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ABSTRACT 
 
Mechanical interactions between angiogenic microvessels and the extracellular matrix (ECM) 
regulate microvascular topology, but the mechanisms are poorly understood.  Microvessel 
growth, branching and anastomosis are sensitive to properties of the ECM such as fiber 
orientation, boundary conditions and matrix density.  These properties are changed by matrix 
deformation as neovessel sprouts apply traction forces during growth.  Previously, we developed 
a growth model that accurately predicts network topology in a 3D in vitro model of angiogenesis.  
In the present study, this model was extended to develop AngioFE, a computational framework 
that couples the growth model to the simulation of solid mechanics with FEBio (www.febio.org).  
Each sprouting capillary tip was assigned a cellular traction force, represented by a position- and 
deformation-dependent body force that was localized around the sprout tip.  FEBio was used to 
solve for deformation of the construct in response to the cellular traction forces.  The predicted 
deformation was used to update microvessel positions, ECM fiber orientation and matrix density.  
When simulating growth within a 3D collagen gel with the long-axis of the gel constrained, the 
framework provided realistic predictions of the deformed gel geometry, microvascular alignment 
and collagen fiber orientation.  AngioFE was capable of predicting aligned vasculature within a 
partially constrained matrix based only on the inhomogeneous deformation of the surrounding 
ECM.  In summary, AngioFE provides a flexible modeling framework to investigate the 
mechanisms that couple matrix deformation and angiogenic growth. 
 
 
INTRODUCTION 
 
During angiogenesis, new vascular elements arise by sprouting from existing vasculature.  
Sprouting endothelial cells apply traction to the ECM, degrade the basement membrane and 
migrate along components of the extracellular matrix (ECM) (1-3), resulting in neovessel 
elongation.  The ECM serves as the major pathway for mechanotransduction between contact-
dependent cells, and therefore the material properties of the ECM determine the stress field that is 
experienced by neovessels.  Changes to the ECM fiber orientation, boundary conditions and 
matrix density affect the topology of the vascular network (4-8), presumably by modifying 
mechanical interactions between neovessel sprouts and ECM fibers.  For example, using a 3D 
organ culture model of microvessel fragments within a type-I collagen gel, we have shown that 
different boundary conditions can lead to drastically different vascular topologies (9).  When 
microvessel fragments were cultured in a rectangular gel that was free to contract, new sprouts 
formed a randomly oriented network (5, 6, 9).  When the long-axis of the gel was constrained to 
prevent contraction, microvessels and collagen fibers aligned along the constrained axis (6, 9).   
 
The mechanisms that control how global boundary conditions regulate the topology of the 
vascular network during angiogenesis are poorly understood.  The lack in understanding of these 
mechanisms arises predominately from the difficultly in establishing cause-effect relationships 
across length scales in the laboratory (i.e. conditions prescribed globally affect interactions at the 
microscale).  For this reason, we have turned to computational modeling in order to study the role 
of microscale mechanics during angiogenesis.  We have previously designed a computational 
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model of angiogenesis which prescribes 
microvessel behavior based on properties of the 
ECM (10).  This model, termed “angio3d”, has 
been shown to provide accurate predictions of 
morphometric data describing vascular network 
topology across changes in matrix fiber orientation 
and density (10, 11).  However, the model assumed 
that the material properties of the matrix remained 
constant during the simulation.  It has been 
observed that neovessel sprouts apply traction to 
the matrix, resulting in condensation and alignment 
of the collagen fibrils (12).  Therefore, the 
objective of this study was to develop a computational model in which matrix properties that 
regulate vascular growth were coupled with the deformation caused by remodeling forces.  This 
was accomplished by coupling our growth model software (angio3d) with the finite element (FE) 
software FEBio (13) in order to include a framework in solid mechanics.  After each time step in 
the growth model, the results provided by FEBio were used to update matrix properties based on 
the field theories of continuum mechanics. 
 
METHODS 
 
All software applications were written in C++.  The coupling between angio3d and FEBio was 
accomplished through AngioFE, a plug-in file for FEBio (Figure 1).  A plug-in is a precompiled 
library that can be associated with an executable at run time.  The FEBio kernel loads the plug-in 
file at runtime.  This framework allows users to include new functionality to FEBio without the 
need to edit and rebuild the entire source code. 
 
Angio3d was used to predict the updated microvessel geometry at each time step.  Angio3d uses 
information about the ECM to determine vessel morphology during spontaneous angiogenesis.  
The ECM was represented by a rectilinear hexahedral FE mesh.  Field information that influences 
growth, such as matrix density and fiber orientation, was specified at the nodes of the mesh.  
Trilinear shape functions were used to interpolate the fields over the elements: 
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In this equation, ψ  is a scalar or vector field, ψj are the nodal values, Nj is the value of the shape 
function for node j at the interpolation position, x.  Microvessels were represented discretely as a 
collection of end-to-end line segments.  Growth was simulated by the addition of new line 
segments at the active sprout locations.  When creating a new vessel segment, ECM field 
information was interpolated to the sprout location to regulate the growth step.  Collagen fiber 
orientation was used to determine the direction of the new segment, while matrix density was 
used to determine the segment’s length and branching probability.  Branching, defined as the 
sprouting of a new neovessel from an existing vessel, was modeled as a random process.  During 
a time step, each segment generated a number between 0 and 1.  If the random number exceeded 
the branching probability for that segment, the segment formed a branch.  Anastomosis, defined 
as the fusing of two vessels into one, was permitted for any active growth tip within close 
proximity of another vessel.    
 
The forces generated by neovessels sprouts were represented using a deformation-dependent 
force field that was defined relative to the position of the sprout tip, xs.  For each sprout tip, a 
body force fs was applied to the mesh based on the following equation: 
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Figure 1.  Plug-in framework for FEBio.  The 
FEBio kernel class manages plug-ins.  The 
FECore and angio3d library contains the base 
classes, which can be subclassed within the 
plug-in.  
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where a, b, and N are adjustable parameters and r is the vector 
from xs to the position x of a point inside the mesh.  The angle 
θ  is defined between r and the orientation vector of the parent 
sprout, n (Figure 2).  After all sprout forces were calculated and 
interpolated to the nodes of the FE mesh, FEBio was used to 
solve for the resulting deformation field.  The material behavior 
of the vascularized collagen gel was represented with a 
composite constitutive model.  The total Cauchy stress σ was the 
weighted sum of the stress response from the ECM (σECM) and 
the microvessels (σm): 

 (1 ) ECMmφ φ= + −σ σ σ ,  [3] 
where φ  is the volume fraction of the microvessels in the 
element.  A hyperelastic constitutive model based on a uniform 
continuous fiber distribution was used to represent the ECM (14).  
This model captures the major features of the material properties 
of collagen gels, including nonlinear elasticity, low modulus in 
compression and strain-dependent Poisson’s ratio (14, 15).  The 
zero-strain tensile Young’s modulus was chosen as 24.3 KPa in 
tension (16) and the compressive Young’s modulus was two 
orders of magnitude smaller (0.243 KPa).  We observed that this 
disparity was essential for realistic predictions of ECM 
deformation.  A transversely isotropic neo-Hookean constitutive 
model was used to represent the stress contribution from the 
microvessels.  This constitutive model contributed stress only 
due to deformation along the average microvessel orientation, 
with a Young’s modulus of 20.0 KPa. 
 
The total stress in the composite was assumed be dissipative, causing deformation in response to 
cell-generated tractions forces to become permanent (17).  Given the large water content within 
collagen gels, it is reasonable to assume that stress is dissipative rather than accumulative (18, 
19).  The time-varying second Piola-Kirchhoff stress S(t) was defined by the convolution integral: 
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where the elastic stress Se is the pull-back of Cauchy stress σ as determined from Eqn. [3], and 
G(t) is the reduced relaxation function.  The relaxation constant τ was set at 0.129 days.  Once the 
FE problem was solved using FEBio, the solution was used to update microvessel positions, ECM 
fiber orientation and matrix density.  ECM fiber orientation vectors were treated as free vectors 
and updated using the deformation gradient tensor.  Matrix density was updated based on the 
conservation of mass using the Jacobian of the deformation gradient. 
 
To demonstrate the capabilities of AngioFE, we simulated angiogenic growth and the associated 
ECM deformation within a vascularized collagen gel subjected to two different boundary 
conditions:  unconstrained (U) and long-axis constrained (LAC).  For these simulations, the 
sprout force parameters were prescribed as follows:  a=2.5x107 μm/s2, b=150 1/μm, and N=15.  
These values were chosen to obtain a realistic deformation of the gels using the material 
parameters described above.  The dimensions of the ECM domain were 10.25×2.75×1.50 mm.  
The domain was seeded with 1480 microvessel fragments at initialization, based on the 
microvessel seeding density of 35,000 fragments/ml used in our comparable experiments (9).  
Each node was initialized with a random collagen fiber orientation and a matrix density of 3.0 
mg/ml.  Six days of growth were simulated (9).  The predicted Green-Lagrange strain was 
determined in each direction at the center of the deformed gels.  The morphometry of the 
microvessels was determined for a 2.55×2.55×0.75 mm region at the center of the deformed gels.  

Figure 2.  Traction forces applied by 
neovessel sprouts were represented 
using a local body force.  (Top) 
Diagram of the sprout representation 
presented in Eq. 2.  (Bottom)  Fringe 
plot of the force field calculated 
using Eq. 2.   



To assess alignment, we determined the angle 
between each microvessel and the long-axis 
(x-axis).  These predictions were compared to 
similar measurements from the experimental 
cultures of U and LAC collagen gels (9).  
After 6 days, the culture dimensions were 
collected and used to calculate Green-
Lagrange strain.  Confocal microscopy was 
used to image microvessels within the 
constructs.  The confocal data sets were 
skeletonized, and the distribution of angles 
that each vessel formed with the long-axis (x-
axis) was determined.  
 
RESULTS 
 
The predictions of the U and LAC geometry 
were in good agreement with the 
experimentally measured geometry (Figure 3, 
top and middle rows).  There was good 
agreement between the strains predicted by 
Angio FE and the average experimental 
strains, although strains predicted by AngioFE 
were slightly lower.   
 
Constraining the long-axis of the gel drastically altered 
vascular topology.  Microvessels within the U gels were 
randomly oriented, while vessels within the LAC gels were 
aligned along the constrained axis (Figure 4, top row).  
AngioFE predicted this behavior.  For the U boundary 
condition, the predicted microvessel orientation was random.  
In contrast, for the LAC boundary condition, microvessels 
were preferentially aligned with the long-axis (Figure 4, middle 
and bottom rows).   
 
DISCUSSION 
 
AngioFE produced realistic predictions of both the deformed 
geometry and the distribution of microvessel orientation angles 
for both the U and LAC boundary conditions.  These 
predictions were produced by assigning a body force to active 
sprout tips within a validated growth model (10, 11).  The 
parameters for the material models and sprout force 
representation were chosen to produce realistic deformations of 
the collagen gels, quantified by measuring strain values.  In 
particular, the disparity in stiffness between compressive and 
tensile loading was necessary for realistic predictions.  For 
example, if the ECM was represented by a neo-Hookean 
material instead of the continuous fiber distribution material, 
the simulations predicted excessive torsion and buckling of the 
gels.   
 
In this simulation framework, microvessel alignment arises solely due to the deformation of the 
mesh (ECM).  This design makes the model ideal for investigating the relationship between 
matrix deformation and microvessel orientation during angiogenesis.  In the unconstrained 

Figure 3.  Results for the U boundary condition are
presented on the left, results for the LAC boundary
condition on the right.  (Top)  Images of
vascularized collagen gels (White scale bar = 5 mm).
(Middle)  Deformed mesh geometry of the each
boundary condition (Black scale bar = 2 mm).
(Bottom)  Green-Lagrange strain measured from
experimental cultures is presented in blue, strain
measurements predicted by AngioFE is presented
in green.  Error bars in the experimental data sets
indicate standard deviation (N = 7).       
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Figure 4.  (Top) Confocal images
demonstrate that microvessels
become preferentially aligned by
altering gel boundary conditions.
(Middle) Predictions of
microvasculature orientation.
(Bottom)  Predicted angles
between microvessels and long-
axis of gel closely matched
experimental measurements.  
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simulation, the mesh was free to deform in each direction.  Since the microvasculature was 
coupled with the deformation of the mesh through the displacement field, the line segments 
representing microvessels were also free to contract in each direction equally and therefore no 
preferential alignment emerged within this boundary condition.  The constraints placed on the 
mesh while simulating the LAC boundary condition caused the mesh to be free to deform only in 
the y- and z- direction.  Therefore, line segments within the simulation contracted along these 
directions, while their length along the x-direction was unchanged.  The alignment in the LAC 
simulations was caused by this anisotropic deformation field. These results are supported by 
observations that anisotropic compressive strain loading of cell-populated collagen gels causes 
alignment of both matrix fibers and cells perpendicular to the direction of contraction (19-23).  
These results suggest that passive re-orientation of microvessels by an anisotropic deformation 
field arising due to the gel boundary conditions can result in preferential microvessel alignment. 
 
Several assumptions of the model likely have a strong influence on the predictions.  Although 
AngioFE was capable of predicting preferential alignment of microvasculature using the matrix 
deformation field, alignment in the LAC simulation was not as pronounced as has been observed 
in vitro.  Passive re-orientation of microvessels may be capable of producing significant 
alignment, but there may be an active response to the changing matrix environment that causes 
growing microvessels to further align along the constrained axis (24).  Further, simulations 
assumed that the matrix and microvessels experienced the same deformation field, i.e. their 
deformations were compatible.  However, the deformation fields for cells and collagen fibrils 
within cell seeded constructs are incompatible (25-27), and allowing for incompatible 
deformation might produce better agreement with the experiments.  Another assumption in the 
model that requires further investigation is the specific force field that was assumed for the sprout 
force.  Other representations of the force field could alter mesh deformation and may lead to more 
accurate predictions.  For example, FE models using a uniform pressure to drive contraction of 
the matrix have been shown produce accurate predictions of microvascular alignment (9, 28).   
 
Despite these considerations, AngioFE was capable of predicting aligned vasculature within a 
partially constrained matrix based only on the inhomogeneous deformation of the surrounding 
ECM.  The model does not require meshing of the intricate microvessel geometry or the interface 
between vessels and the ECM.  Micromechanical interactions between vessels and ECM fibrils 
were accounted for in an averaged sense by treating the vascularized gel as a continuum.  In the 
future, AngioFE can be used to simulate other boundary conditions and further elucidate these 
mechanisms.  This framework may also be able to predict regions of high and low stress within 
the microvessels, which may result in the formation of a new branch or the regression of an 
existing neovessel respectively (29).  Applications in tissue engineering include the design of 
optimized vascular topologies for pre-vascularized implants.  In summary, AngioFE provides a 
flexible modeling framework to investigate the mechanisms that couple matrix deformation and 
angiogenic growth. 
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