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An Impr oved Contact Algorithm for the Material Point Method and Application
to StressPropagationin Granular Material
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Abstract: Contactbetweendeformablebodiesisadif-
�cult problem in the analysisof engineeringsystems.
A new approachto contacthasbeenimplementedus-
ing theMaterialPointMethodfor solid mechanics,Bar-
denhagen,Brackbill, andSulsky (2000a).Heretwo im-
provementsto the algorithmaredescribed.The �rst is
to include the normal traction in the contact logic to
more appropriatelydeterminethe free separationcrite-
rion. The secondis to provide numericalstability by
scalingthecontactimpulsewhencomputationalgrid in-
formationis suspect,a conditionwhich canbeexpected
to occur occasionallyasmaterialbodiesmove through
the computationalgrid. The modi�cations described
preserve importantpropertiesof the original algorithm,
namelyconservationof momentum,andtheuseof global
quantitieswhich obviate the needfor neighborsearches
and result in the computationalcost scaling linearly
with thenumberof contactingbodies.Thealgorithmis
demonstratedonseveralexamples.Deformablebodyso-
lutionscomparefavorablywith severalproblemswhich,
for rigid bodies,have analyticalsolutions.A muchmore
demandingsimulationof stresspropagationthroughide-
alizedgranularmaterial,for which high �delity datahas
beenobtained,is examinedin detail. Excellentquali-
tative agreementis found for a variety of contactcon-
ditions. Importantmaterialparametersneededfor more
quantitativecomparisonsareidenti�ed.
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1 Intr oduction

With continuedgrowth of computationalpower, numer-
ical analysistechniquesarebeingextensively appliedto
engineeringsystems,ratherthanjust individual compo-
nents.Thepromiseof reducingcostsduringdesignand
testingis enticing,but remainsdif�cult to realizein prac-
tice. Extensive effort hasbeenexpendedto develop ac-
curatematerialmodelsandsolutiontechniquesfor com-
plex boundaryvalueproblemsinvolving individualcom-
ponentsand pinnedor weldedstructures. In the more
generalarenaof engineeringsystems,however, compo-
nentsoftencontactandslideagainstoneanother. Contact
mechanicsis remarkablydif�cult, bothdueto potentially
applicablephysics,andmathematicalcomplexities asso-
ciatedwith solutionconstraintinequalities,asdiscussed
in thereview articleby BarberandCiavarella(2000).

Whenengineeringsystemsfunctionwithin designedop-
eratingconditionsseverecontactis usuallyavoided,but
it is of paramountinterestin evaluatingsystemresponse
during severe loading and/orfailure. Classicexamples
include car crashes,aircraft enginefan blade contain-
ment,andearthpenetrators.Contactandimpacthave re-
ceivedsubstantialattentionoverthepastseveraldecades,
as witnessedby a review of the subjectby Zhong and
Mackerie (1994), which lists nearly 500 papers. The
majority of thesepapersdescribenumericalmodeling
approachesand/orapplicationsusing the �nite element
method. The problemis a very dif�cult one,ascontact
mustbe sensed,surfacenormalsconstructed,andinter-
action forcesimposedto prevent interpenetrationwith-
out making the systemof equationsto be solved ill–
conditioned.

For large scaleengineeringsimulationscontact is fre-
quently the aspectwhich must be tweakedby the ana-
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lyst, using various loosely physicalparameters,just to
get thesimulationto run. In additionthealgorithmsare
traditionally expensive. Effective numericalsimulation
of engineeringsystemsis in needof further develop-
mentof accurate,ef�cient contactalgorithms. Herewe
describean alternateapproachusing a particle–in–cell
(PIC) numericaltechniquefor solid mechanics,theMa-
terial PointMethod,Sulsky, Chen,andSchreyer (1994);
Sulsky, Zhou,andSchreyer (1995);Sulsky andSchreyer
(1996).

The Material Point Method (MPM) is one of the lat-
est developmentsin several decadesof particle–in–cell
methods,originally usedto modelhighly distorted�uid
�o w, Harlow (1963). Subsequentdevelopmentsad-
vancedthe understandingof the algorithmandbrought
modi�cations to reducenumericaldiffusion, Brackbill,
Kothe,andRuppel(1988);Burgess,Sulsky, andBrack-
bill (1992). Fundamentalaspectsof PIC methodsin-
cludethe interpolationof informationbetweengrid and
particles,andpreciselywhich solutionvariableswill be
ascribedto the grid, and which to the particles. Sev-
eralvariantshave beentried,with ageneraltrendtoward
keepingmorepropertieson particles.Most recently, the
methodhasbeenappliedto solid mechanics,wherethe
ability of theparticles,or “materialpoints”,toadvectnat-
urally Lagrangianstatevariables,hasbeenexploited in
MPM.

Recentlya new approachto materialcontacthasbeen
developedand usedwith MPM, Bardenhagen,Brack-
bill, and Sulsky (2000a). This approachtakesadvan-
tageof theArbitrary Lagrangian/Eulerian(ALE) formu-
lation of MPM which tracksLagrangianparticlemotion
throughanEuleriangrid. Coulombfriction contactcon-
ditions areappliedvia thegrid. The approachhasbeen
demonstratedusingtwo–dimensionalcalculationsof col-
lisions and the shearingof granularmaterial, Barden-
hagen,Brackbill, and Sulsky (2000a,b,c). Here an es-
sentialmodi�cation to thephysicsof thealgorithmis de-
scribed,aswell asa modi�cation for numericalstabil-
ity. The algorithmis demonstratedon simpleproblems
in three–dimensionswith analyticalsolutions.Finally it
is appliedto stresswave propagationin simplegranular
materials.

2 Approach

MPM is brie�y reviewed here for completeness.La-
grangian bodies are discretized into material points,

which carry all informationrequiredto specifythe cur-
rentstateandadvancethesolution.This informationin-
cludesconstitutive parameters(suchas moduli and in-
ternalvariables),stress,strain,velocity andtemperature.
TheMPM algorithmalsousesacomputationalgrid. The
governingequationsaresolvedon the grid, providing a
computationalsavingsandaswell asaregular, structured
grid on which to apply solution techniques.SeeFig. 1
for an exampleof the discreterepresentationof a disk,
wherematerialpoints and meshare shown. The cou-
pling betweenthematerialpointsandthemeshis a key
ingredientin thesolutionalgorithm.Quantitiesareinter-
polatedbetweenthe meshand the materialpointssuch
that total massandmomentumare conserved. Advan-
tagesof theMPM algorithmincludetheabsenceof mesh
tanglingproblems,error–freeadvectionof materialprop-
erties(internalvariablesin particular)via themotion of
thematerialpoints,andanef�cient settingfor theimple-
mentationof materialcontact.

Figure1 : Simpleexampleof amaterialpointdiscretiza-
tion of a disk.

Bodiesdeformaccordingto continuummechanicscon-
stitutive modelsandconservation laws. If r � x � t � is the
massdensityat point x at time t, andv � x � t � is theveloc-
ity �eld, thenconservationof massis

dr
dt ���

rÑ � v � (1)

in which thetimederivativeis thematerialderivative

d
dt �

¶
¶t

	

v � Ñ 
 (2)
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Conservationof massis satis�edimplicitly in MPM. Ma-
terial pointsareassigned�x ed massesduring the initial
discretization,andgrid massesaredeterminedusingan
interpolationschemewhich conservesmass.Conserva-
tion of momentumis

r
dv
dt �

Ñ � sss 
 (3)

wheresss is the Cauchystresstensor. Dif ferent mate-
rials are modeledvia constitutive equationsthat gen-
eratestressbasedon both the history and currentme-
chanicalstate. Versionsof hyperelasticity, hypoelastic-
ity, plasticityandviscoelasticityhavebeenimplemented,
Sulsky, Chen,and Schreyer (1994); Sulsky, Zhou, and
Schreyer (1995); Sulsky and Schreyer (1996); Barden-
hagen,Brackbill, andSulsky (2000b);Bardenhagenand
Brackbill (1998);Bardenhagen,Harstad,Maudlin,Gray,
andFoster(1998).Conservationof momentumis solved
on the grid andchangesareinterpolatedto the material
points suchthat the changein momentumis the same
on the grid and on the material points. Interpolating
only changesin momentumreducesnumericaldiffusion,
Brackbill, Kothe, and Ruppel (1988). Energy conser-
vation errorsareproportionalto the squareof the time
step,Brackbill andRuppel(1986);Bardenhagen(2001).
Detailsof the explicit computationalalgorithmmay be
found in the references,Sulsky, Chen, and Schreyer
(1994);Sulsky, Zhou, andSchreyer (1995);Sulsky and
Schreyer (1996).

Interactionsbetweenbodiesare modeledusing a con-
tact algorithm which forbids inter–penetration,but al-
lowsseparation,slidingwith friction, androlling. A pre-
vious versionof the algorithm, in which the logic was
basedcompletelyonkinematics,wasdetailedin, Barden-
hagen,Brackbill, andSulsky (2000a).Hereanessential
modi�cation to theoriginal formulationis described.In
addition,a usefulmeansof screeningout theapplication
of large contactforces, numericalerrorsdue to unfor-
tunateregistrationof materialpoint informationon the
computationalgrid, is described.Thesechangesprovide
for a moreaccurateandrobustalgorithm.

2.1 ContactAlgorithm Logic Re�nements

Recallthatcontactis modeledon thecomputationalgrid
in MPM. Themassandmomentumfrom materialpoints
areinterpolatedto thecomputationalgrid for eachbody.
Individualbodyvelocitiesarecomputedby takingthera-

tio of momentum,pa , to mass,ma , at thegrid nodes,i.e.,

va

�

pa

ma a
�

1 
 2 
�������
 N 
 (4)

wherea indexesthebodiesandN is thenumberof bodies
in a computation. The averagevelocity of all material
pointsin thevicinity of a grid nodeis termedthecenter
of massvelocityanddenotedvcm

vcm

�

N

å
a � 1

pa

M

 (5)

where

M
�

N

å
a � 1

ma

 (6)

is thetotalmasscontributionfrom all bodiesin thevicin-
ity of a grid node. The centerof massvelocity andthe
total massaretheglobalquantitieswhich enablethede-
terminationof contactgrid nodesandpreciselywhatthe
contactconstraintsshouldbe. Nodesin the vicinity of
morethanonebodyaredetectedby lookingat thediffer-
encebetweenindividualbodyandcenterof massveloc-
ities. Interfacecomputationalgrid nodesarede�ned as
thosefor which

vcm � va �

�

0 � (7)

Resolutionof the interface is commensuratewith the
computationalgrid cell size.

Once a contactgrid node has beenidenti�ed, further
analysisis requiredto determinewhatcontactcondition
shouldbe applied(sticking or slipping contact,or free
separation).Spatialdifferentiationof theindividualbody
masseson the grid, ma , provides a computationof the
bodysurfacenormalsna . Usingthesurfacenormals,ap-
proachand departurecan be distinguished. A body is
approachingits neighbor(s)when

�

va � vcm�

� na � 0 � (8)

For the algorithm describedpreviously, Bardenhagen,
Brackbill, andSulsky (2000a),sticking or slippingcon-
tactconstraintsareappliedif approachis detected,other-
wisefreeseparationis allowed.

It is the useof normal traction informationwhich dis-
tinguishesthis algorithmfrom thatdescribedpreviously,
Bardenhagen,Brackbill, andSulsky (2000a). The nor-
mal surfacetraction, ta

n , is computedat a contactgrid
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nodeby interpolatingindividualmaterialpoint contribu-
tions using the surfacenormals(and the relation ta

n �

na � sssa � na). In thespecialcasewherecontactingbodies
arestressfree(e.g. when�rst cominginto contact)it is
suf�cient to determinewhich contactconditionto apply
basedstrictly on whetheror not bodiesareapproaching.
Whenthe normaltractionsarenon–zero,it is important
to distinguishbetweencompressive andtensileinterface
tractions.For thesignconventionusedherecompressive
stressis negative andthenormaltractionis compressive
when

ta
n �

0 � (9)

Theessentialmodi�cation to thecontactalgorithmlogic
is to apply frictional contactwhenthe normal traction
is compressive, allowing freeseparationotherwise.Fric-
tional contactis appliedvia constraintson the body ve-
locities va . Freeseparationrequiresthat no constraints
be prescribed.Note that the ef�ciency of the algorithm
is not compromisedby theadditionallogic involving the
normaltraction.Calculationof contactconditionsin the
centerof massframe eliminatesa separatecontactde-
tectionstep,achievesa solutionwith onesweepthrough
thecomputationalgrid, andyieldsa linearscalingof the
computationalcostwith the numberof bodies,Barden-
hagen,Brackbill, andSulsky (2000a). It is also worth
notingthat thecomplexity of thecontactalgorithmdoes
not increaseif theshapeof thebodiesarevaried,socom-
plex initial geometriesandlargedeformationscaneasily
bemodeled.

Usingthesimpleexampleof adeformablebodycolliding
with a rigid boundary, it may be seenthat simply mon-
itoring approachanddepartureis insuf�cient to model
contactcorrectly. As the body approachesthe bound-
ary the compressive tractionbuilds, andby eitherkine-
matic or normal tractioncriteria, frictional contactcon-
ditions would be applied. Application of the frictional
contactconstraintsis equivalentto an instantaneousin-
elasticcollision, servingto exchangekinetic andstrain
energies.Theessentialdifferenceoccursduringrebound.
If free separationis prescribedassoonasdeparturebe-
gins,theequivalentscenariois instantaneousremoval of
theboundary. Rather, thenormaltractionmustbemon-
itored and frictional contactwith the boundaryapplied
while it remainscompressive. Freeseparationis allowed
oncethenormaltractionis non–negative.Thismodi�ca-
tion providesfor theextractionof strainenergy ondepar-

ture,muchlike it providesfor strainenergy buildup dur-
ing approach.Without this logic modi�cation, friction-
lesscollisionswerefoundto slightly increasesystemen-
ergy. Althoughthe logic is not describedin detail there,
themodi�ed algorithmwasfoundto beslightly dissipa-
tiveBardenhagen,Brackbill, andSulsky (2000c).

Whenappliedto contactbetweendeformablebodiesthe
situation is very similar to that describedfor a rigid
boundarywhen both have the samematerial response.
Enforcementof no interpenetrationduringcontactis ap-
plied by constrainingthe body velocity componentnor-
mal to the surfaceto be equal to the centerof mass
velocity in that direction. This is equivalent to a uni-
form stretchassumptionin thesurfacenormaldirection.
Becausedifferentmaterialsrespondto the samestretch
with different stresses,the normal tractionswhich de-
velop during contactwill likely be different for differ-
entbodies.It is evenpossiblethatuniform un–straining
will result in bodiesof differentmaterialsexperiencing
free separationat different times during departure,par-
ticularly when material responseallows for permanent
set(e.g. plasticity). Althoughtractionequilibriumis not
maintainedat contactnodes,interfacesareunloadedto
theirstressfreestate.Thissourceof errorcouldbeelim-
inatedin an implicit formulationof MPM wheretheap-
propriatepartitioningof strainincrementsbetweenbod-
iesfor tractionequilibriumwouldbedetermined.

2.2 Numerical Considerations

A practicalconsiderationarisesin the applicationof an
MPM algorithmwhichusesgridnodevariables.Namely,
interpolatedvaluescanbe very small whena grid node
�rst beginsto representmaterialpoint data.Thiscanoc-
cur when a body's materialpoints �rst crossinto cells
which previously containedno materialpointsfrom that
body. Becausethis happensat theedgesof bodies,it is
an especiallyimportantconsiderationin the application
of contactconditions.

Frictional contact conditionsare applied by assigning
new grid velocities,ṽa, aftercontact

ṽa
�

va � Dva
n �

na � µ� ta  "! µ�

�

min

#

µ !

Dva
t

Dva
n $

(10)

whereµ is theinterfacialcoef�cient of friction, ta is the
unit tangentin thedirectionof sliding (t

�

www % n in Bar-
denhagen,Brackbill, andSulsky (2000a)),and

Dva
�

va � vcm ! (11)
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Dva
n &

Dva ' na ( (12)

Dva
t &

Dva ' ta ( (13)

asdescribedin detailin Bardenhagen,Brackbill, andSul-
sky (2000a).

Resolutionof thetopologyof contactingsurfaceson the
computationalgrid requiresno morethantwo bodiesbe
representedatacontactgridnode.Theremainingcontact
nodeanalysesare specializedfor N

&

2. It shouldbe
notedthatnotall of thepropertiesderivedbelow holdfor
N ) 2. Thede�nition of thecenterof massvelocity, vcm,
Eqn.5, givestheusefulidentity

2

å
a * 1

maDva
&

0 ( (14)

from which it canbeseenthatDv1
t +

Dv1
n &

Dv2
t +

Dv2
n, i.e.

eitherbothbodiesstickor bothbodiesslip.

Whenthe effective coef�cient of friction, µ, , in Eqn.10
is not limited by theinterfacialfriction coef�cient, µ, the
surfacesstick. It is easyto show that for this casethe
contactalgorithmconservesmomentumexactly. Theto-
tal momentumchangeimposedby applyingstickingcon-
tactis

2

å
a * 1

ma - ṽa . va /

&

.

2

å
a * 1

maDva
&

0 0 (15)

whereEqn 14 hasbeenused. For slipping contact,the
sumof momentaon thegrid gives

2

å
a * 1

ma - ṽa . va /

&

.

2

å
a * 1

maDva ' nana

. µ
2

å
a * 1

maDva ' na ta
0

(16)

While in generalslippingcontactdoesnot conserve mo-
mentum,the errorsareassociatedwith non–collinearity
in thecalculationof bodynormalsandtangents,i.e. poor
resolutionof interfacecurvature.For n2

&

. n1 andt2
&

. t1, momentumis conservedexactly (from Eqn.14).

A commonscenarioastwo bodiesapproachanddepart
is for thegrid massof onebody to approachzerowhile
theotherremains�nite. If, throughunfortunateregistra-
tion of materialpoint masson thecomputationalgrid, a
body's grid massis very small, the resultingchangein
velocityprescribedby thecontactalgorithmmaybevery

large. This resultcanbe seenfrom Eqn. 15, for exam-
ple. Working with momenta,rather than velocities, is
anelegantsolutionfor updatingmaterialpoint positions
andvelocitiesin this case,Sulsky, Zhou, andSchreyer
(1995). However, calculationsof materialpoint incre-
mentalstrainsrequirevelocitieson the grid in order to
differentiateit there,and remainproblematic. In prac-
tice theseunfortunateregistrationeventsaremarkedby
abruptchangesin the kinematicsof thecontactingbod-
ies,theoccuranceof which is timestepsizedependent.

An effectivestabilitycriterionhasbeendevelopedwhich
is looselyanalogousto theCourantexplicit timestepping
criterion. The Courantconditiondemandsthat solution
informationnotbeallowedtopropagateacrossmorethan
onecell in a singletime step. Similarly, for the contact
algorithmthe instantaneouschangein velocity mustnot
be large enoughto collapse(or invert) a computational
cell. De�ne theinstantaneousstrainrateimposedby the
contactalgorithm

�e�e�ea
j &

ṽa
j

. va
j

Dx j
(17)

whereDx j is the grid spacingin eachcoordinatedirec-
tion. Thentheconditionthatthecontactstrainincrement
notcollapseaneighboringcell in onetimestepis

�e�e�ea
maxDt 1 1 (18)

where�e�e�ea
max &

maxj 2

�e�e�ea
j 2

. Using Eqn. 14, the grid strain
ratesfor eachbodymayberelated,e.g.

�e�e�e2
j &

.

m1

m2
�e�e�e1

j &

m1

M . m1
�e�e�e1

j 0 (19)

Theserelationsallow themostseveregrid strainrate,for
eithermaterial,to becalculatedindependently

�e�e�emax
&

max
j 3

max
3

ma

M . ma
( 14

2

�e�e�ea
j 2

450 (20)

Only globalgrid quantitiesandquantitiesspeci�c to the
bodyunderconsiderationareneededin thecalculation.

In practice,Eqn.18is modi�ed to provideasafetyfactor,

�e�e�emaxDt 1 g 0 1 g 6 1 0 (21)

Implementationof the collapsedcell stability condition
is achieved by scalingthe velocity changeimposedby
thecontactalgorithmwhennecessary

ṽa
scaled &

va
. max

3

g
�e�e�emaxDt

( 14 Dva
n

- na 7 µ, ta
/

0 (22)
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Themostsevere constraint, for either body, can be de-
terminedusingonlyquantitiesspeci�c to thebodyunder
consideration, and global quantities, retainingthe ef�-
ciency of theoriginal formulation. In addition,thescal-
ing preservesthe momentumconservationpropertiesof
thealgorithm,Eqn.s15 and16.

Notethatlargegrid strainincrementsoccuratgrid nodes
for which the value of the interpolatingfunctions are
small (resultingin a smallgrid massthere).Becausethe
sameweighting is usedto interpolatestrain increments
from thegrid backto thematerialpoints,materialpoint
strain incrementswill be much smaller. If grid veloci-
tiesareunalteredby thecontactalgorithm,interpolation
from materialpoints to grid andbackagainscalesout,
andmaterialpoint strainsarewell behavedregardlessof
theregistrationof materialpoint informationonthegrid.
It is only whenthegrid velocitiesareadjustedthatparti-
cle straincalculationscanbeproblematic,Sulsky, Zhou,
andSchreyer (1995).

The approachdescribedmeets the cell collapsecon-
straint,Eqn.21,by systematicallylimiting themaximum
grid strainrate. Considerationwasalsogivento theob-
vious alternative, simply reducingthe currenttime step
size, and restartingthe time step. This alternative was
rejectedbecauseit is the initial registrationof the parti-
cle dataon the grid which is ultimately responsiblefor
largegrid strainrates.Theseratesarecomputationalar-
tifacts,traceableultimately to thelow orderof theinter-
polationschemeusedto developgrid data.A remedyof
this sortwouldmoreappropriatelybeappliedto thepre-
vioustimestepsize.However, withouta searchto locate
materialpointsneargrid boundaries,thereis no way to
guaranteeavoiding theproblemat all grid nodessimul-
taneously. The above describedalgorithm provides an
ef�cient meansof improving accuracy by screeningout
computationalartifacts.

3 Applications

To demonstratethe accuracy of the contactalgorithm,
numericalsolutionsare�rst comparedto analyticalones
from rigid bodydynamics.A morecomplex exampleis
provided by simulatingstresswave propagationin ide-
alizedgranularmaterial.For all cases,thecontactalgo-
rithm scalefactorg wastakento be 0 9 5. Little sensitiv-
ity to the scalefactorwasseenin the range 9 5 : g : 1.
However, for g ; 0 9 5 bodieswereobservedto penetrate
to varyingdegreesduringcontact.Basedon this experi-

ence,a recommendedrangeis 9 5 : g : 1.

3.1 SphereRolling on an Inclined Plane

For a simpletestof thealgorithm,a sphererolling down
a �at inclined plane is simulated. The simulation is
performedin 3–dimensions.A symmetryplaneexists,
andthe simulationdirectionperpendicularto that plane
servesonly to distinguishthe geometry(a sphererather
thana cylinder). SeeFig. 2 for the problemsetup.The
x– andz–directionslie in the planeof symmetrywith x
in thedirectionof rolling andzperpendicular. Theradius
of the sphere,R, is 1.6 m, and the lengthof the plane
on which it rolls is 20 m. The incline of the planeis
describedby theanglebetweenthe z–directionandthat
of gravity, q. For all calculationstheaccelerationdueto
gravity is takento be 10 m/s2. The inclinedplaneprob-
lemhasexactsolutionsfor arigid sphereonarigid plane.

g x

z

q

Figure 2 : Schematicof theinclinedplaneproblemand
R< 4 cell sizeMPM discretization.

In the simulationsthesphereandplanearedeformable.
The grid is uniform with equalspacingin all directions
andeight materialpointsper cell. The cell sidesareof
lengthR< 4, providing 8 computationalcells acrossthe
diameterof thesphere.This discretizationis depictedin
Fig. 2. The materialpropertiesarechosento allow for
largetimestepsusinganexplicit code,andconsequently
correspondto a rathersoft material. Both sphereand
planearemodeledascompressibleNeo–Hookeanhyper-
elasticbodies,SimoandHughes(1998).Thespherehas
bulk modulus6 MPa,shearmodulus3 MPa,anddensity
1000 kg/m3, roughly approximatingthoseof a natural
rubber. The planehaselasticconstantsanddensityan
orderof magnitudelarger, resultingin amuchstiffer ma-
terial with thesamewavespeeds.Thelongitudinalwave
speedis 100m/sanda typicalcalculationfor this resolu-
tion requires500timesteps.
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Figure3 : Spherecenterof massx–positionasafunction
of time for both the slip and no slip cases. The rigid
sphereanalyticalsolutionsareshown for comparison.

Two casesareconsidered.For the �rst q = p > 4 andthe
coef�cient of friction is .495. This caseis referredto
as the “no slip” casebecausethe rigid spheresolution
describesrolling without slipping. For a rigid spherethe
x–positionof thecenterof massis givenby

x ? t @A=

25B 2
14

t2 C (23)

Thecenterof masspositionof thedeformablesphereis
depictedin Fig. 3, alongwith theanalyticalsolutionfor
comparison. For the secondcaseq = p > 3 and the co-
ef�cient of friction is .286. In this casethe analytical
solutiondescribesrolling while slidingandis referredto
asthe“slip” case.For arigid spherethex–positionof the
centerof massis givenby

x ? t @A=

5
2

?

B 3 D

2
7

@ t2 E (24)

The centerof massposition for the deformablesphere,
andtheanalyticalsolutionfor comparison,arealsoplot-
ted in Fig. 3. For both casesthesolutionsaresimilar to
theirrigid spherecounterparts,with thedeformabledisks
rolling andslidingmoreslowly. Theslowermotionof the
deformablespheresis alsoseenin a plot of their center
of massvelocitiesin thedirectionof rolling, Fig. 4. The

abruptchangesin velocity, most evident in the no slip
case,aredueto theapplicationof thecontactalgorithm.

Figure4 : Spherecenterof massx–velocityasafunction
of time for both the slip and no slip cases. The rigid
sphereanalyticalsolutionsareshown for comparison.

Attentionis now focusedon theno slip case.To investi-
gatetheeffectof spatialresolutionthiscasewasrunwith
cell sizesR> 2 andR> 8, correspondingto 4 and16 cells
acrossthespherediameter. The effect of spatialresolu-
tion on calculatedposition of the centerof massis de-
pictedin Fig 5, wheretheanalyticalsolutionfor a rigid
sphereappearson the graphfor reference.Simulations
for the deformablecaseare labeledby cell size. The
lowestresolutioncase,R> 2, is instructive. In this case
the resolutionis too crudeto resolve the geometryon a
rectangulargrid andthespherefails to roll becauseof a
�at spot(theresolutionis thethree–dimensionalequiva-
lent of thatdepictedin Fig. 1). For the�ner resolutions,
R> 4andR> 8, thegeometryis suf�ciently resolvedto per-
mit rolling andthesolutionquickly convergestowardthe
rigid spherecase. It appearsthat althoughthe material
propertiescorrespondto averysoft material,it is resolu-
tion of thegeometrythatis mostimportantin this simu-
lation.

The effect of spatial resolutionon the spherecenterof
massvelocity is shown in Fig. 6. For the lowest reso-
lution thereis anindicationof vibrationabouttheinitial
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Figure 5 : No slip casespherecenterof massposition
asa functionof time for variousspatialresolutions.The
rigid sphereanalyticalsolutionis shown for comparison.

con�guration, but no rolling, asexpected.For �ner res-
olutionsthe sphererolls, andthe velocity convergesto-
wardtherigid spheresolution.Therigid spheresolution
appearsto provide an upperboundon the velocity for
thesesimulations.Thismightbeexpectedin partbecause
potentialenergy is convertedboth to elastic(strain)en-
ergy andkineticenergy for thedeformablesphere,while
for the rigid caseall potentialenergy is convertedto ki-
netic energy. However, the sphereskips slightly, and
while not in contactacceleratesmorequickly thanwhile
rolling in contact.If thesimulationwascarriedout long
enough,thespherewouldeventuallytravel morequickly
in thenumericalsimulation,dueto skipping

3.2 BackspinProblem

A slightly morecomplex problemis themotionof anini-
tially stationary, spinningsphereon a �at plane(q G 0)
undergravity. Althoughspinning,thecenterof massve-
locity is initially zero.Thisproblemis termedthe“back-
spin” problem.Thesamematerialpropertiesandacceler-
ationof gravity areusedfor this problem,but thesphere
hasunit radiusand only the higher resolutionsconsid-
eredareused(cell sizesRH 4 andRH 8). Thecoef�cient of
friction is takento be0.5andtheinitial angularvelocity

Figure 6 : No slip casespherecenterof massvelocity
asa functionof time for variousspatialresolutions.The
rigid sphereanalyticalsolutionis shown for comparison.

5 rad/s.

Onceagain,for a rigid spherethereis ananalyticalsolu-
tion. First thesphereslidesandrolls while accelerating.
Whenvelocitiesat thecontactpoint matchit rolls with-
out slipping at constantvelocity. This solution for the
centerof masspositionis givenby

x I t JLK x0 GMI 5H 2J t2 t N 2H 7 O (25)

x I t JLK x0 GMI 5H 2JPI 2H 7J

2 Q

I 10H 7JRI t K 2H 7J t S 2H 7 O

(26)

wheret G 2H 7is thetimeatwhichslippingstops.Numer-
ical simulationresultsfor deformablespheres,aswell as
therigid spheresolution,areshown in Figs.7 and8.

For bothpositionandvelocities,resultsconvergetoward
the rigid sphereresults,indicatingthe importanceof re-
solving the geometryaccurately. The deformability of
the sphereplaysa larger role at the higher angularve-
locitiesinducedduringthissimulation.Thecombination
of deformabilityandskippingproducesthestrongoscil-
lationsin centerof massvelocity seenin Fig. 8. Analo-
goustostick–sliplike behavior, thespherecatchesbrie�y
causingaccelerationof the centerof massvelocity, fol-
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Figure 7 : Spherecenterof masspositionasa function
of timefor RT 4(labeleddx=.250)andRT 8 (dx=.125)cell
sizeMPM discretizations.Therigid sphereanalyticalso-
lution is shown for comparison.

lowed by free spinningduring which the velocity is es-
sentiallyconstant.Theoscillationsin velocityaredueto
deformability. Whenthespherecontactswith excessive
forwardspin,thecenterof massvelocity is increasedand
the sphereis compressedforward of the contactpatch.
As thisstrainenergy is releasedduringaskip(free�ight),
the sphereexpandsresultingin an increasein forward
velocity at the following contactpatchandan effective
backspin,slowing thecenterof masson contact.

3.3 StressWavesIn Granular Media

A signi�cantly more demandingmodeling problem is
presentedby calculatingstresswaves in granularme-
dia. ThisproblemhasbeenstudiedextensivelybyShukla
andco–workers,RossmanithandShukla(1982);Shukla
andDamania(1987);Shukla(1991);Zhu, Shukla,and
Sadd(1996),who useddetonatorsto loadcollectionsof
disks. Usingphotoelasticdisksandhigh–speedphotog-
raphy, they wereableto temporallyandspatiallyresolve
the stressstateas the impulsetraveled throughvarious
assemblages.More recentlysimilar experimentshave
beenundertaken,but usinga Hopkinsonbar to dynam-
ically load the disks, Roessig(2001). In this casethe

Figure 8 : Spherecenterof massvelocity asa function
of timefor RT 4 (labeleddx=.250)andRT 8 (dx=.125)cell
sizeMPM discretizations.Therigid sphereanalyticalso-
lution is shown for comparison.

loadingresultsin astepchangein velocity ratherthanan
unsteadyimpulseof shortduration. The latter is better
characterized,anda mucheasierboundaryconditionto
simulate.

Becausefrictional sliding is a de�ning characteristicof
granularmaterial, it is naturalto test the contactalgo-
rithm by simulatinggranularmaterialresponse.Thiswas
donepreviously for dynamicwave propagation,Barden-
hagenandBrackbill (1998)andshearingdeformations,
Bardenhagen,Brackbill, andSulsky (2000c,b)with very
goodqualitative “macroscopic”agreement.However, a
directcomparisonof experimentalandnumericalresults
for a speci�c microstructurewasnever made. Herere-
sultsfor well characterizedassembliesof disksandload-
ing conditionsaresimulatedandcomparedto experimen-
tal measurements.

Theexperimentalsetupis facilitatedby amild steelload-
ing framewhich holdsthedisks.Dimensionsadjusteas-
ily, allowing variousgeometriesto beassembled.One–
quarterinch grooves in the sidesof the framehold the
disks in plane. Loading is appliedvia a split Hopkin-
son bar. The input pulse is recordedand analyzedto
giveastrikervelocity, whichfor theexperimentsreported
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hereis 5.6 m/s. The disksare2 inchesin diameter, 1/4
inch thick, andmadeof Plexiglas. Experimentalmea-
surementsaremadeusinga high speedcameraandthe
techniqueof photoelasticity. Thecamerais triggeredby
wavepropagationin theHopkinsonbarprior to reaching
the disks. The transferof the stresswave to a loading
pin of equalthicknessas the disks ensuresplanestress
loading conditions. Unfortunately, this resultsin some
uncertainty( V 10µs)in thearrival timeof thestresswave
at the �rst disks(“impact”). However, interframetimes
aremuchmore precise,andprovide the more exacting
constrainton the comparisons. Photoelasticitygener-
atesdarkfringesat contoursof constantmaximumshear
stress.Becausein thesimulationsthespatialvariationof
thestressstateis known, it is straight–forwardto do the
correspondingcalculation.Speci�cally, thestresstensor
is diagonalized.For isotropic responsethe the out–of–
planedirection is a principal one, and decoupledfrom
the in–planeresponse.The differencein in–planeprin-
cipal stressesis thenproportionalto themaximumshear
stressin–plane.Fringesaregeneratedby taking theco-
sineof thedifferencein in–planeprincipalstressdivided
by aparameterto adjustfringedensity.

Experiment

Simulation

Experiment

Simulation

Experiment

Simulation

Figure 9 : Stresswave propagationthrougha collection
of four diskswith alignedcenters.Matchingframesare
presentedin pairswith theexperimentaldataon top and
simulationresultsbelow. Non–dimensionalframetimes
are2.6, 6.6, and9.2 for the experimentaldataand2.2,
5.5,and7.7for thesimulation.

Thenumericalsimulationsusea linearhypoelasticcon-
stitutive model for the Plexiglas, Fung (1965). In part
becausethe elasticconstantsare not known accurately
for the Plexiglas used(propertiescan vary with manu-
facturerand to somedegreeeven by material lot), and
in part to facilitatea parameterstudyvaryingtheelastic
constants,unit geometriesandwave speedswerespeci-
�ed in thesimulations.Thenumericalsimulationsuse1
cm diameterdisksandmaterialpropertiesresultingin a
longitudinalwave speedof 1cm/µs. Speci�cally thema-
terialpropertiesareshearmodulus72GPa,bulk modulus
102 GPa anddensity1900kg/m3. If Plexiglas wasac-
curatelymodeledusinghypoelasticitywith the selected
ratioof shearto bulk moduli, thenstressmagnitudesand
wavespeedscouldbescaledby theratioof actualto sim-
ulatedmoduli, and transit timescould be scaledby the
ratio of disk diameters,to makeprecisecomparisonsbe-
tweensimulationsandexperiments.However, theelastic
constantsarenot known very preciselyyet and, in ad-
dition, thereis evidencefor morecomplicated,ratede-
pendent,materialresponse,Roessig(2001).Still, purely
elasticresponsehasbeenfoundto capturegrossfeatures,
asmeasuredphotoelastically, remarkablywell, asseenin
Fig. 9 for four collineardisksimpactedon theright.

For this simple geometry, the computationalresolution
servesprimarily to resolve the geometry, asthe contact
conditionsaregenerallyno slip dueto the compressive
loadingandthe geometricandmaterialsymmetry. The
simulationsuse80 cells acrossdisk diametersandone
materialpointpercell. Becauseof thematerialmodeling
uncertainties,theexperimentalresultsfor this con�gura-
tion of diskswere usedto determinethe fringe density
parameter. Matchingfringepatternswerechosenby eye,
subjectto theconstraintof equalinterframetimes,asin
the experimentaldata. The samefringe densityparam-
eteris thenusedin all subsequentphotoelasticanalyses
for themorecomplex geometriesconsiderednext.

To compareresults more precisely, non–dimensional
frame times are reported. The non–dimensionalframe
time is de�ned as the time after impactdivided by the
longitudinalwave transit time acrossonedisk. For the
simulationsthelongitudinalwavetransittimeacrossone
disk is 1 µs. For the experiments,estimatingthe longi-
tudinalwave speedas0.27cm/µs, Marsh(1980)results
in a wave transittime of 19 µs. A selectionof matching
framesis shown in Fig. 9. For theexperiments,thenon–
dimensionalframetimes are2.6, 6.6, and9.2. For the
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simulations,the non–dimensionalframe times are 2.2,
5.5,and7.7. Thecomputationsaccuratelyreproducethe
experimentalfringe patterns.Note thata �nite exposure
time resultsin somesmoothingof theexperimentalim-
agesnot presentin thesimulationdata(which is instan-
taneous).The variationin fringe velocity throughdisks
andacrosscontactsis alsoaccuratelysimulated. How-
ever the non–dimensionalframetimesaredifferent,the
fringespropagate(relatively) morequickly in the simu-
lation.

Experiment

Simulation

Experiment

Simulation

Experiment

Simulation

Figure10: Stresswavepropagationthroughacollection
of � ve disks with zig–zaggedcenters. The simulation
useda friction coef�cient of 0.5. Matching framesare
presentedin pairswith theexperimentaldataon top and
simulationresultsbelow. Non–dimensionalframetimes
are5.3,10.5,and15.8for theexperimentaldataand3.0,
6.0,and9.0for thesimulation.

A geometrywhich promotesslipping contactwassim-
ulatednext. The disk centerswere arrangedsuchthat

lines connectingthe centersform a 90 degreezig–zag
pattern. For the simulationsa coef�cient of friction of
0.5 was usedbetweenthe disks and contactwith the
walls wasfrictionless. Experimentalandnumericalre-
sultsfor this geometryareshown in Fig. 10 for match-
ing fringepatterns(subjectto theequalinter–frametime
constraint). Matching fringe patternswere obtainedat
non–dimensionaltimesof 5.3, 10.5,and15.8 in the ex-
perimentsand3.0,6.0,and9.0 in thesimulation.Again
the fringe patternsand variationsin fringe velocity are
accuratelysimulated.In addition,othergrossfeaturesare
similar. Becausecontactscanslide, loadcarryingpaths
�rst developbetweendiskcontactsandawall. Only after
suf�cient normaltractionbuildsupandthenext diskcon-
tactsticksdo fringespropagateinto thenext disk in the
series.Notethatthegroovesin theexperimentalappara-
tus,which serve to hold thedisksin plane,obscurepho-
toelasticmeasurementsof disk contactswith the walls.
The ability of contactsto slide hindersfringe propaga-
tion acrosscontactsand fringes propagatemuch more
slowly in this con�guration, in both theexperimentand
thesimulation,thanin thecollineardiskscon�guration.
However, thenon–dimensionalframetimesareagainin
error, with fringes propagating(relatively) fasterin the
simulationthan for the experiment,as for the collinear
con�guration.

To provide maximumcontrast,the casewas examined
wherethe disks were glued togetherin the experiment
to eliminateslip all altogether. No slip contactcondi-
tionswereimplementedbetweendisksin thesimulation
by taking the coef�cient of friction to be in�nite. Con-
tact with the walls remainedfrictionlessin the simula-
tion. Resultsfor this caseareshown in Fig. 11. Match-
ing fringepatterns(subjectto theequalinter–frametime
constraint)were obtainedat non–dimensionaltimes of
1.6,4.2,and6.8 in theexperimentsand1.4,3.6,and5.8
in the simulation. Again the fringe patternsand vari-
ations in fringe velocity are accuratelysimulated,and
othergrossfeaturesaresimilar. Whencontactssupport
shearimmediately, the primary load path acrossa disk
�rst developsbetweendisk contactpoints. Load paths
connectingdisk contactpointsto the boundarydevelop
later. As a result, the fringespropagatethroughthe as-
semblymuchfasterthanfor thesamecon�gurationwith
slipping contact. However, the non–dimensionalframe
timesareagainin error, with fringespropagating(rela-
tively) fasterin thesimulationthanin theexperiment.
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Experiment

Simulation

Experiment

Simulation

Experiment
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Figure 11 : Stresswave propagationthrougha collec-
tion of � ve disks with zig–zaggedcentersandsticking
contact.Matchingframesarepresentedin pairswith the
experimentaldataon top andsimulationresultsbelow.
Non–dimensionalframetimes are1.6, 4.2, and6.8 for
theexperimentaldataand1.4,3.6,and5.8 for thesimu-
lation.

The above examplesindicatethat contactplays an im-
portantrole in stresswave propagationin collectionsof
disks, and almost certainly plays in important role in
more generalgranularmaterial as well. Fringe wave
speedsare strongly dependenton contact conditions,
speci�cally theamountof slippage.Thesimulationsare
found to be in excellent qualitative agreementwith the
experiments. Someof the discrepanciesin the details
maybeattributableto theboundaryconditions.Thedisks
areinitially in contactwith eachotherandthewallsin the
simulations,while for the experimentsthere are small
tolerances. The biggestdifferenceshowever, the sys-
tematicdifferencesin non–dimensionalframetimes,are

mostlikely dueto errorsin modelingmaterialresponse.

A parameterstudy wasundertaken,using the collinear
disksgeometry, to determinethesensitivity of fringe ve-
locity to the Poisson's ratio, n, keepingthe longitudi-
nal wave speed�x ed. It wasfound that fringe velocity
is stronglydependenton Poisson's ratio, but fringe pat-
ternsmuch lessso. For the elasticconstantsselected,
n X 0 Y 22. A reductionin fringe velocity by morethana
factorof twowasobtainedby increasingthePoisson'sra-
tio from 0.22to 0.48.Thisresultis notunexpected,asthe
photoelastictechniquemeasuresgradientsin shearstress,
andtheshearmodulus(andconsequentlytheshearwave
speed)decreaseswith increasingPoisson's ratio. With
bothcontactconditionsandelasticconstantsplayingim-
portantroles,amorequantitativeassessmentof theaccu-
racy of the calculationsawaits a bettercharacterization
of the Plexiglas' materialproperties.At this point it is
simply notedthat for a given set of materialconstants,
the samecollective fringe velocity trendsare exhibited
in the simulationsasin the experimentaldata. In addi-
tion, for n Z 0 Y 22,aneasilyjusti�able materialmodeling
modi�cation for polymers,thedecreasein fringevelocity
would tendto reducethesystematicdifferencesin non–
dimensionalframetimes. Bettercharacterizationof the
Plexiglasusedin theseexperimentsis underway, andthe
resultswill appearin conjunctionwith a studyof more
complicateddiskassemblages,Roessig(2001).

4 Conclusions

TheMaterialPointMethodprovidesaconvenientframe-
work for the implementationof contact betweende-
formablebodies. The contactconditionsareequivalent
to a perfectlyinelasticcollision,providing for maximum
exchangeof kineticandstrainenergy. For accurateappli-
cationof contactunderthisscenario,thenormaltractions
mustbemonitoredandincludedin thereleaselogic. The
contactcalculationsare computationallyef�cient, per-
formedon the computationalgrid body by body, with-
out requiringa searchto identify neighbors.A potential
numericaldif�culty associatedwith unfortunateregistra-
tion of particleinformationonthecomputationalgridhas
beeneliminatedby a scalingwhich retainsboth the ef-
�cient propertiesof the algorithm, andconservation of
momentumduringcontact.

The algorithmis exercisedon several simpleproblems,
for whichanalogousrigid bodyproblemshaveanalytical
solutions.Thealgorithmis foundto comparewell, even
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for fairly coarsediscretizationswith resolutionof geom-
etry themostimportantfactor in obtainingconvergence.
The algorithm is exercisedon a more demandingsim-
ulation involving stresspropagationthroughcollections
of polymeric disks for which high �delity experimen-
tal datais available. Excellentqualitative agreementis
foundfor threeexampleswith verydifferentcontactcon-
ditions. The importanceof accuratesimulationof ma-
terial contactis demonstratedby the strongdependence
of load pathdevelopmentandcollective wave propaga-
tion speedson the contactconditions. Other important
simulationparameterswereidenti�ed, includingmaterial
propertiesandexperimentaltolerances.Futurework will
focuson obtainingbettermeasurementsof theseparam-
eters,comparingsimulationto experimentquantitatively,
andsimulatingmorecomplex assemblages.
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