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Abstract

Unstructured tetrahedral meshes are commonly used in scientific computing to represent scalar, vector, and tensor
fields in three dimensions. Visualization of these meshes can be difficult to perform interactively due to their
size and complexity. By reducing the size of the data, we can accomplish real-time visualization necessary for
scientific analysis. We propose a two-step approach for streaming simplification of large tetrahedral meshes.
Our algorithm arranges the data on disk in a streaming, I/O-efficient format that allows coherent access to the
tetrahedral cells. A quadric-based simplification is sequentially performed on small portions of the mesh in-core.
Our output is a coherent streaming mesh, which facilitates future processing. Our technique is fast, produces high
quality approximations, and operates out-of-core to process meshes too large for main memory.

Categories and Subject Descriptors(according to ACM CCS): I.3.5 [Computer Graphics]: Computational Geometry
and Object Modeling

Keywords: Out-of-core algorithms, mesh simplification, large meshes, tetrahedral meshes

1. Introduction

Simplification techniques have been a major focus of re-
search for the past decade due to the increasing size and
complexity of geometric data. Scientific simulations and
measurements from fluid dynamics and partial differential
equation solvers have produced data sets that are too large to
visualize with current hardware. Thus, approximations are
necessary to achieve a level of interactivity that is necessary
for proper analysis.

Although significant work has been done in simplifying
triangle meshes, relatively little has been done with tetrahe-
dral meshes. Most of the work in tetrahedral simplification
falls into two categories: Edge-collapse methods and point
sampling methods. These algorithms assume that the entire
mesh can be loaded into main memory. However, due to the
high memory overhead of storing the mesh connectivity in
addition to the geometry, there are limitations on the size of
the data set that can be simplified in this manner.

We present an algorithm thatstreamsthe data from disk
through memory and performs the simplification on a local-
ized portion of the entire mesh. Our approach consists of two
steps. First, the tetrahedral mesh is arranged in a streaming
format that supports coherent sequential access. Then, this
streaming mesh is sequentially simplified using a quadric
error-based scheme that respects boundaries and fields in the

mesh. The resulting mesh is output in the same streaming
format and can be used directly in subsequent processing.

Our streaming algorithm requires only one pass to sim-
plify the entire mesh. Thus, the layout of the mesh is of great
importance to produce high quality results. We perform an
out-of-core ordering of the tetrahedral cells and store them
on disk using a streaming tetrahedral mesh format. This for-
mat provides concurrent access to coherently ordered ver-
tices and tetrahedra. It also minimizes the duration that a
vertex remains in-core, which limits the memory footprint
of the simplification.

Our tetrahedral simplification incrementally works on
overlapping portions of the mesh in-core. We use the
quadric-error metric to perform a series of edge collapses
until a target decimation is reached. By weighting the bound-
aries and incorporating the field data in our error metric, we
can keep the error in the simplified approximation low. This
results in a simplification algorithm that can efficiently sim-
plify extremely large data sets. In addition, through the use
of carefully optimized algorithms, linear solvers, and data
structures we show that significant improvements in speed
and stability can be achieved over previous techniques.

The main contributions of this paper include:

• We provide a streaming representation of tetrahedral
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Figure 1: Streaming simplification performed on a tetrahedral mesh ordered from bottom to top. The portion of the mesh that
is in-core at each step is shown in green.

meshes that supports coherent sequential access to the
mesh elements.

• We describe a quadric-based edge-collapse simplification
algorithm that operates on portions of the streaming tetra-
hedral mesh. This operation occurs in a single pass, runs
quickly, handles data of arbitrary size, respects field data,
and works out-of-core.

• We improve upon previous stream simplification methods
by ensuring that the output stream is coherent in order
to accommodate further downstream processing. We also
introduce optimizations in the data structures and simpli-
fication algorithm which dramatically improve the speed
and efficiency of tetrahedral simplification.

• We provide a new solver for quadric-based simplification
that improves stability and speed of existing algorithms.
We also provide both stability and error analysis of the
results generated using this technique.

The remainder of this paper is organized as follows. We
summarize related work in Section1.1. In Section2, we de-
scribe our algorithm for arranging the data in a coherent,
streaming mesh. Section3 provides details on our out-of-
core simplification, Section4 contains our stability and er-
ror analysis followed by performance measures, Section5
discusses the benefits of our approach over previous algo-
rithms, and Section6 provides final remarks and directions
for future work.

1.1. Related Work

A common result from scientific computations is a scalar
field f in R3. This scalar fieldf can be represented over a
domainD as a tetrahedral mesh. When it is not possible to
achieve interactive visualization off , it is common to find
a tetrahedral mesh with fewer elements and an associated
scalar field f ′ such that the approximation error‖ f ′ − f‖
is minimized. Many algorithms have been proposed in an
attempt to computef ′ quickly and with little error.

Trotts et al. [THJW98, THJ99] developed a technique
that collapses one edge at a time, deciding which edge to col-
lapse next based on an error bound calculated at each step.
They provide a bound on the maximum deviation of the field
data in the simplified mesh from the original.

Several techniques for simplification have recently been
proposed that act on the vertices. Van Gelderet al.
[GVW99] remove vertices based on mass and data error
metrics. Uesuet al. [UBFS04] provide a fast point-based
method which works directly on the underlying scalar field.
These techniques are more memory efficient than edge col-
lapse methods, but require the addition of Steiner points to
handle non-convex meshes. This requirement makes them
difficult to modify for streaming algorithms.

The idea of a progressive mesh for surface level of detail
control was proposed by Hoppe [Hop96] and later extended
to simplicial complexes by Popović and Hoppe [PH97].
Staadt and Gross [SG98] define appropriate cost functions
to account for volume preservation, gradient estimation, and
scalar data with progressive tetrahedral meshes. Chopra and
Meyer [CM02] propose a fast progressive mesh decimation
scheme that is based on the scalar field of the mesh.

Many algorithms have been developed that use different
error metrics to perform the simplification via edge col-
lapses. Cignoniet al. [CCM∗00] use domain and field (i.e.
range) error metrics to approximate the original mesh. The
use of a quadric error metric for surface simplification was
introduced by Garland and Heckbert [GH97]. Their method
uses iterative contractions on vertex pairs and calculates the
error approximations using quadric matrices. Natarajan and
Edelsbrunner [NE04] extend the quadric error metric to pre-
serve topological features. Garland and Zhou [GZ05] re-
cently generalized the quadric error metric for simplifying
simplicial elements in any dimension.

As model size has continued to increase faster than main
memory size in commodity PCs, techniques have been
developed to simplify these data sets out-of-core. Lind-
strom [Lin00] proposed an algorithm that simplifies trian-
gle meshes of arbitrary size. This algorithm improves upon
Rossignac and Borel’s [RB93] vertex-clustering method by
using the quadric error metric. The mesh is stored as a re-
dundant list of three vertex positions per triangle. This “tri-
angle soup” is read one triangle at a time and a simplified
mesh is constructed incrementally and kept in-core. Lind-
strom and Silva [LS01] improve upon the quality of this al-
gorithm while making the method more memory efficient
by storing the simplified mesh out-of-core during process-
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ing. They handle boundaries separately to preserve the over-
all shape of the mesh. Wu and Kobbelt [WK03] propose
an edge collapse-based streaming method for large triangle
meshes that requires only one pass to decimate the entire
mesh. All three of these methods make use of a redundant
on-disk mesh representation that is two times larger than an
indexed mesh. However, they are fast because no global in-
dexing is required, which results in better cache coherency.
Isenburget al. [ILGS03] present a triangle mesh simplifica-
tion algorithm based on the processing sequence paradigm.
A processing sequence is a mesh representation that inter-
leaves the ordering of the indexed triangles and vertices. This
representation provides fast out-of-core access because it ar-
ranges the data in a memory-efficient order while requiring
no additional storage. We extend the method of Isenburget
al. to tetrahedral meshes and improve upon it by recogniz-
ing the importance of preserving the streamability of the
mesh after it undergoes simplification,e.g. for subsequent
pipelined stream processing. We furthermore place fewer re-
strictions on the input mesh, making the algorithm directly
applicable to a larger class of mesh producing applications.

With an increase in streaming algorithms, the need for
a streamable format that efficiently codes both geometry
and connectivity becomes necessary. Isenburg and Lind-
strom [IL05] provide the underlying work for streaming rep-
resentations of polygonal meshes. They provide metrics and
diagrams for measuring the streamability of a mesh and dis-
cuss methods for improving its layout so as to reduce its
memory footprint and the time each mesh element remains
in-core. Mascarenhaset al. [MIPS04] extend this format to
handle volumetric grids, which allows for streaming out-of-
core isosurface extraction.

2. Mesh Layout

Traditional object file formats consist of a list of vertices fol-
lowed by a list of polygonal or polyhedral elements that are
defined by indexing into the vertex list. Dereferencing such
a mesh,i.e. accessing vertices via their indices, requires the
whole vertex list to be in memory since elements are gener-
ally not assumed to reference vertices in any particular order;
an element can arbitrarily referenceany vertex in the list.
Furthermore, streaming such a mesh implies buffering all
vertices before the first element is encountered in the stream.
A logical progression for large meshes is to store them in a
streaming mesh representation that interleaves the vertices
and elements and stores them in a “compatible” order. This
representation allows a vertex to be introduced (added to an
in-core active set) when needed and finalized (removed from
the active set) when no longer used.

Isenburg and Lindstrom [IL05] provide a streaming mesh
format for triangle meshes that extends the popular OBJ file
format. We use their format with additions to handle tetra-
hedral meshes. This includes extending the vertices to four
values〈x,y,z, f 〉 that represent the position in 3D space and
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Figure 2: Layout diagrams with cell indices on the vertical
and vertex indices on the horizontal axis. A vertex is active
from the time it is introduced until it is finalized, as indicated
by the horizontal lines. (a) A standard format for tetrahedral
meshes based on the OBJ format. (b) A streaming format that
interleaves vertices with cells. Vertex finalization is provided
with a negative index (i.e. relative to the most recent vertex).

a scalar value. In addition, we provide a new element type
for a tetrahedral cell that indexes four vertices. This format
allows us to finalize a vertex when it is no longer in use by
using a negative index into the vertex list. Figure2 shows an
ASCII example of the streaming tetrahedral format.

An important consideration with streaming meshes is the
ability to analyze the efficiency of a mesh layout. Isenburg
and Lindstrom developed several techniques for visualizing
properties of the mesh to determine the effectiveness of the
layout. We use similar tools to measure tetrahedral mesh
quality. An important property is thefront width, or the max-
imum number of concurrently active vertices. Anactivever-
tex is one that has been introduced, but not yet finalized.
The width of a streaming mesh gives a lower bound on the
amount of memory required for dereferencing (and thus pro-
cessing) the mesh. Another important property of the mesh
is the front span, which measures the maximum index dif-
ference (plus one) of the concurrently active vertices. A low
span allows a faster implementation because optimizations
can be performed that achieve the best performance when
the span is similar to the width. The efficiency of our lay-
out depends on quantifying these properties, thus we provide
analysis on different layout techniques so that we can choose
the most streamable layout for a given data set.

One simple mesh layout is to sort the vertices on aspa-
tial direction, in particular one that crosses the most tetra-
hedra. Wu and Kobbelt [WK03] use this technique for tri-
angle mesh simplification. This can be accomplished for
large meshes by performing an out-of-core sort on the ver-
tices [LS01] and writing them into a new file. An additional
file is created to contain a mapping of the old ordering to
the new one. Next, the tetrahedral cells are written to a new
file and re-indexed according to the mapping file. A sort is
then performed on the file containing the tetrahedral cells
based on the largest index of each cell. Finally, the vertex
file and the cell file are read simultaneously and interleaved

submitted toEurographics Symposium on Geometry Processing (2005)



4 Submission ID: 114 / Streaming Simplification of Tetrahedral Meshes

Data Set Vertices Tetrahedra
Spatial Sort Z-Order Spectral Breadth-First

Width Span Width Span Width Span Width Span

Torso 168,930 1,082,723 3,118 20,784 7,256 122,1742,894 13,890 5,528 6,370
Fighter 256,614 1,403,504 3,894 110,881 9,382 215,697 3,916 28,638 16,62919,523
Rbl 730,273 3,886,728 2,814 5,270 10,232 371,2692,291 21,764 3,206 3,495
Mito 972,455 5,537,168 19,876 33,524 10,202 642,5506,745 44,190 10,552 11,498
Sf1 2,461,694 13,980,162 16,898 65,921 48,532 1,958,21212,851 131,152 30,258 33,378

Table 1: Analysis of laying out the mesh spatially, by z-order, by spectral sequencing, and breadth-first.

into a new file by writing each cell immediately after the ver-
tex corresponding to the cell’s largest index has been writ-
ten. Spatial layouts work especially well when considering
meshes that have a dominant principal direction.

Other techniques may be desirable if the mesh does not
have a dominant principal direction, such as a sphere. An ap-
proach to handle this type of data is to use abrickingmethod
similar to the one proposed by Cox and Ellsworth [CE97] in
which the vertices are ordered into a fixed number of small
cubes for better sequential access. A similar approach is to
arrange the vertices using a Lebesgue space-filling curve (i.e.
z-order), which provides better sequential access in the aver-
age case. This arrangement can be generated by creating an
out-of-core octree [CMRS03] of the vertices and traversing
them in-order. The interleaved mesh is then written to a file
in the same manner described above for spatial sorting. The
results of the layout produced by bricking andz-order traver-
sal are similar. When streamed they provide a more contigu-
ous portion of the mesh on average, but the front width and
span are typically much larger than sorting spatially.

Another approach used for laying out the mesh on disk is
spectral sequencing. This heuristic finds the first non-trivial
eigenvector (theFiedler vector) of the mesh’s Laplacian ma-
trix and was shown by Isenburg and Lindstrom [IL05] to
be very effective at producing low-width layouts. They pro-
vide an out-of-core algorithm for generating this ordering
for streaming triangle meshes, which we have extended to
handle tetrahedra. This method works particularly well for
curvy triangle meshes, but tetrahedral meshes are generally
less curvy and more compact. Still, in most cases this order-
ing results in the lowest width, which is ideal for minimizing
memory consumption.

A final approach is to create atopological layout, which
starts at a vertex on the boundary and grows out to neigh-
boring vertices. To grow in a contiguous manner, we use a
breadth-first traversal with optimizations to improve coher-
ence. Instead of a traditional FIFO priority queue, we assign
priority using three keys. First, the oldest vertex on the queue
is used in the same way that it would be in standard breadth-
first algorithms. However, if multiple vertices were added to
the queue at the same time, a second and third key are used
to achieve a more coherent order. The second key is boolean,
and gives preference to a vertex if it is the final one in a cell

that has not been processed. Finally, the third key is to use
the vertex that was most recently put on the queue, which is
more likely to be adjacent to the last vertex. These sort keys
guarantee a layout that iscompact[IL05], such that runs of
vertices are referenced by the next cell, and runs of cells ref-
erence the previous vertex (e.g.as in Figure2b). Using this
approach, we were able to minimize the front span of the
data sets in all of our experimental cases. This is ideal be-
cause having a span and width that are similar allows us to
exploit optimization techniques described in the simplifica-
tion algorithm.

Table1 shows the front width and span for four different
data sets produced by the layout techniques described above.
Spectral sequencing proves to be the superior choice when
low width and thus memory efficiency is required. Breadth-
first layouts are not as memory-efficient, but as we will see
can be processed fast. Note that unlike [ILGS03] we do
not impose the constraint that the sequence of tetrahedra be
grown in a face-adjacent manner (equivalently edge-adjacent
for triangle meshes). Therefore we can accept a streaming
mesh in whatever order it arrives without having to locally
reorder elements.

3. Tetrahedral Simplification

3.1. Quadric-based Simplification

To achieve high-quality approximations, we use the quadric
error metric proposed by Garland and Zhou [GZ05]. This
metric measures the squared (geometric and field) distances
from points to hyperplanes spanned by tetrahedra. The vol-
ume boundaries are preserved using a similar metric on
the boundary faces and by weighting boundary and inte-
rior errors appropriately. The generalized quadric error al-
lows the flexibility of representing field data by extending
the codimension of the manifold. Given a scalar function
f : D ⊆ R3 → R defined over a domainD represented by a
tetrahedral mesh, we can represent the vertices at each point
p as〈xp,yp,zp, fp〉, which can be considered a point on a 3D
manifold embedded inR4. Thus, by extending the quadric
to handle field data, the algorithm intrinsically optimizes the
field approximation along with the geometric position.

The quadric error of collapsing an edge to a single point
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Figure 3: Example of a buffer moving across the surface of
a tetrahedral mesh sorted from left to right. As new tetrahe-
dra are introduced, the tetrahedra that have been in-core the
longest are removed from memory.

is expressed as the sum of squared distances to all accumu-
lated incident hyperplanes, and can inn dimensions be en-
coded efficiently as a symmetricn×n matrixA, ann-vector
b, and a scalarc. It is sufficient to component-wise add these
terms to combine the quadric error of two collapsed vertices.
Finding the pointx that minimizes this measure amounts to
solving a linear system of equationsAx = b. Oncex is com-
puted, we test whether collapsing to this point causes any
tetrahedra to flip,i.e. changes the sign of their volume, in
which case we disallow the edge collapse. BecauseA is not
necessarily invertible, it is important to choose a linear solver
that is numerically stable. Since quadric metrics are covered
in great detail elsewhere (see,e.g., [GH97, GZ05]), we here
focus only on the numerical issues of robustly minimizing
quadric errors (see Section3.4).

3.2. Streaming Simplification

Combining streaming meshes with quadric-based simplifi-
cation, we introduce a technique for simplifying large tetra-
hedral meshes out-of-core. We base our streaming algorithm
on [ILGS03], but make several general improvements and
provide a list of optimizations that compared to a less care-
fully engineered implementation results in dramatic speed
improvements.

First, unless already provided with streaming input, we
convert standard indexed meshes and optionally reorder
them for improved streamability. Then, portions of the
streaming mesh are loaded incrementally into a fixed-size
main memory buffer and are simplified using the quadric-
based method. Once the in-core portion of the mesh reaches
the user-prescribed resolution, simplified elements are out-
put, e.g. to disk or to a downstream processing module.
Thus input and output happen virtually simultaneously as
the mesh streams through the memory buffer (see Figure3).

To ensure that the final approximation is the desired size,
two control parameters have been added:target reduction
andboundary weight. Target reduction is the ratio between
the number of tetrahedra in the output mesh and the number

of tetrahedra in the original mesh. Alternatively, this param-
eter can be expressed as a target tetrahedral count of the re-
sulting mesh. The boundary weight prevents the shape of the
mesh from changing throughout the simplification. We use a
fixed value of 100 times the maximum field value in the data
for the weight in our experiments.

Because we only keep a small set of tetrahedra in mem-
ory, we do not know the entire mesh connectivity. Thus, we
keep the boundary between the tetrahedra currently in mem-
ory and all remaining elements—tetrahedra that have not
yet been read or that have been output—fixed to ensure that
the simplified mesh is crack-free. We call this boundary the
stream boundary, which consists entirely of faces from the
interior of the mesh. We can identify the stream boundary
faces as they are read in by utilizing the finalization infor-
mation stored in the streaming mesh. A face of the current
in-core mesh is part of the stream boundary if none of its
three vertices are finalized. We disallow collapsing any edge
that has one or both vertices on the stream boundary.

Due to the stream boundary constraint, if we read in one
portion of the mesh, simplify it, and write it out to disk
in one phase, our output mesh will have unsimplified areas
along the stream boundaries. This results in an approxima-
tion that is oversimplified in areas and undersimplified in
others. To avoid this problem, we follow the algorithm pro-
posed by Wu and Kobbelt [WK03]. Their algorithm consists
of a main loop in which READ, DECIMATE, and WRITE
operations are performed in each iteration. The READ oper-
ation introduces new elements until it fills the buffer. Next,
DECIMATE simplifies the elements in the buffer until either
the target ratio is reached or the buffer size is halved. Finally,
in their method the WRITE operation outputs the elements
with the largest error to file.

We improve upon [WK03, ILGS03] by ensuring, to the
extent possible, that the relative order among input elements
is preserved in the output stream, with the caveat the tetra-
hedra whose vertices have not yet been finalized (i.e. are on
the input stream boundary) must be delayed. Therefore, the
output typically retains the coherence of the input. An error-
driven output criterion, on the other hand, can considerably
fragment the buffer and split off small “islands” that remain
in the buffer for a long time without being eligible for simpli-
fication, and thus unnecessarily clog the stream buffer. Fur-
thermore, such an output stream generally has poor stream
qualities, which affects downstream processing. The front
width (i.e. number of active vertices), for example, is par-
ticularly important for tetrahedral meshes, for which each
active vertex affects on average four times as many elements
as in a triangle mesh, and therefore more adversely affects
memory requirements and processing delay. Furthermore,
we relax the requirement that the stream of tetrahedra (tri-
angles) advance in a face (edge) adjacent manner [ILGS03],
as this is of no particular value to us, and we allow any co-
herent ordering of mesh elements. Finally, using the more
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streamable layouts and simpler streaming mesh formats and
API from [IL05], we gain considerably in performance and
memory usage over [ILGS03].

3.3. Implementation Details

Since our method processes different mesh portions of
bounded size sequentially, a statically allocated data struc-
ture is more efficient than dynamic allocations, which col-
lectively increase the memory footprint. In our implementa-
tion, we extended Rossignac’s corner table [Ros01] for trian-
gle meshes to tetrahedral meshes. The original corner table
requires two fixed-size arraysV andO indexed by corners
(vertex-cell associations)c, whereV[c] references the vertex
of c andO[c] references the “opposite” corner ofc.

In the case of tetrahedral simplification, the most common
query is to find all tetrahedra around a vertex. Therefore, we
replace theO array with a link tableL of equal size, which
joins together all corners of a given vertex in a circular linked
list. We additionally store with each vertex an index to one
of its corners.

We store the mesh internally as three fixed-size arrays of
vertices, tetrahedra, and corners (i.e. the linksL). Each ver-
tex contains a pointer to one corner and the quadric error
information(A,p,ε) using a parameterization that explicitly
represents the vertex geometry and scalar data inp (see3.4
and Figure4). The quadrics for the tetrahedra are calculated
when we read in a new set of tetrahedra, and are then dis-
tributed to the vertices. For each finalized vertex, we com-
pute boundary quadrics for all incident boundary faces (if
any) that have no other finalized vertices, and distribute these
quadrics to the boundary vertices.

Garland and Zhou [GZ05] use a greedy edge collapse
method and maintain a priority queue for the edges ordered
by quadric error. Forsaking greediness, we obtain compa-
rable mesh quality by using a multiple choice randomized
approach [WK03] with eight candidates per collapse. There
are several advantages of using randomized selection. One is
that we no longer need a priority queue or explicit represen-
tation of edges. Instead an edge can be found by randomly
picking a tetrahedron and then randomly selecting two of its
vertices. Another advantage is that the randomized technique
can be further accelerated by exploiting information readily
available through our quadric representation (see3.4).

Before we output a tetrahedron, we must ensure that its
four vertices are output first. Once a vertex is output, we
mark it prevent it from being decimated in future iterations.
To enhance the performance, we use a lazy deletion scheme,
where all vertices and tetrahedra to be deleted are initially
marked. At the end of each WRITE phase, we make a linear
pass through all vertices and tetrahedra to remove marked el-
ements and compact the arrays. Since we do not allocate ad-
ditional memory during simplification, keeping deleted ver-
tices and tetrahedra does not increase the memory footprint.

VERTEX

matrixA 10 floats
vectorp 4 floats
floate
int idx global index
int corner vertex-to-corner index
uchar f lags deleted, written

TETRAHEDRON

int vidx[4] vertex indices
booldeleted
int order for ordering tetrahedra
int L[4] corner links

Figure 4: Data structures used for our quadric-based simpi-
fication.

Improvements
Time Memory
(sec) (MB)

Initial Implementation 212.95 310

QEF + CG 132.68 282

Multiple Choice + Corner Table 38.35 130

4D Normal, Floats 35.99 78

Final / Binary I/O 22.10 78

Table 2: Improvements over straightforward implementa-
tion due to our optimization techniques. The results are for
simplifying the Fighter data set (1.4 M tetrahedra) com-
pletely in-core on a P4 2.2GHz with 1GB of RAM.

Storing large data sets on disk in ASCII format can ad-
versely affect performance because converting ASCII num-
bers to an internal binary representation can be surprisingly
slow. We have extended the ASCII stream format in Figure2
to a binary representation. Because our program spends over
30% of the time on disk I/O, this optimization results in a
nonnegligible speedup. For example, on the SF1 data set it
improves overall performance by 17%.

Since we only maintain a small portion of the mesh in-
core, we require a way of mapping global vertex indices
to in-core buffer indices. Usually a hash map is used, but
with our low-span breadth-first mesh layout, this hash map
can be replaced by a fixed-size array indexed using modu-
lar arithmetic. We move occasional high-span vertices that
cause “collisions” in this circular array to an auxiliary hash.

With all of the optimizations described above, our sim-
plifer can run at high speed without any dynamic memory
allocation at run time. The performance and memory sum-
mary can be found in Table3.3. Further efficiency improve-
ments relating to quadric error metrics will be discussed in
the following section.
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3.4. Numerical Issues

Great care has to be taken when working with quadric met-
rics to ensure numerical stability while retaining efficiency.
To minimize quadric errors, a positive semidefinite system
of linear equations must be solved, for which numerically
accurate but heavy-duty techniques such as singular value
decomposition (SVD) [Lin00, KBSS01] and QR factoriza-
tion [JLSW02] have been proposed. However, even con-
structing, representing, and evaluating quadric errors require
that special care be taken. We here outline an efficient repre-
sentation of quadric error functions that leads to numerically
stable operations, improved speed, and less storage.

The standard representation [GZ05] of quadric errors is
parameterized by(A,b,c), and is evaluated as

Q(x) = xTAx−2bTx+c (1)

Typically the three terms in this equation are “large,” but sum
to a “small” value, resulting in a loss of precision. One can
show that the roundoff error is proportional to‖A‖‖x‖2. Fur-
thermore, in addition to this quadric information, it is com-
mon to store the vertex position (and field value)p that min-
imizesQ separately. Lindstrom [Lin03] suggested an alter-
native representation that removes this redundancy:

Q(x) = (x−p)TA(x−p)+ ε (2)

whereA is the same as in the standard representation and

Ap = b

pTAp + ε = c

This parameterization(A,b,ε) provides direct access to the
minimum quadric errorε and the minimizerp. This not only
saves memory but also results in a more stable evaluation of
Q, as the roundoff error is now proportional to‖A‖‖x−p‖2,
and we are generally interested in evaluatingQ(x) near its
minimum p as opposed to near the origin. Another signifi-
cant benefit of this representation is that it provides a lower
boundεi +ε j onQi +Q j when collapsing two verticesvi and
v j . Using randomized edge collapse [WK03], we can thus
often avoid minimizingQi + Q j if the lower bound already
exceeds the smallest quadric error found so far.

Our quadric representation also lends itself to an effi-
cient and numerically stable iterative linear solver. To han-
dle ill-conditioned matricesA, we have adapted the well-
known conjugate gradient (CG) method [GV96] to work on
semidefinite matrices. As in SVD, we provide a tolerance
κmax on the condition numberκ(A), and pre-empt the it-
erative solver when all remaining conjugate directions are
deemed “insignificant” for reducingQ. This is equivalent to
zeroing small singular values in SVD. Using our quadric rep-
resentation, we conveniently initialize the CG solver with the
guessx = (pi +p j )/2.

A final word of caution: The computation of generalized
quadrics presented in [GZ05] computesA = I - N, whose

SOLVE(A, x, b, n, κmax)
1 r = b−Ax negative gradient of Q
2 p = 0
3 for k = 1, . . . ,n iterate up to n times
4 s= rTr
5 if s= 0 then exit solution found?
6 p = p+ r/s update search direction
7 q = Ap
8 t = pTq
9 if st≤ tr(A)/(nκmax) then exit insignificant direction?

10 r = r −q/t update gradient
11 x = x+p/t update solution

Figure 5: Conjugate gradient solver for positive semidefi-
nite systemsAx = b. On inputx is an estimate of the solu-
tion, n= 4 is the number of linear equations, andκmax is a
tolerance on the condition number.tr(A) is the trace ofA.

null space null(A) = range(N) is spanned by the tetrahe-
dron, via subtraction, which due to roundoff error can leave
A indefinite,i.e.with one or more negative eigenvalues. This
causesQ to have a “saddle” shape with no defined minimum,
and can cause numerical instability. Instead, we compute a
4D “volume normal” using a generalization of the 3D cross
product to 4D. The outer product of this normal with itself
gives a positive semidefiniteA for a tetrahedron.

Because of our attention to numerical stability, with
κmax= 103 we are able to use single precision floating point
throughout our simplifier, even for the largest meshes. Since
the 4D quadric information requires 15 scalars per vertex,
this saves considerable memory and improves the speed.

4. Results

4.1. Stability and Error Analysis

We have described a CG method for solving the linear equa-
tions that arise when minimizing the quadric error. The
choice of solver is important because degenerate tetrahe-
dra and regions of near-constant field value can cause sin-
gularity. For testing purposes, we constructed a data set by
subdividing a tetrahedron into hundreds of smaller tetrahe-
dra by interpolating the vertices and field data. Obviously,
these small tetrahedra all lie on the hyperplane spanned by
the original tetrahedron, thus they are solutions to the linear
equations. We then picked a solution as a target for each col-
lapsed edge. We experimented with several linear solvers as
shown in Table4.1. We experimented with Cholesky factor-
ization, SVD, SVD with Cramer’s Rule, and CG. Our hybrid
SVD/Cramer’s Rule method uses a conservative condition
estimator and uses Cramer’s Rule when the matrix is well-
conditioned. Using all of our solvers, we were able to sim-
plify our subdivided tetrahedron to its original shape with
small error in both field and geometry. In our experiments,
CG provides the fastest, most stable solution.

To estimate the error in the simplified mesh we use two
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Linear System Solver Performance Stability

Cholesky 0.94 Unstable

SVD 2.86 Stable

SVD with Cramer’s Rule 1.16 Stable

Conjugate Gradient 1.0 Stable

Table 3: Performance of linear solvers. The performance is
the time relative to CG for simplifying the Fighter data set
(1.4 M tetrahedra) completely in-core.

Figure 6: Demonstration of the stability of linear system
solvers on the Fighter data set. A portion of the original
mesh is shown in (a). Solutions to linear equations are
shown as black dots using SVD with Cramer’s Rule (b) and
Cholesky factorization (c).

different methods. The first method is to measure the er-
ror on the surface boundary of the mesh using the tool
Metro [CRS98]. The second method is to measure the error
in the field data using a similar approach to Cignoniet al.
[CCM∗00]. Our implementation differs because it ignores
points outside the domain of the simplified mesh since these
points become part of the surface boundary error. Table4
shows these error estimations.

4.2. Performance

All timing results were generated on a 3.2 GHz Pentium 4
machine with 2.0 GB RAM. For the streaming experiments,
we limit the operating system to only 64 MB RAM by using
the Linux bootloader. Using our algorithm, we simplified all
of our data sets to 10% of original size. Table4 shows the re-
sults of simplifying a collection of data sets to 10% of their
original size using our streaming algorithm and the same im-
plementation optimized for in-core execution.

We were able to achieve streaming simplification with
only a slight increase in time and error compared to an in-
core implementation. The streaming technique has the ad-
vantage of a smaller memory footprint. With our algorithm,
we were able to simplify 14 million tetrahedra while only
using 20 MB RAM. Due to the large size of the Sf1 data
set, certain parts of the stream were not able to be simpli-
fied accurately, resulting in a larger error. By increasing the
memory slightly, the quality of the simplification is greatly
improved and approaches the in-core quality.

Figure 7: Volume Rendered images of the Fighter data set
show the preservation of scalar values. The original data set
is shown on the left (1,403,504 tetrahedra) and the simplified
version is shown on the right (140,348 tetrahedra).

Figure 8: Views of the mesh quality on the surface of the Rbl
data set. The original data set is shown on the left (3,886,728
tetrahedra) and the simplified version is shown on the right
(388,637 tetrahedra).

5. Discussion

The use of streaming meshes for simplification reduces the
memory footprint of a large mesh considerably. We im-
proved on the algorithm of Wu and Kobbelt [WK03] by
preserving the stream order of the mesh between input and
output. A direct comparison with their algorithm shows that
our method consistently achieves a lower width,e.g.9% ver-
sus 59% on the Fighter data set, and span,e.g.45% versus
98%, without reducing the approximation quality. In addi-
tion, with the optimizations that we employ to our data struc-
tures, we have been able to simplify up to 14 million tetra-
hedra while using only 20MB RAM. Only the smallest data
sets (Torso and Fighter) could be simplified using our imple-
mentation of Wu and Kobbelt’s algorithm.

Apart from providing a streaming algorithm that operates
on meshes of arbitrary size, we also described speed and sta-
bility optimizations that improve the performance of tetrahe-
dral simplification. Our quadric representation improves lin-
ear solver performance. In addition, our adapted conjugate
gradient method and the use of “volume normals” for tetra-
hedra reduce the numerical errors and allow the use of single
precision floating-point numbers. By using a binary format,
we improve on storage and speed up I/O. Finally, through
the use of a breadth-first mesh layout, we have improved the
width and the span, which enables the use of a fixed-size cir-
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Number Number Max Max RMS Max RMS
Data Set of Tets of Tets Time RAM Field Field Surface Surface

Input Output (sec) (MB) Error (%) Error (%) Error (%) Error (%)

In-core

Torso 1,082,723 108,271 14.88 57 0.012 0.000884 0.120 0.013360
Fighter 1,403,504 140,348 15.46 78 4.845 0.280266 0.038 0.000352
Rbl 3,886,728 388,668 59.10 212 0.020 0.002574 0.025 0.000055
Mito 5,537,168 553,711 47.13 285 0.045 0.007355 0.001 0.000008
Sf1 13,980,162 1,398,013 191.69 709 5.626 0.262335 0.036 0.000811

Streaming

Torso 1,082,723 108,270 19.07 20 0.019 0.000879 0.161 0.001226
Fighter 1,403,504 140,345 20.87 20 4.549 0.299081 0.102 0.000470
Rbl 3,886,728 388,671 95.54 20 0.025 0.002833 0.036 0.000089
Mito 5,537,168 553,716 73.58 20 0.045 0.007614 0.044 0.000009
Sf1 13,980,162 1,398,012 246.15 20 23.287 0.472869 0.169 0.004150
Sf1 13,980,162 1,398,017 244.42 50 5.834 0.315583 0.050 0.001394

Table 4: Summary of the results using both in-core and streaming simplification. Field error percentages are in relation to the
range of the field and surface error percentages are in relation to the bounding box diagonal.

cular array instead of a hash table. With these improvements,
we have improved the speed of our simplification method
by an order of magnitude over our initial implementation of
Garland’s quadric-based simplification [GZ05].

Due to the efficiency of our algorithm, we easily handle
the largest data sets we obtained. In our experimental re-
sults, our streaming algorithm simplifies about 60K tetra-
hedra per second and achieves high quality results. Given
a machine with 2.0 GB of RAM, the in-core implementation
of our algorithm could handle approxmately 35 million tetra-
hedra. Using our streaming algorithm, this maximum bound
is much larger and is only constrained by the front width of
the mesh, which we have shown to be very small when using
a good mesh layout.

6. Conclusions and Future Work

We have presented a streaming technique for simplifying
tetrahedral meshes of arbitrary size. We describe several
methods for laying out a tetrahedral mesh on disk in a co-
herent, I/O-efficient format. We also show an analysis of
these layouts and the effects they have on the final simplified
mesh. We provide a technique for simplifying small portions
of the mesh in memory while obtaining a smooth simplifica-
tion over the entire mesh. The simplification occurs in one
pass, preserves mesh topology and scalar information, re-
quires little memory, and runs quickly. We also provide op-
timizations to traditional simplification data structures that
improve speed and efficiency. We present a linear solver that
improves stability and speed of quadric-based simplification.
Finally, we provide stability and error analysis of our algo-

rithm with results for specific examples that show the time
and memory required for processing.

Because the generalized quadric error works on a variety
of data types, an interesting extension would be to attempt to
handle meshes consisting of other types,e.g.hexahedra. Fi-
nally, it would be interesting to take advantage of the coher-
ent streaming tetrahedral format to perform fast, out-of-core
isosurface extraction.
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