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Abstract

Dueto our familiarity with how uids moveandinteract, aswell astheir compleity, plausibleanimationof uids
remainsa challengingproblem.We presenta patrticle interaction methodfor simulating uids. The underlying
equationf uid motionare discretizedusingmoving particlesandtheir interactions.Themethodallowssimula-
tion andmodelingof mixing uids with differentphysicalproperties, uid interactionswith stationaryobjectsand
uids that exhibit signi cant interfacebreakupand fragmentation.The gridlesscomputationaimethodis suited
for mediumscaleproblemssincecomputationakelementsxist only whee neededThemethodts well into the
currentuserinteraction paradigmand allows easyusercontmol overthedesied uid motion.

1. Intr oduction

Fluids and our interactionswith them are part of our ev-
erydaylives. Due to our familiarity with uid movement,
plausiblesimulationof uids remainsa challengingprob-
lem despiteenormousmprovement$ 6. Advancesin com-
putational uid dynamics(CFD) often cannotbe directly
appliedto computergraphics becausehey have vastly dif-
ferent goals. Visual effects for feature Ims call for very
high resolutionsimulationswith very realistic appearance
andmotion.In addition,controlover motionandappearance
is necessarfor artisticpurposesuchthatphysicallyimpos-
siblethingsbecomepossibleandthat uid motionis script-
ablefor users speci ¢ needs.Fosterand Fedkiw’ andEn-
right et al.6 shavedthatvery realisticanimationof wateris
possible.Unfortunately existing methodsare computation-
ally very expensve andvery slow to use.While greatstrides
have beermadeto make uid simulationmorecontrollablé,
thesegrid-basednethodsdo not t well with currentuser
interactionparadigmusedin modellingandanimationtools.
FurthermoreJarge scaleproblemssuchas stormy seasre-
quire large grids and are currentlyimpracticalto simulate.
Also, multiphase o ws, multiple uids mixing, and sedi-
mentary o wsarenoteasyto model.FosterandFedkiw and
Enrightetal.6 addressedomeof thedif cult problemswith
the grid-basednethodsusinga hybrid representatiorfrag-
mentatiorandmeiging of uids, numericaldiffusionin con-
vectioncomputationetc. Therearealternatve approachet
grid-basedmethodsfor simulating uid o ws: Large Eddy
Simulation,vorticity con nement,vortex vethods,andpar
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ticle methods Large-EddySimulation(LES) addsan extra
termto the Navier-Stokesequationdo modelthe transferof
enepgy from theresolhed scalego the unresoled scalesin
vortex methodslarge time stepsare allowed and computa-
tional elementsxist only whereinterestingo w occurs.

To addresssome of the de ciencies of the grid-based
methodsye describea particleinteractionmethodfor sim-
ulation of uids. The underlyingequationsof uid motion
(the Navier-Stokes equations)are discretizedusing mov-
ing particlesandtheir interactionsThe particlemethodde-
scribedis very simpleand easyto implement.It ts better
into currentuserinteractionparadigmand settingthe sim-
ulationandcontrollingit is easyandintuitive. The method
allows settingup the simulation(in o w andout ow bound-
aries,obstaclesforces)at coarseresolution(small number
of large particles)to quickly preview the motion. Oncethe
useris satis ed with the overall motion of the uid ow,
the simulationis run at high resolutionto producethe nal

uid motion. The computationalkelements( uid particles)
areonly usedin partsof the scenewherethey arerequired
and numberof computationaklementscan changeduring
the courseof the simulation.Thereforejf moredetailis re-
quiredin partof thescenemoreparticlescanbe putthereto
get ner detail. The methodcanhandlemixing uids seam-
lesslywithoutspeciatreatmentandmultiphaseo wswhere
multiple uids existin liquid andgaseougorm canalsobe
simulatedwith minimal modi cations. While particle-based
methodshave beenpresenteéh computegraphicditerature
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before ,noneof thosemethodslealtwith incompressibleu-
ids andwatetlike liquids.

FosterandFedkiw pointedoutthatit is dif cult to create
a smoothsurfaceout of particles.Mary particlesareneces-
saryto obtaina smoothsuriace . While mary differentmeth-
odscanbe usedto createa surfacefrom particles,we usea
level set PDE methodto reconstructhe surface.The level
setsurfaceis reconstructedn a grid whoseresolutionand
computationare completelyindependenof the uid simu-
lation. Onthe otherhand,for preview purposesblendingof
potential elds aroundeachparticlecanbe usedto give fast
feedbaclon how the surfacemightlook.

While the grid-basedmethodsdescribedby Fosterand
Fedkiw andEnrightet al.® provide impressve results,the
particle-basedhethodcouldprovide analternatve for simu-
lation andanimationof varietyof uids with differentphys-
ical propertieswhile allowing usercontrolandfastfeedback
at coarseaesolutions.

2. Background And Previous Work

Simulationof uids and their motion in computergraph-
ics has been attemptedwith a variety of methods.We

brie y overvien methodsrelevantto the work presentedn

this paper Early methodswere gearedtowards simplify-

ing the computatiorby usingFourier synthesit® or provid-

ing specializedsolutionfor a speci ¢ problent: 25, Kassand
Miller13 usedheight eld to representhe uid surfaceand
usedshallav waterpartial differentialequationgo describe
the uid motion. O'Brien andHodgin$? alsouseda height
eld representatiortoupledwith a particle systemto rep-
resentuid motionwith splashingthat wasmissingin pre-
vious methods Fosterand Metaxa$§ realizedthe limitation

of the height eld representatiomnd useda Marker-And-

Cell (MAC) method! to solve the Navier-Stokesequations.
Masslessnarker particlesareputinto thecomputationagrid

andadwectedaccordingo thevelocity eld to trackthesur

face.Their methodwasatrue 3D methodandwastherefore
ableto simulate uid pouringand splashing Stan?® simu-

lated uids usingasemi-Lagrangiagonvectionthatallowed

muchlarger time-stepswhile being unconditionallystable.
Fosterand Fedkiw’ greatlyimproved the MAC methodby

usingthe level setapproacltfor trackingthe uid interface.
Enrightet al.® furtherimproved this methodby introducing
an improved methodof tracking the water interface using
particle level setand a new velocity extrapolationmethod.
Enrightetal.5 describethis thickenedfront tracking method
in more detail. Carlsonet al. also utilized the MAC algo-

rithm for animationof meltingandsolidifying objects.

Alternative methodsof simulation uid motion were
describedby using particle-basedsimulations.Miller and
Pearc& simulatedeformableobjectswith particleinterac-
tionsbasedon the Lennard-Jonepotentialforce. This force
is strongly repellentwhen particlesare closetogetherand

weakly attractive when particlesare somedistanceapart.
Terzopouloset al.33 pairs particlestogetherto bettersimu-
late deformableobjects.Tonneseff improves particle mo-
tion by addingadditionalparticleinteractionsbasedon heat
transferamongparticles.

Lucy?” introduceda e xible gridless particle method
called smoothedarticle hydrodynamicgSPH)to simulate
astrophysicaproblemsincludinggalaxialcollisionsandthe
dynamicsof starformation. The uid is modeledasa col-
lection of particles,which move underthein uence of hy-
drodynamicandgravitational force. SPHhasrecentlybeen
adaptedto mary relevant engineeringproblems,including
heatand masstransfer moleculardynamics,and uid and
solid mechanicsSPHis a e xible Lagrangianmethod@® 21
thatcaneasilycapturdargeinterfacedeformationpreaking
andmeming, andsplashingDesbrurandCani-Gascuélde-
scribeda modelof deformablesuriacesandmetamorphosis
with activeimplicit surfaces SPHmethodwasusedto com-
pute particlesmotion and particleswere coatedwith a po-
tential eld. DesbrunandCaniimprovedthe particlemodel
to simulatea variety of substancesising a state equation
to computethe dynamicsof the substance Adaptive sam-
pling of particlesimproved the computationakf ciency of
themethodby subdviding particleswheresubstanceinder
goeslarge deformationandmerging particlesin lessactive
areasStoraetal.?® alsousedsmoothedarticlesto solve the
governingstateequatiorfor animatedava o wshby coupling
viscosityandtemperatureeld.

While the SPHmethodis e xible, it canonly solve com-
pressibleuid o w. Several extensionshave beenproposed
to allow simulationof incompressibleuids with SPH.Re-
cently anothergridlessparticle methodcalled the Moving-
Particle Semi-Implicif MPS)wasdevelopedthatsolvesgov-
erningNavier-Stokes equationgfor incompressibleuids 4.
The MPS methodis capableof simulatinga wide variety of

uid o w problemsincluding phasetransitionsmultiphase
o w, sediment-ladero ws andelasticstructure® 1512, The
computationahklgorithmin this paperis basedon the MPS
method.

3. Gridless Particle Method

The Moving Particle Semi-implicit methodis a Lagrangian
methodof computing uid motion. Contraryto the grid-
basedEulerianmethodswherephysicalquantitiesarecom-
putedon x ed pointsin spacethe computationaklements
in the MPS methodarediscretenumberof particlesof uid
followedin time. TheMPSmethods meshlessGivenanar
bitrary distribution of interpolationpoints all problemvari-
ablesareobtainedfrom valuesat thesepointsthroughanin-
terpolationfunction (kernel). Interpolationpointsand uid
particlescoincide.

GOVERNING EQUATIONS FOR INCOMPRESSIBLE
FLow. Themotionof a uid canbedescribedytheNavier-
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u  Velocity

r Position

r Distancebetweerparticles
re Interactionradius

d  Numberof spacedimensions
t Time

dt Timestep

w  Weightfunction

M Viscosity

s  Surfacetension

k Surfacecunature

r Density

n®  Fluid particledensity

Table 1: Notationandimportanttermsusedin the paper

Stokesequationslf u isavelocity eld of the uid, thecon-
tinuity equationstateghatthemassamis constant:

r u=g; Q)

andthusenforcesheincompressibilityof the uid. Thecon-
servationof momentunnelatesvelocity andpressure:

Mu 1 2

—+UuUru= =r p+nr “u+f; 2

i rp e
wherer is densityof the uid, pisthepressuren isthevis-
cosityandf areforces.Otherequationghatdescribemolec-
ular diffusion, surfacetension,conseration of enegy and
mary otherrelationshipscould also be written for a given
uid. Tablel summarizegmportanttermsandnotationused
in this paper

3.1. Particle Interactions

In particlemethodsmassmomentunmandenegy consera-
tion equationsaretransformedo particleinteractionequa-
tions. All interactionsbetweenparticlesarelimited to a -
nite distance . The weight of interactionbetweentwo parti-
clesthataredistance apartis

e ifo r re

w(r) = 0 ifre r ®)

wherer is the distancebetweerntwo particlesi andj,

r=jrj rij: (4)
If all particlesare allowed to interact, the compleity is
O(N?). In contrast,if interactionradiusis restricted,the
compleity is only O(NM), whereM is the numberof in-
teractingparticle$* within the radiusof interactionre. The
particlenumberdensityn canbe computedas

mij = & w(irj rij):
i6i
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Thenumberof particlesin aunit volumeis approximatedy
theparticlenumberdensity

mi;

w(r)dv’
For anincompressibleuid, the uid densitymustbe con-
stant:n°.

h'nii:

To solwe the Navier-Stokesequationsdifferential opema-
tors on particlesmustbe de ned. Let f andu be arbitrary
scalarandvectorquantitiesThe gradientr f is theaverage
of scalargradientbetweerparticlei andneighboringparticle
j:
do fj fi
Y a ﬁ("j

hrfij=
jsilli

row(ry rij): (5

Similarly, the vector gradientr u is the averageof vector
gradientbetweerparticlei andneighboringparticle j:

o dog (U (o)
hr uij= @jaéijrj—rijzw(]rj rij): (6)

The Laplacianoperatorr 2 is derived from the conceptof
diffusion. It canbeseenasif afractionof a quantityat par
ticlei is distributedto neighboringparticle j:

_2d g . .
he?fii= Fo & (F) fowdry i ()
jgi
wherel :
2
| = v W(r)r dv: ®)
v W(r)dv

Note that this model doesnot requireary spatialconnec-
tivity information. When particlesmove aroundno special
careor recon gurationis needed Grid-basedmethodsuf-

fer from numericalbreakdevn when computationalmesh
getstangleddueto large interface deformations Arbitrary

materialsandsurfacescanall berepresentedvith particles.
Any complex boundariesndobjects(stationaryor moving)

canbedescribedvith particlearrangementshis allows for

simulationof comple problemsin a simpleuni ed manner
without specialcases.

3.2. MPS Method

TheNavier-Stokesequationsresolved by the semi-implicit
MPS method.For every time stepdt, the forcesandviscos-
ity in the momentumconseration equationare computed
explicitly. Temporaryparticlelocationsr andvelocitiesu
are computedfrom the positionsr™ andvelocitiesr” from
theprevioustime stepn asfollows:

u = u”+$ w2+ sk n)"+rg 5 (9)
and
r =r"+u dt (10)
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The surfacetensionmodeland computationis describedn
Appendix A. After this step,the incompressibilityof the
uid is temporarilyviolated. Thetemporaryparticledensity
n is not equalto n°. The particle densityn needsto be
modi ed by n°suchthatthecontinuityequatioris satis ed.
The particledensitynO is relatedto modi cation of the ve-
locity u®
0
d_lt% =r u® (112)

The modi cation velocity u®is obtainedfrom the implicit
pressurgermin the momentunconseration equation:

dt
u’= —r p™ L

12)
Notethatthisis the sameasin the grid-basednethodssuch
asMAC. By substitutingequationsl1 and12 into

n=n +n (13)
aPoissorequationfor pressurés obtained:

rmi;j no
dt  n0
The right handside of equation14 is analogougo the di-
vergenceof the velocity vector Equation14 is solved by
usingthe Laplaciandifferential operatorand discretizingit
into a systemof linear equations The matrix representing
theselinear equationss sparseand symmetric;thereforeit
canbesolvedusingtheconjugategradientmethod Oncethe
pressurep™ lis computed the correctionvelocity u also
becomegknown:

hr2 n+lii:

(14)

u’= hr p™ i (15)
New particle velocitiesand positionsthat satisfy both con-
senationof massandmomentuntanthenbeupdated:

u™l=y + 0 (16)

r = e u™ (17)

BOUNDARY CONDITIONS. The particledensitynumber
decreasefor particleson thefree surface.A particlewhich
satis esasimplecondition

m ij < bn’; (18)

is consideredon the free surface. In this paper we use
b = 0:97. Intuitively, this makes sensebecausehe weight-
ing kernelwill spanthe uid interface.Pressurep = 0 (or

atmospheriqressureif applicable)is appliedto thesepar

ticles on the free surfacein the pressurecalculation.Solid

boundariessuchas walls or other x ed objectsare repre-
sentedby x edparticles.Velocitiesarealwayszeroatthese
particles Threelayersof particlesareusedto representx ed
objectsto ensurethat particle densitynumberis computed
accuratelyNote thatthereis no explicit collision detection

Algorithm 1 The Moving Particle Semi-Implicit(MPS) al-
gorithm.
Initialize uid: u©, r°
for eachtime stepdt
Computeforcesand apply themto particles.Find temporary
particlepositionsandvelocitiesu , r
Computeparticlenumberdensityn usingnew particleloca-
tionsr
Setup and solve Poissonpressureequationusing Conjugate
Gradientmethod
Computevelocity correctionu® from the pressurequation
Computenew particlepositionsandvelocities:
un+1 —u + uO
rtl=r o+ o0t
endfor

betweerparticles Thepressurehatis computedat x edpar
ticlesessentiallyrepelsthe uid particlesfrom the x edob-
jects. Therefore,no specialcasesare thereforeneededand
arbitrary object- uid con gurations can be handledin the
samecomputatiorseamlessly

The basic MPS algorithm is summarizedin Algo-
rithm 3.2.

DISADVANTAGES. It is worth noticing that the gridless
MPS methodhas several disadwantages.Sinceit is a La-
grangianmethod,in o w andout ow of uid is notallowed.
However, it can be easily combinedwith the Eulerianap-
proachto handlein o w andout ow. We will describeasim-
ple hybridmethodin subsectior8.3.Conserationof scalars
(enepy, etc.)is notguaranteedf onetruly caresaboutcon-
senation, the nite volume methodsbasedon integralsin
the cellsaregoodfor conseration. Also, large aspectatio
is impossibleatthemoment Notehowever thatthisis alsoa
problemfor the most-adanced nite volumemethodsThe
biggestdisadwantageof usingparticlemethodis thequestion
of surfacerepresentationWe have particlesthat accurately
representhe uid motion and other interestingquantities,
but for renderinghe uid asurfacerepresentatiois needed.
We describehesurfacerepresentatioandextractionin sec-
tion 4.

3.3. MPS-MAFL Method

As discussedn the previous subsectionone of the main
problemswith a purely Lagrangianapproachs thatin o w
andout ow of uid cannotbe handled.Furthermorejocal
resolutionenhancemens hard,becauseuid particlesmove
around.lf more particlesareintroducedto improve resolu-
tion, they will soonmove to differentlocations.In orderto
alleviate problemsof purely Lagrangiamrmethodin the MPS
method agridlesshybrid methodhasbeendeveloped’. The
methodconsistsof threesteps:

1. LagrangiarPhasethe MPS method
2. Recon guration Phase:particle positionsare recon g-
ured
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Figure 1: Directionallocal grid. A one-dimensionajrid is
createdin theparticle's streamlinedirection. Thequantities
are onlyinterpolatedin thecutdiskarea. (AfterHeoetal.1?)

3. EulerianPhaseparticlecorvectionis computednaone-
dimensionabrid

TheLagrangiarphases exactlythesameasdescribedn the
MPSmethod We denotetheparticlepositionsandvelocities
obtainedafter this phaseas ut andrt. Therecon guration
phaseandcorvection(Eulerian)phasearedescribecdhext.

Recon guration Phase

In orderto correctlyhandlein o w and out ow boundaries
anddealwith irregular distribution of particles,the particle
positionshave to be recon gured. The computationpoints
areredistributedconsideringhe boundariesPointsthatbe-
longto a x ed boundary( x ed objects,walls, etc.)or inlet
or outletboundaryshouldgo backto their original positions
r". The moving boundarycanbe tracedthroughLagrangian
motionof pointsdescribinghefreesurfacewithoutcomput-
ing thecorvectionterm:rg* 1=yt wheresubscripsdenotes
thatthepointis onthesurface.n practicejt is likely thatthe
pointson the surfacewill clustertogetherTo x this prob-
lem, we male surethatthe particleson the moving bound-
ary are an equaldistanceapart. The recon guration phase
is equivalentto remeshingn grid-basednethodsHowever,
it is mucheasierin the particle-basednethodsbecausenly
theparticlelocationsneedto beadjustedNotethatthenum-
berof uid particlescanvary. Thereforehigherparticlecon-
centrationcanbeusedin areaghatrequirehigheraccurag.

Thecomputatiorpointr™ L atthenew time stepis deter

minedarbitrarily andthe velocity of the computingpoint u®
is

rn+1 rn

Cc_ .
u = —aq (29)

Thecorvectionvelocity is thengiven by

a rL rn rn+l rn rn+l rL

U e a a0

Eulerian Phase

After arbitrary corvectionvelocity u? is computed proper
tiesatr™?! arecomputedby interpolationof physicalprop-
erty f (0w velocity, temperatureetc.):

ft+dtr™Y) = ek uddy): (21)
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If the numberof computatiorpointschangeguringthere-
con guration phasethe physicalquantity f is computedoy

ft+dtr™Y = il uddt); (22)

wherers; is theclosestpointto r™ 1.

We follow a simple meshlessadwection method, MAFL,
proposecby Yoonet al.3”. Othercorvectionmethod& can
easilybe substitutedf so desired.Therearefour stagesn

the corvectionphasecomputation:

1. Generatea one-dimensionadirectionalgrid,

2. Locally interpolatephysicalquantities,

3. Apply ary high-ordercorvectionscheme,

4. Filter theresultto preventoscillatorysolutions.

DIRECTIONAL GRID GENERATION. Becausehe uid
propertiesare changingalong the streamline(direction of
the velocity vector), the corvection problem is a one-
dimensionalproblemif a grid is generatedn the ow di-
rection.Figure 1 shavs the directionalgrid. The numberof
grid pointsusedin computationdependwon the corvection
differenceschemeaused.

LocAL INTERPOLATION. At a local grid point, the
physicalpropertieshfiy areinterpolatedrom the neighbor
ing computingpointsfl-'- usingtheweight:

& fhwirh  hrigrer)
&jw(rt hrig;res)

hfiy = fork=-2,-1,1  (23)

CONVECTION SCHEME. Any differenceschemecan
be usedin the convection phase.lf the rst orderupwind
schemeis appliedto local grid points, only two pointsare
considered:
judjdt

dr

The secondorder QUICK16 schemeusesfour points (two
upstreanandonedownnstreampandyields

fl=f- q(f- nfi 1)iq= L (29

_ judjdt
dr -~

- 1 7 3 3
fl= 0 q(éfi” o =f g+ gfi”+ gfiﬁll);q (25)

8

FILTERING. Higherorderschemesftenresultin oscilla-
tory solutions.A Itering schemecanbe appliedto prevent
overshootingand undershootingMinimum and maximum
limits are computedat eachtime stepand the interpolants
areboundedy them:

8 - ~
< fmt min(f) 71 max(f)
f™l==" min(f") 1< min(f") (26)
max(f) 1> max(fl)

Higher order schemesan exhibit numericalinstability if
thereis a large changein the numberof particlesandtheir
locations.

The hybrid MPS-MAFL algorithm that allows arbitrary
inow and outow of uid, and arbitrary addition and
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Algorithm 2 The hybrid MPS-MAFL algorithm.

Initialize uid

for eachtime stepdt
Lagrangiarphasethe sameasMPSalgorithm(Algorithm 1)
Recon gurationphase:determinethe positionsof computing
pointsandconvectionvelocities
Createa one-dimensiondbcal grid in the streamlinedirection
Interpolatephysical propertieswithin the particle neighbor
hood

end for

removal of computationpoints is summarizedin Algo-
rithm 3.3. The interestedreaderis referredto papersby
Heoetal.’2 andKoshizukaetal.15 to learnmoreaboutMPS-
MAFL methods.

3.4. Multiuid Flow

It is straightforvard to extend the MPS and MPS-MAFL
modelsdescribedn sections3.2 and 3.3 for multi uid and
multiphase o ws?’. Let u,.; denotethe velocity of a uid

particlei of typex, andr,.; bethe positionof the uid par
ticle. Thetemporaryvelocity u, thatincludesthe diffusion,
gravity, andsurfacetensionis similarto equationd:

b= s Lpr A s, 0™ 00 (27)
X

Other forcesacting on the uid canbe included.The im-

plicit pressureomputatioris similarto thesingle uid MPS
method.If thedensityof mixing uids is on the sameorder
of magnitude the pressurecomputationis donein a single
stepasbefore.In orderto avoid numericalinstabilitieswhen
multiple uids have drasticallydifferentdensitiege.g.wa-
ter andair), the pressureceomputationfor each uid is done
separatelyFirst, the pressureomputatioris performedasif

all particlesare gasparticles.In the secondstep,the com-
putedpressurdor gasparticlesis appliedto theinterfaceof
theliquid particles Thisis aniterative processif theparticle
velocity andpositionconverge we proceedo next step,oth-
erwisewe repeatthe pressurecomputationagainuntil con-
vergence.

4. SurfaceReconstruction

In this section,we introducethe notationof level setmeth-
odsanddiscusour approacho surfacereconstructiorirom
particlesLet x(t) bethesetof pointsonadeformingsurface
attimet. We representhis deformingsurfaceimplicitly as

S=fx(1) j f (x(t);1) = 0g; (28)

wheref : is the embeddindunction. Surfacesde-
ned in this way divide a volume into two parts:inside
(f > 0) andoutside(f < 0). It is commonto choosef to
be the signeddistancetransformof S, or an approximation
thereof. The motion of Sis controlledindirectly by modi-
fying f with a PDE. This family of PDEsandthe upwind

3

schemdor solvingthemon adiscretegrid is themethodof
level setsproposedy OsherandSethiai2. In this paperwe
considedevel setPDEsof theform

ECO=Tt =" jir fjj(F )+ uH(X)); (29)
whereF is a force term, H is the meancurvature of the
level setinterfaceand  de nes the relative weightsof the
two terms.The meancurvaturetermguaranteethe smooth-
nessof the interface by favoring surfacesof smallerarea
over surfacesof largerare&8. TheforcetermF is designed
to male the level setinterfacetrack the moving particles.
We x p= 1 for all of our experiments Note that the set-
ting of the parametep is atrade-of betweeroverall surface
smoothnesandthe capturingof surfacefeaturesde ned by
particlepositions.

For a given frame, the particle simulationprovides a set
of particlelocations,radii and velocitiesfr;; r;; uigi'\il. Let
F beasumover all the particlesof a kernelfunction f, i.e.

N
F() =T+ & foqrinu); (30)
i=1

whereT is a constantthreshold.Let d;(x) denotethe Eu-
clideandistancefrom the centerof particlei to the point
X in spaceSincethe particleshave a nite size,if we de-
ne fij(x) tobelford(x) r;j and0 outsidethenF repre-
sentghenumberof particlesatary pointin spacelf wealso
chooseT =  0:5, thepointsin spacehatsatisfyF = 0 will

approximatelyepresenthesurfacede ned by the particles.
However, thisbinarychoicefor f leadsto averyroughlook-
ing surface,andtheindividual particlesareeasilyrecogniz-
ablein thereconstructionThe cunaturesmoothingtermin

(equation29) cannotcompensatéor this large-scaleough-
nessWhatis neededs asmoothechoicefor f thatprovides
aninterpolationbetweerparticles.Considerthefollowing

1
0 e ey
wherek = 2. Thisfunctionfalls off smoothlyasthedistance
to the particleincreasesandis well-behaedasd! 0. Be-
cause,f > 0 for di(x) > r;, F accumulateso larger quanti-
tiesthanwith the previous case This necessatiateshoosing
alowerT value;we nd thatT = 2is suitable We alsoex-
perimentedvith k= 1 andk > 2, but thesechoicesresulted
in oversmoothingandnotenoughinterpolation respectrely.

Theinterpolationobtainedrom (equatior81)isisotropic;
thereforejt hasathickeningeffect on the surfacedueto in-
terpolationin the direction perpendiculato the surface.A
further modi cation canbe madeto solve this problemby
allowing moreinterpolationin the physicalsurfacetangent
plane,andlessinterpolationperpendiculato this plane.We
usetheassumptiorthatthevelocitiesof the particleswill be

approximatelyin thetangentplane.Let d(x) anddf’ (X) be
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denedas:

&) = (x 1) A7 () =

Ui
Ui
k uj k
Let smax be the largestparticle speedfor the given frame.
Then,we de ne themodi ed distanceo a particleas

k uj k

= kx r) d k:

0o+ 1+ KUK

di()= 1 & (x):  (32)

Using this de nition of distancein (equation31) hasthe
effect of elongatingthe in uence of a particlealongits ve-
locity vectorandshrinkingit in all otherdirections.

Thesurfacereconstructioralgorithmstartswith the parti-
cle informationfor the rst frame.Before startingto eval-
uate (equation29), we needan initialization for f. After
computingF for the rst frame,theinitializationis obtained
fromF = 0. Then,we iterate(equatior29) usinganupwind,
sparse- eldimplementatioff until corvergence.The com-
putationonly occursin grid cellsthatareon or nearthe sur
face.Convergenceis reachedvhenthechangeo f pertime
stepfalls belowv a pre-determinedhreshold.At this point,
we save the stateof the surfacefor generatingthe anima-
tion. Then,F is constructedor theparticleinformationcon-
tainedin the next frame, and we continueiterating (equa-
tion 29) without reinitialization.In otherwords,the surface
resultfrom the previousframeactsastheinitialization. This
approaactguaranteeshe continuity of the surfacemodels
producedor consecutie frames Notethatthelevel setsur
facereconstructiorstepis solvedon agrid whoseresolution
is completelyindependenfrom the uid simulation.Once
the uid simulationis computedthe surfacereconstruction
is doneatarbitraryresolution.

5. Resultsand Discussion

The MPS and MPS-MAFL methodsdescribedin this pa-
per methodsare straighforvard to implement.For ef cient
computationa spatialdatastructurethatquickly nds par
ticlesin a neighborhoods desiredalthoughnot necessary
ThePoissorpressureequatiorcanbeef ciently solvedwith
a ConjugateGradient(CG) method.In our implementation,
we usethe CG methodwith anincompleteCholesly precon-
ditioner We usethe SpaseLib++ library* for computingthe
Poissorpressureequation.

We shaw several examplesof uid simulationcomputed
with the MPS and MPS-MAFL methods.All simulations
andrenderingvereperformedonaPentiumlV 1.7 Ghzwith
512Mb of memoryrunningLinux operatingsystemVideos
of animationsdiscussedn this sectionsaccompan this pa-
per

The computationaimethodis fairly efcient andallows
simulatingabout10,000particlesper timestepper second.
This is fast enoughto get an instantaneoud$eedbackon
whetherthe uid simulationwill run asdesired.After we
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setup the sceng(objects,obstaclesforces, uid properties)
andinitialize uid particles,we run the uid simulationat
low resolutionto get feedback After we setall simulation
parametergparticlesize,interactionradius,etc.)andforces
(gravity, drag, surfacetension,etc.),the nal simulationis
run at high resolution.The main bottleneckin the compu-
tationis the Poissorpressureequationcomputatiorandthe
computatiortime ultimately dependn the numberof par
ticlesin thesimulation.As a partof futurework, it would be
bene cialto parallelizethe ConjugateGradientalgorithmto
furtherspeedup computatiortime on parallelarchitectures.

Corridor Flood

We simulateda simple ood in anundegroundcorridor We
modeledthe corridor with a small numberof polygonsand
corvertedthe polygonalsceneinto the particle representa-
tion. Eachpolygonwasrepresentedith threelayersof x ed
particles.Thein o w of waterwassimulatedby positioning
a virtual squarein o w boundarythat was turnedon for a
shortperiodof time. This could alsobe simulatedasa wa-
ter column collapse.The total numberof uid particlesin
the sceneis about100,000.The only force actingon parti-
cleswas gravity. Surfacetensionwas not includedin this
simulation. The computationtime for the nal simulation
wasabout3 minutesperframe. Surfacereconstructioriook
10 minutesper frame (volume size 459x74x374) Figure 2
shavs several framesfrom the simulation. The nal sur
facewasrenderedusinga Monte Carlo pathtracerwith 10
arealight sourcesThe renderingtime perframewasabout
20 minutes.Sincethe MPS methodis fully Lagrangianthe
computationaklements( uid particles)were only present
in the part of the scenewherethey wereneededNote that
becaus¢hecorridoris L-shapedthis providessomecompu-
tationalsavings over the grid-basedmethodsIn grid-based
approachesbout70 percenbof the spacewould be wasted.
A largergrid wouldbeneededo accommodatéhecomputa-
tion, thereforeyieldinglargercomputatiotime andmemory
requirements.

Box Filling

In this simulation,we Il a box with a uid thatis being
pouredfrom a sourcewith threenozzlesThe uid doeshot
fall directly into the box. A polygonalobstaclesetnearthe
top of the box at an angle obstructsthe ow. The uids
from the nozzles rst hit the obstaclesurfaceandthenthe
sideof thebox. The uid wassimulatedwith about150,000
uid particles.The simulationtime is about4 minutesper
frame. Gravity, surfacetensionand drag force were acting
upon uid particlesduring the simulation.The uids from
thethreenozzleshave the samephysicalpropertiesSurface
reconstructioiook 30 minutesperframe(volumesize197x
283x 256).Figure3 shaws severalframesfrom thebox II-
ing simulation.The exampleanimationwasbeingrendered
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Figure 2: Corridor ood simulation. The uid motion is
simulatedby 100,000 uid particles. Thesimulationtimeis
about3 minutesper frame

with a raytracer Approximaterenderingtime was about5
minutesperframe.

Mixing uids

In this simulation,we Il a box with two uids that have
very differentdensitiesand viscosities.First, we start II-

ing the box with a waterlike uid. After sometime, we
start lling the box with the secondoil-like uid. The u-

ids startinteractingand mixing. The second uid endson
topof the rst uid asexpectedrom the physicalproperties
of the uids. Gravity and surfacetensionwere appliedto
both uids. About 80,000 uid particlesrepresenboth u-

ids. The simulationtime was 3 minutesper frame. Surface
reconstructiortook 10 minutesperframeper uid (volume
size 245x245x274) Figure 4 shaws threeframesfrom this
simulation.Obsenre themixing andinteractiondbetweerthe
two uids. Theimageswerebeingrenderedvith araytracer
Approximaterenderingtime was5 minutesper frame.The
second- uid hasoil-lik e physicalproperties For visualiza-
tion purposesve renderedhis uid opaquelyto shaw the
separatiometweerthetwo uids. Someartefacts(e.g.round

Figure 3: A sourcewith threenozzleslling a box.The uid
motionis simulatedby 150,000 uid particles.The uid is
beingemittedfromthreenozzleghat hit an obstaclesurface
setnearthetop of thebox.

boundarynon-perfectlysmoothsurface)resultingfrom the
surfacereconstructiorarevisible.

6. Conclusion

We describeda particle-basednethodfor simulation uid
motion. It is basedon a particlediscretizationof the differ-
ential operatorsto solve the Navier-Stokes equationslt is
suitedfor simulatinga wide varietyof uid o wsincluding
multi uids, multiphase o ws and medium scale problems
suchasthecorridor ood. Becausef theLagrangiamature
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Figure 4: Two uids mixingin a box.Theboxis being lled

with two uids with drastically different physicalproperties
(densityandviscosity) Afterinteractionandmixing thesec-
ond uid endsupontop of the r st uid. About80,000par-
ticleswere usedto computethe uid motion.

of the method,no grids are needed.The methodis adap-
tive asit allows arbitraryadditionandremoval of computa-
tion pointsduring the simulation.The describedmethodis

alsowell suitedfor the currenthuman-interactioparadigm
usedin commercially available modelling and animation
software. The uid simulationcan be easily directed(e.g.
uid moveson a path)andscripted( uid reachespeci ed
destination)becauseheparticleinteractionsareeasilycon-
trolled while ensuringphysicalcorrectnessnd plausibility
of motion. While particle-baseduid simulations(ad hoc
and semi-physically-basedyere describedn the graphics
literaturebefore the methodresentedhn this paperis gov-

ernedby theNavier-Stokesequationandworkswith incom-
pressibleuids.

Thereare numerougpossibilitiesfor future work andex-
tensionsof the describedmethod.The main computational
bottleneckis the Poissonpressurecomputation.By par
allelizing the conjugategradientcomputationthe method
couldbe muchfasterandcould potentiallybecomemorein-
teractve. More accuraténterpolationschemesouldbeused
if moreaccuratesimulationsaredesired?. Solid- uid inter-
actions(e.g. uid displacinga solid object) and sediment
o ws could easily be addedto the existing method?. The
MPS-MAFL methodcouldbeextendedor adaptve simula-
tions similarto DesbrunandCan?. Particlesradii would be
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smallin areaswvherelarge deformation®f the interfaceoc-
cur. TheEulerianstepin theMPS-MAFL ensureghatsmall
particlesremainin areasof interestand would not get ad-
vectedto otherregions.TheMPSparticlemethodcouldalso
be appliedto simulatesolid dynamics®.

The main problem with the particle-basedmethod re-
mainssurfacegenerationWhile the surfaceis easilybeing
trackedwith uid particlesijt is hardto createa surfacefrom
the uid simulation.In this work we usea level setmethod
to obtain surfacefor renderingpurposesThe methodpro-
ducesgoodresultsfor mostcasesput it alsohassomein-
herentproblemswith creatingsharpboundariesvhen the
uid is in contactwith a solid object or another uid. As
partof the future work, we wantto try the hybrid approach
by Enrightet al.5 for trackingandevolving the surface.An
alternatve would beto still usethelevel setto representhe
uid interface,but useparticlesto directly evolve the level
seBt 3l By removing the level setsurface extraction as a
separatstepall grid-basedomputationsvould beremoved
entirely
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Appendix A: SurfaceTensionModel
Themomentunmequationcontainingthe surfacetensionis:

rﬂ—u =

1t
wheres is the surfacetensioncoefcient, k is the cunature
of theinterface,d is the deltafunction,andn is the surface
normal.Surfacetensionis calculatedor theparticlesthatare
regardedasontheinterface.Anotherparticledensitynf‘l is

computecdattheseparticles:

p+ W 2u+rg+ skdn (33)

mift= § wr; rij) (34)
i6i
wil(r) = 1 ifo r rd (35)
-0 ifrd r

whererd is theinteractionradiusfor surfacetensionmodel.

The particlesregardedason the surfaceof theinterfaceare

found in thicknessd®. Within the thicknessd, the interior

particleshave Iargerparticledensitynis‘l thanexterior parti-

cles.Thisleadsto errorsin cunaturecomputationA second

particledensityexcludingoutsideparticlesis computed:
mi¥?= & wr; rij) (36)

i6i
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2,v_ 1 if0 r rdandnit> nitt
W = 0 otherwise (37)
Thecunatureof theinterfaceis thencomputeds:
1 _ 2coy
k==—=_—_—_=" 38
R™ 13 (38)
nt2
20= P (39)
n
0
wherend! is constantandis computedvhentheinterfaceis

at (curvatureis zero).

Appendix B: DragForceModel

Thedragforcedueto thepermeabldayeris:

3Cp

f= Z?OJ@\JA (40)
&= & ujwu(iriji); (42)

whereCp is dragcoefcient, @ is spatiallyaveragedveloc-
ity of neighborhoodatrticles,a is modelconstantainddy is
diameterof a uid particle.
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