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Abstract
Dueto our familiarity with how�uids moveandinteract,aswell astheir complexity, plausibleanimationof �uids
remainsa challengingproblem.We presenta particle interaction methodfor simulating�uids. Theunderlying
equationsof �uid motionarediscretizedusingmovingparticlesandtheir interactions.Themethodallowssimula-
tion andmodelingof mixing�uids with differentphysicalproperties,�uid interactionswith stationaryobjects,and
�uids that exhibit signi�cant interfacebreakupand fragmentation.Thegridlesscomputationalmethodis suited
for mediumscaleproblemssincecomputationalelementsexist only where needed.Themethod�ts well into the
currentuserinteractionparadigmandallowseasyusercontrol over thedesired�uid motion.

1. Intr oduction

Fluids and our interactionswith them are part of our ev-
eryday lives.Due to our familiarity with �uid movement,
plausiblesimulationof �uids remainsa challengingprob-
lem despiteenormousimprovements7; 6. Advancesin com-
putational �uid dynamics(CFD) often cannotbe directly
appliedto computergraphics,becausethey have vastlydif-
ferent goals.Visual effects for feature�lms call for very
high resolutionsimulationswith very realistic appearance
andmotion.In addition,controlovermotionandappearance
is necessaryfor artisticpurposessuchthatphysicallyimpos-
siblethingsbecomepossibleandthat �uid motionis script-
able for user's speci�c needs.FosterandFedkiw7 andEn-
right et al.6 showedthatvery realisticanimationof wateris
possible.Unfortunately, existing methodsarecomputation-
ally veryexpensive andveryslow to use.While greatstrides
havebeenmadeto make�uid simulationmorecontrollable7,
thesegrid-basedmethodsdo not �t well with currentuser-
interactionparadigmusedin modellingandanimationtools.
Furthermore,large scaleproblemssuchasstormyseasre-
quire large grids andarecurrently impracticalto simulate.
Also, multiphase�o ws, multiple �uids mixing, and sedi-
mentary�o wsarenoteasyto model.FosterandFedkiw7 and
Enrightetal.6 addressedsomeof thedif�cult problemswith
thegrid-basedmethodsusinga hybrid representation:frag-
mentationandmergingof �uids, numericaldiffusionin con-
vectioncomputation,etc.Therearealternativeapproachesto
grid-basedmethodsfor simulating�uid �o ws: Large Eddy
Simulation,vorticity con�nement,vortex vethods,andpar-

ticle methods.Large-EddySimulation(LES) addsan extra
termto theNavier-Stokesequationsto modelthetransferof
energy from theresolvedscalesto theunresolvedscales.In
vortex methods, large time stepsareallowed andcomputa-
tionalelementsexist only whereinteresting�o w occurs.

To addresssomeof the de�ciencies of the grid-based
methods,we describea particleinteractionmethodfor sim-
ulation of �uids. The underlyingequationsof �uid motion
(the Navier-Stokes equations)are discretizedusing mov-
ing particlesandtheir interactions.Theparticlemethodde-
scribedis very simpleandeasyto implement.It �ts better
into currentuser-interactionparadigmandsettingthe sim-
ulation andcontrolling it is easyandintuitive. The method
allows settingup thesimulation(in�o w andout�ow bound-
aries,obstacles,forces)at coarseresolution(small number
of large particles)to quickly preview the motion.Oncethe
user is satis�ed with the overall motion of the �uid �o w,
thesimulationis run at high resolutionto producethe �nal
�uid motion. The computationalelements(�uid particles)
areonly usedin partsof thescenewherethey arerequired
andnumberof computationalelementscan changeduring
thecourseof thesimulation.Therefore,if moredetail is re-
quiredin partof thescene,moreparticlescanbeput thereto
get�ner detail.Themethodcanhandlemixing �uids seam-
lesslywithoutspecialtreatment,andmultiphase�o wswhere
multiple �uids exist in liquid andgaseousform canalsobe
simulatedwith minimal modi�cations.While particle-based
methodshavebeenpresentedin computergraphicsliterature
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before,noneof thosemethodsdealtwith incompressible�u-
ids andwater-like liquids.

FosterandFedkiw7 pointedout thatit is dif�cult to create
a smoothsurfaceout of particles.Many particlesareneces-
saryto obtainasmoothsurface.While many differentmeth-
odscanbeusedto createa surfacefrom particles,we usea
level setPDE methodto reconstructthe surface.The level
setsurfaceis reconstructedon a grid whoseresolutionand
computationarecompletelyindependentof the �uid simu-
lation.On theotherhand,for preview purposes,blendingof
potential�elds aroundeachparticlecanbeusedto give fast
feedbackon how thesurfacemight look.

While the grid-basedmethodsdescribedby Fosterand
Fedkiw7 andEnright et al.6 provide impressive results,the
particle-basedmethodcouldprovideanalternativefor simu-
lationandanimationof varietyof �uids with differentphys-
ical propertieswhile allowing usercontrolandfastfeedback
at coarseresolutions.

2. Background And PreviousWork

Simulationof �uids and their motion in computergraph-
ics has been attemptedwith a variety of methods.We
brie�y overview methodsrelevant to the work presentedin
this paper. Early methodswere gearedtowards simplify-
ing thecomputationby usingFouriersynthesis18 or provid-
ing specializedsolutionfor a speci�c problem9; 25. Kassand
Miller 13 usedheight�eld to representthe �uid surfaceand
usedshallow waterpartialdifferentialequationsto describe
the �uid motion.O'Brien andHodgins22 alsouseda height
�eld representationcoupledwith a particle systemto rep-
resent�uid motion with splashingthat wasmissingin pre-
vious methods.FosterandMetaxas8 realizedthe limitation
of the height �eld representationanduseda Marker-And-
Cell (MAC) method11 to solve theNavier-Stokesequations.
Masslessmarkerparticlesareputinto thecomputationalgrid
andadvectedaccordingto thevelocity �eld to trackthesur-
face.Their methodwasa true3D methodandwastherefore
able to simulate�uid pouringandsplashing.Stam28 simu-
lated�uids usingasemi-Lagrangianconvectionthatallowed
much larger time-stepswhile beingunconditionallystable.
FosterandFedkiw7 greatly improved the MAC methodby
usingthe level setapproachfor trackingthe �uid interface.
Enrightet al.6 further improvedthis methodby introducing
an improved methodof tracking the water interfaceusing
particle level setanda new velocity extrapolationmethod.
Enrightet al.5 describethis thickenedfront tracking method
in more detail. Carlsonet al. also utilized the MAC algo-
rithm for animationof meltingandsolidifying objects1.

Alternative methodsof simulation �uid motion were
describedby using particle-basedsimulations.Miller and
Pearce19 simulatedeformableobjectswith particle interac-
tionsbasedon theLennard-Jonespotentialforce.This force
is strongly repellentwhen particlesare closetogetherand

weakly attractive when particlesare somedistanceapart.
Terzopouloset al.33 pairsparticlestogetherto bettersimu-
late deformableobjects.Tonnesen34 improvesparticlemo-
tion by addingadditionalparticleinteractionsbasedon heat
transferamongparticles.

Lucy17 introduced a �e xible gridless particle method
calledsmoothedparticle hydrodynamics(SPH)to simulate
astrophysicalproblemsincludinggalaxialcollisionsandthe
dynamicsof star formation.The �uid is modeledasa col-
lection of particles,which move underthe in�uence of hy-
drodynamicandgravitational force.SPHhasrecentlybeen
adaptedto many relevant engineeringproblems,including
heatandmasstransfer, moleculardynamics,and �uid and
solid mechanics.SPHis a �e xible Lagrangianmethod20; 21

thatcaneasilycapturelargeinterfacedeformation,breaking
andmerging,andsplashing.DesbrunandCani-Gascuel3 de-
scribeda modelof deformablesurfacesandmetamorphosis
with active implicit surfaces.SPHmethodwasusedto com-
puteparticlesmotion andparticleswerecoatedwith a po-
tential �eld. DesbrunandCani improvedtheparticlemodel
to simulatea variety of substancesusing a stateequation
to computethe dynamicsof the substance2. Adaptive sam-
pling of particlesimproved the computationalef�ciency of
themethodby subdividing particleswheresubstanceunder-
goeslargedeformation,andmerging particlesin lessactive
areas.Storaetal.29 alsousedsmoothedparticlesto solvethe
governingstateequationfor animatedlava�o wsbycoupling
viscosityandtemperature�eld.

While theSPHmethodis �e xible, it canonly solve com-
pressible�uid �o w. Several extensionshave beenproposed
to allow simulationof incompressible�uids with SPH.Re-
cently, anothergridlessparticlemethodcalledthe Moving-
ParticleSemi-Implicit(MPS)wasdevelopedthatsolvesgov-
erningNavier-Stokesequationsfor incompressible�uids 14.
TheMPSmethodis capableof simulatinga wide varietyof
�uid �o w problemsincludingphasetransitions,multiphase
�o w, sediment-laden�o wsandelasticstructures37; 15; 12. The
computationalalgorithmin this paperis basedon theMPS
method.

3. GridlessParticle Method

TheMoving ParticleSemi-implicit methodis a Lagrangian
methodof computing�uid motion. Contrary to the grid-
basedEulerianmethodswherephysicalquantitiesarecom-
putedon �x ed points in space,the computationalelements
in theMPSmethodarediscretenumberof particlesof �uid
followedin time.TheMPSmethodis meshless.Givenanar-
bitrarydistributionof interpolationpoints, all problemvari-
ablesareobtainedfrom valuesat thesepointsthroughanin-
terpolationfunction (kernel). Interpolationpointsand �uid
particlescoincide.

GOVERNI NG EQUATI ONS FOR I NCOM PRESSI BL E

FL OW. Themotionof a�uid canbedescribedby theNavier-
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u Velocity
r Position
r Distancebetweenparticles
re Interactionradius
d Numberof spacedimensions
t Time
dt Timestep
w Weightfunction
µ Viscosity
s Surfacetension
k Surfacecurvature
r Density
n0 Fluid particledensity

Table1: Notationandimportanttermsusedin thepaper.

Stokesequations.If u is avelocity �eld of the�uid, thecon-
tinuity equationstatesthatthemassm is constant:

r � u = 0; (1)

andthusenforcestheincompressibilityof the�uid. Thecon-
servationof momentumrelatesvelocityandpressure:

¶u
¶t

+ u � r u = �
1
r

r p+ nr 2u + f; (2)

wherer is densityof the�uid, p is thepressure,n is thevis-
cosityandf areforces.Otherequationsthatdescribemolec-
ular diffusion, surfacetension,conservation of energy and
many other relationshipscould also be written for a given
�uid. Table1 summarizesimportanttermsandnotationused
in thispaper.

3.1. Particle Interactions

In particlemethods,mass,momentumandenergy conserva-
tion equationsaretransformedto particleinteractionequa-
tions.All interactionsbetweenparticlesarelimited to a �-
nite distance.The weight of interactionbetweentwo parti-
clesthataredistancer apartis

w(r) =
� re

r if 0 � r � re

0 if re � r
(3)

wherer is thedistancebetweentwo particlesi and j,

r = jr j � r i j: (4)

If all particlesare allowed to interact, the complexity is
O(N2). In contrast,if interactionradius is restricted,the
complexity is only O(NM), whereM is the numberof in-
teractingparticles24 within the radiusof interactionre. The
particlenumberdensityn canbecomputedas

hni i = å
j6= i

w(jr j � r i j):

Thenumberof particlesin aunit volumeis approximatedby
theparticlenumberdensity

hr ni i =
hni i

�

w(r)dv
:

For an incompressible�uid, the �uid densitymustbe con-
stant:n0.

To solve theNavier-Stokesequations,differential opera-
tors on particlesmustbe de�ned. Let f andu be arbitrary
scalarandvectorquantities.Thegradientr f is theaverage
of scalargradientbetweenparticlei andneighboringparticle
j:

hr f i i =
d
n0 å

j6= i

f j � f i

jr j � r i j2
(r j � r i)w(jr j � r i j): (5)

Similarly, the vector gradientr u is the averageof vector
gradientbetweenparticlei andneighboringparticle j:

hr � ui i =
d
n0 å

j6= i

(u j � ui) � (r j � r i)
jr j � r i j2

w(jr j � r i j): (6)

The Laplacianoperatorr 2 is derived from the conceptof
diffusion.It canbeseenasif a fractionof a quantityat par-
ticle i is distributedto neighboringparticle j:

hr 2f i i =
2d
l n0 å

j6= i
(f j � f i)w(jr j � r i j); (7)

wherel :

l =

�

V w(r)r2dv
�

V w(r)dv
: (8)

Note that this model doesnot requireany spatialconnec-
tivity information.Whenparticlesmove aroundno special
careor recon�guration is needed.Grid-basedmethodsuf-
fer from numericalbreakdown when computationalmesh
getstangleddue to large interfacedeformations.Arbitrary
materialsandsurfacescanall berepresentedwith particles.
Any complex boundariesandobjects(stationaryor moving)
canbedescribedwith particlearrangements.Thisallows for
simulationof complex problemsin a simpleuni�ed manner
without specialcases.

3.2. MPS Method

TheNavier-Stokesequationsaresolvedby thesemi-implicit
MPSmethod.For every time stepdt, theforcesandviscos-
ity in the momentumconservation equationare computed
explicitly. Temporaryparticlelocationsr � andvelocitiesu�

arecomputedfrom the positionsrn andvelocitiesrn from
theprevioustimestepn asfollows:

u� = un +
dt
r

�
µr 2un + s(k � n)n + r g

�
; (9)

and

r � = rn + u� dt: (10)
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Thesurfacetensionmodelandcomputationis describedin
Appendix A. After this step, the incompressibilityof the
�uid is temporarilyviolated.Thetemporaryparticledensity
n� is not equalto n0. The particle densityn� needsto be
modi�ed by n0 suchthatthecontinuityequationis satis�ed.
The particledensityn0 is relatedto modi�cation of the ve-
locity u0:

1
dt

n0

n0 = r � u0: (11)

The modi�cation velocity u0 is obtainedfrom the implicit
pressuretermin themomentumconservationequation:

u0= �
dt
r

r pn+ 1: (12)

Notethatthis is thesameasin thegrid-basedmethodssuch
asMAC. By substitutingequations11and12 into

n0 = n� + n0; (13)

a Poissonequationfor pressureis obtained:

hr 2pn+ 1i i = �
r
dt

hn� i i � n0

n0 : (14)

The right handsideof equation14 is analogousto the di-
vergenceof the velocity vector. Equation14 is solved by
usingthe Laplaciandifferentialoperatoranddiscretizingit
into a systemof linear equations.The matrix representing
theselinear equationsis sparseandsymmetric;thereforeit
canbesolvedusingtheconjugategradientmethod.Oncethe
pressurepn+ 1 is computed,the correctionvelocity u0 also
becomesknown:

u0= �
dt
r

hr pn+ 1i : (15)

New particlevelocitiesandpositionsthat satisfyboth con-
servationof massandmomentumcanthenbeupdated:

un+ 1 = u� + u0 (16)

rn+ 1 = rn + un+ 1dt: (17)

BOUNDARY CONDI TI ONS. Theparticledensitynumber
decreasesfor particleson thefreesurface.A particlewhich
satis�esa simplecondition

hn� i i < bn0; (18)

is consideredon the free surface. In this paper, we use
b = 0:97. Intuitively, this makessensebecausethe weight-
ing kernelwill spanthe �uid interface.Pressurep = 0 (or
atmosphericpressure,if applicable)is appliedto thesepar-
ticles on the free surfacein the pressurecalculation.Solid
boundariessuchas walls or other �x ed objectsare repre-
sentedby �x edparticles.Velocitiesarealwayszeroat these
particles.Threelayersof particlesareusedto represent�x ed
objectsto ensurethat particledensitynumberis computed
accurately. Note that thereis no explicit collision detection

Algorithm 1 TheMoving ParticleSemi-Implicit (MPS)al-
gorithm.

Initialize �uid: u0, r0

for eachtimestepdt
Computeforcesandapply themto particles.Find temporary
particlepositionsandvelocitiesu� , r �

Computeparticlenumberdensityn� usingnew particleloca-
tionsr �

Set up andsolve PoissonpressureequationusingConjugate
Gradientmethod
Computevelocitycorrectionu0 from thepressureequation
Computenew particlepositionsandvelocities:
un+ 1 = u� + u0

rn+ 1 = r � + u0dt
end for

betweenparticles.Thepressurethatiscomputedat�x edpar-
ticlesessentiallyrepelsthe�uid particlesfrom the�x edob-
jects.Therefore,no specialcasesare thereforeneededand
arbitrary object-�uid con�gurationscan be handledin the
samecomputationseamlessly.

The basic MPS algorithm is summarized in Algo-
rithm 3.2.

DI SADVANTAGES. It is worth noticing that the gridless
MPS methodhasseveral disadvantages.Since it is a La-
grangianmethod,in�o w andout�ow of �uid is notallowed.
However, it can be easily combinedwith the Eulerianap-
proachto handlein�o w andout�ow. Wewill describeasim-
plehybridmethodin subsection3.3.Conservationof scalars
(energy, etc.)is notguaranteed.If onetruly caresaboutcon-
servation, the �nite volume methodsbasedon integrals in
thecells aregoodfor conservation.Also, largeaspectratio
is impossibleat themoment.Notehowever thatthis is alsoa
problemfor themost-advanced�nite volumemethods.The
biggestdisadvantageof usingparticlemethodis thequestion
of surfacerepresentation.We have particlesthat accurately
representthe �uid motion andother interestingquantities,
but for renderingthe�uid asurfacerepresentationis needed.
Wedescribethesurfacerepresentationandextractionin sec-
tion 4.

3.3. MPS-MAFL Method

As discussedin the previous subsection,one of the main
problemswith a purely Lagrangianapproachis that in�o w
andout�ow of �uid cannotbe handled.Furthermore,local
resolutionenhancementis hard,because�uid particlesmove
around.If moreparticlesareintroducedto improve resolu-
tion, they will soonmove to differentlocations.In orderto
alleviateproblemsof purelyLagrangianmethodin theMPS
method,agridlesshybridmethodhasbeendeveloped37. The
methodconsistsof threesteps:

1. LagrangianPhase:theMPSmethod
2. Recon�gurationPhase:particle positionsare recon�g-

ured
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PSfragreplacements

rL
i hr i i

Dr

Interpolationregion

Figure 1: Directionallocal grid. A one-dimensionalgrid is
createdin theparticle's streamlinedirection.Thequantities
areonly interpolatedin thecutdiskarea.(AfterHeoetal.12)

3. EulerianPhase:particleconvectionis computedonaone-
dimensionalgrid

TheLagrangianphaseis exactly thesameasdescribedin the
MPSmethod.Wedenotetheparticlepositionsandvelocities
obtainedafter this phaseasuL andrL. The recon�guration
phaseandconvection(Eulerian)phasearedescribednext.

Recon�guration Phase

In order to correctlyhandlein�o w andout�ow boundaries
anddealwith irregulardistribution of particles,theparticle
positionshave to be recon�gured.The computationpoints
areredistributedconsideringtheboundaries.Pointsthatbe-
long to a �x ed boundary(�x ed objects,walls, etc.)or inlet
or outletboundary, shouldgobackto theiroriginalpositions
rn. Themoving boundarycanbetracedthroughLagrangian
motionof pointsdescribingthefreesurfacewithoutcomput-
ing theconvectionterm:rn+ 1

s = rL
s wheresubscriptsdenotes

thatthepoint is onthesurface.In practice,it is likely thatthe
pointson thesurfacewill clustertogether. To �x this prob-
lem, we make surethat theparticleson the moving bound-
ary arean equaldistanceapart.The recon�gurationphase
is equivalentto remeshingin grid-basedmethods.However,
it is mucheasierin theparticle-basedmethodsbecauseonly
theparticlelocationsneedto beadjusted.Notethatthenum-
berof �uid particlescanvary. Therefore,higherparticlecon-
centrationcanbeusedin areasthatrequirehigheraccuracy.

Thecomputationpoint rn+ 1 at thenew time stepis deter-
minedarbitrarilyandthevelocityof thecomputingpoint uc

is

uc =
rn+ 1 � rn

dt
: (19)

Theconvectionvelocity is thengivenby

ua =
rL � rn

dt
�

rn+ 1 � rn

dt
= �

rn+ 1 � rL

dt
: (20)

Eulerian Phase

After arbitraryconvectionvelocity ua is computed,proper-
tiesat rn+ 1 arecomputedby interpolationof physicalprop-
erty f (�o w velocity, temperature,etc.):

f (t + dt; rn+ 1
i ) = f (t; rL

i � ua
i dt): (21)

If thenumberof computationpointschangesduring there-
con�gurationphase,thephysicalquantity f is computedby

f (t + dt; rn+ 1
i ) = f L(t; rL

o � ua
i dt); (22)

whererL
o is theclosestpoint to rn+ 1

i .

We follow a simplemeshlessadvectionmethod,MAFL,
proposedby Yoonet al.37. Otherconvectionmethods32 can
easilybe substitutedif so desired.Therearefour stagesin
theconvectionphasecomputation:

1. Generatea one-dimensionaldirectionalgrid,
2. Locally interpolatephysicalquantities,
3. Apply any high-orderconvectionscheme,
4. Filter theresultto preventoscillatorysolutions.

DI RECTI ONAL GRI D GENERATI ON. Becausethe�uid
propertiesare changingalong the streamline(direction of
the velocity vector), the convection problem is a one-
dimensionalproblemif a grid is generatedin the �o w di-
rection.Figure1 shows thedirectionalgrid. Thenumberof
grid pointsusedin computationdependson the convection
differenceschemeused.

L OCAL I NTERPOL ATI ON. At a local grid point, the
physicalpropertieshf i k areinterpolatedfrom theneighbor-
ing computingpoints f L

j usingtheweight:

hf i k =
å j f L

j w(jrL
j � hr i kj; re;k)

å j w(jrL
j � hr i kj; re;k)

for k = -2,-1,1: (23)

CONVECTI ON SCHEM E. Any differenceschemecan
be usedin the convection phase.If the �rst order upwind
schemeis appliedto local grid points,only two pointsare
considered:

f̃ n+ 1
i = f L

i � q( f L
i � hf i � 1);q =

juajdt
dr

: (24)

The secondorder QUICK16 schemeusesfour points (two
upstreamandonedownstream)andyields

f̃ n+ 1
i = f n

i � q(
1

8
f n
i� 2 �

7

8
f n
i� 1 +

3

8
f n
i +

3

8
f n
i+ 1);q =

juajdt

dr
: (25)

FI LTERI NG. Higherorderschemesoftenresultin oscilla-
tory solutions.A �ltering schemecanbeappliedto prevent
overshootingand undershooting.Minimum and maximum
limits arecomputedat eachtime stepand the interpolants
areboundedby them:

f n+ 1
i ==

8
<

:

f̃ n+ 1
i min( f n

i ) � f̃ n+ 1
i � max( f n

i )
min( f n

i ) f̃ n+ 1
i < min( f n

i )
max( f n

i ) f̃ n+ 1
i > max( f n

i )
(26)

Higher order schemescan exhibit numericalinstability if
thereis a large changein the numberof particlesandtheir
locations.

The hybrid MPS-MAFL algorithm that allows arbitrary
in�o w and out�ow of �uid, and arbitrary addition and
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Algorithm 2 ThehybridMPS-MAFL algorithm.
Initialize �uid
for eachtime stepdt

Lagrangianphase:thesameasMPSalgorithm(Algorithm 1)
Recon�gurationphase:determinethe positionsof computing
pointsandconvectionvelocities
Createaone-dimensionallocalgrid in thestreamlinedirection
Interpolatephysical propertieswithin the particle neighbor-
hood

end for

removal of computationpoints is summarizedin Algo-
rithm 3.3. The interestedreaderis referred to papersby
Heoetal.12 andKoshizukaetal.15 to learnmoreaboutMPS-
MAFL methods.

3.4. Multi�uid Flow

It is straightforward to extend the MPS and MPS-MAFL
modelsdescribedin sections3.2 and3.3 for multi�uid and
multiphase�o ws27. Let ux;i denotethe velocity of a �uid
particlei of typex, andrx;i be thepositionof the �uid par-
ticle. Thetemporaryvelocity u�

x that includesthediffusion,
gravity, andsurfacetensionis similar to equation9:

u�
x = un

x +
dt
r x

f µxr 2un
x + sx(kx � nx)n + r xgg: (27)

Other forcesacting on the �uid can be included.The im-
plicit pressurecomputationis similarto thesingle�uid MPS
method.If thedensityof mixing �uids is on thesameorder
of magnitude,the pressurecomputationis donein a single
stepasbefore.In orderto avoid numericalinstabilitieswhen
multiple �uids have drasticallydifferentdensities(e.g.wa-
ter andair), thepressurecomputationfor each�uid is done
separately. First, thepressurecomputationis performedasif
all particlesaregasparticles.In the secondstep,the com-
putedpressurefor gasparticlesis appliedto theinterfaceof
theliquid particles.Thisis aniterativeprocess:if theparticle
velocityandpositionconvergewe proceedto next step,oth-
erwisewe repeatthe pressurecomputationagainuntil con-
vergence.

4. SurfaceReconstruction

In this section,we introducethenotationof level setmeth-
odsanddiscussourapproachto surfacereconstructionfrom
particles.Let x(t) bethesetof pointsonadeformingsurface
at timet. We representthis deformingsurfaceimplicitly as

S= f x(t) j f (x(t); t) = 0g; (28)

wheref : �

3 ! � is theembeddingfunction.Surfacesde-
�ned in this way divide a volume into two parts: inside
(f > 0) andoutside(f < 0). It is commonto choosef to
be the signeddistancetransformof S, or an approximation
thereof.The motion of S is controlledindirectly by modi-
fying f with a PDE. This family of PDEsandthe upwind

schemefor solvingthemonadiscretegrid is themethodsof
levelsetsproposedby OsherandSethian23. In thispaper, we
considerlevel setPDEsof theform

¶f (x)=¶t = � jjr f jj (F (x) + µH(x)) ; (29)

whereF is a force term , H is the meancurvatureof the
level set interfaceandµ de�nes the relative weightsof the
two terms.Themeancurvaturetermguaranteesthesmooth-
nessof the interfaceby favoring surfacesof smallerarea
over surfacesof largerarea26. TheforcetermF is designed
to make the level set interfacetrack the moving particles.
We �x µ = 1 for all of our experiments.Note that the set-
ting of theparameterµ is atrade-off betweenoverall surface
smoothnessandthecapturingof surfacefeaturesde�ned by
particlepositions.

For a given frame,the particlesimulationprovidesa set
of particle locations,radii andvelocitiesf r i ; r i;uig

N
i= 1. Let

F bea sumover all theparticlesof a kernelfunction f , i.e.

F(x) = T +
N

å
i= 1

f (x; r i ; r i ;ui); (30)

whereT is a constantthreshold.Let di (x) denotethe Eu-
clideandistancefrom the centerof particle i to the point
x in space.Sincethe particleshave a �nite size, if we de-
�ne fi(x) to be1 for di (x) � r i and0 outside,thenF repre-
sentsthenumberof particlesatany point in space.If wealso
chooseT = � 0:5, thepointsin spacethatsatisfyF = 0 will
approximatelyrepresentthesurfacede�ned by theparticles.
However, thisbinarychoicefor f leadsto averyroughlook-
ing surface,andtheindividual particlesareeasilyrecogniz-
ablein thereconstruction.Thecurvaturesmoothingtermin
(equation29)cannotcompensatefor this large-scalerough-
ness.Whatis neededis asmootherchoicefor f thatprovides
aninterpolationbetweenparticles.Considerthefollowing

fi(x) =
1

1+ jdi(x)=r i j
k ; (31)

wherek = 2. This functionfallsoff smoothlyasthedistance
to theparticleincreases,andis well-behavedasd ! 0. Be-
cause,f > 0 for di(x) > r i , F accumulatesto largerquanti-
tiesthanwith thepreviouscase.Thisnecessatiateschoosing
alowerT value;we�nd thatT = � 2 is suitable.Wealsoex-
perimentedwith k = 1 andk > 2, but thesechoicesresulted
in oversmoothingandnotenoughinterpolation,respectively.

Theinterpolationobtainedfrom (equation31)is isotropic;
therefore,it hasa thickeningeffect on thesurfacedueto in-
terpolationin the directionperpendicularto the surface.A
further modi�cation canbe madeto solve this problemby
allowing moreinterpolationin the physicalsurfacetangent
plane,andlessinterpolationperpendicularto this plane.We
usetheassumptionthatthevelocitiesof theparticleswill be
approximatelyin thetangentplane.Let dv

i (x) andd?
i (x) be
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de�ned as :

dv
i (x) =

�
�
�
� (x � r i) �

ui

k ui k

�
�
�
� ; d?

i (x) =

= k (x � r i ) � dv
i

ui

k ui k
k :

Let smax be the largestparticlespeedfor the given frame.
Then,we de�ne themodi�ed distanceto a particleas

di (x) =
�

1�
k ui k

2smax

�
dv

i (x) +
�

1+
k ui k

2smax

�
d?

i (x): (32)

Using this de�nition of distancein (equation31) hasthe
effect of elongatingthe in�uence of a particlealongits ve-
locity vectorandshrinkingit in all otherdirections.

Thesurfacereconstructionalgorithmstartswith theparti-
cle information for the �rst frame.Beforestartingto eval-
uate (equation29), we needan initialization for f . After
computingF for the�rst frame,theinitialization is obtained
from F = 0.Then,weiterate(equation29)usinganupwind,
sparse-�eldimplementation35 until convergence.The com-
putationonly occursin grid cellsthatareon or nearthesur-
face.Convergenceis reachedwhenthechangeto f pertime
stepfalls below a pre-determinedthreshold.At this point,
we save the stateof the surfacefor generatingthe anima-
tion. Then,F is constructedfor theparticleinformationcon-
tainedin the next frame,andwe continueiterating (equa-
tion 29) without reinitialization.In otherwords,thesurface
resultfrom thepreviousframeactsastheinitialization.This
approaachguaranteesthe continuity of the surfacemodels
producedfor consecutive frames.Notethatthelevel setsur-
facereconstructionstepis solvedonagrid whoseresolution
is completelyindependentfrom the �uid simulation.Once
the �uid simulationis computed,thesurfacereconstruction
is doneat arbitraryresolution.

5. Resultsand Discussion

The MPS and MPS-MAFL methodsdescribedin this pa-
per methodsarestraighforward to implement.For ef�cient
computation,a spatialdatastructurethatquickly �nds par-
ticles in a neighborhoodis desiredalthoughnot necessary.
ThePoissonpressureequationcanbeef�ciently solvedwith
a ConjugateGradient(CG) method.In our implementation,
weusetheCGmethodwith anIncompleteCholesky precon-
ditioner. WeusetheSparseLib++ library4 for computingthe
Poissonpressureequation.

We show several examplesof �uid simulationcomputed
with the MPS and MPS-MAFL methods.All simulations
andrenderingwereperformedonaPentiumIV 1.7Ghzwith
512Mb of memoryrunningLinux operatingsystem.Videos
of animationsdiscussedin this sectionsaccompany this pa-
per.

The computationalmethodis fairly ef�cient andallows
simulatingabout10,000particlesper timestepper second.
This is fast enoughto get an instantaneousfeedbackon
whetherthe �uid simulationwill run as desired.After we

setup thescene(objects,obstacles,forces,�uid properties)
andinitialize �uid particles,we run the �uid simulationat
low resolutionto get feedback.After we setall simulation
parameters(particlesize,interactionradius,etc.)andforces
(gravity, drag,surfacetension,etc.), the �nal simulationis
run at high resolution.The main bottleneckin the compu-
tation is thePoissonpressureequationcomputationandthe
computationtime ultimatelydependson thenumberof par-
ticlesin thesimulation.As apartof futurework, it wouldbe
bene�cial to parallelizetheConjugateGradientalgorithmto
furtherspeedup computationtime onparallelarchitectures.

Corridor Flood

Wesimulatedasimple�ood in anundergroundcorridor. We
modeledthecorridor with a small numberof polygonsand
convertedthe polygonalsceneinto the particle representa-
tion.Eachpolygonwasrepresentedwith threelayersof �x ed
particles.Thein�o w of waterwassimulatedby positioning
a virtual squarein�o w boundarythat was turnedon for a
shortperiodof time. This couldalsobe simulatedasa wa-
ter columncollapse.The total numberof �uid particlesin
the sceneis about100,000.The only force actingon parti-
cles was gravity. Surfacetensionwas not includedin this
simulation.The computationtime for the �nal simulation
wasabout3 minutesperframe.Surfacereconstructiontook
10 minutesper frame(volumesize459x74x374).Figure2
shows several framesfrom the simulation.The �nal sur-
facewasrenderedusinga MonteCarlopathtracerwith 10
arealight sources.The renderingtime per framewasabout
20 minutes.SincetheMPSmethodis fully Lagrangian,the
computationalelements(�uid particles)wereonly present
in the part of the scenewherethey wereneeded.Note that
becausethecorridoris L-shaped,thisprovidessomecompu-
tationalsavings over thegrid-basedmethods.In grid-based
approaches,about70 percentof thespacewould bewasted.
A largergridwouldbeneededto accommodatethecomputa-
tion, thereforeyieldinglargercomputationtimeandmemory
requirements.

Box Filling

In this simulation,we �ll a box with a �uid that is being
pouredfrom a sourcewith threenozzles.The�uid doesnot
fall directly into thebox. A polygonalobstaclesetnearthe
top of the box at an angle obstructsthe �o w. The �uids
from the nozzles�rst hit the obstaclesurfaceandthenthe
sideof thebox.The�uid wassimulatedwith about150,000
�uid particles.The simulationtime is about4 minutesper
frame.Gravity, surfacetensionanddrag force wereacting
upon�uid particlesduring the simulation.The �uids from
thethreenozzleshave thesamephysicalproperties.Surface
reconstructiontook30minutesperframe(volumesize197x
283x 256).Figure3 shows severalframesfrom thebox �ll-
ing simulation.Theexampleanimationwasbeingrendered
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Figure 2: Corridor �ood simulation. The �uid motion is
simulatedby 100,000�uid particles.Thesimulationtimeis
about3 minutesper frame.

with a raytracer. Approximaterenderingtime wasabout5
minutesperframe.

Mixing �uids

In this simulation,we �ll a box with two �uids that have
very different densitiesand viscosities.First, we start �ll-
ing the box with a water-like �uid. After sometime, we
start �lling the box with the secondoil-lik e �uid. The �u-
ids start interactingandmixing. The second�uid endson
topof the�rst �uid asexpectedfrom thephysicalproperties
of the �uids. Gravity and surfacetensionwere appliedto
both �uids. About 80,000�uid particlesrepresentboth �u-
ids. The simulationtime was3 minutesper frame.Surface
reconstructiontook 10 minutesper frameper �uid (volume
size245x245x274).Figure4 shows threeframesfrom this
simulation.Observethemixing andinteractionsbetweenthe
two �uids. Theimageswerebeingrenderedwith araytracer.
Approximaterenderingtime was5 minutesper frame.The
second-�uidhasoil-lik e physicalproperties.For visualiza-
tion purposeswe renderedthis �uid opaquelyto show the
separationbetweenthetwo �uids. Someartefacts(e.g.round

Figure3: A sourcewith threenozzles�lling a box.The�uid
motionis simulatedby 150,000�uid particles.The�uid is
beingemittedfromthreenozzlesthathit anobstaclesurface
setnearthetopof thebox.

boundary, non-perfectlysmoothsurface)resultingfrom the
surfacereconstructionarevisible.

6. Conclusion

We describeda particle-basedmethodfor simulation�uid
motion.It is basedon a particlediscretizationof thediffer-
ential operatorsto solve the Navier-Stokes equations.It is
suitedfor simulatinga wide varietyof �uid �o ws including
multi�uids, multiphase�o ws and mediumscaleproblems
suchasthecorridor�ood. Becauseof theLagrangiannature
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Figure4: Two �uids mixingin a box.Theboxis being�lled
with two �uids with drasticallydifferentphysicalproperties
(densityandviscosity).After interactionandmixing, thesec-
ond�uid endsup on top of the�r st �uid. About80,000par-
ticleswere usedto computethe�uid motion.

of the method,no grids are needed.The methodis adap-
tive asit allows arbitraryadditionandremoval of computa-
tion pointsduring the simulation.The describedmethodis
alsowell suitedfor thecurrenthuman-interactionparadigm
used in commercially available modelling and animation
software.The �uid simulationcan be easily directed(e.g.
�uid moveson a path)andscripted(�uid reachesspeci�ed
destination),becausetheparticleinteractionsareeasilycon-
trolled while ensuringphysicalcorrectnessandplausibility
of motion. While particle-based�uid simulations(ad hoc
andsemi-physically-based)weredescribedin the graphics
literaturebefore,themethodspresentedin thispaperis gov-
ernedby theNavier-Stokesequationsandworkswith incom-
pressible�uids.

Therearenumerouspossibilitiesfor futurework andex-
tensionsof the describedmethod.The main computational
bottleneck is the Poissonpressurecomputation.By par-
allelizing the conjugategradientcomputationthe method
couldbemuchfasterandcouldpotentiallybecomemorein-
teractive.Moreaccurateinterpolationschemescouldbeused
if moreaccuratesimulationsaredesired32. Solid-�uid inter-
actions(e.g. �uid displacinga solid object) and sediment
�o ws could easilybe addedto the existing method10. The
MPS-MAFL methodcouldbeextendedfor adaptivesimula-
tionssimilar to DesbrunandCani2. Particlesradii would be

small in areaswherelargedeformationsof theinterfaceoc-
cur. TheEulerianstepin theMPS-MAFL ensuresthatsmall
particlesremainin areasof interestandwould not get ad-
vectedto otherregions.TheMPSparticlemethodcouldalso
beappliedto simulatesoliddynamics36.

The main problem with the particle-basedmethod re-
mainssurfacegeneration.While the surfaceis easilybeing
trackedwith �uid particles,it is hardto createasurfacefrom
the �uid simulation.In this work we usea level setmethod
to obtainsurfacefor renderingpurposes.The methodpro-
ducesgoodresultsfor mostcases,but it alsohassomein-
herentproblemswith creatingsharpboundarieswhen the
�uid is in contactwith a solid object or another�uid. As
partof the futurework, we want to try thehybrid approach
by Enrightet al.5 for trackingandevolving thesurface.An
alternative would beto still usethelevel setto representthe
�uid interface,but useparticlesto directly evolve the level
set30; 31. By removing the level set surfaceextraction as a
separatestep,all grid-basedcomputationswouldberemoved
entirely.
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Appendix A: SurfaceTensionModel

Themomentumequationcontainingthesurfacetensionis:

r
¶u
¶t

= �r p+ µr 2u + r g+ skdn (33)

wheres is thesurfacetensioncoef�cient, k is thecurvature
of the interface,d is thedeltafunction,andn is thesurface
normal.Surfacetensionis calculatedfor theparticlesthatare
regardedason theinterface.Anotherparticledensitynst1

i is
computedat theseparticles:

hni st1
i = å

j6= i
wst1(jr j � r i j) (34)

wst1(r) =
�

1 if 0 � r � rst
e

0 if rst
e � r

(35)

whererst
e is theinteractionradiusfor surfacetensionmodel.

Theparticlesregardedason thesurfaceof theinterfaceare
found in thicknessdst . Within the thicknessd, the interior
particleshave largerparticledensitynst1

i thanexterior parti-
cles.This leadsto errorsin curvaturecomputation.A second
particledensityexcludingoutsideparticlesis computed:

hni st2
i = å

j6= i
wst2(jr j � r i j) (36)
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wst2(r) =
�

1 if 0 � r � rst
e andnst1

j > nst1
i

0 otherwise
(37)

Thecurvatureof theinterfaceis thencomputedas:

k =
1
R

=
2cosq

rst
e

(38)

2q =
nst2

i

nst1
0

p; (39)

wherenst1
0 is constantandis computedwhentheinterfaceis

�at (curvatureis zero).

Appendix B: DragForceModel

Thedragforcedueto thepermeablelayeris:

f = �
3

4

CD

d0
j Åui j Åui (40)

wu(r) =
�

1=å wu(r) if r � ad0

0 if r > ad0
(41)

Åui = å u j wu(jr i j j); (42)

whereCD is dragcoef�cient, Åui is spatiallyaveragedveloc-
ity of neighborhoodparticles,a is modelconstantandd0 is
diameterof a �uid particle.
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