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Abstract: Contactbetweerdeformablébodiess adif-
cult problemin the analysisof engineeringsystems.
A new approachto contacthasbeenimplementedus-
ing the Material PointMethodfor solid mechanicsBar
denhagenBrackbill, and Sulsky (2000a). Heretwo im-
provementsto the algorithmare described. The rst is
to include the normal traction in the contactlogic to
more appropriatelydeterminethe free separatiorcrite-
rion. The secondis to provide numericalstability by
scalingthe contactimpulsewhencomputationabrid in-
formationis suspecta conditionwhich canbe expected
to occur occasionallyas materialbodiesmove through
the computationalgrid. The modi cations described
presere importantpropertiesof the original algorithm,
namelyconsenrationof momentumandtheuseof global

keyword: ContactAlgorithm, Material PointMethod,
Wave PropagationGranularMaterial.

1 Intr oduction

With continuedgrowth of computationapower, numer
ical analysistechniguesare beingextensively appliedto
engineeringsystemsratherthanjust individual compo-
nents. The promiseof reducingcostsduring designand
testingis enticing,but remaingif cult to realizein prac-
tice. Extensve effort hasbeenexpendedto develop ac-
curatematerialmodelsandsolutiontechniquedor com-
plex boundaryalueproblemsinvolving individual com-
ponentsand pinnedor welded structures. In the more
generalarenaof engineeringsystemshowever, compo-

quantitieswhich obviate the needfor neighborsearches nentsoftencontactandslideagainsbneanother Contact

and result in the computationalcost scaling linearly
with the numberof contactingbodies. The algorithmis
demonstratedn severalexamples.Deformablebody so-
lutions compardavorably with several problemswhich,
for rigid bodies,have analyticalsolutions.A muchmore
demandingsimulationof stresgpropagatiorthroughide-
alizedgranularmaterial,for which high delity datahas
beenobtained,is examinedin detail. Excellentquali-
tative agreements found for a variety of contactcon-
ditions. Importantmaterialparameterseededor more
guantitatve comparisongreidenti ed.
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mechanicss remarkablydif cult, bothdueto potentially

applicablephysics,andmathematicatomplexities asso-
ciatedwith solutionconstraintinequalities,asdiscussed
in thereview article by BarberandCiavarella(2000).

Whenengineeringsystemdunctionwithin designedp-
eratingconditionsseverecontactis usuallyavoided, but
it is of paramouninterestin evaluatingsystenresponse
during severe loading and/orfailure. Classicexamples
include car crashesircraft enginefan blade contain-
ment,andearthpenetratorsContactandimpacthave re-
ceivedsubstantiahttentionoverthepastseseraldecades,
aswitnessedby a review of the subjectby Zhongand
Mackerie (1994), which lists nearly 500 papers. The
majority of thesepapersdescribenumericalmodeling
approachesnd/orapplicationsusingthe nite element
method. The problemis a very dif cult one,ascontact
mustbe sensedsurfacenormalsconstructedandinter-
actionforcesimposedto prevent interpenetratiorwith-
out making the systemof equationsto be solved ill-
conditioned.

For large scaleengineeringsimulationscontactis fre-
guently the aspectwhich must be tweakedby the ana-
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lyst, using variousloosely physical parametersjust to
getthe simulationto run. In additionthe algorithmsare
traditionally expensvie. Effective numericalsimulation
of engineeringsystemsis in needof further develop-
mentof accurategef cient contactalgorithms. Herewe
describean alternateapproachusing a particle—in—cell
(PIC) numericaltechniquefor solid mechanicsthe Ma-
terial PointMethod, Sulsky, Chen,andSchrger (1994);
Sulsky, Zhou,andSchreger (1995); Sulsky andSchreyer
(1996).

The Material Point Method (MPM) is one of the lat-
estdevelopmentsin sereral decadesof particle—in—cell
methods originally usedto modelhighly distorted uid
ow, Harlow (1963). Subsequentdevelopmentsad-
vancedthe understandingf the algorithmand brought
modi cations to reducenumericaldiffusion, Brackbill,
Kothe,and Ruppel(1988); Burgess,Sulsky, and Brack-
bill (1992). Fundamentahspectsof PIC methodsin-
cludethe interpolationof informationbetweengrid and
particles,and preciselywhich solutionvariableswill be
ascribedto the grid, and which to the particles. Sev-
eralvariantshave beentried, with agenerakrendtoward
keepingmorepropertieson particles.Most recently the
methodhasbeenappliedto solid mechanicswherethe
ability of theparticles or “materialpoints”,to advectnat-
urally Lagrangianstatevariables,hasbeenexploited in
MPM.

Recentlya new approachto materialcontacthasbeen
developedand usedwith MPM, BardenhagenBrack-
bill, and Sulsky (2000a). This approachtakesadwan-
tageof the Arbitrary Lagrangian/EuleriaALE) formu-
lation of MPM which tracksLagrangiarparticlemotion
throughan Euleriangrid. Coulombfriction contactcon-
ditions areappliedvia the grid. The approachhasbeen
demonstratedsingtwo—dimensionatalculationof col-

lisions and the shearingof granularmaterial, Barden-
hagen,Brackbill, and Sulsky (2000a,b,c). Here an es-
sentialmodi cation to thephysicsof thealgorithmis de-
scribed,aswell asa modi cation for numericalstabil-
ity. The algorithmis demonstratedn simple problems
in three—dimensionwith analyticalsolutions. Finally it

is appliedto stresswave propagatiorin simplegranular
materials.

2 Approach

MPM is briey reviewed here for completeness.La-
grangian bodies are discretizedinto material points,

CMES,vol.2, no.4,pp.509-5222001

which carry all informationrequiredto specifythe cur
rentstateandadwancethe solution. This informationin-
cludesconstitutve parametergsuchas moduli and in-
ternalvariables) stressstrain,velocity andtemperature.
TheMPM algorithmalsousesa computationagrid. The
governingequationsare solved on the grid, providing a
computationasavingsandaswell asaregular, structured
grid on which to apply solutiontechniques.SeeFig. 1
for an example of the discreterepresentationf a disk,
where material points and meshare shavn. The cou-
pling betweenthe materialpointsandthe meshis a key
ingredientin the solutionalgorithm. Quantitiesareinter-
polatedbetweenthe meshand the materialpoints such
that total massand momentumare consered. Advan-
tagesof theMPM algorithmincludetheabsenc®f mesh
tanglingproblems error-freeadvectionof materialprop-
erties(internalvariablesin particular)via the motion of
thematerialpoints,andanef cient settingfor theimple-
mentationof materialcontact.

Figure 1l: Simpleexampleof amaterialpointdiscretiza-
tion of a disk.

Bodiesdeformaccordingto continuummechanicson-
stitutive modelsand conserationlaws. If r x t is the
massdensityat pointx attimet, andv x t istheveloc-
ity eld, thenconserationof massis

dr -

— N 1
o N v (1)
in which thetime derivative is the materialderivative

d 1 v N (2)

a9t
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Conserationof masss satis edimplicitly in MPM. Ma-
terial pointsare assignedx ed massegluring the initial
discretizationandgrid massesare determinedusingan
interpolationschemewhich conseresmass. Consera-
tion of momentunis

dv

r— Ns
dt

3)

wheres is the Cauchystresstensor Different mate-
rials are modeledvia constitutve equationsthat gen-
eratestressbasedon both the history and currentme-

chanicalstate. Versionsof hyperelasticity hypoelastic-
ity, plasticityandviscoelasticityhave beenimplemented,
Sulsky, Chen,and Schrerer (1994); Sulsky, Zhou, and
Schrerer (1995); Sulsky and Schreer (1996); Barden-
hagen Brackbill, and Sulsky (2000b);Bardenhagemand
Brackbill (1998);Bardenhagertiarstad Maudlin, Gray,

andFoster(1998). Conserationof momenturris solved

on the grid andchangesareinterpolatedto the material
points suchthat the changein momentumis the same
on the grid and on the material points. Interpolating
only changesn momentunreducesiumericaldiffusion,

Brackbill, Kothe, and Ruppel (1988). Enegy consef

vation errorsare proportionalto the squareof the time

step,Brackbill andRuppel(1986);Bardenhage2001).
Details of the explicit computationaklgorithm may be

found in the references,Sulsky, Chen, and Schreger

(1994); Sulsky, Zhou, and Schrerer (1995); Sulsky and
Schreer (1996).

Interactionsbetweenbodiesare modeledusing a con-
tact algorithm which forbids inter—penetrationbut al-
lows separationsliding with friction, androlling. A pre-
vious versionof the algorithm, in which the logic was
basedtompletelyonkinematicswasdetailedn, Barden-
hagen,Brackbill, and Sulsky (2000a).Herean essential
modi cation to the original formulationis described.In
addition,a usefulmeansof screeningut the application
of large contactforces, numericalerrorsdue to unfor
tunateregistration of materialpoint informationon the
computationabrid, is described.Thesechangesprovide
for amoreaccurateandrobustalgorithm.

2.1 ContactAlgorithm Logic Re nements

Recallthatcontactis modeledon the computationafrid
in MPM. The massandmomentunfrom materialpoints
areinterpolatedo the computationagrid for eachbody.
Individualbodyvelocitiesarecomputedy takingthera-

tio of momentump?, to mass?, atthegrid nodesj.e.,

a 12 N

(4)
wherea indexesthebodiesandN isthenumberof bodies
in a computation. The averagevelocity of all material
pointsin thevicinity of agrid nodeis termedthe center
of massvelocity anddenotedv®™

cm °N pa ()

% a — 5
a 1M

where
N

M anmt (6)
al

is thetotal masscontributionfrom all bodiesin thevicin-
ity of a grid node. The centerof massvelocity andthe
total massarethe global quantitieswhich enablethe de-
terminationof contactgrid nodesandpreciselywhatthe
contactconstraintsshouldbe. Nodesin the vicinity of
morethanonebodyaredetectedy looking at the differ-
encebetweenindividual body andcenterof massveloc-
ities. Interfacecomputationabrid nodesarede ned as
thosefor which
vi 0 (7)
Resolutionof the interfaceis commensuratevith the
computationagrid cell size.

Once a contactgrid node has beenidenti ed, further
analysisis requiredto determinewhat contactcondition
shouldbe applied(sticking or slipping contact,or free
separation)Spatialdifferentiationof theindividualbody
massen the grid, m?, provides a computationof the
bodysurfacenormalsn?. Usingthesurfacenormals.ap-
proachand departurecan be distinguisted. A body is
approachingts neighbor(swhen
n 0 (8)
For the algorithm describedpreviously, Bardenhagen,
Brackbill, and Sulsky (2000a),sticking or slipping con-
tactconstraintareappliedif approachs detectedpther
wisefree separations allowed.

It is the use of normaltraction informationwhich dis-
tinguisheghis algorithmfrom thatdescribedpreviously,
BardenhagenBrackbill, and Sulsky (2000a). The nor
mal surfacetraction, t?, is computedat a contactgrid
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nodeby interpolatingindividual materialpoint contribu-
tions using the surfacenormals(and the relation t2

n? s2 n?). In the specialcasewherecontactingbodies
arestresdsfree (e.g. when rst cominginto contact)it is
sufcient to determinewhich contactconditionto apply

basedstrictly on whetheror not bodiesareapproaching.

Whenthe normaltractionsarenon-zerojt is important
to distinguishbetweerncompressie andtensileinterface
tractions.For thesigncorventionusedherecompressie
stresds negative andthe normaltractionis compressie
when

t2 0 9)

Theessentiamodi cation to the contactalgorithmlogic

is to apply frictional contactwhenthe normal traction

is compeessiveallowing free separatiorotherwise.Fric-

tional contactis appliedvia constraintson the body ve-

locities v?. Freeseparatiorrequiresthat no constraints
be prescribed.Note that the ef ciency of the algorithm

is not compromisedy the additionallogic involving the

normaltraction. Calculationof contactconditionsin the

centerof massframe eliminatesa separatecontactde-

tectionstep,achievesa solutionwith onesweepthrough
the computationagrid, andyields alinear scalingof the

computationakostwith the numberof bodies,Barden-
hagen,Brackbill, and Sulsky (2000a). It is alsoworth

notingthatthe compleity of the contactalgorithmdoes
notincreasef theshapeof thebodiesarevaried,socom-

plex initial geometrieandlarge deformationcaneasily
bemodeled.

Usingthesimpleexampleof adeformablébodycolliding
with arigid boundaryit may be seenthat simply mon-
itoring approachand departureis insufcient to model
contactcorrectly As the body approacheshe bound-
ary the compressie traction builds, and by eitherkine-
matic or normaltractioncriteria, frictional contactcon-
ditions would be applied. Application of the frictional
contactconstraintds equivalentto an instantaneou-
elasticcollision, servingto exchangekinetic and strain
enegies. Theessentiatlifferenceoccursduringrebound.
If free separationis prescribedassoonasdeparturebe-
gins,the equivalentscenarids instantaneousesmoval of
the boundary Rather the normaltractionmustbe mon-
itored andfrictional contactwith the boundaryapplied
while it remainscompressie. Freeseparations allowed
oncethe normaltractionis non—ngative. This modi ca-
tion providesfor theextractionof strainenegy ondepar
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ture,muchlike it providesfor strainenegy buildup dur-
ing approach.Without this logic modi cation, friction-
lesscollisionswerefoundto slightly increasesystemen-
emgy. Althoughthelogic is not describedn detailthere,
themodi ed algorithmwasfoundto beslightly dissipa-
tive BardenhagerBrackbill, andSulsky (2000c).

Whenappliedto contactbetweerdeformablebodiesthe
situation is very similar to that describedfor a rigid
boundarywhen both have the samematerialresponse.
Enforcemenbf nointerpenetratiomuring contactis ap-
plied by constrainingthe body velocity componennor-
mal to the surfaceto be equalto the centerof mass
velocity in that direction. This is equivalentto a uni-
form stretchassumptiorin the surfacenormaldirection.
Becausdifferentmaterialsrespondto the samestretch
with different stressesthe normal tractionswhich de-
velop during contactwill likely be differentfor differ-
entbodies. It is even possiblethat uniform un—straining
will resultin bodiesof differentmaterialsexperiencing
free separatiorat differenttimes during departure par
ticularly when material responseallows for permanent
set(e.qg. plasticity). Althoughtractionequilibriumis not
maintainedat contactnodes,interfacesare unloadedto
their stresdree state.This sourceof errorcouldbeelim-
inatedin animplicit formulationof MPM wherethe ap-
propriatepartitioning of strainincrementsetweerbod-
iesfor tractionequilibriumwould be determined.

2.2 Numerical Considerations

A practicalconsideratiorarisesin the applicationof an
MPM algorithmwhichusesgrid nodevariables Namely
interpolatedvaluescan be very small whena grid node
rst beginsto representnaterialpointdata.This canoc-
cur whena body's material points rst crossinto cells
which previously containedho materialpointsfrom that
body. Becausehis happensat the edgesof bodies,it is
an especiallyimportantconsideratiorin the application
of contactconditions.

Frictional contact conditions are applied by assigning
new grid velocities,V2, aftercontact

@ vd D@ n? ut? L min u% (10)

n

wherep is theinterfacialcoefcient of friction, t? is the
unit tangentin thedirectionof sliding(t w ninBar
denhagenBrackbill, andSulsky (2000a)),and

D/a a cm

va v (11)
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D@ D n?
DV

asdescribedn detailin BardenhagerBrackbill, andSul-
sky (2000a).

Resolutionof thetopologyof contactingsurfaceson the
computationabrid requiresno morethantwo bodiesbe
representedtacontactgrid node.Theremainingcontact
node analysesare specializedfor N 2. It shouldbe
notedthatnotall of thepropertiederivedbelow hold for

N 2. Thede nition of thecenterof massvelocity, v¢™,

Eqgn.5, givesthe usefulidentity

(12)

Dv@ 3 (13)

2
a mbv? 0 (14)
a 1
from which it canbeseenthatDv Dvi DvZ Dv3, i.e.

eitherbothbodiesstick or bothbodiesslip.

Whenthe effective coefcient of friction, u, in Eqn. 10
is notlimited by theinterfacialfriction coefcient, y, the
surfacesstick. It is easyto show that for this casethe
contactalgorithmconseresmomentumexactly. Theto-
tal momentunchangamposedoy applyingstickingcon-
tactis

2

a mMpv@ 0

al

2
am @ 2 (15)
al

whereEqn 14 hasbeenused. For slipping contact,the
sumof momentaon thegrid gives

2 2
am @ 2 a m*Dv® n?n?

a l a

. (16)

HQ mPDvd ndt?
a1l

While in generalslipping contactdoesnot consere mo-
mentum,the errorsare associatedavith non—collinearity
in thecalculationof body normalsandtangentsi.e. poor
resolutionof interfacecurvature.Forn®>  n! andt?

t1, momentunis conseredexactly (from Eqn.14).

A commonscenaricastwo bodiesapproachand depart
is for the grid massof onebodyto approacteerowhile
the otherremainsnite. If, throughunfortunateregistra-
tion of materialpoint masson the computationalyrid, a
body's grid massis very small, the resultingchangein
velocity prescribedy the contactalgorithmmaybevery

large. This resultcanbe seenfrom Eqgn. 15, for exam-
ple. Working with momenta,ratherthan velocities, is
an elegantsolutionfor updatingmaterialpoint positions
and velocitiesin this case,Sulsky, Zhou, and Schreer
(1995). However, calculationsof material point incre-
mentalstrainsrequirevelocitieson the grid in orderto
differentiateit there,andremainproblematic. In prac-
tice theseunfortunateregistrationeventsare markedby
abruptchangesn the kinematicsof the contactingbod-
ies,the occurancef whichis time stepsizedependent.

An effective stability criterionhasbeendevelopedwhich
is looselyanalogouso the Courantexplicit time stepping
criterion. The Courantconditiondemandghat solution
informationnotbeallowedto propagatecrossnorethan
onecell in a singletime step. Similarly, for the contact
algorithmthe instantaneoushangen velocity mustnot
be large enoughto collapse(or invert) a computational
cell. De ne theinstantaneoustrainrateimposedby the
contactalgorithm
Y

@ I

" (17)

whereDx; is the grid spacingin eachcoordinatedirec-
tion. Thentheconditionthatthe contactstrainincrement
not collapsea neighboringcell in onetime stepis

St 1

whereef,,, max € . Using Eqn. 14, the grid strain
ratesfor eachbodymayberelated,e.g.

(18)

1 ml
& el

mt )

m
§  w
Theserelationsallow themostseveregrid strainrate,for
eithermaterial to be calculatedndependently

(19)

(20)

€nax Max max

] M m

Only global grid quantitiesandquantitiesspeci c to the
bodyunderconsideratiorareneededn the calculation.

1 ¢

In practice Eqn.18is modi ed to provide asafetyfactor,

enad g 0 g 1 (21)

Implementationof the collapsedcell stability condition
is achieved by scalingthe velocity changeimposedby
the contactalgorithmwhennecessary

2 max 9

Vted Vv 5 1 D n* pt? (22)
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The mostsevere constaint, for either body can be de-
terminedusingonly quantitiesspeci c to thebodyunder
consideation, and global quantities retainingthe ef -
cieng of the original formulation. In addition,the scal-
ing preseresthe momentumconseration propertiesof
thealgorithm,Eqn.s15and16.

Notethatlargegrid strainincrement®ccuratgrid nodes
for which the value of the interpolatingfunctions are
small (resultingin a smallgrid massthere).Becausehe
sameweightingis usedto interpolatestrainincrements
from the grid backto the materialpoints, materialpoint
strainincrementswill be mud smaller If grid veloci-
tiesareunalteredby the contactalgorithm,interpolation
from materialpointsto grid and back againscalesout,
andmaterialpoint strainsarewell behaed regardlessof
theregistrationof materialpointinformationonthegrid.
It is only whenthegrid velocitiesareadjustedhat parti-
cle straincalculationscanbe problematic Sulsky, Zhou,
andSchrger (1995).

The approachdescribedmeetsthe cell collapsecon-
straint,Eqn.21, by systematicalljimiting themaximum
grid strainrate. Consideratiorwasalsogivento the ob-
vious alternatve, simply reducingthe currenttime step
size, andrestartingthe time step. This alternative was
rejectedbecausst is the initial registrationof the parti-
cle dataon the grid which is ultimately responsibldor
large grid strainrates. Theseratesare computationahr-
tifacts, traceablaultimately to the low orderof theinter
polationschemausedto develop grid data. A remedyof
this sortwould moreappropriatelybe appliedto the pre-
vioustime stepsize.However, without a searcho locate
materialpoints neargrid boundariesthereis no way to
guaranteevoiding the problemat all grid nodessimul-
taneously The above describedalgorithm provides an
ef cient meansof improving accurag by screeningput
computationahrtifacts.

3 Applications

To demonstratéhe accurag of the contactalgorithm,
numericalsolutionsare rst comparedo analyticalones
from rigid body dynamics.A morecomplec exampleis
provided by simulatingstresswave propagationn ide-
alizedgranularmaterial. For all casesthe contactalgo-
rithm scalefactor g wastakento be 0 5. Little sensiti-
ity to the scalefactorwasseenin therange5 g 1.
However, for g 05 bodieswereobsenedto penetrate
to varying degreesduring contact. Basedon this experi-
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encearecommendedangeis 5 g 1.

3.1 SphereRolling on an Inclined Plane

For a simpletestof thealgorithm,a sphererolling down
a at inclined planeis simulated. The simulationis
performedin 3—dimensions.A symmetryplaneexists,
andthe simulationdirection perpendiculato that plane
senesonly to distinguishthe geometry(a sphererather
thana cylinder). SeeFig. 2 for the problemsetup. The
x— and z—directionslie in the planeof symmetrywith x
in thedirectionof rolling andz perpendicularTheradius
of the sphere|R, is 1.6 m, andthe length of the plane
on which it rolls is 20 m. The incline of the planeis
describedby the anglebetweenhe z—directionandthat
of gravity, g. For all calculationgthe acceleratiordueto
gravity is takento be 10 m/s’. Theinclined planeprob-
lemhasexactsolutionsfor arigid sphereonarigid plane.

Figure 2 : Schematiof theinclined planeproblemand
R 4 cell sizeMPM discretization.

In the simulationsthe sphereand planeare deformable.
The grid is uniform with equalspacingin all directions
and eight materialpoints per cell. The cell sidesare of
lengthR 4, providing 8 computationakells acrossthe
diameterof the sphere.This discretizatioris depictedn
Fig. 2. The materialpropertiesare chosento allow for
largetime stepsusinganexplicit code,andconsequently
correspondo a rathersoft material. Both sphereand
planearemodeledascompressibl&eo—Hookeatmyper
elasticbodies,SimoandHughes(1998). The spherenas
bulk modulusé MPa, sheamodulus3 MPa, anddensity
1000 kg/m3, roughly approximatingthoseof a natural
rubber The planehaselasticconstantsand densityan
orderof magnituddarger, resultingin a muchstiffer ma-
terial with the samewave speedsThelongitudinalwave
speeds 100m/sandatypical calculationfor this resolu-
tion requiress00time steps.
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Figure 3: Spherecenterof massx—positionasafunction
of time for both the slip and no slip cases. The rigid
sphereanalyticalsolutionsareshavn for comparison.

Two casesareconsideredFor the rst @ p 4 andthe
coefcient of friction is .495. This caseis referredto
asthe “no slip” casebecausehe rigid spheresolution
describesolling without slipping. For arigid spherethe
x—positionof the centerof massds givenby

25 Etz

Xt —
14

(23)
The centerof masspositionof the deformablespheres
depictedin Fig. 3, alongwith the analyticalsolutionfor
comparison. For the secondcaseq p 3 andthe co-
efcient of friction is .286. In this casethe analytical
solutiondescribesolling while sliding andis referredto
asthe“slip” case.For arigid spherghe x—positionof the
centerof massis givenby
5 - 2,

Xt > 3 - t

The centerof masspositionfor the deformablesphere,
andthe analyticalsolutionfor comparisonarealsoplot-

tedin Fig. 3. For both caseghe solutionsare similar to

theirrigid spherecounterpartsyith thedeformabledisks
rolling andsliding moreslowly. Theslowermotionof the

deformablesphereds alsoseenin a plot of their center
of massvelocitiesin thedirectionof rolling, Fig. 4. The

(24)

abruptchangesn velocity, mostevident in the no slip
casearedueto the applicationof the contactalgorithm.
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Figure 4 : Spherecenterof mass«velocity asafunction
of time for both the slip and no slip cases. The rigid
sphereanalyticalsolutionsareshavn for comparison.

Attentionis now focusedon theno slip case.To investi-
gatethe effect of spatialresolutionthis casevasrunwith

cell sizesR 2 andR 8, correspondingo 4 and 16 cells
acrossthe spherediameter The effect of spatialresolu-
tion on calculatedposition of the centerof massis de-
pictedin Fig 5, wherethe analyticalsolutionfor a rigid

sphereappearson the graphfor reference.Simulations
for the deformablecaseare labeledby cell size. The
lowestresolutioncase,R 2, is instructive. In this case
the resolutionis too crudeto resole the geometryon a
rectangulagrid andthe spherefails to roll becausef a
at spot(theresolutionis the three—dimensionaquiva-
lent of thatdepictedin Fig. 1). For the ner resolutions,
R 4andR 8,thegeometnyis sufciently resolhedto per

mit rolling andthe solutionquickly corvergestowardthe
rigid spherecase. It appearghat althoughthe material
propertiescorrespondo avery soft material,it is resolu-
tion of the geometrythatis mostimportantin this simu-

lation.

The effect of spatialresolutionon the spherecenterof
massvelocity is shavn in Fig. 6. For the lowestreso-
lution thereis anindicationof vibrationaboutthe initial
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Figure 5 : No slip casespherecenterof massposition
asa functionof time for variousspatialresolutions.The

rigid sphereanalyticalsolutionis showvn for comparison.

con guration, but norolling, asexpected.For ner res-
olutionsthe sphererolls, andthe velocity corvemgesto-
wardtherigid spheresolution. Therigid spheresolution
appeargo provide an upperboundon the velocity for
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Figure 6 : No slip casespherecenterof massvelocity
asa function of time for variousspatialresolutions.The
rigid sphereanalyticalsolutionis shovn for comparison.

5rad/s.

Onceagain,for arigid spherehereis ananalyticalsolu-
tion. Firstthe sphereslidesandrolls while accelerating.
Whenvelocitiesat the contactpoint matchit rolls with-

thesesimulations.Thismightbeexpectedn partbecause out slipping at constantvelocity. This solutionfor the

potentialenegy is corvertedbothto elastic(strain) en-
emgy andkinetic enegy for the deformablespherewhile
for therigid caseall potentialenegy is corvertedto ki-
netic enegy. However, the sphereskips slightly, and
while notin contactacceleratemorequickly thanwhile
rolling in contact.If the simulationwascarriedoutlong
enoughthe spherewould eventuallytravel morequickly
in thenumericalsimulation,dueto skipping

3.2 BackspinProblem

A slightly morecomplex problemis themotionof anini-
tially stationaryspinningsphereona at plane(q 0)
undergravity. Althoughspinning,the centerof massve-
locity is initially zero. This problemis termedthe“back-
spin” problem.Thesameamaterialpropertiesandacceler
ationof gravity areusedfor this problem,but the sphere
hasunit radiusand only the higher resolutionsconsid-
eredareused(cellsizesR 4andR 8). Thecoefcient of
friction is takento be 0.5 andtheinitial angularvelocity

centerof masspositionis givenby

Xt X 52t2 t 27 (25)
Xt x 52272% 107t 27 t 27
(26)

wheret 2 7isthetimeatwhichslippingstops.Numer
ical simulationresultsfor deformablespheresaswell as
therigid spheresolution,areshavnin Figs.7 and8.

For both positionandvelocities,resultscorverge toward
therigid sphereresults,indicatingthe importanceof re-
solving the geometryaccurately The deformability of
the sphereplaysa larger role at the higherangularve-
locitiesinducedduringthis simulation. The combination
of deformabilityandskippingproduceshe strongoscil-
lationsin centerof massvelocity seenin Fig. 8. Analo-
gousto stick—sliplike behaior, thespherecatchedbrie y
causingacceleratiorof the centerof massvelocity, fol-
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Figure 7 : Spherecenterof masspositionasa function
of timefor R 4 (labeleddx=.250)andR 8 (dx=.125)cell
sizeMPM discretizationsTherigid sphereanalyticalso-
lution is shown for comparison.

lowed by free spinningduring which the velocity is es-
sentiallyconstant.The oscillationsin velocity aredueto
deformability Whenthe spherecontactswith excessve
forwardspin,thecenterof massvelocityis increasednd
the sphereis compressedorward of the contactpatch.
Asthisstrainenegy isreleasediuringaskip(free ight),
the sphereexpandsresultingin an increasein forward
velocity at the following contactpatchand an effective
backspinslowing the centerof masson contact.

3.3 StressWaweslIn Granular Media

A signi cantly more demandingmodeling problem is
presentedby calculating stresswaves in granular me-
dia. Thisproblemhasbeenstudiedextensively by Shukla
andco—workersRossmanittand Shukla(1982); Shukla
and Damania(1987); Shukla(1991); Zhu, Shukla,and
Sadd(1996),who useddetonatorgo load collectionsof
disks. Using photoelastidisksand high—speeghotog-
raphy they wereableto temporallyandspatiallyresohe
the stressstateas the impulse traveled throughvarious
assemblages.More recently similar experimentshave
beenundertakenput usinga Hopkinsonbar to dynam-
ically load the disks, Roessig(2001). In this casethe
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Figure 8 : Spherecenterof massvelocity asa function
of timefor R 4 (labeleddx=.250)andR 8 (dx=.125)cell
sizeMPM discretizationsTherigid sphereanalyticalso-
lution is shown for comparison.

loadingresultsin astepchangen velocity ratherthanan
unsteadyimpulseof shortduration. The latter is better
characterizedanda much easierboundaryconditionto
simulate.

Becausdfictional sliding is a de ning characteristicof

granularmaterial, it is naturalto testthe contactalgo-

rithm by simulatinggranulamaterialresponseThiswas
donepreviously for dynamicwave propagationBarden-
hagenand Brackbill (1998) and shearingdeformations,
BardenhagerBrackbill, andSulsky (2000c,b)with very

goodqualitative “macroscopic’agreement.However, a

directcomparisorof experimentalandnumericalresults
for a speci ¢ microstructurewas never made. Herere-

sultsfor well characterizedssembliesf disksandload-

ing conditionsaresimulatecandcomparedo experimen-
tal measurements.

Theexperimentaketupis facilitatedby amild steelload-
ing framewhich holdsthe disks. Dimensionsadjusteas-
ily, allowing variousgeometriego be assembledOne—
guarterinch groovesin the sidesof the frame hold the
disksin plane. Loadingis appliedvia a split Hopkin-
sonbar The input pulseis recordedand analyzedto
giveastrikervelocity, whichfor theexperimentgeported
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hereis 5.6 m/s. Thedisksare2 inchesin diameteyr 1/4
inch thick, and madeof Plexiglas. Experimentalmea-
surementsare madeusing a high speedcameraandthe
techniqueof photoelasticy. The camerais triggeredby
wave propagatiorin the Hopkinsonbar prior to reaching
the disks. The transferof the stresswave to a loading
pin of equalthicknessasthe disks ensureglanestress
loading conditions. Unfortunately this resultsin some
uncertainty( 10us)in thearrival time of the stresavave
atthe rst disks(“impact”). However, interframetimes
are much more precise,and provide the more exacting
constrainton the comparisons. Photoelasticitygener
atesdarkfringesat contoursof constanmaximumshear
stressBecausén thesimulationsthe spatialvariationof
the stressstateis known, it is straight—forwardo do the
correspondingalculation.Speci cally, the stresgensor
is diagonalized. For isotropicresponsedhe the out—of—
planedirectionis a principal one, and decoupledfrom
the in—planeresponse.The differencein in—planeprin-
cipal stressess thenproportionalto the maximumshear
stressin—plane. Fringesaregeneratedy taking the co-
sineof thedifferencein in—planeprincipal stresdivided
by aparameteto adjustfringe density

Experiment

——
s

Simulation

Experiment

Simulation

Experiment

Simulation

Figure 9 : Stresswave propagatiorthrougha collection
of four diskswith alignedcenters.Matchingframesare
presentedn pairswith the experimentaldataon top and
simulationresultsbelon. Non—dimensionaframetimes
are 2.6, 6.6, and 9.2 for the experimentaldataand 2.2,
5.5,and7.7for thesimulation.
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The numericalsimulationsusea linear hypoelastiaccon-
stitutive model for the Plexiglas, Fung (1965). In part
becausehe elasticconstantsare not known accurately
for the Plexiglas used(propertiescan vary with manu-
facturerand to somedegree even by materiallot), and
in partto facilitate a parametestudyvarying the elastic
constantsunit geometriesand wave speedsvere speci-
ed in the simulations.The numericalsimulationsusel
cm diameterdisksand materialpropertiesresultingin a
longitudinalwave speedof 1cmpis. Speci cally the ma-
terial propertiesaaresheamodulus72 GPa, bulk modulus
102 GPa and density1900 kg/m®. If Plexiglas was ac-
curatelymodeledusing hypoelasticitywith the selected
ratio of shearto bulk moduli, thenstresamagnitudesand
wave speedgouldbescaledoy theratio of actualto sim-
ulatedmoduli, and transittimes could be scaledby the
ratio of disk diametersto makeprecisecomparisonde-
tweensimulationsandexperiments However, the elastic
constantsare not known very preciselyyet and, in ad-
dition, thereis evidencefor more complicated ratede-
pendentmaterialresponseRoessig(2001). Still, purely
elasticresponsdasbeenfoundto capturegrossfeatures,
asmeasureghotoelasticallyremarkablywell, asseenn
Fig. 9 for four collineardisksimpactedon theright.

For this simple geometry the computationakesolution
senes primarily to resole the geometry asthe contact
conditionsare generallyno slip dueto the compressie
loading andthe geometricand materialsymmetry The
simulationsuse 80 cells acrossdisk diametersand one
materialpoint percell. Becausaf thematerialmodeling
uncertaintiesthe experimentakesultsfor this con gura-
tion of diskswere usedto determinethe fringe density
parameterMatchingfringe patternsverechoserby eye,
subjectto the constraintof equalinterframetimes,asin
the experimentaldata. The samefringe densityparam-
eteris thenusedin all subsequenphotoelasticanalyses
for the morecomplex geometriexonsideredext.

To compareresults more precisely non—dimensional
frametimes are reported. The non—dimensionaframe
time is de ned asthe time after impactdivided by the
longitudinalwave transittime acrossonedisk. For the
simulationghelongitudinalwave transittime acrossone
diskis 1 ps. For the experiments estimatingthe longi-
tudinal wave speedas0.27 cmjus, Marsh (1980)results
in awave transittime of 19 pys. A selectionof matching
framesis shovn in Fig. 9. For the experimentsthenon—
dimensionalframetimesare 2.6, 6.6, and9.2. For the
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simulations,the non—dimensionaframe times are 2.2,

5.5,and7.7. Thecomputationsccuratelyreproducehe
experimentalfringe patterns.Notethata nite exposure
time resultsin somesmoothingof the experimentalim-

agesnot presenin the simulationdata(which is instan-
taneous).The variationin fringe velocity throughdisks
andacrosscontactsis also accuratelysimulated. How-

ever the non—dimensionaframe times are different, the
fringespropagatgrelatively) more quickly in the simu-
lation.

Experiment

Simulation

Experiment

Simulation

Experiment

Simulation

Figure 10: Stressvave propagatiorthroughacollection
of ve diskswith zig—zaggedcenters. The simulation
useda friction coefcient of 0.5. Matching framesare
presentedn pairswith the experimentaldataon top and
simulationresultsbelon. Non—dimensionaframetimes
areb.3,10.5,and15.8for the experimentaldataand3.0,
6.0,and9.0for thesimulation.

A geometrywhich promotesslipping contactwas sim-
ulatednext. The disk centerswere arrangedsuchthat

lines connectingthe centersform a 90 degree zig—zag
pattern. For the simulationsa coefcient of friction of

0.5 was used betweenthe disks and contactwith the

walls wasfrictionless. Experimentaland numericalre-

sultsfor this geometryare shown in Fig. 10 for match-
ing fringe patterngsubjectto the equalinter-frametime

constraint). Matching fringe patternswere obtainedat

non—dimensionaiimesof 5.3,10.5,and15.8in the ex-

perimentsand3.0,6.0,and9.0in the simulation. Again

the fringe patternsand variationsin fringe velocity are
accuratelysimulated.In addition,othergrossfeaturesare
similar. Becausecontactscanslide, load carrying paths
rst developbetweerdisk contactsandawall. Only after
sufcient normaltractionbuilds up andthenext disk con-

tactsticksdo fringes propagatento the next disk in the

series.Notethatthe groovesin the experimentalappara-
tus, which sene to hold the disksin plane,obscurepho-
toelasticmeasurementsf disk contactswith the walls.

The ability of contactsto slide hindersfringe propaga-
tion acrosscontactsand fringes propagatemuch more
slowly in this con guration, in both the experimentand
the simulation,thanin the collineardiskscon guration.

However, the non—dimensiondrametimesareagainin

error, with fringes propagating(relatively) fasterin the

simulationthan for the experiment,asfor the collinear
con guration.

To provide maximum contrast,the casewas examined
wherethe disks were glued togetherin the experiment
to eliminateslip all altogether No slip contactcondi-
tionswereimplementedetweendisksin the simulation
by taking the coefcient of friction to bein nite. Con-
tact with the walls remainedfrictionlessin the simula-
tion. Resultsfor this caseareshavn in Fig. 11. Match-
ing fringe patterngsubjectto the equalinterframetime
constraint)were obtainedat non—dimensionatimes of

1.6,4.2,and6.8in theexperimentsand1.4,3.6,and5.8
in the simulation. Again the fringe patternsand vari-

ationsin fringe velocity are accuratelysimulated,and
othergrossfeaturesare similar. Whencontactssupport
shearimmediately the primary load path acrossa disk
rst developsbetweendisk contactpoints. Load paths
connectingdisk contactpointsto the boundarydevelop
later. As a result,the fringes propagatehroughthe as-
semblymuchfasterthanfor the samecon gurationwith

slipping contact. However, the non—dimensionaframe
timesareagainin error, with fringes propagatingrela-
tively) fasterin thesimulationthanin the experiment.
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Experiment

Simulation

Experiment

Simulation

Experiment
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Figure 11 : Stresswave propagatiorthrougha collec-
tion of ve diskswith zig—zaggedcentersand sticking
contact.Matchingframesarepresentedn pairswith the
experimentaldataon top and simulationresultsbelow.
Non-dimensionaframetimesare 1.6, 4.2, and 6.8 for

the experimentaldataandl.4, 3.6, and5.8for the simu-
lation.

Simulation

The above examplesindicate that contactplays an im-
portantrole in stresswave propagationin collectionsof
disks, and almost certainly plays in importantrole in
more generalgranularmaterialas well. Fringe wave
speedsare strongly dependenton contact conditions,
speci cally theamountof slippage.The simulationsare
found to bein excellent qualitative agreementvith the
experiments. Someof the discrepanciesn the details
maybeattributableto theboundaryconditions.Thedisks
areinitially in contactwith eachotherandthewallsin the
simulations,while for the experimentsthere are small
tolerances. The biggestdifferenceshowever, the sys-
tematicdifferencesn non—-dimensionarametimes,are

CMES,vol.2, no.4,pp.509-5222001

mostlikely dueto errorsin modelingmaterialresponse.

A parametestudy was undertakenusingthe collinear
disksgeometryto determinghe sensitvity of fringe ve-
locity to the Poissons ratio, n, keepingthe longitudi-
nal wave speedx ed. It wasfound thatfringe velocity
is strongly dependenbn Poissons ratio, but fringe pat-
ternsmuchlessso. For the elastic constantsselected,
n 0 22. A reductionin fringe velocity by morethana
factorof two wasobtainedvy increasinghe Poissonsra-
tio from 0.22t0 0.48. Thisresultis notunexpectedasthe
photoelasti¢echniquaneasuregradientsn shearsstress,
andthesheamodulus(andconsequentlyhe sheawave
speed)decreasesvith increasingPoissons ratio. With
both contactconditionsandelasticconstantplayingim-
portantroles,amorequantitatve assessmermf theaccu-
ragy of the calculationsawaits a bettercharacterization
of the Plexiglas' materialproperties. At this point it is
simply notedthat for a given set of materialconstants,
the samecollective fringe velocity trendsare exhibited
in the simulationsasin the experimentaldata. In addi-
tion,forn 0 22,aneasilyjusti able materialmodeling
modi cation for polymersthedecrease fringe velocity
would tendto reducethe systematidifferencesn non—
dimensionafframetimes. Bettercharacterizatiorof the
Plexiglasusedin thesesxperimentds underwayandthe
resultswill appearin conjunctionwith a study of more
complicateddisk assemblage®oessig2001).

4 Conclusions

TheMaterialPointMethodprovidesa corvenientframe-
work for the implementationof contact betweende-
formablebodies. The contactconditionsare equivalent
to a perfectlyinelasticcollision, providing for maximum
exchangeof kineticandstrainenegy. For accurateappli-
cationof contactunderthis scenariothenormaltractions
mustbe monitoredandincludedin thereleasdogic. The
contactcalculationsare computationallyef cient, per

formed on the computationalgrid body by body, with-

out requiringa searchto identify neighbors.A potential
numericaldif culty associateavith unfortunateegistra-
tion of particleinformationonthecomputationagrid has
beeneliminatedby a scalingwhich retainsboth the ef-

cient propertiesof the algorithm, and conseration of

momentunduring contact.

The algorithmis exercisedon several simple problems,
for which analogousigid body problemshave analytical
solutions.Thealgorithmis foundto comparewell, even
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for fairly coarsediscretizationsvith resolutionof geom-
etry the mostimportantfactorin obtainingcorvemgence.
The algorithmis exercisedon a more demandingsim-
ulation involving stresspropagatiorthroughcollections
of polymeric disks for which high delity experimen-
tal datais available. Excellentqualitative agreements
foundfor threeexampleswith very differentcontactcon-
ditions. The importanceof accuratesimulationof ma-

terial contactis demonstratedby the strongdependence g4 ckpill J. U.- Ruppel, H. M. (1986):

of load path developmentand collective wave propaga-
tion speedson the contactconditions. Otherimportant
simulationparameters/ereidenti ed, includingmaterial
propertiesandexperimentaktolerancesFuturework will
focuson obtainingbettermeasurementsf theseparam-
eterscomparingsimulationto experimentquantitatively,
andsimulatingmorecomple assemblages.
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