is not simply a
function of the conductivity or diffusivity and grid spacing, but is also dependent upon
particle deformation gradients.

Nullspace noise in MPM diffusion is also discussed along with use of the PIC/FLIP
approach as a mitigation approach. Numerical examples in both one and two dimensions

compares the use of the PIC/FLIP approach to the full FLIP approach.
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steps.

Table 6.1. One dimensional diffusion example comparing PIC/FLIP updates.

Time (s) beta=1.0 beta = 0.99
0.005 0.0375 0.0536
0.025 0.0156 0.0615
0.045 0.0114 0.0675

Table 6.2. Two dimensional diffusion heat transfer error results.

Time (s) particles nodes particles nodes
beta=1.0 beta=1.0 beta = 0.995 beta = 0.995
0.005 0.22411582 0.02122968 0.03027875 0.03027875
0.025 0.22238649 0.00717621 0.04500869 0.04500869
0.045 0.22228594 0.00455933 0.05400095 0.05400095




CHAPTER 7

USING THE MATERIAL POINT METHOD
TO MODEL CHEMICAL/MECHANICAL
COUPLING IN THE DEFORMATION
OF A SILICON ANODE

Electrochemical storage devices are becoming pervasive in today’s society. Electronic
devices ranging from smart phones to electric vehicles all depend on efficient, robust, and
high-capacity electrochemical storage. Driven by this demand for greater energy storage ca-
pacity, new materials are being sought to improve the performance of batteries. One promis-
ing material that is currently being explored to improve performance is silicon. Silicon has a
theoretical charge capacity in the range of 3500 mAhg ™! to 4200 mAhg~! [182, 183], which
is 10 times larger than that of current anode materials such as graphite at 350 mAhg ™ [184].
The large theoretical charge capacity comes from silicon’s ability to accommodate multiple
lithium ions per silicon atom. As a silicon anode approaches full lithiation, the ratio of
lithium ions to silicon atoms is 3.75 to 1 [56]. This ratio of lithium ions to silicon leads to
a large volume change of up to ~ 280% [20]. This large change in volume over multiple
charge/discharge cycles can lead to mechanical failures that decrease the charge capacity,
thus reducing the effectiveness of using silicon as an anode material.

A key observable trait of the lithiation process is the notable lithiation front that occurs
as lithium ions diffuse through the silicon material. Experimental results presented by Wang
et al. [20] show that as lithium diffuses through the silicon material, there exists a sharp
phase transition between the lithiated silicon and the pure amorphous silicon. This sharp
phase transition produces large strains on the lithium rich side of the phase transition. Wang
et al. [20] report strains in the range of 160% in the region around the phase transition which
produce a large percentage of the total volume expansion. The normalized concentration

of lithium in the region of the phase transition is approximately 67% or 2.5 lithiums to
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1 silicon [20]. Outside the region of the phase transition, the concentrations gradients for
lithium are relatively small in the lithiated regions of the lithiation front.

By gaining an understanding of the chemical and mechanical changes that occur during
the lithiation and delithiation phases of a charge cycle, new anode configurations and
geometries can be explored that reduce the mechanical failure points within an anode.
Numerous physical experiments have been performed testing different anode configurations,
ranging from thin films [185], to nano pillars [186], to honeycomb structures [187]. Through
the use of computational simulations, new anode configurations can be explored more easily,
which can lead to better insights into the configurations used in physical experiments.

The study of diffusion-induced stress can be found in work dating back to the 1960s.
Prussin [67] formulated a model that couples the diffusion of a solute in a single-crystal
silicon wafer to the generation of stresses and the resultant crystal dislocation distributions.
The work by Li et al. [51] involved the derivation of models for the chemical potentials
of both the mobile guest species and immobile host material where the host material is
in a stressed state. Beginning in the 1970’s Larché and Cahn [52, 53, 54, 55] developed a
framework for modeling diffusion induced stress. The model uses a theoretical embedded
network within a material to track deformations. The diffusion process is driven by the
chemical potential of the guest species within the host material. The derived chemical
potential is a function of both the guest species concentration and hydrostatic stress. The
work of Larché and Cahn now forms the basis for much of the current research being done
to model the lithiation of silicon anodes [66, 57, 56].

Alternatives to the Larché and Cahn model for diffusion induced stress have also been
proposed. For example in the paper by Wu [188] the argument is made that the Eshelby
stress tensor should be used in the stress dependent chemical potential as opposed to the
hydrostatic Cauchy stress. Cui et al. [63] extends the work of Wu to applications in modelling
the stress-dependent chemical potential of lithium ion batteries. Other methods avoid the
derivation of a chemical potential and instead derive an empirically based model for the
diffusion process [20, 189, 190, 191].

As there have been multiple models proposed for the lithiation of a silicon anode, there
have also been multiple methods used to simulate the lithiation/delithiation process. One

method has been to reduce the dimensionality of the problem to a spherical geometry
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for the anode [71, 64]. While the reduction of dimensionality can lead to insights into the
lithiation/delithation process, without the higher computational costs of higher dimensional
simulations, key features associated with anode geometries will be lost. For numerical
simulations that cannot be reduced to one dimension, the finite element method (FEM) has
been a popular choice. A large number of the published simulations involving the lithiation
process of silicon have been done using the finite element method [192, 193, 20, 189, 194].
FEM is well understood and there exists a large number of different code bases, both
commercial and open sourced, upon which a researcher can draw.

Key experimental observations of a silicon anode undergoing the lithiation process show
the large deformations that it will experience. A variety of numerical methods have been
used to model large deformations. Mesh-based methods such as FEM [195] and XFEM [196]
have found success along with meshless methods such as SPH [197] and RPKM [198]. An
alternative to these approaches that has been found to be successful in modeling large
deformations is the material point method (MPM) [199]. MPM uses aspects of both FEM
and particle methods to carry out computations.

MPM along with the multiple variants of the method are well described in the liter-
ature [16, 17, 89, 21, 172, 87]. For the the purpose of this paper the convected particle
domain interpolation (CPDI) variant, as described by Sadeghirad and Brannon [86], will
be used. The MPM algorithm as described in [89, 86] has been implemented in the Uintah
compuational framework [200], and serves as the code base for this work. The Uintah User
Guide [201] includes a further description of the MPM component, including additional
feature that have been implemented therein. The primary contribution of this paper is
the chemical-mechanical coupling, including the concentration diffusion solver working in
concert with the momentum balance solver.

The chapter proceeds as follows. Section 7.1 will be a brief overview of MPM followed by
a description of the method used to model diffusion within MPM. Results from verification
tests of the diffusion method will also be presented. Section 7.2 will be a description of
the two way coupling of the chemical process of lithium diffusion and mechanical process
of momentum balance. Section 7.3 will present simulation results along with a discussion
of the issues and simulation outcomes associated with time integration, constitutive model

selection, boundary conditions, and parameter choices. Section 7.3.6 will look at the results
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of bonding an anode to a fixed or deformable substrate. Section 7.3.7 will present the
simulation results of a silicon anode undergoing a full lithiation/delithiation cycle. Lastly,

Section 7.4 will draw conclusions and discuss further work.

7.1 The Material Point Method

As decribed in Chapters 3, 4, 5, and 6 the material point method was developed in the

1990s by Sulsky et al. [16] as numerical solution to the momentum balance equation,
pa =V -0 + pb, (7.1)

where p is density, a is acceleration, o is stress, and b is the acceleration that comes as a
result of an external force such as gravity. The basic premise of MPM is that the domain
of an object is discretized into material points. Properties such as mass and momentum
are assigned to each material point. The material points are Lagrangian in nature and are
advected within the domain of the problem. The second component of MPM is a background
Eulerian grid. Particle masses and momentums are mapped to the grid nodes using an
appropriate choice of grid and particle basis functions. The grid is then used to solve the
momentum balance equation. Particles values are updated by interpolating changes in the
state from the grid nodes to the particles and then integrating forward in time. Variations

in MPM come as a result of the choices made in grid and particle basis functions.

7.1.1 Modeling Diffusion in MPM

During the processes of lithiation and delithiation, lithium is transported by two pro-
cesses. The first process is that of advection which arises as a result of the deformation of the
host material. As the host material undergoes deformation the guest material embedded in
the material is carried along with the deforming host material. The modeling of this process
comes as result of lithium being assigned to a material point. The mass of the host material
of each material point does not change. The advection of the guest material is accounted
for naturally when material points are advected.

The second form of transport for lithium ions comes in the form of diffusion. For the
purposes of this paper, the lithium concentration is normalized, ¢ = ¢4/Cmaz, Where cpmaq
is the molar concentration representative of a ratio of 3.75 lithium to 1 silicon and ¢,

is the current molar concentration. Diffusion is modeled in MPM using many of the same
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numerical methods that are used in solving the momentum balance equations. The standard

diffusion equation is
dc
ot

where J is the normalized concentration flux. The equation for the normalized concentration

—V - J, (7.2)

flux is

J =-DVc (7.3)

where D is the diffusivity constant.
A full description of using MPM to model diffusion is given in Chapter 6, but is applied

here as follows. First, particle masses are mapped to the grid nodes,
mi = Z PipMMp, (74)
p

where m; is the mass at the nodes, m,, is the mass at the particles, and ¢, is the weighting
function. For a general description of the use of the weighting function used in MPM, the
reader is referred to Chapter 3 and [87], and for a specific description of the weighting
functions used in the CPDI variant of MPM see [86]. The mapping of masses from particles
to grid nodes is also a step found in the MPM solution to the momentum balance equation
and thus grid values for m; have already been computed.

The second step is to map the normalized particle concentration values to grid nodes.
The mapping of concentration from particles to nodes is done in a similar fashion to mapping
velocity values from particles to the grid and is done as follows:

_ Zp PipTipCp
(2 9

(7.5)

m;
where ¢; is the normalized grid concentration value and ¢, is the normalized particle
concentration value. The third step is to calculate the flux values at the particles. The
flux calculation is done by taking the gradient of the weighting function that interpolates
normalized concentration values at the nodes to the particles,

Jp=-DY Vi (7.6)

(2

The fourth step is to compute the divergence of the flux term. This is done in a manner

similar to that used in computing the divergence of stress,

dci Zp(Jp - Vepip)my

=5 = — (7.7)
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The fifth step is to update normalized concentration values at the particles,
n+l _ n d 8Ci
ey =yt tZgoipE. (7.8)
i

This method of modeling concentration diffusion within MPM is similar to methods used

previously in modeling heat diffusion [164], [166], and [165].

7.1.2 Verification of MPM Diffusion
A one-dimensional system with an analytical solution is used to test the method de-
scribed above. The test problem is defined with the initial and boundary conditions on the
spatial domain 0 < x < 1 with a discontinuity existing between the initial condition and

the boundary conditions and is written as follows:

Jdc 0
=_7 7.9
Ot ox "’ (7.9)
c(x,0)=0.0, ¢(0,t)=1.0, ¢(1,t)=0.0. (7.10)
The flux term is defined as
Oc
J=—-D— 7.11
ax’ ( )

where D is the diffusivity constant. Combining (7.9) and (7.11) produces the following

equation:
Oc 0%c
—=D—. 7.12
ot Ox? (7.12)
The solution to Equation (7.12), subject to the initial and boundary conditions given in

Equation (7.10), is well known [181],

o

2 1
clx,t)=(1—x) — — Z EethTrQ”Q sin(nmz). (7.13)
n=1

For the purposes of determining the accuracy of the numerical method, the first 1000 terms
of the Fourier expansion should be sufficient.

The numerical solution to Equation (7.12) is found using the MPM diffusion method
described in Chapter 6. The problem set-up is such that there are two particle per cell. A

set of seven simulations were run with grid spacings of 0.1, 0.05, 0.02, 0.01, 0.005, 0.002



117

and 0.001, with the data again being captured at simulation time 0.25. The error for the

method was calculated taking the L2 norm of the relative error in concentration,

e, = (Cp - ép)/cp lf Cp # O (7 14)
P70 if ¢, =0 ‘
Zévzl ‘312)
=Y - 7.15
error N , (7.15)

where e, is the relative error, ¢, is the true solution, and ¢, is the computed value at each
particle p and N is the total number of particles. Fig. 7.1a shows a comparison of the
actual results from the MPM diffusion solution with the true solution for a grid size of 0.02.
Fig. 7.1b shows the convergence of the error as grid resolution increases. From the data it
can be seen experimentally that the order of accuracy of MPM appears to be O(h). For
reference purposes the red line indicates a slope of 1.0, and the red error marker of Fig. 7.1b

correlates with the results shown in Fig. 7.1a.

7.1.3 Advected Flux Boundary Conditions

In the calculations carried out here, a flux was applied to the surface of the object under
investigation that was intended to mimic the flux induced by applying a voltage difference
between the object and a far away cathode. Due to coupling between the concentration and
mechanical state, increasing concentration results in deformation of the object. Hence, the
location of the surface upon which the flux is prescribed is changing with time. For the
simulations here, initial surface particles were identified, and the initial external area was
computed and recorded. It was assumed here (and inspection of the results below validates
this assumption), that while the surface moves and stretches, there is no change to what
would be considered a surface particle, or to which face of the particle would be considered
a surface. A current assumption that is probably less valid, and will be fixed in future work,
is that the surface area associated with each particle remains constant. Inspection of the
subsequent results show that this is not a valid assumption, but given the relatively uniform
expansion of the object that we are currently interested in, this is similar to prescribing a
slightly lower flux than intended. In future work, the particle area will be evolved according
to the particle deformation gradient, which is already part of the particle data that is

integrated in time.
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A time varying flux is applied to the surface particles by computing the rate of change

in concentration that this flux would be associated with, namely,

Ocpy Ap
= — 1
< at >bc J(t)bc ‘ rp ) (7 6)

where J(t)p. is the user defined flux boundary condition, A, is the surface of the particle

upon which the boundary flux condition is being applied, V), is the particle volume, and
(Ocpy /Ot)pe is the rate of change of concentration in the particle. Note that to avoid exceeding

a normalized concentration of 1, a flux restriction factor is used, such that

(5;;;v>' - (agf)bc -(1+ .25log(1 = ¢p)). (7.17)

be
Thus, once the concentration starts to saturate the substrate, the flux at that surface is
gradually reduced. While the equation above is ad hoc, this reflects physically meaningful
behavior. This rate of change is mapped to the grid and, in the case of boundary particles,

functions as an additional source term in (7.7),

dci  2p(Ip - Vip)my 4 > (8cpu/ 0y, Pipmyp

— 1
ot m; m; (7 8)

7.2 Chemical/Mechanical Coupling in MPM
7.2.1 Coupling Stress to Diffusion
Multiple models have been formulated that couple the affects of stress with the diffusion
process [20, 64, 202, 203, 189, 190, 191]. The existing models can be broken up into two basic
groups. The first group, [64, 202, 203], follows the framework that was developed by Larché
and Cahn [52, 53, 54, 55] and computes the concentration flux based on a formulation of the
chemical potential of lithium within the host silicon anode. The Larché and Cahn chemical

potential is defined as

! c ), dy  w
Wri = Mr; + RT In ’71 p + K de p— §Bijk:l0'ij0kla (7.19)
where ,uOLi is the reference chemical potential, R is the ideal gas constant T is tempera-

ture, v is the activation coefficient, £ is the molar volume of silicon, €, = €f;/3 is the

volumetric portion of the stress-free strain due to the insertion of lithium, p = —oy;/3, and
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Bijii = dSijii/dc is the rate of change of the elastic compliance tensor, Sjjx;, with respect

to concentration. The flux based on the chemical potential is defined as

c
=—-D—Vyu. 2
J RTVH (7.20)

If the constitutive model has compliance tensor that is not dependent upon concentration,
as is the case for the model discussed below, then B;ji; reduces to zero and in cases where
the relationship between the stress-free strain, €ijs and concentration is linear then deS ,/dc
is a constant. Assuming that the compliance tensor is non-concentration dependent and
the linear concentration relationship, then (7.20) can be written as a combination of the

concentration and pressure gradients,

D~ Dkc de
- . 7.21
=0 ¢ Rl dc °F (7.21)

J=-

The second group, [20, 189, 190, 191], uses an empirical based approach where a model
is formulated that takes as input concentration and in some cases stress and then the
user adjusts a set of parameters to produce the desired behavior. In the empirical-based

approach, flux is defined as follows:
J =—D(c,0)Ve. (7.22)

While both methods can be implemented within the MPM diffusion framework described
above, for the purposes of this paper the approach of the second group will be used. The
selection of the empirical-based approach is based upon the observation that the greatest
changes in pressure occur in regions where lithium is diffusing into the nonlithiated amor-
phous silicon, in the areas behind this region the changes in pressure are minimal and the
contribution of the pressure gradient to the concentration flux is small. The empirical-based
approach is able to approximate the behavior of the lithiation of nonlithiated amorphous
silicon and provides a good first approximation of the diffusion process.

The normalized concentration and pressure-dependent function for diffusivity that will
be used for this paper is defined as,

Dye¢ if p<o,
D(c,p) = { Dye*c—bp if 0 < p < Praz (7.23)
Doeoc(:—,@pmax if D 2 Pmazs

where Dy is the initial diffusivity, a and 8 are tuning parameters, and p,,q; is the capped

value for pressure. It is through the diffusivity function that stress is coupled to the diffusion
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process. By way of comparison, Berla et al. [191] and Wang et al. [190] use a cubic polynomial
to compute diffusivity as solely function of concentration. The diffusivity function is defined

as

D(c) = Dy(1 = ¢)® + Dpnaac®, (7.24)

where Dy, is the diffusivity at full concentration. Using the following parameters Dg =
1071"m?/s, Dppaz = 1075m?2 /s, a = 6.0, B = .5 and ppaz = 3 GPa for (7.23) and (7.24)
diffusivity curves were evaluated over the normalized concentration range [0, 1]. Fig. 7.2a
shows the results for (7.23) and (7.24) with (7.23) being evaluated at 0 GPa and 3 GPa.
Fig. 7.2b shows the surface plot of (7.23) over the normalized concentration range of [0, 1]

and the pressure range from [0, 3] GPa with o = 6.0, 5 = .5 and pyee = 3 GPa.

7.2.2 Coupling Concentration to Stress
The modeling of the silicon anode material response to concentration diffusion is done
using a hypoelastic-plastic constitutive model. The hypoelastic-plastic model allows for
an additive decomposition of the rate of strain tensor into elastic, plastic, and stress-free
volumetric components,

d=d°+d” +d°, (7.25)

where d€ is the elastic rate of strain, d? is the plastic rate of strain, and d€ is the stress-free
volumetric rate of strain due to the insertion of lithium into the silicon material.
Objectivity is maintained in the stress calculation by rotating stress and the rate of
strain back to its unrotated state where the stress update calculation is then performed,
and then subsequently this updated stress is rotated back to its previous state. The trans-
lation between the two states is done using the rotation tensor obtained from the polar

decomposition of the deformation gradient,

F = RU, (7.26)

where F is the deformation gradient, R is the rotation tensor, and U is the right stretch
tensor. The transformation of stress from its rotated to unrotated state is performed as

follows:

 =RToR, (7.27)

and the transformation for the rate of strain is done similarly,
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d =R%dR, (7.28)

where the rate of strain is the symmetric part of the velocity gradient, I,

d— %(l i), (7.29)

The unrotated symmetric part of the velocity gradient is chosen as a rate of strain because
of the relatively low computational cost relative to other possible choices for rates of strain
and under conditions where the rotation of the principle referential directions is small the
unrotated symmetric part of the velocity gradient is a good approximation for Hencky strain
rate [204].

In the unrotated state the stress/strain relationship is defined as

o = 2Ge;,, + 3Ke, (7.30)

vol»

where G is the shear modulus, K is the bulk modulus, €5, is the deviatoric elastic strain
and, €, is the volumetric elastic strain. The derivation of the material stress rate then
easily follows,

e

o = 2Gd;,, + 3Kd,,, (7.31)

where djj,, is the deviatoric elastic strain rate and d,; is the volumetric elastic strain.
Due to the amorphous nature of the silicon in our investigation, the concentration depen-
dent stress-free portion of strain may be regarded as isotropic and follows the same model

used in [54]. This is analogous to the expressions used for isotropic thermal expansion [58],

Cc

€ =n(c—co)l, (7.32)

where 7 is the volume expansion coefficient and I is the identity tensor. The material rate

of stress-free volumetric strain is then

d°=n—1I (7.33)

ot
7.2.3 Perfect Plasticity and Linear Strain Hardening
Two different plasticity models will be used to determine the rate of plastic strain, d”.

The first is perfect plasticity with the yield surfaces defined by

3_ _

and the second is linear isotropic strain hardening with the yield surface defined by
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/3 _ _
iadev L O0dey — (UY + Kezejquiv) = 07 (735)

where oy is the initial yield stress, 64y = & — 1/3tr(d) is the deviatoric stress, K is the

p

equiv 1S the equivalent plastic strain. A description of the method for

plastic modulus, and ¢
computing d” is beyond the scope of this paper, but the interested reader is referred to [205]
for a complete description of the algorithm. Both the perfectly plastic and linear isotropic

strain hardening models are implemented within the Uintah MPM component [200] and are

used for the simulations presented in this paper.

7.2.4 Stress Update
Using (7.29), (7.33), and the rate of plastic strain, d”, the rate of elastic strain can then

be calculated,

d=d-d -d. (7.36)

The rate of elastic strain is then decomposed into its deviatoric and volumetric component,

vol —

_ 1 - _ .
de gt?"(de)I, d;ev = de — diOl' (737)
Using the deviatoric and volumetric elastic strain rates the updated stress is then computed,
"t =a" + (2Gdy,, + 3Kd.,,))dt, (7.38)

where 6" is the current stress, " 1! is the updated stress, and dt is the timestep size. The

last step in the stress update calculation is to rotate the updated stress to it rotated state,

o"t = Re"'RT. (7.39)

7.3 Numerical Solution of the Model Problem

As was mentioned in the introduction, there have been a multitude of numerical simula-
tions performed to study the affects of lithiation on silicon anodes. In these studies different
anode geometries have been used. Three common choices have been a sphere, a nanowire,
and a pillar. For the purposes of this paper the pillar geometry will be used, and while
the pillar geometry lends itself to a 2D axisymmetric numerical solution, for the purposes
of this paper full 3D simulations will be performed. Two different choices in pillar sizes

will be used through out this section. The smaller pillar has a diameter of 0.1 ym and
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a height of 0.1 um. The larger pillar has a diameter of 0.5 um and a height of 0.05 um.
Multiple simulations were run using the smaller pillar size to explore choices in constitutive
model, parameter selection, and boundary conditions. With the results from the simulations
performed using the smaller diameter pillar, decisions were then made as to constitutive
model choice, parameter selection, and boundary conditions and then applied to simulations
using the larger diameter pillar. The use of a substrate material was then explored using

the larger diameter pillar.

7.3.1 Time Scales of Governing Equations
The governing equations for momentum balance and concentration diffusion are repre-
sented by (7.1) and (7.2). For the purposes of this paper the external forces acting on the

nanopillar will be neglected, b = 0, and (7.1) can be reduced to
pa=V 0. (7.40)

The time scales of these two physical processes differ greatly in magnitude. As was
discussed in Section 7.2.1 the range of values for diffusivity of lithium within amorphous
silicon range between 10~'"m? /s and 10~!%m?/s. On the other hand, the material response
to changes in deformation happens at a much smaller time scale. The speed of sound within

a given material is defined by the following equation:

¢ = 4 /KJF;‘/?’G, (7.41)

where K is the bulk modulus, G is the shear modulus, and p is density. For amorphous
silicon reasonable values for density, bulk modulus, and shear modulus are 2.33 x 103 kg/m?,
67 GPa, and 31 GPa, respectively. Based on these values the sound speed for amorphous
silicon is 6.8 x 10>m/s. A simple comparison of diffusivity and sound speed shows the large
differences in time scale by which each of the physical processes occur. Because of this

difference, the momentum balance equation reaches a quasi-steady state,

V.o =0, (7.42)
within the time scale that diffusion occurs [57, 206, 207].
7.3.2 Time Integration and Time Step Selection

At the end of each iteration of the mpm algorithm a new time step, dt, is calculated.

The size of the time step is limited by the numerical solutions for the diffusion equation
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and the momentum balance equation. The time step for the momentum balance equation

is computed in the following manner based on stability,

dwcell dycell dzcell
Cs+ Uy Cs+ vy cs vy )]

dtnp = min ( (7.43)

where dxcer, dycenr, and dzeep are the cell dimension and v, vy, and v, are the components
of the particle velocity vector in the z, y, and z directions respectively.
The time step size based on the numerical solution for the diffusion equation is calculated

as follows:

dz?, dy>, dz>
dt — mi cell cell cell 44
diff mm( 9D ' 2D ' 2D )’ (7:44)

where D is the diffusivity coefficient. The time step that is then used for the overall

simulation is the smallest of the two time steps,

dt = min(dt,,y, dtdiff). (7.45)

7.3.2.1 Time Stepping Issues

The time step criterion stated above is used to maintain a stable numerical solution,
but if the time step needed for a stable solution becomes too small, then computation time
needed for a viable solution will become intractable. To illustrate this point, a stable time
step is computed using (7.43). The sound speed of 6.8 x 10>m /s computed in Section 7.3.1
and a grid cell dimension of dz.y; = 1078 m is used in the calculation. For simplicity the
particle velocity is neglected in the calculation because it is small in comparison to the

computed sound speed. The resulting time step is

dxcell

Aty = =1.47 x 10725, (7.46)

Cs

Using the above computed time step size, 10'' time step integrations would be needed
to reach 6.8s of simulation time. The number of time steps for this calculation would be
intractable. By way of comparison, for a given diffusivity of D = 101> m2/s the calculated
time step size is

dtgi —%—005 7.47
tdiff = op 0008, (7.47)

which is a tractable time step size.
From the above example it can be seen that for a simulation to run in a reasonable time
a stable means of increasing dt,,; to a tractable time step size needs to be found. Ideally, the

time step size would be limited by the diffusion calculations and not momentum balance.
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In order to increase the limiting time step size needed for the numerical solution to the
momentum balance equation, the density of silicon is artificially raised to a value such that
the limiting time step criterion is dependent upon the numerical solution of the diffusion
equation and not the solution to the momentum balance equation. The argument for the
validity of artificially raising the density stems from the observations made in Section 7.3.1
that within the time scale of chemical diffusion the momentum balance equation reaches a
quasi-static state. Using constitutive relationship found in (7.30) and (7.40) can be rewritten
as

pa =2GV - €5, + 3KV € (7.48)

vol»
and dividing through by density produces the equation for acceleration,

a= 2;;V €0 + ?’fv €50 (7.49)
An increase in density decreases the speed by which elastic waves travel through the
material, but the elastic strain remains the same.

For the purposes of demonstration, two sets of numerical simulations where run. In
the first set of numerical experiments two simulations were run. In the first simulation the
density for amorphous silicon is used, 2.33 x 103 kg/m?>. The bulk and shear moduli are
67 GPa and 31 GPa, respectively. The linear isotropic stain hardening constitutive model is
used with a yield stress of 1.4 GPa and a plastic modulus of 1.15 G Pa. The initial diffusivity
is artificially increased to Dy = 1071%m?2 /s. In the second simulation the density is increased
to 2.33 x 108 kg/m? with all other parameters remaining the same. Fig. 7.3 shows a side-
by-side comparison of the two simulations at 6.0 x 1075, 26.0 x 1079 s, and 48.0 x 107 s.
From Fig. 7.3 it can be seen that even with a five order increase in density, qualitatively
the variations between the simulations are small.

In the second set of simulations two simulations were run. In the first, an initial diffusivity
is set to Dy = 1071"m?/s, which falls within the range of published values [137]. The
density is artificially raised to 2.33 x 10'® kg/m?. The bulk and shear moduli are 67 GPa
and 31 GPa, respectively. The linear isotropic stain hardening constitutive model is used
with a yield stress of 1.4 GPa and a plastic modulus of 1.15 GPa. The second test was run
using an initial density of 2.33 x 10%* kg/m3. Fig. 7.4 shows a side-by-side comparison of

the two simulations at three different time steps - 4.0s, 16.0s, and 28.0s. From Fig. 7.4
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it can be seen qualitatively that there is very little variation between the two simulations

despite the five orders of magnitude difference in density.

7.3.3 Comparison of Constitutive Models

A proper constitutive model needs to be selected in order to achieve the desired behavior
that matches that of a silicon anode during lithiation. Simulations were run using three
constitutive models, linear elastic, perfectly plastic, and linear isotropic strain hardening.
The bulk and shear moduli for all three models are 67 G Pa and 31 G Pa, respectively. For
the perfectly plastic and linear isotropic strain models the yield stress is 1.4 GPa and for
the linear isotropic strain hardening models the plastic modulus is 1.15 GPa. The volume
expansion coefficient used for this set of simulations and all subsequent simulations is n =
.56. The flux boundary conditions and diffusivity parameters are the same for all three
simulations.

Fig. 7.5 shows images of the pillars at mid-saturation and full saturation. From the
image it can be seen that at full saturation there is a noticeable difference between the
linear elastic and the two plasticity models. The largest noticeable difference is along the
base of the pillars where the largest concentration of plastic deformation occurs. In images
(a-c) of Fig. 7.5 it can be seen that plastic deformation is already occurring along the base
of the pillars producing different deformation patterns compared against the linear elastic
pillar.

While there are noticeable differences between the linear elastic model and the two

plasticity models, there are also qualitative differences between the two plasticity models.

7.3.4 Flux Boundary Conditions

Both the perfectly plastic and the linear strain hardening constitutive models are depen-
dent upon the prior history of the material. Because of this history dependent behavior the
choice of flux boundary conditions affects the shape of the pillars. To demonstrate the affect
that the choice of the flux magnitude has on deformation behavior, two simulations were
run. The diffusion parameters for both simulations are o = 6, 8 = 0.5, and pye = 3 GPa.
The linear isotropic strain hardening constitutive model is used with the bulk and shear
modulus values of 67 GPa and 31 GPa, respectively. The yield stress is 1.4 GPa and the

plasticity modulus is 1.15 GPa. The magnitude of the flux boundary condition are 10~
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and 1078, Fig. 7.6 shows two sequence of images where the top row shows results from the
simulation run at the lower flux value and the lower row shows the sequence of images for
the simulation run at the higher flux value.

Both sets of simulations illustrate the sharp transition between high normalized con-
centrations and low normalized concentrations as the lithium diffuses through the anode.
The noticeable difference between the simulations is in the normalized concentration levels
that are behind the sharp transition in normalized concentration. As would be expected the
simulation with the larger influx of normalized concentration will have larger normalized
concentration values behind the high/low transition. From the experimental results pre-
sented by Wang et al., the initial concentration values behind the phase transition have a
normalized concentration of ~ 0.67. For the lower flux boundary condition the normalized
concentration values fall in the range of 0.5 to 0.6 while the high flux boundary condition
have normalized concentration values greater than 0.7.

As can be seen from Fig. 7.6, differences in flux boundary condition values not only
affect the level of concentration values behind the sharp phase transition, they also changes
patterns in deformation. In the pillar with the larger flux boundary condition values, the
bulging near the base is more pronounced in comparison to the pillar with the small flux
values. Fig. 7.7 shows the state of the nanopillar as it reaches its fully lithiated state where
the differences in flux boundary condition values produces noticeable differences in the

deformation of the nanopillar.

7.3.5 Diffusivity
Using density functional theory calculations a range of diffusivity values have been de-
termined for diffusion of lithiation in amorphous silicon of 10~®¥m?s~! to 10~ 4m?s~! [137].
The diffusivity model presented in this paper produces diffusivity values that fall within
the proposed range. The issue that has been discovered is that while the calculated values
for diffusivity may fall within the computed range of values for a chosen set of tuning
parameters, the deformation behavior can vary based on what tuning parameters are chosen.
Previous works [20, 189, 190, 191] have chosen models that compute diffusivity solely
as a function of concentration. However, it is clear that the mobility of lithium ions within

amorphous silicon has to be a function of both lithium concentrations and pressure. From
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numerical experiments it can be seen that the inclusion of pressure in the diffusivity
calculation does affect the deformation of the pillar during lithiation.

Two simulations were run to show the difference that can occur when pressure is ac-
counted for in the diffusivity calculation. The first simulation used the following parameters,
a = 6.0 and 8 = 0.0, and the second simulation used o = 6.0 and S = 1.0. By setting 3 equal
to zero, pressure is neglected from the calculation. Both simulations used the linear isotropic
strain hardening constitutive model with bulk and shear modulus values of 67 GPa and
31 G Pa, respectively. The yield stress is 1.4 GPa and the plasticity modulus is 1.15 GPa.
The magnitude of the flux boundary condition is 107?. Fig. 7.8 shows a comparison of
the two simulation. Fig. 7.8a and Fig. 7.8b show the results of the simulation during
the lithiation process, from these figures it can be seen that by changing the pressure
tuning parameter the difference in deformations, especially near the base of the pillar, are
noticeable. Fig. 7.8c and Fig. 7.8d show the results of the simulations as the pillars reach full
saturation. In the fully lithiated state the differences between the two simulations are less
noticeable. Both sets of parameters produce the sharp phase transition between high and
low normalized concentration levels as lithium diffuses through the pillar. The difference

being in the deformation behavior during the lithiation process.

7.3.6 Use of Material Substrate

Up to this point all simulations have been made with the assumption that the base of
the pillar is fixed. Experimental results show that this is not the case. Wang et al. [20] have
shown through experiments that the base of the electrode can expand in the radial direction
by ~ 20%. It is unknown if the deformation comes as a result of the sliding between the
anode and the substrate material or deformation in the substrate.

Two simulations were run to test the effects that a deformable material substrate will
have on pillar deformation. For the purposes of this paper the pillar is assumed to be
affixed to the substrate and the substrate material is allowed to deform. The bulk and shear
moduli of the substrate material are 180.4 GPa and 76 GPa, respectively. The density of
the material is the same as that of the pillar. The linear isotropic strain hardening plasticity
model is used with a yield stress of .7 GPa and a plasticity modulus of 1.15 GPa. Fig. 7.9

shows a comparison between the pillar attached to a nondeformable substrate and a pillar
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attached to a deformable substrate.

From Fig. 7.9 it can be seen that there are noticeable differences between the two
simulations. In the nondeformable substrate image it can be seen that large deformations
occur in the region where pillar attaches to the base, by way of comparison in the deformable
substrate image it can be seen that the deformation due to the pillar swelling is shared
between both the pillar and the substrate. The deformable substrate reduces the accute
deformations that occur in the pillar as highlighted by circled regions of Fig. 7.9a and
Fig. 7.9b.

The use of a deformable substrate also affects the shape of the pillar as it reaches full
lithiation. Fig. 7.9c and Fig. 7.9d show the pillars in the lithiated state. A visual comparison

of the images shows that the shapes of the two pillars are different.

7.3.7 The Full Lithiation and Delithiation
Cycle of the Silicon Anode

Using what was learned from the previous sections, a full lithiation/delithiation cycle
was performed on the large pillar. The linear isotropic strain hardening constitutive model
was used for the pillar with the bulk and shear moduli being 67.0 GPa and 31.0 GPa,
respectively, the yield stress was 1.4 GPa and the plasticity modulus was 1.15 GPa. The
diffusivity parameters used during the lithiation phase were Dy = 107" m?/s, a = 6.0,
B = 0.5 and ppmar = 3 GPa. During the delithiation phase diffusivity was fixed at the final
diffusivity value during the lithation phase. The linear isotropic strain hardening constitutive
model was used for the substrate material with the bulk and shear moduli being 180.4 GPa
and 76.0 GPa, respectively, the yield stress was 0.7 GPa and the plasticity modulus was
1.15 GPa. There was no diffusion of lithium into the substrate material. Fig. 7.10 shows
the results from the simulation of the silicon anode undergoing the full litiation/delithiation
cycle.

As was discussed in the introduction to this paper and by Wang et. al. [20], one key
observable trait of the lithiation of silicon is the sharp lithiation front that occurs during
the lithiation process. As can be seen from Fig. 7.10 the sharp lithiation front is present
during the lithiation phase of the simulation. Another key observable trait found in both the
simulation and in experiments [20] is the occurrence of the much more shallow concentration

gradients in the region behind the region of the sharp lithation front.
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For the delithiation phase of the simulation, the diffusivity value was fixed at last
value obtained during the lithiation phase. With the use of the fixed larger diffusivity
value the rate of diffusion throughout the entire pillar appears to be more uniform. A
comparison of the first and last images of the sequence found in Fig. 7.10 shows the amount
of plastic deformation that occurs in both the nanopillar and the substrate during one full
lithiation/delithaition cycle.

The simulation was run on nine cores of a single compute node. The cpu for the compute
node is an Intel Xeon E5-2667 with six physical cores extended to 12 cores with hyper-
threading enabled. The cpu clock speed is 2.9GHz. The total number of time steps needed

to complete the simulation was 27472 and the estimated wall-clock time was 48.57 hours.

7.4 Conclusion

Silicon has the ability to absorb up to 3.75 lithium ions for each silicon atom. The
ability to absorb large amounts of lithium makes silicon an excellent candidate material
to increase the efficiency of electrochemical storage devices. The drawback for silicon is
the accompanying large volume change that comes as a result of absorbing large amounts
of lithium. The ability to simulate accurately the large physical deformations that occur
during the lithation/delithation of silicon will to help to better understand how it can best
be used as an anode material.

In this chapter it has been demonstrated that the full lithiation and delitiation of a
silicon anode can be simulated using the material point method. A description of the
method for used to model diffusion within MPM was given and validation tests were
performed. This paper presented a coupled chemical-mechanical model that couples stress
to the diffusion process and concentration to the constitutive model for stress. The coupled
chemical-mechanical model was implemented in the Uintah Computational Framework’s
MPM component. Multiple numerical simulations were run to explore the different possible
choices that could be made pertaining to constitutive model selection, boundary conditions,
and parameter selection. Using what was learned from the different numerical simulations,
a full lithiation/delitiation cycle simulation was performed.

The implementation of the coupled chemical-mechanical model into the Uintah Com-

putational Framework allows for Uintah MPM to be used as a tool to for future work in
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examining different anode geometries, material substrates, and flux rates.

In future work methods for modeling fracture need to be introduced into the Uintah
framework in order to better simulate the full physical effects of lithiation and delithation on
a silicon anode. In this current work the effects of an applied voltage have been approximated
using the flux boundary condition. Future work needs to be done to implement the full

electrochemistry in to the numerical models.



132

12 I I | | I
— true solution

e e mpm solution

0.8
0.6
0.4
0.2

00 | | | | | | |
0.00 0.05 0.10 0.15 0.20 0.25 0.30 0.35 0.40

Position

Normalized
Concentration
I

Relative Error

10" ' - -
103 107 10"

Grid Spacing b

Fig. 7.1. Snapshot of the concentration profile and relative error: (a) shows the computed
results from the MPM diffusion method compared against the true solution for grid size
0.02 and at time .25, and (b) is the error convergence plot for the MPM diffusion method.
The red marker correlates with the results shown in (a) and the red line is for reference
purposes and is a slope of 1.0.
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Fig. 7.2. Plots of diffusivity as a function of concentration and pressure: (a) comparison
of the diffusivity function evaluated at 0 GPa and 3 GPa compared against the diffusivity
function proposed by Berla et al. (b) The surface plot of the diffusivity function over the

range of [0,1] for concentration and [0,3] GPa for pressure.
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Fig. 7.3. Comparison of the use of different densities (a, c, e) density of 2.33 x 10% kg/m3
and (b, c, f) density of 2.33 x 108 kg/m3.
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Fig. 7.4. Comparison of the use of different densities (a, c, ) density of 2.33 x 1018 kg/m3

and (b, c, f) density of 2.33 x 10%* kg/m?.

Linear Elastic Perfectly Plastic Linear Strain Hardening

Fig. 7.5. A comparison of different constitutive models (a-c) are images of pillars mid-sat-
uration, (d-f) are images of pillars at full-saturation. Images (a, d) are linear elastic, (b,
e) are perfect plasticity and (c, f) linear strain Hardening.
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Fig. 7.6. Results of the use of different flux boundary condition values (a-d) is a series of
images showing the lithiation process using a 10~ flux boundary condition and the linear
isotropic strain hardening model. (e-h) is a series of images during the lithiation process
using a 10~® flux boundary condition and the linear isotropic strain hardening model.

a. b.

Fig. 7.7. The end results based on the boundary conditions (a) fully lithiated state of
nanopillar using 107 flux boundary condition and the linear isotropic strain hardening
model. (b) fully lithiated state of nanopillar using 10~ flux boundary condition and the
linear isotropic strain hardening model.
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Fig. 7.8. Comparison of different diffusion parameters, (a) a pillar using diffusivity parame-
ters « = 6.0 and $ = 0.0 during lithiation process. (b) a pillar using diffusivity parameters
a = 6.0 and 8 = 1.0 during lithiation process. (c¢) a pillar using diffusivity parameters
a = 6.0 and § = 0.0 at full saturation. Image (d) pillar using diffusivity parameters o = 6.0
and § = 1.0 at full saturation.
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Fig. 7.9. Comparison of different substrate materials (a, ¢) pillar attached to a non-de-
formable material substrate. (b, d) pillar attached to a deformable material substrate.
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Fig. 7.10. A sequence of images showing the full lithiation and delithiation of a silicon

nanopillar.



CHAPTER 8

MODELING A FULL CELL

In Chapter 7 a fully coupled chemical diffusion and deformation model was presented
with the focus being on the anode. In this chapter the focus will be on modeling the full
cell. As was the case in the previous chapter, certain assumptions will be made. The most
notable will be the absence of physical deformation and the transport of chemical species
by advection.

The outline of the chapter will proceed as follows: 1) a discussion of existing work will
be given; 2) a discussion of the model along with the governing equations will be presented;
3) a discussion of the numerical methods used to solve the governing equations; 4) results

will be presented; and 5) concluding thoughts.

8.1 Existing Work

One of the most popular methods to model electrochemical cells originally developed
by Doyle, Fuller, and Newman is the Pseudo 2D (P2D) or Newman model [208, 209, 42].
This model simplifies the geometry of the electrochemical cell by treating the electrodes as
spherical particles and the electrolyte is reduced to a one dimensional domain. The transport
of positive ionic species within the solid electrode is governed by Fickian diffusion and
within electrolyte it is governed by concentrated solution theory. The interaction between
the electrode and electrolyte is governed by Butler-Volmer kinetics. To further reduce the
computational complexity of the P2D model, Zhang et al. made a further simplifying
assumption by neglecting variations in the concentrations of the electrolytes but retained
in the model for the physics of spherical electrode particles and kinetic equation at the
interface of the electrodes. This model is known as the single particle model (SPM) [210].
For a more complete description of the P2D and SPM models, the reader is referred to the
review article by Jokar et al. [211].

Rossi et al. [212] performed numerical simulations to investigate thin film membrane



139

electrochemical cells. Continuum scale models are used and focus is given to exploring the
microscopic region at the boundary and electrode/electrolyte interfaces. The boundary and
interface conditions are described by Stern layer theory, and the reactions at the interfaces
are described by the Frumkin-Butler-Volmer equations. The model of the electrochemical
cell is defined by the coupled system of equations described by the Poisson-Nernst-Planck
equations, which models the time evolutions of the field equations for both electrostatics
and chemical species. To perform the numerical studies, a one dimension finite element
formulation on an adaptively refined mesh as described by Wallmersperger et al. [213] is
used. The time integration is done using an implict-Euler scheme coupled with a Newton-
Raphson iterative method to solve the nonlinear equations that are found in the ionic species
flux equation.

Martinez-Rosas et al. [214] propose a model based on the work of Doyle et al. [215],
but with modified boundary conditions and the use a method of lines (MOL) approach
to the numerical solution. Mirzadeh and Gibou [216] develop a conservative semi-implicit
algorithm to solve the Poisson-Nernst-Planck equations. The spatial discretization is done
using a hybrid finite-difference / finite volume method. A quad-tree-based adaptively refined
Cartesian grid is used to resolve irregular boundaries. The adaptively refined grid also allows
for the necessary refinement that is needed to resolve the exponential varying quantities that
are involved in the electric double layer. The boundary of the domain is represented as the
zero level set of a signed distance function. Through numerical experiments conservation of
species is shown and accuracy is second order.

Smith and Bazant [217] propose a multiphase porous electrode theory framework for
modeling electrodes that is based on nonequilibrium thermodynamics. The theory is imple-
mented in a python based software package that uses a python based DAE library which
wraps popular open source numerical software libraries such as SUNDIALS and ADOL-C.

Analysis of the geometric structure of anodes and cathodes is another key research
area in full cell modeling. Miranda et al. [218] looked at how geometric properties of an
interdigitized anode and cathode affected the performance of an electrochemical cell. They
used the electrochemical model developed by Doyle et al. [215] and FEM to perform the
analysis of 2d structures. Priimagi et al. [219] looked at geometric properties of 3d pillars

for anode and cathode. They used porous electrode and Newman’s concentration theory for
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the cell model [220, 208] and FEM to perform the numerical solutions.

8.2 Model Description and Governing Equations
This section will cover the equations that govern the transport of ionic species through
the full cell and the transport of electrons through the electrodes. First is a general de-
scription of the Poisson-Nernst-Planck, which is then followed by specific descriptions of
the equations that are used for both positive and negatively charged chemical species for

each material in the cell. Last will be a discussion of the electrode/electrolyte flux model.

8.2.1 Poisson-Nernst-Planck Equation
The Poisson-Nernst-Planck equation describes the transport of charged chemical species
acting under an electrostatic field. The Poisson equation that describes the electrostatic field
is written as [60]

V2 =L (8.1)

€0

where ¢ is the electrostatic potential, p is the charge density, and ¢y is the relative per-
mittivity. The Nernst-Plack equation describes the evolution of a charged chemical species
acting under the electrostatic field [41]. The mass flux of the charged species is

j=-D(Vec+ cﬁV@ +ecv (8.2)
kT

where c is the concentration of the changed chemical species, D is the diffusivity, z is the
valence, e is the unit charge, kp is the Boltzmann’s constant, T is the temperature, ¢ is
the electrostatic potential, and v is the velocity of the host material. The mass flux of the
charged species is then combined with the continuity equation to describe the time rate of

change of the charged chemical species, i.e.,

oc .

zZe

kgT

=-V.|-D(Vec+c Vo) +cv|. (8.4)

A derivation of (8.2), from a thermodynamic perspective, is presented in Chapter 2, but
in this section an examination of the physical nature of the problem is discussed. At its core
the Nernst-Planck equation is an advection-diffusion equation. This can be seen when (8.4)

is rewritten as follows:
dc

= V- (DVc) =V - (ev"). (8.5)
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where the term v* shall be called the total velocity. Two physical processes are at play to
produce the total velocity. The first is the movement of the charged chemical species acting
under an applied electrostatic field and the second is the resultant change in position that
comes about from movement of the host material. The total velocity is then the sum of the
two velocities, i.e.,

v = ves + Vp. (8.6)

The electrostatically induced change in position is defined as

zZe

Ves = —D kpT

V. (8.7)

The velocity based on the host material, vy, is material specific. For example, in a fluid,
the velocity could be derived from the Navier-Stokes equations or in a solid material, the

velocity is derived from the momentum balance (2.94).

8.2.2 Electron Transport in Semiconductive Electrodes
For this model semiconductive material such as silicon and lithium iron phosphate are
being explored as the electrode materials. The current density within a semiconductive

material is described by the following equation:
i=—-eD.Vce +eDpVey, + eceie Vo — ecpun Vo, (8.8)

where ¢, is the concentration of holes and ¢, is the concentration of electrons. The current
density described by Equation (8.8) can be broken into a current based on diffusion and

current based on drift,

i= —eD.Vece +eDpVey, + ecepte Vo — echupn Vo . (8.9)

diffusion current drift current

The current density can also written in terms of the sum of a electron current density and
a hole current density,

i=1i, +1ip. (8.10)

For the purposes of this chapter the hole base current density will be assumed to be zero

and thus the current density will consist solely of the electron diffusion and drift currents,

i=i.= —eD.,Vc. 4+ eceieVo . (8.11)

diffusion current  drift current
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The relationship between the electron current density and flux is defined by the following
relationship:

i, = eje. (8.12)

Based on Equation (8.12) the flux of electrons, with its diffusion and advection components,

is defined as

Je = —D¢Vece + ceteVo . (8.13)
—_—— ——
diffusion advection

8.2.3 Electrolyte
Within the electrolyte the governing equation for the electrostatic field is defined by the

Poisson equation,

V. epVe = —%Zzici, (8.14)

where ¢ is the electrostatic potential, eg is the relative permittivity of the electrolyte, e is
the unit charge, ¢y is the absolute permittivity, z; is the valence of chemical species 7 and
¢; is the concentration of species ¢. For the purposes of this chapter a binary electrolyte
will be assumed with the valence of the positive and negative ionic species being 1 and —1,
respectively. In terms of the binary electrolyte, the Poisson equation is written as
V- epVe = —%(p—n), (8.15)
with p being the concentration of the positive ionic species and n being the concentration
of the negative species.
The mass transport of each ionic species within the electrolyte medium is defined by the

following set of equations:

%Cti =—-V_-j,
S (8.16)
-]’L - 7 (2 ka b

where j; is the flux of chemical species i within the electrolyte, D; is the diffusivity coefficient
for species ¢ within the electrolyte, ky is the Boltzmann’s constant, and T is the temperature.

The above set of equations are generalized to describe the mass transport of any given



143

species with any given valence within the electrolyte. Assuming a binary species within the

electrolyte the mass transport of the positive ionic species is written as

op _
R
(8.17)
Jp = [Vp +te TW@
and for the negative ionic species the mass transport equations are written as,
on
at v Jn;
(8.18)

8.2.4 Anode and Cathode
The governing equation for the electrostatic potential field is defined in a similar manner
to that of the electrolyte. The negative species are the free electrons and the positive species
are the positive ionic species found in the electrolyte. Assuming a valence of 1 for the positive

ionic species, the electrostatic potential equation is written as
e
V-eacVe = —%(P —n) (8.19)

where €4|¢ is the permittivity of the anode or cathode material, p is the concentration of
the positive ionic species, and n is the concentrations of the electrons.
The mass transport of the positive species within the anode or cathode is defined by the

following set of equations:
dp

& =
bh=-D, [Vp—i—

-V - jp’
(8.20)

el
This set of equations is of the same form as those used in the electrolyte as defined by
Equation (8.17) with the exception being that the diffusion coefficient is with respect to the
anode or cathode material.

Compared to the transport equations for the positive species the transport of the
electrons is defined in terms of the electronic conductivity of the anode or cathode material.

The mass transport equations are

an v J’I’Zu
ot (8.21)
Jn =04V,

where o 4|c is the conductivity of the anode or cathode material.
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8.2.5 Electrode/Electrolyte Interface
The kinetics of an ionic chemical species crossing the electrode/electrolyte interface
is defined by the Butler-Volmer equation or in cases of a large overpotential the Tafel
equation [41]. The Tafel equation for the interfacial current density as a function of the

overpotential is defined as

i=a"exp (Ab:b> . (8.22)
where A¢ is the overpotential defined as A¢ = ¢ — ¢g. An approximation to the Tafel
equation can be derived as is shown in Fig. 8.1. In this example it can be seen that if the
linear approximation is used, the current density will be zero until the overpotential exceeds
a value of one. An argument can be made that for this particular case the approximation
is valid because the current density computed by the Tafel equation is near zero within the
overpotential region from zero to one.

For the full-cell model in this chapter a course-grained electrode/electrolyte interfacial
flux model is proposed that follows a similar argument to the one presented above. In this
model an overpotential threshold is set such that as long as the overpotential is within the
range of zero to the set threshold, the interfacial flux is zero. Once the overpotenial threshold
is exceeded the interfacial flux is computed based on concentrations and electrostic potential

gradients. The equation for the interface flux is as defined as follows:

0 if |[A
j:{ if [Ag] <y (3.23)

—aPagPe [Vp 4 Bvg] i |Ag] =y
where D 4c and D are the diffusion coefficients of the ionic species in the anode or cathode
and electrolyte, respectively, « is a user-defined reduction parameter that can be used to
increase or decrease the magnitude of the flux across the interface, and ~; is a user-defined

overpotential threshold.

8.3 Numerical Approach to Modeling
the Full Electrochemical Cell

A cell-centered finite volume discretization based on a Cartesian mesh will be used to
solve the governing set of equation within the electrolyte, anode, and cathode. The problem
domain, €2, can be broken up in to subdomains, €2;, defined by the elements of the Cartesian

mesh. The union of the element subdomains comprises the entirety of the problem domain,
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Q=[] (8.24)
j

The intersection of the subdomains is the empty set,
(9 =0. (8.25)
J

For notational purposes the subscript letter j represents the global index of the j** element.

8.3.1 Volume Integral of the Poisson Equation
Whether the area of focus is the anode, cathode, or electrolyte the equation that resolves

the electrostatic potential field is defined by the Poisson equation,
V- -e:Vop=—« Z ZiCi. (8.26)
i

Taking the volume integral of both sides of (8.26) produces the following:

/Q(V Vo) dV = —a/Q (Z ZiCz‘) v, (8.27)

and written in terms of the union of subdomains defined by the elements produces

Z/ (V- e, V) d :—aZ/ ( zzci> dv. (8.28)

Using the divergence theorem the volume integral for each subdomain as found on the left
hand side of (8.28) is written as a surface integral,
/ (V-e;Vo)dV = / (V@ -n)dA, (8.29)
Q; 09,
where 0§); is the surface of element j. Using the observation made in (8.29), (8.28) can be

rewritten as

Z/m (€2V-m)dA = —aZ/ (Z m) dv. (8.30)

8.3.2 Volume Integral of the Mass Transport Equation
As was the case for resolving the electrostatic potential field the same is true for the
mass transport of chemical species. The mass transport equation for each chemical species

in the electrolyte, anode, and cathode can be written in the generalized form,

gci _ -V -j;. (8.31)
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Taking the volume integral of both sides of (8.31) produces
dc;
—CdV — / V-jidv, (8.32)

and written in terms the union of the subdomains,

Z/ %dv_ Z/Q.Vjidv. (8.33)

As was the case with the Poisson equation, the divergence theorem is used to transform the

volume integral on the right-hand side of Equation (8.33) to a surface integral,

/ VjidV = [ ji-ndA. (8.34)
Q; o9

8.3.3 Approximation of Field Equations
The function p(x,t) will be used to define the concentration of the positive species in the
electrolyte, anode, and cathode. The function n(x, t) will be used to define the concentration
of the negative species in the electrolyte and the concentration of free electrons within the
anode and cathode. The function ¢(x,t) will be used to define the electrostatic potential
field. An approximation of the functions p(x,t), n(x,t), and ¢(x,t) will be done using the

respective values at the cell-centers and linear basis functions,
£~ > pi(t)s(x), (8:35)
J
t) =Y n(t)w;(x), (8.36)
J
)~ > o) (x). (8.37)
J

The approximation of the gradients of the field equations are derived as follows:

t) ~ Z pj (1) Vi (x), (8.38)
t) ~ Z n;(t)Vip;(x), (8.39)
)~ > 65OV (). (8.40)

8.3.4 The One-Dimensional Problem
In order to simplify the discussion of the spatial discretization using the finite volume a

one-dimensional problem will be used. All elements within the problem domain will be of
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uniform size, dz. Because the problem has been reduced to one dimension the two faces of
an element can be referred to as the left and right faces, and the notation for a flux across
an interface will use the following notation:
Ipiil (8.41)
where the subscripts indicate that this is the flux of the positive across the left face of the

h element. Similar notation is used to describe a gradient across an element face,

Vi (8.42)

where this would be that gradient of the electrostatic potential across the left face of the

h element.

8.3.5 Finite Volume Formulation of the
Electrolyte Governing Equations

In one dimension the surface integral as described in (8.29) is written as

/ (6EV¢ . n) dA — eEV¢j+1/2 — 6EV¢j_1/2, (843)
09

where the subscript j £+ 1/2 represents the evaluation of the gradient of ¢ at the left and
right sides of element j. Using the notation described above the gradient evaluations at the

left and right sides of the element j are
Vi 172 =Vji, (8.44)
V12 =Vjr. (8.45)
Using linear basis functions the gradients of the electrostatic potential for the left and right

sides of element j are

90— 91
Vo E T (8.46)
¢J+1 ¢J
Voir ~ dz

Using the gradient approximation described by (8.46) the approximation to (8.43) is

(¢1+1 sz) _ (¢2 ¢z 1)

dx dx
(Pir1 —2¢; + ¢i1) (8.47)
dx '

The volume integral on the right hand side of the Poisson equation is approximated using

€EEVojr1/2 — €EEVQj_1/2 R €R

a midpoint integration method,

—= | (p=m)dV ~ —=(p; —ny)de. (8.48)
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By combining (8.47) and (8.48) the finite volume approximation of the Poisson equation is

i1 —2¢; + ¢t e
- —ny). 4
) . (pj — ny) (8.49)

As was described in an earlier section, the Nernst-Planck flux equation can be written in
terms of a diffusion component and an advection component. In finite volume descretizations
of the advection equations care needs to be taken when determining the form of the flux
calculations. When sharp gradients are present oscillations can arise if care is not taken when
choosing the numerical form of the flux equations. With this in mind the numerical form
of the fluxes for the positive chemical species within the electrolyte region of the chemical

cell is defined by the following set of equations:

) (pj—1 — pj) Dye (¢pj—1 — &)
o= _p M=t B
gL P dr PLLE T 4z
(8.50)
ih=-D (j+1—pi)  Dpe(djs1—¢j)
PR P VR T dr

where the values of p; 1, and p; g are the computed values of the left and right concentration
values. A description of how the values are calculated will be given in the section on limiters.
The numerical solution for the flux values of the negative species within the electrolyte

is defined in a like manner,

(nj—1—mn;) 4 Dne (nj—1+mnj) (¢j-1 — ¢;)

jn,j,l = _Dn

- BT 2 do (8.51)
Suip=—D (nj+1 —nj) . Dpe (nji1+n;5) (911 — &) '
" " d kT 2 dx

The rate of change of the average concentration for element j is then determined by the

following equation:

Ip; I .

87; = _%(Jp,j,l + Jpjr)- (8.52)
In similar fashion the rate of change of the negative ionic species is determined by the

following equation:
871]' 1 . .
ot dx (ngd +ngr)- (8.53)

A further discussion of the time integration methods will be presented below.
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8.3.6 Anode/Cathode
The numerical approximation to the Poisson problem that determines the electrostatic
potential field within the anode and cathode is formulated in the same way that is done for

the electrolyte. The numerical approximation is written as follows:

Gj—1 — 205 + i1 e
_— .y 8.54
a2 eAIC€0 (pj —nj) ( )

where €4)c is the relative permittivity of the respective anode or cathode material. The
numerical approximation of the flux of the positive species within the anode or cathode
material is determined in like manner to that of the positive species in the electrolyte and

is written as follows:

. (Pj-1 — pj) Dye (¢j-1 — ¢;)
= _p =L B
Ipidd P PLLGT ™ de
(8.55)
I (Pj+1 — ;) 0 Dpe (¢j+1 — ¢;)
p.gor P dx LR T dz :

The numerical approximations to the flux of negative species in the anode and cathode is
formulated in a similar fashion to the numerical approximation of the positive with changes

made in the appropriate constants,

Jnji = UA(d)j_il_ Qsj),
v (8.56)
e dv

The rate of change of the cell averaged positive and electron species concentrations is

determined by the following set of equations:

dp; L. .
aitj = _%(Jp,j,l + Jpjsr)s
o, (8.57)

1. .
ot = _%(Jn,j,l +Jn,j,r)'

8.3.7 Electrode/Electrolyte Interface
A description of the numerical implementation of the electrode/electrolyte interface will
be presented in terms of the anode/electrolyte interface but the same approach applies to
the cathode interface. For this example at the anode/electrolyte interface the anode is to
the left of the interface and the electrolyte is to the right. The element on the anode side of
the interface is element j and the element on the electrolyte side of the interface is element

j+ L
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The discretization of the Poisson equation for element j is written as follows:
eater) (P — ;)] 1 e

(dj—1— ¢;5) n ( 1l _ e
dx 2 dx dx kyT

€A (pj — nj)- (8.58)

The permittivity at the interface is the average of the two material permittivities. While a
higher order approximation would produce more accurate results, the averaging of the two
produces sufficient results for the given simulation.

The discretization of the Poisson equation for element j + 1 is written as follows:

(€a+er) (¢j — djr1)
2 dx

(pj+2—¢j+1)] 1 e ,
+ec In el ka(ng Njt1)- (8.59)

8.3.7.1 Free Electron and Negative
Ionic Species Transfer

In the electrochemical full cell model neither the electrons in the electrodes nor the
negative ionic species cross the electrode/electrolyte interface, as such the numerical im-
plementation needs to respect this requirement. The numerical implementation for the jth

element is written as follows:

. (91— ¢y)
Jn,jl =0A dx )
jn,j,r = 07 (8.60)
. .
n; = _%(Jn,j,l +Jn,j,r)'

The discretization of element j + 1 is written as follows:

Jnj+10 =0,
P (nj42 —nj+1)  Dpe (nj42 +nj41) (942 — djit1)
AR " dr kT 2 dr ’ (8.61)
1
i1 = = 2= (Injir + Injiir).

8.3.7.2 Positive Ionic Species Transfer
In the case of the positive ionic species, electrons are allowed to transfer across the
interface. The drop in electrostatic potential is simply determined by taking the difference

of the electrostatic potentials of the two adjacent elements at the interface,

A= ¢j — Qji1- (8.62)
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The discretization for element j is written as follows:

i =Dy (pj—1—pj) e (pj—1+p)) (Fj—1—¢))
p.3l dz kT 2 dz ’
Jpjr = _aDAJQrDE [(ijrdlat_pj) + }%LT (pj+12+pj) (¢j+dll‘_¢j):| it |Ag| >= 7,
1

p;- = _%(jp,j,l + Jp.jir)-

The discretization of element j + 1 is written as follows:

. 0 if |Ad| <

Jp.j+10 = _aDA—gDE [(Pj*dI;jH) + ]%LT(ijrng) (¢j;l¢x)j+1):| if [Ag| >=
w2 —pin) e (Bia2 +pjv) ($i42 — $j41) (8.64)
Jpatir = T HE dx " ®T 2 dx ’

L. .
p} = *%(Jp,jﬂ,l +Jpjt+1,)-

8.4 Flux Limiters
Because of the overpotential threshold that is used in the interface flux calculation,
the flux value goes from zero to computed value within one time step. If not addressed
correctly, sudden change will introduce oscillations into computed results. The solution to

this problem is the use of a flux limiter. For this particular case the van Leer limiter [221]

was chosen and is implemented as follows:

W(r;) = ?:“;"” (8.65)
pL =pi+ (pi = piz1) Y(rq),

2
i+2 — Pi+1 1

]9R=pi+1—(%r 2p2+ )w( )
Ti+1

In numerical experiments an upwind scheme was also shown to be favorable, but the use of

(8.67)

limiters was chosen for robustness in preventing instabilities.
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8.5 Time Integration Methods
8.5.1 DAE Index Classification of the Governing Equations
8.5.1.1 Binary Electrolyte
The DAE that describes the electrostatic potential field and the transport of positive
and negative ionic chemical species within the electrolyte can be formed by combining the

finite volume spatial discretizations defined by (8.49), (8.50), (8.51), (8.52), and (8.53),

Di—1 — 2pi + Pit1

pi=D 1r2 + 572 (Pt +pi) (i1 — 6i) + (i1 + pi)(Piv1 — 04)l, (8.682)
i—1 — 2n; +n;
nj = D" dZQ T 2;;2 [(nie1 4 ni)(Pi1 — &) + (i1 + i) (D1 — ¢4)],
(8.68D)
0= $im1 =20+ i | B(p: — ). (8.68c¢)

dx?
The system of equations defined by (8.68) is a semi-explicit DAE of index 1. To demonstrate

this fact it will help to write the system of equations in its matrix vector form,

p'=Mp + 2;7 [(A1p) o (B19) + (A2p) o (B29)], (8.69a)
n'=Mn - 52 [(Ain) o (Big) + (Azn) o (Bag)], (8.69b)
0=M¢+ 5(p — n), (8.69c¢)

where bold uppercase letters are matricies and bold lower case letters are vectors. The
Hadamard product is defined by o. Differentiating Equation (8.69c) with respect to ¢
produces the following:

0=M¢' + 3(p' —n'). (8.70)
Given that the matrix M is nonsingular, Equation (8.70) can be rewritten as
¢ =M t(n' —p'). (8.71)

Replacing (8.69¢) by (8.71) in the system of equations found in (8.69) produces the following
ODE:

(67

P’ = Mp + 55 [(A1p) o (B14) + (A2p) o (Bag).. (3.722)
n' = Mn — 25‘7 [(A1n) o (B1§) + (Aan) o (B2g)] , (8.72b)
¢ =M (' —p), (8.72¢)

thus showing that the system of equations defined by (8.69) is a DAE of index 1.
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8.5.1.2 Anode/Cathode
The DAE that describes the electrostatic potential field and the transport of positive
and negative ionic chemical species within the anode can be formed by combining the finite

volume spatial discretizations defined by Equations (8.54), (8.55), (8.56), (8.57), and (8.57),

i—1 — 2pi + pi o
pf = DY d§2 Pet] 57,2 (Pi-1 +Pi)(bi-1 — 6i) + (Piv1 +pi) (Pi+1 — ¢3)], (8.73a)
Pi—1 — 2¢i + dit1
n,=—ox 722 (8.73b)
i—1 — 2¢i + ¢
0= dj; Foen B(pi — ni). (8.73¢)

The system of equations defined by (8.73) is a semi-explicit DAE of index 1. To demonstrate

this fact it will help to write the system of equations in its matrix vector form,

p'=Mp + 2;7 [(A1p) o (B1¢) + (A2p) o (B2¢)], (8.74a)
n' = Mn — 2;‘? [(Aqn) o (B1¢) + (Azn) o (B2g)] , (8.74b)
0=M¢+ 5(p —n), (8.74c)

where bold uppercase letters are matricies and bold lower case letters are vectors. The
Hadamard product is defined by o. Differentiating Equation (8.74c) with respect to ¢

produces the following:

0=M¢' + B(p' —n’). (8.75)
Given that the matrix M is nonsingular, Equation (8.75) can be rewritten as
¢' =M (0’ —p'). (8.76)

Replacing (8.74¢) by (8.76) in the system of Equations (8.74) produces the following ODE:

o

p'=Mp + 222 [((A1p) © (B19) + (A2p) o (B29)], (8.77a)
n' = Mn — 25‘7 [(A1n) o (B1g) + (Aan) o (Bag)] (8.77b)
¢ =M (0 - p), (8.77¢)

thus showing that the system of equations defined by (8.73) is a DAE of index 1.

8.6 Numerical Tests
Each of the numerical simulations that will be run, to show different aspects of the

numerics described above, will consist of an anode, electrolyte, and cathode. The entire
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domain of the problem is 100 nm. The widths of the two electrodes are 20 nm each with
the remaining 60 nm being devoted to the electrolyte. The left and right boundaries of the
problem will be called boundary a and boundary b, respectively. Fig. 8.2 shows a simple
schematic of the 1d problem. The electrode on the left (orange) will be the anode and the
electrode on the right (red) will be the cathode.

For all numerical experiments the following set of common parameters are used: The
relative permittivity of the anode, cathode, and electrolyte is 10 and the absolute permit-
tivity is 8.854 x 10721 C'/(V - nm). All experiments assume an isothermal condition and a
temperature of 300 K. The Boltzmann’s constant and unit charge are 1.38 x 10723 J/K and

1.602 x 10719 C, respectively.

8.6.1 Boundary Conditions
In this work explorations are done to examine the mass transport of lithium phenomena
based on charging via an imposed current. Based on this criterion the boundary conditions
for the anode and cathode are set to the following Neumann boundary condition values:

n.anode = 3mA/em?, (8.78)

Jn,cathode =3 mA/Cm27 (879)

with a positive flux going from left to right in the domain. With the flux at the anode and
cathode being the same in both magnitude and direction, charge across the entire problem
domain is conserved. For the positive lithium ions the boundaries are pure insulators and

thus the Neumann boundary conditions are

JIp,anode = 0, (8.80)

Jp,cathode =0. (881)

The boundary conditions for the electrostatic potential are a combination of Dirichlet
boundary condition at the anode and a Neumann boundary condition on the cathode side.
In the case of the electrostatic potential field we are dealing with a relative potential, which
means that a given potential only has significance, if it is given in terms of a given reference.

In this case we assign the following two the anode and cathode boundary conditions:

Qbanode = 07 (882)

J¢,cathode = 0. (883)
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A Dirichlet condition on one of the boundaries is necessary in order for the problem to be
well-posed, and the Neumann condition will allow for the electrostatic potential to evolve

according to the change in the charge field driven by the Nerst-Planck equations.

8.6.2 Resolution Test

The initial concentration in the anode is zero for both the free electrons and the positive
ionic species. The concentration for both the positive and negative ionic species is in the
electrolyte is 6.0 # /nm3. In the cathode the initial concentration for both the free electrons
and positive ionic species is 30.0 #/nm3. The diffusivity values used for the positive ions in
the anode and cathode are 1075 em?/s and 1073 cm? /s, respectively. The conductivity of
the electrons in the anode and cathode are 3.0 x 107'8S/em and 10717.S/em, respectively.
In the electrolyte the negative ions remain fixed, i.e., a diffusivity of 0, and the diffusivity
of the positive ions is 1.7 x 10~ 4em?/s.

A series of simulations run in order to show the convergence of the numerical approach
as the grid is refined. In this study each grid has a uniform spacing between cell-centers.
The number of cells used for the simulations are 102, 103, 10%, and 10°. Each simulation
uses the same time step size of 107* and the simulation is run for 10° iterations. Fig. 8.3
shows a comparison of the four refinement levels at the 10° timestep. The charge plot is the

net total charge in each cell, i.e.,

charge = (p; — n;)Ax;. (8.84)

Fig. 8.4 shows one area of the the potential and charge plots from Fig. 8.3. In this plot

it can easily be seen the relationship between the electrostatic potential and the net charge
as the grid is refined.

An alternate look at the convergence of the numerical method can be seen through

the calculation of an error norm for each resolution. The error is computed by treating

the solution based on the 10° resolution grid as the true solution. The L2 error norm is

computed in the following manner:

error = \/ZZ (fi - f(azz))z (8.85)

N

where N is the total number of cells. Fig. 8.5 shows the calculated error norm of the

electrostatic potential for each of the three grid refinements.
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8.6.3 Effect of Flux Limiters

This set of numerical tests are presented to show how the use of the flux limiter removes
the oscillations that can occur during a numerical simulation. The initial concentration of
free electrons and ions are in the anode. In this test case there are three locations at which
oscillations will form. The first is the anode/electrolyte interface. These oscillations begin
as the positive ions in the electrolyte begin to move toward the anode and build up a higher
concentration of the positive ions in the stern layer. The second location where oscillations
begin to develop is at the electrolyte/cathode interface. These oscillations are initiated as the
electrostatic potential difference across the electrolyte/cathode interface exceed the given
threshold and positive ions from the cathode are then allowed to enter into the electrolyte.
The third location where oscillations begin to build up is at the cathode/electrolyte interface,
with the oscillations this time being on the cathode side. These oscillations develop as the
positive ionic species within the cathode begin to migrate toward the cathode/electrolyte
interface as a result of electrostatic potential gradients across the cathode. An example of
the three oscillations that develop can be seen in Fig. 8.6.

Fig. 8.7 shows a comparison between the nonlimiter version and limiter version of the
simulations at the anode/electrolyte interface. From this figure it can be seen the the limiter
removes the oscillations that develop as positive ions migrate from the bulk electrolyte
toward the anode/electrolyte interface.

Fig. 8.8 shows the effectiveness of the limiter in mitigating the oscillations that form
as the positive ionic species transfer from the cathode into the electrolyte. As the positive
ionic species enter the electrolyte and begin to migrate toward the anode, the oscillations,
which come as a result of the advection portion of the flux equation, begin to develop.
The top sequence of images show the results of using an averaged value of the positive
ionic concentrations between the two cells as compared to the limiter version. In the limiter
version the oscillations no longer exist.

Fig. 8.9 shows an example of the oscillations that develop at the cathode/electrolyte
interface. As compared to the other areas of the simulations these oscillations continue to
persist throughout the simulation. The persistance of these oscillations comes as a result
of the electrostatic gradients that remain through the duration of the charging phase of

the simulation. In the other two areas the electrostatic gradient tends to flatten out in the
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beginning portions of the simulation, and thus the transport of the positive species within
the anode and electrolyte is driven by the diffusion portion of the flux equation. The diffusion
process begins to even out the oscillations as the simulation proceeds. In the cathode this
physical process does not occur in the same manner so the oscillations will continue to grow
at the interface during the simulation. The limiter based version is remove the oscillations.
In Fig. 8.9 the top sequence of images shows the nonlimiter version as compared to the
limiter-based version. Comparing the two shows the effects of the limiter in removing the

nonphysical oscillations.

8.6.4 Full-Charge Simulation

In this section a simulation is run that will show the full-charge cycle. The initial
concentration in the anode is zero for both the free electrons and the positive ionic species.
The concentration for both the positive and negative ionic species is in the electrolyte is
6.0 #/nm?3. In the cathode the initial concentration for both the free electrons and positive
ionic species is 30.0 #/nm3. The diffusivity values used for the positive ions in the anode
and cathode are 107° cm?/s and 1073 em? /s, respectively. The conductivity of the electrons
in the anode and cathode is 3.0 x 107185/cm and 107175 /em, respectively. In the electrolyte
the negative ions remain fixed, i.e., a diffusivity of 0, and the diffusivity of the positive ions
is 1.7 x 10~4em?/s. Fig. 8.10 shows the results from the simulation at times 0.0s, 1.0s, and

2.0s.

8.7 Conclusion

In this chapter we developed a full one dimensional electrochemical cell model using
the Poisson-Nernst-Planck equations and a novel electode/electrolyte interface flux. The
electrode/electrolyte interface flux model uses an overpotential threshold that limits the
flow of ions across the interface until a potential differential is met. This buildup of charge
leads to sharp gradients that result in a large flux of ions across the interface. From a
numerical perspective this sudden flux of ions across the interface can lead to numerical
instabilities in the model. In traditional fluid mechanics flux limiters provide a valuable tool
to handle numerical instabilites of the type seen at the electrode/electrolyte interface. As

was described in Equation (8.13) the transport of ions comes as a result of both diffusion
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and advection. The the use of a flux limiter in the model stops the numerical instabilities
that would otherwise occur.

The work that is presented in the chapter is a preliminary model. Ouermi [222] has
updated the model so that the effects of the electrode at the interface are modeled implicitly
and has incorporated Butler-Volmer kinetics [41] as boundary conditions. Any future next
steps in the model development will need to incorporate the work of Smith and Bazant [217]

into the updates made by Ouermi.
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Fig. 8.5. Error results from resolution test.
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CHAPTER 9

CONCLUSIONS AND FUTURE WORK

Batteries range in size and form factor, and they can be found in the smallest portable
devices to large EV vehicles. One does not need to look far to find a device that uses a
battery of some type, and thus batteries play an important role in civilian society. Batteries
also play an important role in our national defense. As was noted in the introduction, the
current warfighter uses a variety of mission critical electronic devices that all depend on
some type of battery. From these observations it can easily be seen that there is need for
batteries that are lighter, more efficient, and resilient.

Computational tools can aid researcher and engineers in the development of novel battery
designs that meet the demands of both modern warfighters and citizens. In this dissertation
MPM is proposed as one of those tools. MPM has now been in use for more than 25
years [19, 18]. Since its introduction it has been the focus of continued research and has
been applied to solving problems in fields ranging from geotechnical engineering to robotics.
MPM has proven adept a modeling a range problems. Its strengths come from the hybrid
nature of the method, which uses both particle and a mesh. By using a particle to model
the domain, issues with mesh distortion are avoided, and by using a background mesh
self-contact is resolved easily. The hybrid nature of MPM also has its own set of issues as a
result of information being passed between particles and mesh.

The topics of research covered in this dissertation cover a variety of areas ranging from
numerical methods, to computer science, to electrochemistry. The diversity in topics is a
result of the cross-cutting nature of the program that funded this research. That said, the
core of the research presented in this dissertation is directed toward one of the following
key goals:

1. Find new insights into the stability and accuracy of MPM.

2. Develop methods to improve the stability and accuracy of MPM.
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3. Seek insights and find methods for improving MPM’s capabilites to model multiphysics
problems, specifically applied to electrochemistry.
4. Develop a hybrid MPM/FVM approach to modeling a full electrochemical cell.
Not all of the goals have been achieved, but progress was made toward each of them. A
summary of the contributions from this dissertation along with directions in future work

are provided in the sections below.

9.1 Nullspace Filters and Corrected
Derivatives for MPM

Chapter 4 discussed the issues that arise from the mismatch in dimensionality between
particles and the background mesh. Generally speaking, the number of particles is greater
than the number of nodes in MPM. This mismatch results in a nullspace in the mapping
from nodes to particles. Because of this, noise can be introduced in the calculation as
particle values are updated based on nodal values. One approach that has been presented is
the use of an global SVD filter to remove the nullspace noise [124, 125], but solving of the
SVD, especially at scale, is computationally expensive. Chapter 4 presented an alternative
to the SVD approach by approximating the nullspace filter by remapping particle values to
the nodes and then back to the particles. This approach was shown in the demonstrated
numerical experiments to reduce numerical nullspace noise.

Another technique that was proposed in Chapter 4 was the use of corrective derivatives
when mapping particle values to the nodes. The use of corrective derivatives was originally
developed for particle methods [13, 114, 115, 127] and has been adapted to MPM. In initial
numerical experiments it has been shown that the use of corrected derivatives improves the

accuracy of MPM.

9.2 Time Integration Methods for
Multiscale Problems Using MPM

Chapter 5 presented the problems that can arise when modeling multiphysics problems
that have different physical processes that evolving at different timescales. For an explicit
approach the stability criteria for one of the physical process becomes the limiting factor
for the other. When solving problems of this type, one solution is to use either a fully

implicit or semi-implicit time integration scheme. Doing so allows for much larger time



166

steps without causing numerical instabilities. One possible drawback with this approach is
that even though the solution may be stable for larger step sizes the accuracy is reduced.
The question then is, what is the reduction in accuracy and is it acceptable?

In Chapter 5 an initial survey of different explicit time integrations schemes for MPM
was presented for context, followed by a description of the implicit MPM approach proposed
by Guilkey and Weiss [146]. A disscussion on the formation of the Jacobian, used in the
solving of implicit equations, using both an analytic and numerical approach is presented.

The final portion of the chapter presented a analyis of the different local errors in the
implicit scheme. The analysis resulted in local error estimates for each of the nodal and
particle value updates. The local error estimates can be used to determine if a timestep size

is sufficiently accurate as compared to using a stability-only approach for timestep selection.

9.3 Diffusion Modeling in MPM

Stability constraints were examined for REFMPM using Von Neumann analyis. Gener-
ally, MPM is not an ideal candidate for an analysis of this type because of the movement
of the particle in relation to the background mesh, but given that REFMPM is done in the
reference configuration it lends itself to Von Neumann, given the proper assumptions.

Diffusion in the reference configuration using REFMPM was also presented along with
an analysis of the methods stability contraints. It was shown that stability for diffusion
using REFMPM is not simply function of conductivity/diffusivity and grid spacing but also
the particle deformation gradients.

A discussion was also presented on the nullspace noise that occurs in diffusion calcula-

tions in REFMPM along with approaches to mitigate the introduced noise.

9.4 Using the Material Point Method to Model
Chemical/Mechanical Coupling in the
Deformation of a Silicon Anode

Chapter 7 discusses the use of MPM to model a silicon electrode undergoing multiple
charge/discharge cycles. Silicon as an electrode material has very favorable characteristics
because of its ability to absorb a large number lithium ions relative to quantity of host
material at full charge. At full litiation a silicon electrode can increase its volume by ~

280% [20]. This change in volume leads to large deformations, which are both plastic and
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elastic, for which MPM is well suited.

A description of the fully coupled chemical-mechanical model was presented, along with
a description of the details regarding the method used for modeling diffusion in MPM,
the flux boundary conditions, and validation tests for MPM diffusion. Multiple simulations
were run to explore different constitutive models, boundary conditions, and parameters.
The results from the runs were then presented.

Based on what was learned from the different experimental runs, a full simulation was
run that modeled the coupled behavior of chemical diffusion and mechanical deformation.
The results of the simulation demonstrated what a silicon electrode undergoes when it expe-
riences multiple charge/discharge cycles and the resultant plastic deformations that occurs
from the large changes in volume. This chapter also demonstrates the value that MPM
can bring to the electrochemical community as tool for modeling different electrochemistry

problems.

9.5 Modeling a Full Cell

Chapter 8 presented a full one dimensional electrochemical cell model based on the
Poisson-Nernst-Plank equation, which used FVM to solve the model equations. A novel
electrode/electrolyte interface model was also introduced. The basic design of the model
was to prevent the flow of ions across the interface until an overpotential threshold was
met. Once the threshold was met ions were allowed to flow across the interface. The sudden
flow of ions across the interface resulted in numerical instabilities. The approach to resolve
the instabilities was to use a flux limiter.

A full description of the one dimensional FVM implementation is provided along with
analysis of the time integration method used in the model. Results from the model simula-
tion runs are also provided along with a comparison between the unstable and the stable
results that came as result of using the flux limiter. The model presented in Chapter 8 is a
first-order approximation of the physics involved of a model of this type. A more complete

model will need to incorporate Butler-Volmer kinetics at the electrode/electrolyte interface.
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9.6 Future Work

9.6.1 Scaling the Use of Nullspace Filter
and Corrected Derivatives

Chapter 4 presented the use of local nullspace filters and corrected derivatives as an
improvement to MPM in terms of stability and accuracy. All the work that was presented
was done on a one dimensional grid using linear basis functions. For future work the
nullspace filtering techniques and the use of corrective derivatives need to be extend to
multidimensional problems, using different basis functions, and run at scale. Another area of
future research would be to examine if these techniques can be used to mitigate instabilities

that arise from volumetric locking.

9.6.2 Adaptive Time Integration for Implicit MPM
Chapter 5 presented local error estimates that can be used to determining the accuracy
of a given time step size. Future work that is of interest is to explore the use of local error
estimates in an adaptive time integration scheme for implicit MPM. To the best of our
knowledge adaptive time integrations methods have been proposed for explicit MPM [162,

163], but they are based on stability constraints and not accuracy.

9.6.3 Modeling a Full Electrochemical Cell
Using a Hybrid MPM/FVM Approach

MPM was used to model the full cycle charge/discharge cycle of a silicon electrode. As
was noted in Section 2.4.4 electrostatics is an important factor in modeling the diffusion
ions within the electrode. As was demonstrated in Chapter 7 the diffusion portion of the
model accounted only for chemical diffusion as a driving mechanism for the movement of
ions through the electrode material. A topic of future research is to incorporate the affects
of electrostatis on the movement of ions through the electrode material. To this end an
implicit FVM solver has already been implemented in Uintah for solving the electrostatic
equation.

Another area of future research would be to implement fracture in to the model and
code. Research has shown that after multiple charge/discharge cycles a silicon electrode will

begin to fracture [223], which reduces the life of the electrode.
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9.6.4 Modeling a Full Cell
As was noted previously, the work presented in Chapter 8 was preliminary in nature.
While the model allowed for the testing and demonstration of the validity of the numerial
approaches used, the model itself was a first order approximation of the actual physics.
A direction of future work would be to incorporate Butler-Volmer kinetics into model.

Ouermi [222] has already begun research in this direction.

9.7 Summary
To summaries, research presented in this disseration demonstrates the work put forward
to gaining deeper insights into MPM with regards to stability and accuracy, seeking methods
for improving the accuracy and stability of MPM, improving MPM’s capability for modeling
multiphysics problems as applied to the modeling electrochemisty problems, and developing
a FVM/MPM approach for modeling a full electrochemical cell. As is noted above there is

much work to do in achieving these goals.
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