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Appendix A

Forms and differential forms

In this Appendix, we recall the definitions and the main basic properties of the multi-
vectors, them-forms and the differentialm-forms on Rd. We present here the material which
is needed for the definition of currents in the framework of this thesis. Some properties
are given without any proofs. For more detailed presentation, we refer the reader to any
handbook of differential geometry such as [Lang 1962, Sternberg 1964, do Carmo 1994].
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A.1 Wedge product and m-multivectors

A.1.1 Definitions

The wedge product is a generalization of the cross-product, which extends the usual
measure of areas and volumes in 3D. Theoretically, the wedge product u∧ v between u and
v, two vectors in Rd, is equal to the tensor product u⊗ v up to any linear combination of
the form x⊗ x. The set of all wedge product between any pair of vector of Rd is called the
exterior algebra over Rd and is denoted Λ(Rd). Formally, we have this abstract (and non
tractable) definition:

Definition A.1 (exterior algebra over Rd). The exterior algebra Λ(Rd) is defined as the
quotient algebra of the tensor algebra by the two-sided ideal I generated by all elements of
the form x⊗ x such that x ∈ Rd.

All what we need to know about the wedge product is the two following properties
(which is a definition of the wedge product, in some sense): the wedge product is a bilinear
operation and vanishes if two vectors are equals:{

(λu+ v) ∧ w = λ(u ∧ v) + u ∧ w
u ∧ u = 0

(A.1.1)
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for all u, v ∈ Rp and λ ∈ R.
As a direct consequence of these properties, we have that: u ∧ v = −v ∧ u. Indeed, we

have (u+ v) ∧ (u+ v) = 0 = u ∧ v + v ∧ u.
Then, we extend the wedge product between two vectors to the wedge product between

any family of m-vectors via the associativity law: u ∧ v ∧ w = (u ∧ v) ∧ w. This leads to
the definition of the mth exterior power of Rd:

Definition A.2 (mth exterior power of Rd). We call the mth exterior power of Rp the
vector space spanned by the vectors of the kind u1 ∧ . . . ∧ um for all ui ∈ Rd. We denote
this space ΛmRp. The vectors in ΛmRp are called m-multivectors.

As a consequence of this definition, the m-multivector u1 ∧ . . . ∧ um is totally antisym-
metric. This means that it vanishes as soon as two ui are equals. More generally, we have
for any permutation of {1, . . . ,m} σ:

uσ(1) ∧ . . . ∧ uσ(m) = sign(σ)u1 ∧ . . . ∧ um, (A.1.2)

where sign(σ) denotes the signature of the permutation σ.

Moreover, we have the following property:

Proposition A.3. Let (ui)i=1...m be m vectors in Rd and A a m-by-m matrix. Let vi =
m∑
j=1

Aijuj, then

v1 ∧ . . . ∧ vm = |A|u1 ∧ . . . ∧ um, (A.1.3)

where |A| denotes the (signed) determinant of the matrix A.

Proof. By linearity, we have:

v1 ∧ . . . ∧ vm =

 m∑
j=1

A1juj ∧ . . . ∧
m∑
j=1

Amjuj

 =

=
∑
p∈Pm

A1p(1) . . . Amp(m)

(
up(1) ∧ . . . ∧ up(m)

)

=

 ∑
p∈Pm

sign(σ)A1p(1) . . . Amp(m)

u1 ∧ . . . ∧ um

= |A|u1 ∧ . . . ∧ um,

(A.1.4)

by definition of the determinant (Pm denotes the set of m! permutations of {1, . . . ,m}). �

A.1.2 Euclidean basis for multivectors

Let (εi)i=1...d be the canonical basis of Rd, so that each vector ui is decomposed into∑d
k=1 u

k
i εk Thanks to the linearity and the alternating properties of the wedge product we
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have:

u1 ∧ . . . ∧ um =

(
d∑
k1

uk1
1 εk1

)
∧ . . . ∧

(
d∑

km=1

ukmm εkm

)
=
∑
p∈Cdm

∑
σPm

u
σ(p(1))
1 . . . uσ(p(m))

m εσ(p(1)) ∧ . . . ∧ εσ(p(m))

=
∑
p∈Cdm

( ∑
σ∈Pm

sign(σ)u
σ(p(1))
1 . . . uσ(p(m))

m

)
εp(1) ∧ . . . ∧ εp(m),

(A.1.5)

where Cdm denotes the set of all subsets of m elements in {1, . . . , d} and Pm the set of
all permutations of {1, . . . ,m}. This shows that the vectors εi1 ∧ . . . ∧ εim for 1 ≤ i1 <

. . . < im ≤ d spanned the vector space ΛmRd. One can easily show that these vectors are
linearly independent. Therefore, the space ΛmRd is of dimension

(
d
m

)
. Then we write any

m-multivectors on Rd as:

u =
∑

1≤i1<...<im≤d

ui1...imεi1 ∧ . . . ∧ εim (A.1.6)

We provide ΛmRp with the standard Euclidean inner-product and norm:

|u|2 =
∑

1≤i1<...<im≤d

(ui1...im)
2 (A.1.7)

Of course, this definition does not depend on the choice of the basis.

A.1.3 Particular cases

We study now some particular cases of interest:

• if m > d, ΛmRd = {0},

• if m = 0, Λ0Rd is of dimension 1: this is the space of scalars R itself,

• if m = 1, Λ1Rd is of dimension d: this is the vector space Rd itself,

• if m = d − 1, Λd−1Rd is of dimension d. The decomposition of a d − 1-multivector
u1 ∧ . . . ∧ ud−1 on the basis (ε̃di = ε1 ∧ . . . εi−1 ∧ εi+1 . . . ∧ εd)i=1,...,d (which denotes
the set of d-multivectors ε1 ∧ . . . ∧ εd in which the vector εi is missing) leads to:

u1 ∧ . . . ∧ ud−1 =
d∑
i=1

ηiε̃
d
i , (A.1.8)

where

ηi =
∑

σ∈Pm;σ(d)=i

sign(σ)u
σ(1)
1 . . . u

σ(d−1)
d−1 (A.1.9)
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This shows that the vector η is such that for any vector α ∈ Rd:

ηtα =
d∑
i=1

ηiαi =
d∑
i=1

∑
σ∈Pm;σ(d)=i

sign(σ)u
σ(1)
1 . . . u

σ(d−1)
d−1 αi

=
d∑
i=1

∑
σ∈Pm;σ(d)=i

sign(σ)u
σ(1)
1 . . . u

σ(d−1)
d−1 ασ(d)

=
∑
σ∈Pm

sign(σ)u
σ(1)
1 . . . u

σ(d−1)
d−1 ασ(d) = det (u1, . . . , ud−1, α)

(A.1.10)

Therefore, any d− 1-multivector u1 ∧ . . . ∧ ud−1 is associated to a vector η such that
ηtα = det (u1, . . . , ud−1, α) for every vector α (see below the instance in 3D)

• If m = d, ΛdRd is of dimension 1: it is spanned by the vector ε1 ∧ . . .∧ εd. Thanks to
Eq. (A.1.5), we have:

u1 ∧ . . . ∧ ud =
∑
σ∈Pd

sign(σ)u
σ(1)
1 . . . u

σ(d)
d ε1 ∧ . . . ∧ εd

= det(u1, . . . , ud)ε1 ∧ . . . ∧ εd
(A.1.11)

All d-multivector are proportional to the basis vector ε∧ . . .∧εd. There is a one-to-one
map between d-mutlivectors in Rd and the determinant of the vectors.

Let u and v be two vectors in dimension 3. Then the 2-multivector u ∧ v is given in
coordinates as:

u ∧ v = (u2v3 − u3v2)ε1 ∧ ε2 + (u3v1 − u1v3)ε3 ∧ ε1 + (u1v2 − u2v1)ε1 ∧ ε2. (A.1.12)

We notice that the coordinates of u ∧ v in the canonical basis of Λ2R3 are precisely the
coordinates of the cross product between u and v: u × v. Any 2-multivector u ∧ v in
dimension 3 can be mapped isometrically to u × v ∈ R3. Moreover, we all know that
(u× v)tw = det(u, v, w).

A.2 m-forms as antisymmetric tensors

We define now the forms on the space of m-multivectors: the m-forms.

Definition A.4 (m-forms). A m-form ω on Rd is an linear map from ΛmRd to R: ω :

(u1 ∧ . . . ∧ um) −→ ω(u1 ∧ . . . ∧ um) ∈ R, where every ui is a vector in Rd. We denote by
(ΛmRd)∗ the space of m-forms on Rd.

If we write ω(u1, . . . , um) = ω(u1 ∧ . . . ∧ um), we see that ω can be written as a m-
covariant tensor. Due to the symmetries of the wedge product, this m-covariant tensor is
totally antisymmetric (i.e. alternated forms). For example, in 3D, (u, v, w) → det(u, v, w)

is a 3-form and u, v −→ (u× v)tz for a fixed vector z is a 2-form.
As the dual space of ΛmRd, the space of m-forms in Rd is of dimension

(
d
m

)
. As an

alternated tensor, ω is decomposed into:

ω =
∑

1≤i1<...<im≤d

ωi1...imdxi1 ∧ . . . ∧ dxim , (A.2.1)
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where dxi denotes the dual basis of Rd (i.e. dxi(εj) = δi,j) and dx1 ∧ . . . ∧ dxm the
antisymmetric part of the tensor dx1⊗ . . .⊗dxm. In particular, dx∧dy = dx⊗dy−dy⊗dx.

The space of m-forms inherits from the same properties as the space of m-multivectors:

• If m = 0, ω is simply a constant mapping on R.

• If m = 1, ω is a linear form on Rd: for all u ∈ Rd, ω(u) ∈ R. Thanks to the Riesz
representation theorem, this linear form can be represented by the inner-product with
a fixed vector ω:

ω(u) = ωtu. (A.2.2)

• If m = d − 1, the space of d − 1-forms is also of dimension d. With the notations of

Section A.1.3, we have for any d−1-multivectors u1∧ . . .∧ud−1 =
d∑
i=1

ηiε̃
d
i . Therefore,

by linearity a d− 1-form satisfies:

ω(u1 ∧ . . . ∧ ud−1) =
d∑
i=1

ηiω(ε̃di ) = ηtω, (A.2.3)

where ω denotes the vector whose coordinates equal ω(ε1 ∧ . . . εi−1 ∧ εi+1 . . .∧ εd) for
i = 1 to d. Therefore, a d− 1-form also can be represented by an inner-product such
that:

ω(u1 ∧ . . . ∧ ud−1) = ηtω = det (u1, . . . , ud−1, ω) , (A.2.4)

according to Section A.1.3.

• If m = d, all d-forms are proportional to the determinant (the space of d-form in
dimension d is of dimension 1). Indeed, every d-multivector u1 ∧ . . . ∧ ud is equal to
det(u1, . . . , ud)(ε1 ∧ . . . ∧ εd). Therefore every d-forms in dimension d is written as:

ω(u1 ∧ . . . ∧ ud) = ω det(u1, . . . , ud), (A.2.5)

for a given scalar ω = ω(ε1 ∧ . . . ∧ εd).

We define the Euclidean norm of a m-form ω as the spectral norm (which corresponds
to the Euclidean norm on (ΛmRd)∗):

Definition A.5. Let ω a m-form in Rd. The norm of ω is defined as:

|ω|(ΛmRd)∗ = sup
|u1∧...∧um|=1

|ω(u1 ∧ . . . ∧ um)| =

 ∑
1≤i1<...<im≤m

(ωi1...im)
2

1/2

, (A.2.6)

where ωi1...im are the coordinates of the m-forms in the basis dxi1 ∧ . . . ∧ dxim .

A.3 Differential forms as multi-covariant tensor fields

A.3.1 Definition

Like we extend the concept of vectors to vector fields on a smooth sub-manifold, we
extend the concept of m-forms to differential m-forms. Each point x of a manifold is
associated to a m-form ω(x) whose input vectors are chosen in the tangent-space of the
manifold at point x. This leads to the following definition:
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Definition A.6 (differential m-forms). A differential m-form on Rd (or on an open sub-
space of Rd) maps every x ∈ Rd to ω(x) a m-form in (ΛmRd)∗. We denote C0(Rd, (ΛmRd)∗)
the space of the differential m-forms which are continuous and tend to zero at infinity. It
is provided with the norm:

‖ω‖∞ = sup
x∈Rd

sup
|u1∧...∧um|≤1

|ω(x)(u1 ∧ . . . ∧ um)| . (A.3.1)

If m = 0, a differential 0-form is simply a scalar function on Rd.
If m = 1, a differential 1-form is a vector field on Rd.
If m = d− 1, the d− 1 differential form can be associated to a vector field on Rd thanks

to the isometric mapping between the d− 1-form on Λd−1Rd and the vectors on Rd.
If m = d, the d differential forms are all of the form ω = ω(x) det where ω(x) is a scalar

function on Rd and det denotes the determinant form on Rd.

A.3.2 Integration of differential forms on a colored sub-manifold

In order to model sub-manifolds of Rd as currents, we need to define the integration of
differential m-forms on this manifold.

Definition A.7. Let M be an oriented sub-manifold of dimension m in Rd and I a inte-
grable function onM with respect to the Lebesgue measure onM. Let ω ∈ C0(Rd, (ΛmRd)∗)
be a m-differentiable form (Note that the degree of ω equals the dimension of the sub-
manifold).

For all x ∈M, we denote by u1(x), . . . , um(x) a positively oriented basis of the tangent-
space of M at point x (defined almost everywhere). Then, we define the integral of ω on
(M, I) as: ∫

M
Iω =

∫
M
I(x)ω(x)

(
u1(x) ∧ . . . ∧ um(x)

|u1(x) ∧ . . . ∧ um(x)|

)
dλ(x), (A.3.2)

where the integral on the right hand denotes the usual Lebesgue integral of a scalar function
onM dλ the usual Lebesgue measure onM.

Proposition A.8. The definition of the integral in Eq. (A.3.2) does not depend on the
choice of the positively oriented basis of the tangent-space ofM at point x.

Proof. Let A be a m-by-m matrix which change the basis u1(x), . . . , um(x) to the basis

v1(x) =
m∑
k=1

A1kuk, . . . , vm(x) =
m∑
k=1

Amkuk. Since the change of basis is supposed not to

change the orientation, the determinant of A is positive. Thanks to Proposition A.3, we
have that:

u1(x) ∧ . . . ∧ um(x)

|u1(x) ∧ . . . ∧ um(x)|
=
|A| (v1(x) ∧ . . . ∧ vm(x))∣∣∣|A|∣∣∣ |v1(x) ∧ . . . ∧ vm(x)|

=
v1(x) ∧ . . . ∧ vm(x)

|v1(x) ∧ . . . ∧ vm(x)|
,

(A.3.3)

since |A| =
∣∣∣|A|∣∣∣ (the absolute value of the determinant of A). �
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Remark A.9. This definition still holds ifM is of dimension 0. In this case,M is a discrete
set of points. The Lebesgue measure on M must be replaced by the measure

∑
x∈M δx

which counts the number of elements in M. An integrable function on M is therefore a
function which satisfies:

∑
x∈M I(x) < ∞. The integral of a 0-form on M is simply the

integral of a scalar function onM. �

To compute the integral in Eq. (A.3.2) in practice, we need to write it with local charts.
Let {Ui, πi} be an atlas of M and χi a partition of unity of the open cover {Ui}. This
means that M is parametrized locally (on Ui ⊂ Rm) by a piecewise differentiable chart
πi : Ui →M. We suppose moreover that every chart are positively oriented.

Let x = πi(p) be a point on M for p ∈ Ui. We can choose uk(x) = ∂πi(p)
∂pk

as the
positively oriented basis of the tangent plane of M at point πi(p). These vectors are
considered in Rd. However, they all belong to the tangent-space of dimension m. Let Πx

denote the orthogonal projection on this tangent-space. Therefore,∣∣∣∣∂πi(p)

∂p1
∧ . . . ∧ ∂πi(p)

∂pm

∣∣∣∣ =

∣∣∣∣Πx

(
∂πi(p)

∂p1

)
∧ . . . ∧Πx

(
∂πi(p)

∂pm

)∣∣∣∣
= det

(
Πx

(
∂πi(p)

∂p1

)
, . . . ,Πx

(
∂πi(p)

∂pm

))
= det

(
∂πi(p)

∂p1
, . . . ,

∂πi(p)

∂pm

)
= |dpπi|

(A.3.4)

since the magnitude of a d-multivector in dimension d is equal to the determinant of these
vectors (See Section A.1.3). Since the charts are positively oriented, this determinant is
positive.

Moreover, the Lebesgue measure written in the charts πi is equal to: dλ(x) = |dxπi| dp
for x = p. Therefore, in the charts πi, the norm of the multivector and the normalizing
factor of the Lebesgue measure cancel (|dxπi| in the numerator and denominator). The
integral in Eq. (A.3.2) finally is written as:∫

M
Iω =

∑
i

∫
Ui

χi(p)I(πi(p))ω(πi(p))

(
∂πi
∂p1

(p) ∧ . . . ∧ ∂πi
∂pm

(p)

)
dp, (A.3.5)

where the integrals of the right-hand side denotes the usual Lebesgue integral on open sub-
set of Rd. Proposition A.8 shows that this expression is independent of the choice of the
basis.

We remark that the argument of ω within the integrals written in local charts is not
normalized in Equation (A.3.5). IfM is a surface parametrized by S(u, v), then the argu-
ment of ω is the non-normalized normal ∂S∂u ×

∂S
∂v . By contrast, in the intrinsic formulation

in Eq. (A.3.2), the argument of ω is the unit normal of S (the Lebesgue measure on M
taking care of the right scaling of the normal).

A.3.3 Change of variable formula

LetM be a sub-manifold of Rd and I an integrable function onM. This function plays
the role of an image (i.e. a map of colors) drawn on the manifold. The purpose of this
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section is to define the geometrical transport of such a colored manifold and to compute
the integration of a differential form on the transported manifold, namely by the definition
of a proper change of variable formula.

For M a sub-manifold of Rd and φ a diffeomorphism of Rd, then we define φ(M) the
geometrical transport of M, namely the set of points φ(x) for all x ∈ M. Since φ is a
diffeomorphism, the regularity of φ(M) is the same as the regularity of the original sub-
manifoldM.

If I is an image drawn onM, then we define the transport of I by the diffeomorphism φ

as I◦φ−1. This means that the intensities on the manifold are carried along the deformation
without any change. This action ((φ, I)→ I ◦ φ−1) is the usual transport of intensities for
image registration.

This leads to the following definition:

Definition A.10 (geometric transport of colored sub-manifolds). Let M be a rectifiable
sub-manifold of Rd and I a scalar function on M. Let φ be a diffeomorphism of Rd. We
define the geometrical transport of the couple (M, I) as:

φ (M, I) = (φ(M), I ◦ φ−1). (A.3.6)

Our purpose now is to compute the integration of am-differential form ω over the couple
φ (M, I):

∫
φ(M)

I ◦ φ−1ω. If u1(x), . . . , um(x) is a positively oriented basis of the tangent-
space ofM, then dxφ(u1(x)), . . . dxφ(um(x)) is a basis of the tangent-space of φ(M), where
dxφ is a d-by-d Jacobian matrix of φ at point x. Therefore, the integral

∫
φ(M)

I ◦ φ−1ω is
written as (using the linearity of the form ω(x)):∫
φ(M)

I ◦ φ−1ω =

∫
M
I ◦ φ−1(φ(x))ω(φ(x))

(
dxφ(u1(x)) ∧ . . . ∧ dxφ(um(x))

|dxφ(u1(x)) ∧ . . . ∧ dxφ(um(x))|

)
dλφ(φ(x))

=

∫
M
I(x)ω(φ(x)) (dxφ(u1(x)) ∧ . . . ∧ dxφ(um(x)))

dλφ(φ(x))

|dxφ(u1(x)) ∧ . . . ∧ dxφ(um(x))|
,

(A.3.7)

where dλφ denotes the Lebesgue measure on φ(M).
We can restrict the tangential map dxφ to map the tangent-space of M

at x to the tangent-space of M at φ(x). We denote dxφ̃ this m-by-m ma-
trix. Therefore, |dxφ(u1(x)) ∧ . . . ∧ dxφ(um(x))| =

∣∣∣dxφ̃(u1(x)) ∧ . . . ∧ dxφ̃(um(x))
∣∣∣ =∣∣∣dxφ̃∣∣∣ |u1(x) ∧ . . . ∧ um(x)|. Moreover, the Lebesgue measure on φ(M)) is given by

dλ(φ(x)) =
∣∣∣dxφ̃∣∣∣ dλ(x), so that the factor dxφ̃ in the numerator and denominator can-

cels:∫
φ(M)

I ◦ φ−1ω =

∫
M
I(x)ω(φ(x)) (dxφ(u1(x)) ∧ . . . ∧ dxφ(um(x)))

dλ(x)

|u1(x) ∧ . . . ∧ um(x)|

=

∫
M
I(x)φ∗ω(x)

(
u1(x) ∧ . . . ∧ um(x)

|u1(x) ∧ . . . ∧ um(x)|

)
dλ(x),

(A.3.8)

where we denote φ∗ω(x)(u1 ∧ . . . ∧ um) = ω(φ(x))(dxφ(u1) ∧ . . . ∧ dxφ(um)).
This justifies the introduction of the pullback action of a diffeomorphism on a differential

m-form:
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Definition A.11 (pullback action on differential forms). Let ω be a m-differential form on
Rd and φ a diffeomorphism of Rd such that sup

x∈Rd
|dxφ| <∞. We define φ∗ω a m-differential

form (of the same regularity as ω) as:

φ∗ω(x)(u1 ∧ . . . ∧ um) = ω(φ(x)) (dxφ(u1) ∧ . . . ∧ dxφ(um)) , (A.3.9)

for all points x ∈ Rd and every vectors ui ∈ Rd. The differential form φ∗ω is called the
pullback action of the diffeomorphism φ on the differential form ω.

We can verify easily that the vector field φ∗ω still belong to our space of differential
m-forms C0(Rd,ΛmRd) (since we suppose that sup

x∈Rd
|dxφ| < ∞). Moreover, the pullback

action is really an action of the group of diffeomorphism on the space of differential form,
namely that (φ ◦ ψ)∗ω = φ∗(ψ∗ω) for all diffeomorphism φ and ψ.

Proposition A.12. Let M be a sub-manifold of dimension m in Rd and I an integrable
function onM. Let φ be a diffeomorphism of Rd. Then:∫

φ(M)

I ◦ φ−1ω =

∫
M
Iφ∗ω. (A.3.10)

Proof. This is exactly what we proved in Equation (A.3.8). �

We can write the pullback action on a differential m-forms on Rd, ω, in some particular
cases of interest according to the dimension m:

• If m = 0, then ω(x) is a scalar field and φ∗ω = ω ◦ φ.

• If m = 1, then ω(x) is represented by a vector field ω(x): ω(x)(u) = ω(x)tu. There-
fore,

φ∗ω(x)(u) = ω(φ(x))(dxφ(u)) = ω(φ(x))tdxφ(u) =
(
dxφ

tω(φ(x))
)t
u. (A.3.11)

The vector field associated to φ∗ω is φ∗ω(x) = dxφ
tω(φ(x)).

• If m = d− 1, the ω(x) is represented by a vector field ω(x) such that ω(x)(u1 ∧ . . . ∧
ud−1) = det(ω(x), u1, . . . , ud−1). Therefore,

φ∗ω(x)(u1 ∧ . . . ∧ ud−1) = ω(φ(x))(dxφ(u1) ∧ . . . ∧ dxφ(ud−1))

= det (ω(φ(x)), dxφ(u1), . . . , dxφ(ud−1))

= |dxφ|det
(
dxφ

−1ω(φ(x)), u1, . . . , ud−1

)
= det

(
|dxφ| dxφ−1ω(φ(x)), u1, . . . , ud−1

)
,

(A.3.12)

so that the vector field associated to φ∗ω is |dxφ| dxφ−1ω(φ(x)).

• If m = d, the ω(x) is represented by a scalar field ω(x) such that ω(x)(u1∧ . . .∧ud) =

ω(x) det(u1,∧ . . .∧, ud). Therefore,

φ∗ω(x)(u1 ∧ . . . ∧ ud) = ω(φ(x)) det (dxφ(u1) ∧ . . . ∧ dxφ(ud))

= |dxφ|ω(φ(x)) det(u1,∧ . . .∧, ud),
(A.3.13)

so that the scalar field associated to φ∗ω is |dxφ|ω(x).
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A Hilbert space is a vector space provided with an inner-product which is topologically
complete (i.e. in which every Cauchy sequence converges). These spaces play a tremendous
role in almost all area of science, since they are the more natural extension of the usual
Euclidean spaces Rn. The structure of vector space and the inner-product allows us to
perform standard computation in a way similar to linear algebra. Roughly speaking, Hilbert
spaces give a rigorous framework to work with infinite-dimensional vectors and matrices.
The completeness enables to consider such infinite-dimensional vectors as the limit of finite-
dimensional vectors.

Among the functional Hilbert spaces (i.e. Hilbert spaces of functions), the reproducing
kernel Hilbert spaces (RKHS) are of great practical interest. They make the framework
of Hilbert spaces even more similar to the finite-dimensional Euclidean spaces. In Rn,
any symmetric definite-positive matrix K defines a metric. The inner product between
two vectors X and Y is given simply by: 〈X,Y 〉K = XtKY . This can be seen as the
Euclidean inner-product between K1/2X and K1/2Y (as if the matrix K1/2 maps Rn with
the metric K to the Euclidean space Rn). Similarly, a RKHS is entirely determined by the
choice of a function K, called a kernel. The squared root of the kernel (in a sense to be
defined) maps the space of L2 functions to the RKHS. Computations in the RKHS involves
only standard operations with the kernel, as we shall see in this appendix. Besides the
computational benefit, the framework of RKHS offers a way to adapt the metric to any
particular applications, since defining a metric is equivalent to choosing a single function
K.

The purpose of this appendix is to recall the basic properties of RKHS. We emphasize
two important aspects. First, RKHS are build as a completion of the linear span of some



308 Appendix B. Construction of RKHS and their dual spaces

basis vectors. This gives a way for the definition of finite-dimensional approximation spaces
like in Chapter 2. Second, there is a canonical isometric mapping between a RKHS and its
dual space. This isometric mapping, which is directly linked to the kernel, plays a central
role in the computation of standard operations on currents and vector fields. This allows
us to define a whole computational framework for dealing with currents, as introduced in
Chapter 2 and 3.

The material presented in this appendix results from standard mathematical construc-
tions. We introduce here only what is needed in the framework of this thesis and we refer
the reader to [Aronszajn 1950, Schwartz 1964, Saitoh 1988] for more details on the theory.

B.1 Where does it come from?

There are two different (but equivalent) ways to construct RKHS. The first way comes
from the theory of differential equations: under some hypotheses, it is possible to express
the solution of a differential equation as a convolution with a kernel. In this case, the space
of solution is naturally a RKHS. The second construction starts choosing a kernel K and
then builds a RKHS so that its kernel is given by K. In this appendix, we will present
the second construction in details, since it is better suited for computational purposes.
However, in this section, we will give a sketch of the construction from the point of view
of the differential operators, since it gives better insights into the emergence of such spaces
and their “reproducing property”.

The rigorous framework of this construction is the one of the Friedrichs’ extensions in
functional analysis, as introduced in [Zeidler 1991]. Here, we recall simply the main steps
of the construction.

Let L be a linear, self-adjoint operator which maps a space E, which is dense in the
space of L2 functions, to L2. We suppose moreover that L is such that ‖u‖2L2 ≤ C 〈Lu, u〉L2

for every u ∈ L2. For instance, the Laplacian operator (Lu = −∆u) defined on the
space E of twice differentiable functions with compact support satisfies these requirements.
The differential operator L defines an inner-product on E by: 〈u, v〉E = 〈Lu, v〉L2 for all
functions u, v in E.

The space E provided with this inner-product is not yet a Hilbert space, since it is not
topologically complete (the limit of Cauchy sequence in E may not be in E). Nevertheless,
we can build the completion of E to give the Hilbert space W (one adds to E every limit
of the Cauchy sequence of E), still included in L2. In W , we have still 〈u, v〉W = 〈Lu, v〉L2 .

Under some assumptions (in particular that the evaluation functionals δx(u) = u(x) are
continuous on W ), one can prove that the differential operator is invertible, that L−1 maps
the space L2 to W and that L−1 admits a Green function K. This Green function satisfies,
for every function h ∈ L2:

L−1h(x) =

∫
K(x, y)h(y)dy = 〈K(x, .), h〉L2 . (B.1.1)

Combining this equation with the definition of the inner-product in W leads to:

L−1h(x) =
〈
K(x, .), L−1h

〉
W
. (B.1.2)
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This last equation shows that the function h′(x) = L−1h(x) in W satisfies the “reproducing
property”: h′(x) = 〈K(x, .), h′〉W .

Applying this equation to the Green function K itself, called kernel is this context, leads
to: K(x, y) = 〈K(x, .),K(., y)〉W . That’s why K is called “auto-reproducing kernel”.

Eventually, this construction shows that we can build a Hilbert space W of solutions of
the differential equation h = Lh′. Such solutions satisfy the reproducing property, meaning
that their evaluation on a point x is given by a convolution with a kernel K. Such Hilbert
space W are then called reproducing kernel Hilbert spaces (RKHS).

This approach is usually followed in the field of fluid mechanics, for which the differential
operator L is given by the laws of mechanics. Then, the Green function is defined implicitly.
In our case, however, we prefer to control the kernel K which determines the metric and
leaves the differential operator implicit. From a numerical point of view, it is better to
write the operations on the RKHS with the kernel K which is a regularizing convolution
instead of L which is a numerically unstable differential operator.

B.2 Construction of RKHS

In this section, we show how to construct a RKHS whose kernel is a given function K.
First, we give rigorous definition of kernels and RKHS for scalar and vectorial functions.

B.2.1 Kernels and RKHS

Definition B.1 (auto-reproducing kernel Hilbert space (RKHS) (scalar case)). Let W be
a Hilbert space of scalar field on Rd (i.e. mapping from Rd to R). W is a RKHS if the
evaluation functions (linear forms on W ) δx : W → R defined by:

δx(ω) = ω(x) (B.2.1)

are continuous.

If W is a RKHS, then the Riesz representation theorem guarantees that for all x ∈ Rd

there is a function Kx ∈W such that:

ω(x) = δx(ω) = 〈Kx, ω〉W (B.2.2)

We denote K(x, y) the scalar mapping from Rd ×Rd to R: K(x, y) = Kx(y). From the
previous equation, we get Kx(y) = 〈Kx,Ky〉W = 〈Ky,Kx〉W = Ky(x). This shows that K
is symmetric: K(x, y) = K(y, x).

Since we deal with vector fields, we give the slightly more general definition:

Definition B.2 (auto-reproducing kernel Hilbert space (RKHS) (vectorial case)). Let W
be a Hilbert space of mapping from Rd to Rp. W is a RKHS is the evaluation functions
(linear forms on W ) δαx : W → R defined by:

δαx (ω) = ω(x)tα (B.2.3)

are continuous for all point x ∈ Rd and all vectors α ∈ Rp (i.e. each coordinates are
continuous).
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If W is a RKHS, then the Riesz representation theorem guarantees that for all points
x ∈ Rd and all vectors α ∈ Rp there is a function Kx(α) ∈W such that:

ω(x)tα = δαx (ω) = 〈Kx(α), ω〉W (B.2.4)

Applying this equation with α + λβ (for α, β two vectors an λ a real) shows that
the mapping α → Kx(α) is linear. We denote therefore K(x, y) the p-by-p matrix
such that K(x, y)α = Kx(α)(y) for all vectors α. Eventually, we have: αtK(x, y)β =

〈Kx(α),Ky(β)〉W = 〈Ky(β),Kx(α)〉W = βtK(y, x)α. This shows that K(x, y) = K(y, x)t.
This shows that any RKHS contains a function K (i.e. a kernel as this will be shown

in Theorem B.6) which satisfies the reproducing property in Eq. (B.2.2) and Eq. (B.2.3).
The following proposition shows that this is actually a characterization of the RKHS.

Proposition B.3. LetW be a Hilbert space which contains vector fields of the form K(x, .)α

where K is a function from Rd×Rd to the space of p-by-p matrices. If every ω ∈W satisfy
the “reproducing property”:

ω(x)tα = 〈ω,K(., x)α〉W (B.2.5)

for all x ∈ Rd and all α ∈ Rp, then W is a RKHS.

Proof. Thanks to the Cauchy-Schwarz inequality, the evaluation functional verify:

|δαx (ω)| =
∣∣ω(x)tα

∣∣ ≤ ‖ω‖W ‖K(., x)α‖W (B.2.6)

and therefore are continuous. �

The following proposition gives an important example of RKHS, which is used to give
a generic definition of the space of currents in Chapter 1.

Proposition B.4. IfW is a Hilbert space continuously embedded in the space of continuous
mapping from Rd to Rp which tend to zero at infinity (i.e. such that for every ω ∈ W ,
‖ω‖∞ ≤ CW ‖ω‖W ) for a fixed constant CW , then W is a RKHS.

Proof. If the condition is satisfied, then for every point x and vector α, |ω(x)tα| ≤
‖ω‖∞ |α| ≤ C |α| ‖ω‖W : the evaluation functions in Eq. (B.2.3) are continuous.

The condition means in particular that small errors measured in W are numerically
small. �

B.2.2 To each kernel its RKHS

Neither the definition of RKHS nor the propositions in the previous section give a
practical way to construct RKHS. In this section, we show that, given a positive kernel K,
there is a generic way to construct a RKHS whose kernel is K. The RKHS is therefore
entirely determined by its kernel and we every operations in the RKHS can be written with
the kernel.

First, we give the definition of positive kernel:

Definition B.5 (positive kernels). A positive definite scalar kernel K on Rd is a scalar
function on Rd × Rd such that
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• K(x, y) = K(y, x) for all x, y ∈ Rd

•
∑
i,j aiK(xi, xj)aj ≥ 0 for all finite set of reals (ai) and points (xi) in Rd

• If
∑
i,j aiK(xi, xj)aj = 0 when the (xi) are all distinct, then all ai = 0.

If only the first two properties are satisfied, K is a positive semi-definite kernel.
A positive definite vectorial kernel K on Rd is a mapping Rd×Rd to the space of p-by-p

matrix, such that

• K(x, y) = K(y, x)t for all x, y ∈ Rd

•
∑
i,j a

t
iK(xi, xj)aj ≥ 0 for all finite set of vectors (ai) in Rd and points (xi) in Rd

• If
∑
i,j a

t
iK(xi, xj)aj = 0 when the (xi) are all distinct, then all ai = 0.

If only the first two properties are satisfied, K is a positive semi-definite kernel.

The following theorem shows that a unique RKHS corresponds to any positive kernel
K. The idea is to build the vector space spanned by the vector fields of the form K(x, .)α

and to make this space complete by adding to it the limit of every Cauchy sequence.
This construction allows us in Chapter 1 to process in the same setting discrete meshes
(finite linear combination of K(x, .)α) and the continuous surfaces (limit of such finite
combination).

Theorem B.6. We have the two properties:

• The kernel of a RKHS is a positive semi-definite kernel,

• If K is a positive semi-definite kernel, then it exists a unique RKHS W such that K
is its kernel.

Proof. We prove the previous theorem in the vectorial case. It can be easily simplified to
apply in the scalar case. If W is a RKHS and K its kernel, then∥∥∥∥∥∑

i

K(., xi)ai

∥∥∥∥∥
2

W

=
∑
i,j

ajK(xj , xi)ai ≥ 0 (B.2.7)

for all finite set of (xi) and (αi). K is positive semi-definite kernel.
Conversely, let K be a positive semi-definite kernel and E the vector space spanned by

the function of the typeK(x, .)α for all points x and vector α. Note that these vectors do not
build a basis of E since the kernel is supposed to be only positive semi-definite. We provide
E with the bilinear form defined on the K(x, .)α elements by: 〈K(x, .)α,K(y, .)β〉E =

αtK(x, y)β. This bilinear form does not depend on the decomposition of the vectors ω ∈
E . If a vector ω ∈ E has two different decompositions ω and ω̃, one wants to prove
that 〈ω, ω′〉E = 〈ω̃, ω′〉E . Assume that ω =

∑
iK(xi, .)αi = 0, then for any y and β,

〈ω,K(y, .)β〉E = βt
∑
iK(xi, y)αi = βtω(y) = 0. By linearity, we get that 〈ω, ω′〉E = 0 for

every ω′ ∈ E.
We prove now that this bilinear form is an inner-product on E. Due to the definition

of a positive kernel, this bilinear form is symmetric and positive. Let ω ∈ E such that
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〈ω, ω〉E = 0. By linearity, the reproducing property which is satisfied for every K(., x)α

extends to every ω ∈ E: ω(x)tα = 〈K(x, .)α, ω〉E . This implies thanks to the Cauchy-
Schwarz inequality that: |ω(x)| = sup|α|=1 |ω(x)tα| ≤ sup|α|=1 α

tK(x, x)α 〈ω, ω〉E = 0.
And ω = 0.

E is therefore provided with an inner-product and satisfies the reproducing property.
However, E is not Hilbert, since it is not complete. We build from E the space W which
contains E and the limits of any Cauchy sequences of E.

Let ωn be a Cauchy sequence in E. From the Cauchy-Schwarz inequality, we get:

|ωp(x)− ωq(x)| ≤ ‖ωp − ωq‖E
√

sup
|α|=1

αtK(x, x)α (B.2.8)

Therefore, ωp(x) is a Cauchy sequence in Rd and hence converges. Let ω(x) be its limit. We
define now W as the set of functions ω which are limits from Cauchy sequence in E: W ={
ω; ∃(ωn) ∈ E(Cauchy), ∀x ∈ Rd, ω(x) = limn→∞ ωn(x)

}
. For any Cauchy sequence ωn

in E, ‖ωn‖E is a Cauchy sequence in R and therefore converges. This allows us to provide
W with the norm (and inner-product): ‖ω‖W = limn→∞ ‖ωn‖E . Nevertheless, we have to
check that this definition does not depend on the Cauchy sequence used to approximate ω.
For this purpose, assume that ωn is a Cauchy sequence in E, such that ωn(x) converges to 0

for all x. We will prove that ‖ωn‖E will converge to 0. Indeed, ωn(x)tα = 〈ωn,K(x, .)α〉E →
0. By linearity, for all ω′ ∈ E, 〈ωn, ω′〉E → 0. Then, since ωn is a Cauchy sequence, there
is an integer n such that for all n ≥ p,

‖ωn‖E − 2 〈ωp, ωn〉E ≤ ‖ωp − ωn‖
2
E ≤ ε (B.2.9)

for all ε > 0. Since 〈ωp, ωn〉E →n→∞ 0, for n large enough, ‖ωn‖E ≤ 2ε and therefore
‖ωn‖E tends to 0.

Now, we prove that the construction of the Hilbert space W leads to a RKHS of ker-
nel K. By definition of ω(x), we have ω(x)tα = limn→∞ ωn(x)tα. We have ωn(x)tα =

〈ωn,K(x, .)α〉W which converges to 〈ω,K(x, .)α〉W by definition of the norm in W . There-
fore K is the kernel of the RKHS W .

We still need to prove that W is the unique RKHS whose kernel is K. If W̃ is a RKHS
of kernel K, the every function of the type K(x, .)α are in W̃ , and by linearity E is included
in W̃ . Let ω ∈ W as a limit of the Cauchy sequence ωn in E. Due to the reproducing
property, the inner-product 〈., .〉W , 〈., .〉W̃ and 〈., .〉E all coincide on E. Therefore, ωn is also
a Cauchy sequence in W̃ . This sequence converge pointwise to ω, the same limit as in W
since this pointwise convergence does not depend on the Hilbert inner-product. Therefore
ω ∈ W̃ and W is a closed subset W̃ . To prove the equality of the two spaces, we show that
the orthogonal subspace of W in W̃ is equal to {0}. Let ω̃ ∈ W̃ , such that for all ω ∈ W ,
〈ω, ω̃〉W̃ = 0. Then, ω̃(x)tα = 〈ω̃,K(x, .)α〉W̃ = 0 and therefore ω̃ = 0. �

A direct consequence of this proof is the following corollary:

Corollary B.7 (dense vector space in the RKHS). The span of vector fields of the form
K(x, .)α for every x ∈ Rd and α ∈ Rp is dense in W .

This corollary offers a way to define a approximation spaces of the space W by limiting
the point x to belong to a particular discrete subset (see Chapter 2).
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B.2.3 Choice of the kernel

The previous theorem shows that the choice of the kernel determines the RKHS
and especially its metric. The choice of this metric is therefore crucial and must be
adapted to every particular problems. Here, we give some examples of parametric ker-
nels. They are translation-invariant isotropic scalar kernels, which means of the form
K(x, y) = k(|x− y|)Ip. The following functions k lead to positive kernels, as shown
in [Glaunès 2005]:

• Gaussian kernel: k(x) = exp

(
−x2

λ2
W

)

• Cauchy kernel: k(x) =

(
1 +

x2

λ2
W

)−1

• Sobolev kernel: k is the inverse Fourier transform of (1 + x2)−s for s > d+ 1/2

See [Glaunès 2005] and the theorem of Bochner for more details on translation-invariant
kernels. In particular, it is shown that the Sobolev spaces Hs(Rd,Rm) are RKHS if s >
d+ 1/2.

However, how to choose the “best” kernel according a particular application is still an
open question. Through the applications of chapter 6, 7 and 8, we will give some clue to
adjust kernel’s parameters in different context.

From now on, we consider only symmetric kernel so that we do make differences between
K(x, y) and K(y, x).

B.3 A RKHS is isometric to its dual space

B.3.1 W ∗: dual space of RKHS W

Let W be a RKHS of kernel K. We denote W ∗ the dual space of W (i.e. the space of
continuous linear forms on W ). This means that T : W → R is in W ∗ if there is a constant
CT such that for all ω, |T (ω)| ≤ CT ‖ω‖W ).

By definition of a RKHS in B.2, the evaluation functional δαx are continuous linear forms
on W . They belong therefore to W ∗. They will play the role of Dirac delta currents in
Chapter 1.

As a vector space of linear maps, W ∗ is provided with the operator norm:

‖T‖W∗ = sup
‖ω‖W≤1

|T (ω)| (B.3.1)

B.3.2 Isometric mapping LW
One of the key property of the RKHS is that there is a canonical isometric map between

a RKHS W and its dual space W ∗. This isometric map is used intensively throughout the
thesis.
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Definition B.8. Let LW be the mapping:

LW : W −→ W ∗

ω LW (ω)
(B.3.2)

where ∀ω′ ∈W,LW (ω)(ω′) = 〈ω, ω′〉W . LW (ω) is continuous thanks to the Cauchy-Schwarz
inequality and therefore belongs to W ∗.

Proposition B.9. LW is an isometric mapping between W and W ∗.

Proof. The following equalities apply for all ω ∈W :

‖LW (ω)‖W∗ = sup
‖ω′‖W=1

|LW (ω)(ω′)|

= sup
‖ω′‖W=1

|〈ω, ω′〉W | = ‖ω‖W
(B.3.3)

�

This proposition shows that the operator norm on the dual space W ∗ (see Eq. (B.3.1))
derives from an inner-product. Indeed, the norm on W comes from the inner-product.
Since, 〈ω, ω′〉W = (‖ω + ω′‖2W − ‖ω − ω′‖

2
W )/4 and ‖LW (ω)‖W∗ = ‖ω‖W , we have:

〈T, T ′〉W∗ =
〈
L−1
W (T ),L−1

W (T ′)
〉
W

(B.3.4)

The isometric map LW carries the Hilbert structure inW toW ∗. This makesW ∗ a Hilbert
space.

Moreover, let T ∈ W ∗, then by definition of LW , the vector field L−1
W (T ) satisfies

T (ω) = LW (L−1
W (T ))(ω) =

〈
L−1
W (T ), ω

〉
W
. Using the isometric map, we obtain these two

equalities:
T (ω) = 〈T,LW (ω)〉W∗ =

〈
L−1
W (T ), ω

〉
W

(B.3.5)

In particular, this allows us to show that the vector field which achieves the supremum
in the definition of the norm in W ∗ in Eq. (B.3.1) is given by L−1

W (T )/
∥∥L−1

W (T )
∥∥
W
. Indeed

we have:

‖T‖W∗ = sup
‖ω‖W=1

|T (ω)|

= sup
‖ω‖W=1

∣∣〈L−1
W (T ), ω

〉
W

∣∣ (B.3.6)

whose supremum is achieved for ω = ±L−1
W (T )

∥∥L−1
W (T )

∥∥
W
.

In Eq. (B.3.5), we write T (ω) via the map LW . Actually, any operations on W and W ∗

can be expressed using this map. In particular, the inner-product in these two spaces are
given as:

〈ω, ω′〉W = LW (ω)(ω′)

〈T, T ′〉W∗ = T
(
L−1
W (T ′)

) (B.3.7)

The first equality is a direct consequence of Definition B.8. The second one results from
the application of Eq. (B.3.5) with ω = L−1

W (T ′).
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B.3.3 Link between LW and the kernel

We have just shown that the metric on W and W ∗ can be expressed via the isometric
map LW . Actually, this isometric map is closely related to the kernel K of the RKHS W .
This allows us to express the metric in terms of operations with the kernel. Therefore, once
the kernel is chosen, any operations in the RKHS will have a closed form.

First, we apply the previous equations in the particular case when T ∈ W ∗ is an eval-
uation functional δαx , as defined in Eq. (B.2.2). For every ω ∈ W , we have by application
of Eq. (B.3.5): δαx (ω) =

〈
L−1
W (δαx ), ω

〉
W
. Moreover, thanks to the reproducing property

satisfied in the RKHS W , we have: δαx (ω) = ω(x)tα = 〈ω,K(x, .)α〉W . This proves that:

L−1
W (δαx ) = K(x, .)α (B.3.8)

This equation shows that the kernel K may be seen as the Green function of the mapping
LW (which is implicitly a differential operator).

The application of Eq. (B.3.4) and the reproducing property leads to the explicit com-
putation of the inner-product between evaluation functionals:〈

δαx , δ
β
y

〉
W∗

= 〈K(., x)α,K(., y)β〉W = αtK(x, y)β (B.3.9)

By linearity, the inner-product between T =
∑n
i=1 δ

αi
xi and U =

∑m
j=1 δ

βj
yj is given by:

〈T,U〉W∗ =
n∑
i=1

m∑
j=1

αtiK(xi, yj)βj (B.3.10)

This equation may be written in a matrix form:

〈T,U〉W∗ = αtKβ, (B.3.11)

where α (resp. β) denotes the nd (resp. md) dimensional vector obtained by the concate-
nation of every vectors αi (resp. βj). K denotes the nd-by-md block matrix whose block
(i, j) is given by the d-by-d matrix K(xi, yj) (for i = 1, . . . , n and j = 1, . . . ,m). This shows
that the map L−1

W is computed via the matrix K when applied to finite linear combination
of evaluation functionals.

This way to compute the metric on W ∗ in a matrix form involving only the kernel
K is the core of the numerical framework for computing with currents, as introduced in
Chapter 2 and 3. Indeed, by construction of the RKHS the span of the functions K(x, .)α

is dense in W (see Corollary B.7). By isometry, the span of the evaluation functionals δαx is
a dense vector space in W ∗. This means that we can always approximate a current in W ∗

as a finite linear combination of evaluation functionals and use this matrix form to compute
the metric in W ∗. The true map L−1

W can be considered then as a multiplication with the
matrix K whose dimensions tend to infinity.





Bibliography

[Aljabar 2008] P. Aljabar, K.K. Bhatia, M. Murgasova, J.V. Hajnal, J.P. Boardman,
L. Srinivasan, M.A. Rutherford, L.E. Dyet, A.D. Edwards and D. Rueckert. As-
sessment of brain growth in early childhood using deformation-based morphometry.
NeuroImage, vol. 39, no. 1, pages 348 – 358, 2008. 249, 253, 255

[Allassonnière 2007] S. Allassonnière, Y. Amit and A. Trouvé. Towards a coherent statistical
framework for dense deformable template estimation. Journal of the Royal Statistical
Society Series B, vol. 69, no. 1, pages 3–29, 2007. 168, 171, 192, 194, 222, 223, 234,
235

[Allassonnière 2008] S. Allassonnière, E. Kuhn and A. Trouvé. Construction of Bayesian
Deformable Models Via a Stochastic Approximation Algorithm: A Convergence
Study. Bernoulli Journal, 2008. In revision. 168, 192

[Allassonnière 2009] S. Allassonnière and E. Kuhn. Stochastic Algorithm For Bayesian
Mixture Effect Template Estimation. ESAIM Probability and Statistics, 2009. In
Press. 170, 172, 192, 193

[Aronszajn 1950] N. Aronszajn. Theory of Reproducing Kernels. Transactions of the Amer-
ican Mathematical Society, no. 68, pages 337–404, 1950. 202, 308

[Arsigny 2005] Vincent Arsigny, Xavier Pennec and Nicholas Ayache. Polyrigid and
Polyaffine Transformations: a Novel Geometrical Tool to Deal with Non-Rigid De-
formations - Application to the registration of histological slices. Medical Image
Analysis, vol. 9, no. 6, pages 507–523, 2005. 122

[Arsigny 2006] Vincent Arsigny, Pierre Fillard, Xavier Pennec and Nicholas Ayache. Log-
Euclidean Metrics for Fast and Simple Calculus on Diffusion Tensors. Magnetic
Resonance in Medicine, vol. 56, no. 2, pages 411–421, 2006. 210

[Ashburner 1998] John Ashburner, Chloe Hutton, Richard Frackowiak, Ingrid John-
srude, Cathy Price and Karl Friston. Identifying global anatomical differences :
deformation-based morphometry. Human Brain Mapping, vol. 6, no. 5-6, pages 348–
357, 1998. 199

[Ashburner 1999] J. Ashburner, J. Andersson and K. Friston. High-dimensional Image
Registration using Symmetric Priors. NeuroImage, vol. 9, pages 619–628, 1999. 118

[Ashburner 2000] John Ashburner and Karl J. Friston. Voxel-Based Morphometry–The
Methods. NeuroImage, vol. 11, no. 6, pages 805 – 821, 2000. 165

[Ashburner 2001] John Ashburner and Karl J. Friston. Why Voxel-Based Morphometry
Should Be Used. NeuroImage, vol. 14, no. 6, pages 1238 – 1243, 2001. 165



318 Bibliography

[Ashburner 2003] J. Ashburner and K.J. Friston. Morphometry. In R.S.J. Frackowiak, K.J.
Friston, C. Frith, R. Dolan, K.J. Friston, C.J. Price, S. Zeki, J. Ashburner and W.D.
Penny, editors, Human Brain Function. Academic Press, 2nd édition, 2003. 199

[Ashburner 2007] J. Ashburner. A fast diffeomorphic image registration algorithm. Neu-
roImage, vol. 38(1), pages 95–113, 2007. 118

[Ashburner 2009] J. Ashburner and K.J. Friston. Computing average shaped tissue proba-
bility templates. NeuroImage, vol. 45(2), pages 333–341, 2009. 193

[Auzias 2008] Guillaume Auzias, Joan-Alexis Glaunès, Arnaud Cachia, Pascal Cathier, Eric
Bardinet, Olivier Colliot, J. F. Mangin, Alain Trouvé and Sylvain Baillet. Multi-
Scale Diffeomorphic Cortical Registration Under Manifold Sulcal Constraints. In
IEEE International Symposium on Biomedical Imaging (ISBI), Nano to Macro,
pages 1127–1130, 2008. 216

[Avants 2004] Brian Avants and James Gee. Geodesic estimation for large deformation
anatomical shape averaging and interpolation. NeuroImage, vol. 23, pages 139–150,
2004. 118, 164

[Avants 2006] Brian B. Avants, C. L. Epstein and James C. Gee. Geodesic Image Normal-
ization and Temporal Parameterization in the Space of Diffeomorphisms. In Medical
Imaging and Augmented Reality, volume 4091 of Lecture Notes in Computer Science,
pages 9–16. Springer, 2006. 199

[Batchelor 2006] P. G. Batchelor, F. Calamante, J.-D. Tournier, D. Atkinson, D. L. G. Hill
and A. Connelly. Quantification of the shape of fiber tracts. MRM, vol. 55, no. 4,
pages 894–903, 2006. 218

[Betke 2003] Margrit Betke, Harrison Hong, Deborah Thomas, Chekema Prince and Jane P
Ko. Landmark detection in the chest and registration of lung surfaces with an appli-
cation to nodule registration. Medical Image Analysis, vol. 7, no. 3, pages 265–281,
2003. 148

[Bhattacharya 2003] Rabi Bhattacharya and Vic Patrangenaru. Large sample of theory of
intrinsic and extrinsic sample means on manifolds. Annals of Statistics, vol. 31,
no. 1, pages 1–29, 2003. 208

[Blanchard 2008] Gilles Blanchard and Laurent Zwald. Finite Dimensional Projection for
Classification and Statistical Learning. IEEE transactions on information theory,
vol. 54, no. 9, pages 4169–4182, 2008. 195

[Bookstein 1991] Fred L. Bookstein. Morphological tools for landmark data; geometry and
biology. Cambridge University press, 1991. 147

[Cachier 2001] Pascal Cachier, Jean-Francois Mangin, Xavier Pennec, Denis Rivière, Dim-
itri Papadopoulos-Orfanos, Jean Régis and Nicholas Ayache. Multisubject Non-
rigid Registration of Brain MRI Using Intensity and Geometric Features. In W.J.
Niessen and M.A. Viergever, editors, 4th Int. Conf. on Medical Image Computing



Bibliography 319

and Computer-Assisted Intervention (MICCAI’01), volume 2208 of Lecture Notes in
Computer Science, pages 734–742, 2001. 200, 201

[Cao 2005] Yan Cao, Michael I Miller, Raimond L. Winslow and Laurent Younes. Large
Deformation Diffeomorphic Metric Mapping of Vector Fields. IEEE Transactions
on Medical Imaging, vol. 24, no. 9, 2005. 218

[Cartan 1970] Henri Cartan. Les travaux de Georges de Rham sur les variétés différen-
tiables. Essays on Topology and Related Topics, pages 1–70, 1970. 20

[Castillo 2009] Richard Castillo, Edward Castillo, Rudy Guerra, Valen E Johnson, Travis
McPhail, Amit K Garg and Thomas Guerrero. A framework for evaluation of de-
formable image registration spatial accuracy using large landmark point sets. Physics
in Medicine and Biology, vol. 54, no. 7, pages 1849–1870, 2009. 2, 150

[Cathier 2006] P. Cathier and J.-F. Mangin. Registration of cortical connectivity matri-
ces. In IEEE Computer Society Workshop on Mathematical Methods in Biomedical
Image Analysis (MMBIA), 2006. 216

[Chandrashekara 2003] R. Chandrashekara, A. Rao, G.Ivar Sanchez-Ortiz, R. H. Mohi-
addin and D. Rueckert. Construction of a Statistical Model for Cardiac Motion
Analysis Using Nonrigid Image Registration. In Information Processing in Medi-
cal Imaging, volume 2732 of Lecture Notes in Computer Science, pages 599–610.
Springer, 2003. 248, 255

[Charpiat 2005] Guillaume Charpiat, Olivier D. Faugeras and Renaud Keriven. Approxi-
mations of Shape Metrics and Application to Shape Warping and Empirical Shape
Statistics. Foundations of Computational Mathematics, vol. 5, no. 1, pages 1–58,
2005. 11

[Christensen 1996] G. Christensen, R. Rabbit and M. Miller. Deformable Templates Using
Large Deformation Kinematics. IEEE Transactions on Image Processing, vol. 5,
no. 10, pages 1435–1447, 1996. 118

[Chui 2003] Haili Chui and Anand Rangarajan. A new point matching algorithm for non-
rigid registration. Computer Vision and Image Understanding, vol. 89, no. 2-3, pages
114–141, 2003. 11, 199, 201

[Chui 2004] H. Chui, A. Rangarajan, J. Zhang and C.M. Leonard. Unsupervised learning of
an Atlas from unlabeled point-sets. IEEE Trans. on Pattern Analysis and Machine
Intelligence, vol. 26, no. 2, pages 160–172, 2004. 164

[Cohen-Steiner 2003a] David Cohen-Steiner and Jean-Marie Morvan. Approximation of
Normal Cycles. Technical report 4723, INRIA, 2003. 21, 45

[Cohen-Steiner 2003b] David Cohen-Steiner and Jean-Marie Morvan. Approximation of the
Curvature Measures of a Smooth Surface endowed with a Mesh. Technical report
4867, INRIA, 2003. 21



320 Bibliography

[Cootes 1995] T.F. Cootes, C.J. Taylor, D.H. Cooper and J. Graham. Active shape models:
their training and application. Computer Vision and Image Understanding, vol. 61,
pages 38–59, 1995. 11, 165

[Cootes 2008] T.F. Cootes, C.J. Twining, K.O. Babalola and C.J. Taylor. Diffeomorphic
statistical shape models. Image and Vision Computing, vol. 26, no. 3, pages 326–333,
2008. 11

[Corouge 2006] Isabelle Corouge, P.Thomas Fletcher, Sarang Joshi, Sylvain Gouttard and
Guido Gerig. Fiber Tract-Oriented Statistics for Quantitative Diffusion Tensor MRI
Analysis. Medical Image Analysis, no. 10, pages 786–798, 2006. 218, 223

[Cotter 2008] Colin J. Cotter. The variational particle-mesh method for matching curves.
Journal of Physics A: Mathematical and Theoretical, vol. 41, no. 34, page 344003
(18pp), 2008. 57

[Cotter 2009] Colin J. Cotter and Darryl .D. Holm. Discrete momentum maps for lattice
EPDiff, pages 247–278. 2009. 57

[Craene 2009] Mathieu De Craene, Oscar Camara, Bart H. Bijnens and Alejandro F. Frangi.
Large Diffeomorphic FFD Registration for Motion and Strain Quantification from
3D-US Sequences. In Proc. of Functional Imaging and Modeling of the Heart, volume
5528, pages 437–446. LNCS, 2009. 247

[Cremers 2006] D. Cremers. Dynamical Statistical Shape Priors for Level Set-Based Track-
ing. Transactions on Pattern Analysis and Machine Intelligence (PAMI), vol. 28,
no. 8, pages 1262–1273, August 2006. 11

[Csernansky 1998] J.G. Csernansky, S. Joshi, L. Wang, J.W. Haller, M. Gado, J.P. Miller,
U. Grenander and M.I. Miller. Hippocampal Morphometry in Schizophrenia by High
Dimensional Brain Mapping. In Proceedings of the National Academy of Science,
volume 95, pages 11406–11411, 1998. 165

[Davies 2002] R.H. Davies, C.J. Twining, R.F. Cootes, J.C. Waterton and C.J. Taylor. A
minimum description length approach to statistical shape modeling. IEEE Transac-
tions on Medical Imaging, vol. 21, no. 5, page 525, 2002. 165

[Davies 2008] Rhodri Davies, Carole Twining and Chris Taylor. Statistical models of shape,
optimisation and evaluation. Springer, 2008. 165

[Davis 1997] G.M. Davis, S. Mallat and M. Avellaneda. Greedy adaptive approximations.
Journal of Constructive Approximation, vol. 13, no. 1, pages 57–98, 1997. 90

[Davis 2007] B.C. Davis, P.T. Fletcher, E. Bullitt and S. Joshi. Population Shape Regression
From Random Design Data. In Proc. of ICCV, pages 1–7, Oct. 2007. 248

[de Waal 1995] Franz B. M. de Waal. Bonobo sex and society. Scientific American, vol. 272,
pages 82–88, 1995. 155



Bibliography 321

[Declerck 1998] J. Declerck, J. Feldman and N. Ayache. Definition of a 4D continuous
planispheric transformation for the tracking and the analysis of LV motion. Medical
Image Analysis, vol. 4, no. 1, pages 1–17, 1998. 249

[do Carmo 1994] Manfredo do Carmo. Differential forms and applications. Springer-Verlag,
1994. 297

[Donoho 2006] D. L. Donoho, I. Drori, Y. Tsaig and J. L. Starck. Sparse solution of un-
derdetermined linear equations by stagewise orthogonal matching pursuit. Technical
report, 2006. 89

[Duchesnay 2007] E. Duchesnay, A. Cachia, A. Roche, D. Rivière, Y. Cointepas,
D. Papadopoulos-Orfanos, M. Zilbovicius, J.-L. Martinot and J.-F. Mangin. Clas-
sification from cortical folding patterns. IEEE Transactions on Medical Imaging,
vol. 26, no. 4, pages 553–565, 2007. 200, 216

[Dupuis 1998] P Dupuis, U Grenander and M Miller. Variational problems on flows of
diffeomorphisms for image matching. Quaterly of Applied Mathematics, vol. 56,
no. 3, pages 587–600, 1998. 118, 121, 123, 199

[Durrleman 2007] Stanley Durrleman, Xavier Pennec, Alain Trouvé and Nicholas Ayache.
Measuring Brain Variability via Sulcal Lines Registration: a Diffeomorphic Ap-
proach. In Nicholas Ayache, Sébastien Ourselin and Anthony Maeder, editors, Proc.
Medical Image Computing and Computer Assisted Intervention (MICCAI), volume
4791 of Lecture Notes in Computer Science, pages 675–682. Springer, 2007. 106,
199, 200, 293

[Durrleman 2008a] Stanley Durrleman, Xavier Pennec, Alain Trouvé and Nicholas Ayache.
A Forward Model to Build Unbiased Atlases from Curves and Surfaces. In X. Pennec
and S. Joshi, editors, Proc. of the International Workshop on the Mathematical
Foundations of Computational Anatomy (MFCA-2008), September 2008. 163, 219,
222, 234, 235, 294

[Durrleman 2008b] Stanley Durrleman, Xavier Pennec, Alain Trouvé and Nicholas Ayache.
Sparse Approximation of Currents for Statistics on Curves and Surfaces. In Dimitris
Metaxas, Leon Axel, Gábor Székely and Gabor Fichtinger, editors, Proc. Medical
Image Computing and Computer Assisted Intervention (MICCAI), Part II, volume
5242 of LNCS, pages 390–398. Springer, 2008. 87, 199, 201, 219, 222, 223, 227, 293

[Durrleman 2008c] Stanley Durrleman, Xavier Pennec, Alain Trouvé, Paul Thompson and
Nicholas Ayache. Inferring brain variability from diffeomorphic deformations of
currents: an integrative approach. Medical Image Analysis, vol. 12/5, no. 12, pages
626–637, 2008. 147, 197, 218, 293, 294

[Durrleman 2009a] Stanley Durrleman, Pierre Fillard, Xavier Pennec, Alain Trouvé and
Nicholas Ayache. A Statistical Model of White Matter Fiber Bundles based on Cur-
rents. In Jerry L. Prince, Dzung L. Pham and Kyle J. Myers, editors, Proc. of
Information Processing in Medical Imaging (IPMI), LNCS. Springer, 2009. 217, 293



322 Bibliography

[Durrleman 2009b] Stanley Durrleman, Xavier Pennec, Guido Gerig, Alain Trouvé and
Nicholas Ayache. Spatiotemporal Atlas Estimation for Developmental Delay Detec-
tion in Longitudinal Datasets. Research Report RR-6952, INRIA, 2009. 117, 245

[Durrleman 2009c] Stanley Durrleman, Xavier Pennec, Alain Trouvé and Nicholas Ayache.
Statistical models of sets of curves and surfaces based on currents. Medical Image
Analysis, vol. 13, no. 5, pages 793–808, 2009. 87, 163, 218, 219, 222, 227, 293

[Durrleman 2009d] Stanley Durrleman, Xavier Pennec, Alain Trouvé, Guido Gerig and
Nicholas Ayache. Spatiotemporal Atlas Estimation for Developmental Delay De-
tection in Longitudinal Datasets. In Guang-Zhong Yang, David Hawkes, Daniel
Rueckert, Alison Noble and Chris Taylor, editors, Medical Image Computing and
Computer-Assisted Intervention – MICCAI 2009, volume 5761 of Lecture Notes in
Computer Science, pages 297–304. Springer, 2009. 117, 245, 293

[Ehrhardt 2008] J. Ehrhardt, R. Werner, A. Schmidt-Richberg, B. Schulz and H. Handels.
Generation of a Mean Motion Model of the Lung Using 4D-CT Image Data. In
Proc. of Eurographics Workshop on Visual Computing for Biomedicine, pages 69–
76. Eurographics Association, 2008. 248, 253, 255

[El Kouby 2005] V. El Kouby, Y. Cointepas, C. Poupon, D. Rivière, N. Golestani, C. Pal-
lier, J.-B. Poline, D. Le Bihan and J.-F. Mangin. MR Diffusion-Based Inference of
a Fiber Bundle Model from a Population of Subjects. In MICCAI, volume 3749 of
LNCS, pages 196–204. Springer-Verlag, 2005. 231

[Federer 1969] Herbert Federer. Geometric measure theory. Springer-Verlag, 1969. 21, 45

[Fillard 2007a] P. Fillard, X. Pennec, P.M. Thompson and N. Ayache. Evaluating Brain
Anatomical Correlations via Canonical Correlation Analysis of Sulcal Lines. In
Proc. of MICCAI’07 Workshop on Statistical Registration: Pair-wise and Group-
wise Alignment and Atlas Formation, Brisbane, Australia, 2007. 216

[Fillard 2007b] Pierre Fillard, Vincent Arsigny, Xavier Pennec and Nicholas Ayache. Clini-
cal DT-MRI Estimation, Smoothing and Fiber Tracking with Log-Euclidean Metrics.
IEEE Trans. on Medical Imaging, vol. 26, no. 11, pages 1472–1482, 2007. 1, 223

[Fillard 2007c] Pierre Fillard, Vincent Arsigny, Xavier Pennec, Kiralee M. Hayashi, Paul
M. Thompson and Nicholas Ayache. Measuring Brain Variability by Extrapolating
Sparse Tensor Fields Measured on Sulcal Lines. NeuroImage, vol. 34, no. 2, pages
639–650, January 2007. 105, 199, 200, 203, 204, 206, 207, 208, 209, 210, 211, 218

[Fischl 2001] B. Fischl, A. Liu and A.M. Dale. Automated Manifold Surgery: Constructing
Geometrically Accurate and Topologically Correct Models of the Human Cerebral
Cortex. I.E.E.E. Transactions in Medical Imaging, vol. 20, no. 1, pages 70–80, 2001.
198

[Fischl 2004] B. Fischl, A. van der Kouwe, C. Destrieux, E. Halgren, F. Ségonne, D.H.
Salat, E. Busa, L.J. Seidman, J. Goldstein, D. Kennedy, V. Caviness, N. Makris,



Bibliography 323

B. Rosen and A.M. Dale. Automatically parcellating the human cerebral cortex.
Cerebral Cortex, vol. 14, no. 1, pages 11–22, 2004. 215

[Fletcher 2004] P.T. Fletcher, C. Lu, S.M. Pizer and S.C. Joshi. Principal Geodesic Analysis
for the Study of Nonlinear Statistics of Shape. Transactions on Medical Imaging,
vol. 23, no. 8, pages 995–1005, 2004. 11

[Frank 2002] J. Frank, G. Gottwald and S. Reich. A Hamiltonian particle-mesh method for
the rotating shallow-water equations. Lecture Notes in Computational Science and
Engineering, vol. 26, pages 131–142, 2002. 57

[Frank 2003] Jason Frank and Sebastian Reich. Conservation Properties of Smoothed Par-
ticle Hydrodynamics Applied to the Shallow Water Equation. BIT Numerical Math-
ematics, vol. 43, no. 1, 2003. 57

[Friedman 1981] J.H. Friedman and W. Stuetzle. Projection pursuit regression. Journal of
American Statistical Association, vol. 76, 1981. 89

[Gaser 1999] Christian Gaser, Hans-Peter Volz, Stefan Kiebel, Stefan Riehemann and Hein-
rich Sauer. Detecting Structural Changes in Whole Brain Based on Nonlinear Defor-
mations - Application to Schizophrenia Research. NeuroImage, vol. 10, no. 2, pages
107 – 113, 1999. 165

[Gerig 2006] G. Gerig, B. Davis, P. Lorenzen, Shun Xu, M. Jomier, J. Piven and S. Joshi.
Computational Anatomy to Assess Longitudinal Trajectory of Brain Growth. 3D
Data Processing, Visualization, and Transmission, Third International Symposium
on, pages 1041–1047, 2006. 249, 253, 255

[Geva 2006] T. Geva. Indications and timing of pulmonary valve replacement after tetralogy
of Fallot repair. In Seminars in Thoracic and Cardiovascular Surgery: Pediatric
Cardiac Surgery Annual, volume 9, pages 11–22. Elsevier, 2006. 234, 240

[Glasbey 2001] C. A. Glasbey and K. V. Mardia. A penalised likelihood approach to image
warping. Journal of the Royal Statistical Society, Series B, vol. 63, pages 465–492,
2001. 169

[Glaunès 2005] J. Glaunès. Transport par difféomorphismes de points, de mesures et de
courants pour la comparaison de formes et l’anatomie numérique. PhD thesis, Uni-
versité Paris 13, http://cis.jhu.edu/ joan/TheseGlaunes.pdf, September 2005. 11,
13, 16, 21, 32, 56, 84, 85, 86, 117, 124, 125, 126, 127, 129, 131, 134, 144, 177, 192,
201, 202, 204, 287, 313

[Glaunès 2006] Joan Glaunès and Sarang Joshi. Template estimation from unlabeled point
set data and surfaces for Computational Anatomy. In X. Pennec and S. Joshi,
editors, Proc. of the International Workshop on the Mathematical Foundations of
Computational Anatomy (MFCA-2006), 2006. 169, 199, 203

[Glaunès 2008] Joan Glaunès, Anqi Qiu, M.I. Miller and Laurent Younes. Large Defor-
mation Diffeomorphic Metric Curve Mapping. International Journal of Computer



324 Bibliography

Vision, vol. 80, no. 3, pages 317–336, 2008. 13, 32, 84, 117, 119, 134, 138, 145, 147,
219

[Gogtay 2008] N. Gogtay, A. Lu, A.D. Leow, A.D. Klunder, A.D. Lee, A. Chavez, D. Green-
stein, J.N. Giedd, A.W. Toga, J.L. Rapoport and P.M. Thompson. 3D Growth Pat-
tern Abnormalities Visualized in Childhood-Onset Schizophrenia using Tensor-Based
Morphometry. Proceedings of the National Academy of Sciences, 2008. 248, 255

[Good 2001] Catriona D. Good, Ingrid Johnsrude, John Ashburner, Richard N. A. Henson,
Karl J. Friston and Richard S. J. Frackowiak. Cerebral Asymmetry and the Effects
of Sex and Handedness on Brain Structure: A Voxel-Based Morphometric Analysis
of 465 Normal Adult Human Brains. NeuroImage, vol. 14, no. 3, pages 685–700,
2001. 165

[Goodlett 2008] C.B. Goodlett, P.T. Fletcher, J.H. Gilmore and G. Gerig. Group statistics
of DTI fiber bundles using spatial functions of tensor measures. In Proc. of MICCAI,
volume 3750 of LNCS, pages 1068–75, 2008. 218

[Gorbunova 2008] Vladlena Gorbunova, Pechin Lo, Haseem Ashraf, Asger Dirksen, Mads
Nielsen and Marleen de Bruijne. Weight preserving image registration for monitoring
disease progression in lung CT. In Dimitris Metaxas, Leon Axel, Gábor Székely and
Gabor Fichtinger, editors, Proc. Medical Image Computing and Computer Assisted
Intervention (MICCAI), volume 5242 of Lecture Notes in Computer Science, pages
863–870, 2008. 151

[Gorbunova 2009] Vladlena Gorbunova, Stanley Durrleman, Pechin Lo, Xavier Pennec and
Marleen de Bruijne. Curve- and Surface-based Registration of Lung CT images via
Currents. In The Second International Workshop on Pulmonary Image Analysis,
2009. 117, 146, 294

[Gorczowski 2007] Kevin Gorczowski, Martin Styner, Ja-Yeon Jeong, J. S. Marron, Joseph
Piven, Heather Cody Hazlett, Stephen M. Pizer and Guido Gerig. Statistical Shape
Analysis of Multi-Object Complexes. In Computer Vision and Pattern Recognition
CVPR, pages 1–8. IEEE, 2007. 200

[Goualher 2000] G. Le Goualher, A.M. Argenti, M. Duyme, W.F.C. Baare, H.E. Hulshoff
Pol, C. Barillot and A.C. Evans. Statistical Sulcal Shape Comparisons: Application
to the Detection of Genetic Encoding of the Central Sulcus Shape. NeuroImage,
vol. 11, no. 5, pages 564–574, 2000. 215

[Granger 2002] Sébastien Granger and Xavier Pennec. Multi-scale EM-ICP: A Fast and
Robust Approach for Surface Registration. In A. Heyden, G. Sparr, M. Nielsen
and P. Johansen, editors, European Conference on Computer Vision (ECCV 2002),
volume 2353 of Lecture Notes in Computer Science, pages 418–432. Springer, 2002.
201

[Greengard 1991] L. Greengard and J. Strain. The fast Gauss transform. SIAM Journal
on Scientific and Statistical Computing, vol. 12, no. 1, pages 79–94, 1991. 84



Bibliography 325

[Grenander 1994] U. Grenander. General pattern theory: a mathematical theory of regular
structures. Oxford University Press, 1994. 8, 12, 165, 203

[Grenander 1998] U Grenander and I Miller M. Computational Anatomy: An Emerging
Discipline. Quarterly of Applied Mathematics, vol. LVI, no. 4, pages 617–694, 1998.
118, 199, 203

[Guéziec 1994] A. Guéziec and N. Ayache. Smoothing and Matching of 3-D Space Curves.
The International Journal of Computer Vision, vol. 12, no. 1, pages 79–104, 1994.
215

[Guimond 2000] A. Guimond, J. Meunier and J.-P. Thirion. Average Brain Models: A
Convergence Study. Computer Vision and Image Understanding, vol. 77, no. 2,
pages 192–210, 2000. 234

[Habas 2009] Piotr A. Habas, Kio Kim, François Rousseau, Orit A. Glenn, A. James
Barkovich and Colin Studholme. A Spatio-temporal atlas of the human fetal brain
with application to tissue segmentation. In Proc. of Medical Image Computing and
Computer-Assisted Intervention (MICCAI), volume 5761 of LNCS, pages 289–296.
Springer, 2009. 253, 255

[Hall 2005] Peter Hall, J. S. Marron and Amnon Neeman. Geometric representation of high
dimension, low sample size data. Journal Of The Royal Statistical Society Series B,
vol. 67, no. 3, pages 427–444, 2005. 195

[Hamant 2008] Olivier Hamant, Marcus G. Heisler, Henrik JÃ¶nsson, Pawel Krupinski,
Magalie Uyttewaal, Plamen Bokov, Francis Corson, Patrik Sahlin, Arezki Boudaoud,
Elliot M. Meyerowitz, Yves Couder and Jan Traas. Developmental Patterning by
Mechanical Signals in Arabidopsis. Science, vol. 322, no. 5908, pages 1650–1655,
2008. 5

[Hamilton 2007] L.S. Hamilton, K.L. Narr, E. Luders, P.R. Szeszko, P.M. Thompson, R.M.
Bilder and A.W. Toga. Asymmetries of cortical thickness: Effects of handedness,
sex, and schizophrenia. NeuroReport, vol. 18, no. 14, pages 1427–1431, 2007. 209

[Hazlett 2005] H.C. Hazlett, M. Poe, G. Gerig, R.G. Smith, J. Provenzale, A. Ross, J.H.
Gilmore and J. Piven. Magnetic resonance imaging and head circumference study of
brain size in autism. The Archives of General Psychiatry, vol. 62, pages 1366–1376,
2005. 1, 105, 198, 272

[Hellier 2003] P. Hellier and C. Barillot. Coupling dense and landmark-based approaches
for non rigid registration. I.E.E.E. Transactions on Medical Imaging, vol. 22, no. 2,
pages 217–227, 2003. 200

[Hiriart-Urruty 1996] Jean-Baptiste Hiriart-Urruty and Claude Lemarechal. Convex anal-
ysis and minimization algorithms, part i. Springer, 1996. Second edition. 277

[Hodgkin 1952] A.L. Hodgkin and A.F. Huxley. A quantitative description of membrane
current and its application to conduction and excitation in nerve. The journal of
physiology, vol. 117, no. 4, pages 500–544, 1952. 7



326 Bibliography

[Huber 1985] P.J. Huber. Projection pursuit. The Annals of Statistics, vol. 13, pages 435–
525, 1985. 89

[Hufnagel 2008] H. Hufnagel, X. Pennec, J. Ehrhardt, N. Ayache and H. Handels. Gen-
eration of a Statistical Shape Model with Probabilistic Point Correspondences and
EM-ICP. International Journal for Computer Assisted Radiology and Surgery (IJ-
CARS), vol. 2, no. 5, pages 265–273, 2008. 11, 170

[Hunter 2003] Peter J. Hunter and T. Borg. Integration from Proteins to Organs: The
Physiome Project. vol. 4, no. 3, pages 237–243, 2003. 7

[iso2mesh ] iso2mesh. A Matlab/Octave-based mesh generator. http://iso2mesh.sf.net. 148,
150

[Jian 2005] B. Jian and BC Vemuri. A robust algorithm for point set registration using
mixture of Gaussians. In Proc. ICCV 2005, volume 2, pages 1246–1251, 2005. 237

[Johnson 2002] H. J. Johnson and G. E. Christensen. Consistent Landmark and Intensity-
Based Image Registration. IEEE Transactions on Medical Imaging, vol. 21, pages
450–461, 2002. 147

[Jones 1987] Lee. K. Jones. On a conjecture of Huber concerning the convergence of pro-
jection pursuit regression. The Annals of Statistics, vol. 15, no. 2, pages 880–882,
1987. 89

[Joshi 2000] Sarang Joshi and Michael Miller. Landmark Matching via Large Deformation
Diffeomorphisms. IEEE Transaction on Image Processing, vol. 9, no. 8, pages 1357–
1370, 2000. 123, 147, 201

[Joshi 2004] Sarang Joshi, Brad Davis, Matthieu Jomier and Guido Gerig. Unbiased diffeo-
morphic atlas construction for computational anatomy. NeuroImage, vol. 23, pages
151–160, 2004. 164, 234

[Joshi 2007] Shantanu H. Joshi, Eric Klassen, Anuj Srivastava and Ian Jermyn. A Novel
Representation for Riemannian Analysis of Elastic Curves in Rn. In Computer
Vision and Pattern Recognition (CVPR). IEEE Computer Society, 2007. 11

[Kano 1992] T. Kano. The last ape: Pygmy chimpanzee behavior and ecology. Stanford
University Press, 1992. 155

[Kendall 1989] David D. Kendall. A Survey of the Statistical Theory of Shapes. Statistical
Science, vol. 4, no. 2, pages 87–89, 1989. 12, 165

[Khan 2008] A.R. Khan and M.F. Beg. Representation of time-varying shapes in the large
deformation diffeomorphic framework. pages 1521–1524, May 2008. 248

[Kinzey 1984] W. G. Kinzey. The dentition of the pygmy chimpanzee, pan paniscus, pages
65–88. Plenum (New York), 1984. 155

[Kuroda 1989] S. Kuroda. Developmental retardation and behavioural characteristics of
pygmy chimpanzees, pages 184–193. Harvard University Press, 1989. 155



Bibliography 327

[Lang 1962] Serge Lang. Introduction to differential manifolds. Interscience, 1962. 297

[Leow 2005] A. Leow, C.L. Yu, S.J. Lee, S.C. Huang, R. Nicolson, K.M. Hayashi, H. Protas,
A.W. Toga and P.M. Thompson. Brain Structural Mapping using a Novel Hybrid
Implicit/Explicit Framework based on the Level-Set Method. NeuroImage, vol. 24,
no. 3, pages 910–927, 2005. 215

[Leventon 2000] M. Leventon, O. Faugeras, E. Grimson and W. Wells. Level Set Based
Segmentation with Intensity and Curvature Priors. In Mathematical Methods in
Biomedical Image Analysis, MMBIA 2000, 06 2000. 11

[Leventon 2003] M. Leventon, E. Grimson, O. Faugeras, S. Wells and R. Kikinis.
Knowledge-based segmentation of medical images. Geometric Level Set Methods
in Imaging, Vision, and Graphics, 2003. 11

[Levine 2000] H.A. Levine, B.D. Sleeman and M. Nilsen-Hamilton. A mathematical model
for the roles of pericytes and macrophages in angiogenesis. I. the role of protease
inhibitors in preventing angiogenesis. Mathematical Bioscience, vol. 168, 2000. 7

[Li 2008] Pan Li, Urban Malsch and Rolf Bendl. Combination of intensity-based image reg-
istration with 3D simulation in radiation therapy. Physics in Medicine and Biology,
vol. 53, pages 4621–4637, 2008. 148

[Lo 2008] Pechin Lo, J Sporring, H Ashraf, J.J.H Pedersen and M de Bruijne. Vessel-guided
airway segmentation based on voxel classification. In First International Workshop
on Pulmonary Image Analysis, 2008. 148, 150

[Luders 2004] E. Luders, K.L. Narr, P.M. Thompson, D.E. Rex, L. Jancke and A.W. Toga.
Gender Differences in Cortical Complexity. Nature Neuroscience, vol. 7, no. 8, pages
799–800, 2004. 209

[Ma 2008] Jun Ma, Michael I. Miller, Alain Trouvé and Laurent Younes. Bayesian template
estimation in computational anatomy. NeuroImage, vol. 42, no. 1, pages 252 – 261,
2008. 168, 291

[Maddah 2007] M. Maddah, W. M. Wells, S. K. Warfield, C.-F. Westin and W. E. L.
Grimson. Probabilistic Clustering and Quantitative Analysis of White Matter Fiber
Tracts. In Proc. of IPMI’07, volume 4584 of LNCS, pages 372–383, 2007. 231

[Mallat 1993] S. Mallat and Z. Zhang. Matching Pursuits with time-frequency dictionaries.
IEEE Transactions on Signal Processing, vol. 41, no. 12, pages 3397–3415, 1993. 89

[Mangin 2004a] J.-F. Mangin, D. Rivière, A. Cachia, E. Duchesnay, Y. Cointepas,
D. Papadopoulos-Orfanos, D. L. Collins, A. C. Evans and J. Régis. Object-based
morphometry of the cerebral cortex. IEEE Transactions on Medical Imaging, vol. 23,
no. 8, pages 968–982, 2004. 198, 200, 216



328 Bibliography

[Mangin 2004b] J.-F. Mangin, D. Rivière, A. Cachia, E. Duchesnay, Y. Cointepas,
D. Papadopoulos-Orfanos, P. Scifo, T. Ochiai, F. Brunelle and J. Régis. A frame-
work to study the cortical folding patterns. NeuroImage, vol. 23, no. Supplement 1,
pages 129–138, 2004. Mathematics in Brain Imaging. 10

[Mansi 2009] Tommaso Mansi, Stanley Durrleman, Boris Bernhardt, Maxime Sermesant,
Hervé Delingette, Ingmar Voigt, Philipp Lurz, Andrew M Taylor, Julie Blanc,
Younes Boudjemline, Xavier Pennec and Nicholas Ayache. A Statistical Model of
Right Ventricle in Tetralogy of Fallot for Prediction of Remodelling and Therapy
Planning. In Proc. Medical Image Computing and Computer Assisted Intervention
(MICCAI’09), Lecture Notes in Computer Science. Springer, 2009. In press. 233,
293

[Marron 2007] Steve Marron, Michael J. Todd and A.H.N. Jeongyoun. Distance-Weighted
Discrimination. Journal of the American Statistical Association, vol. 102, no. 480,
pages 1267–1271, 2007. 195

[Marsland 2004a] Stephen Marsland and Carole Twining. Constructing Diffeomorphic Rep-
resentations for the Groupwise Analysis of Non-Rigid Registrations of Medical Im-
ages. IEEE Transactions on Medical Imaging, vol. 23, no. 8, pages 1006–1020, 2004.
164, 203

[Marsland 2004b] Stephen Marsland and Carole Twining. Constructing Diffeomorphic Rep-
resentations for the Groupwise Analysis of Non-Rigid Registrations of Medical Im-
ages. Transactions on Medical Imaging, vol. 23, no. 8, pages 1006–1020, 2004. 165

[Marsland 2008] Stephen Marsland, Carole Twining and Chris Taylor. A Minimum De-
scription Length Objective Function for Groupwise Non-Rigid Image Registration.
Image and Vision Computing, vol. 26, no. 3, pages 333–346, 2008. 11

[Mayneord 1932] W.V. Mayneord. On a low of growth of Jensen’s rat sarcoma. American
Journal of Cancer, vol. 16, 1932. 7

[Meijering 2002] Erik Meijering. A Chronology of Interpolation: From Ancient Astronomy
to Modern Signal and Image Processing. In Proceedings of the IEEE, pages 319–342,
2002. 79

[Meyer 2001] Yves Meyer. Oscillating patterns in image processing and nonlinear evolution
equations, volume 22 of University Lecture Series. American Mathematical Society,
Providence, RI, 2001. The fifteenth Dean Jacqueline B. Lewis memorial lectures.
166

[Michor 2006] Peter W. Michor and David Mumford. Riemannian geometries on spaces of
plane curves. J.EUR.MATH.SOC, vol. 8, pages 1–48, 2006. 11

[Michor 2007] Peter W. Michor and David Mumford. An overview of the Riemannian
metrics on spaces of curves using the Hamiltonian approach. Applied and Compu-
tational Harmonic Analysis, vol. 23, no. 1, pages 74 – 113, 2007. Special Issue on
Mathematical Imaging. 11, 127



Bibliography 329

[Miller 2002] I Miller M, A Trouvé and L Younes. On the Metrics and Euler-Lagrange
Equations of Computational Anatomy. Annual Review of Biomedical Engineering,
vol. 4, pages 375–405, 2002. 123, 199, 203, 204, 207, 221

[Miller 2006] M. Miller, A. Trouvé and L. Younes. Geodesic Shooting for Computational
Anatomy. Journal of Mathematical Imaging and Vision, vol. 24, no. 2, pages 209–
228, 2006. 123, 127, 131, 199, 203, 207

[Mio 2007] Washington Mio, Anuj Srivastava and Shantanu H. Joshi. On Shape of Plane
Elastic Curves. International Journal of Computer Vision, vol. 73, no. 3, pages
307–324, 2007. 11

[Morgan 1987] Frank Morgan. Geometric measure theory. Acad. Press, 1987. 21

[Mulder 2008] Bela Mulder. Developmental Biology: on Growth and Force. Science,
vol. 322, no. 5908, pages 1643–1644, 2008. 5

[Mumford 2002] David Mumford. Pattern theory: the mathematics of perception. In Pro-
ceedings of the International Congress of Mathematicians (Beijing), volume 1, pages
401–422. Higher Ed. Press, 2002. 118, 127

[Mumford 2006] David Mumford. Empirical Statistics and Stochastic Models for Visual
Signals. In New Directions in Statistical Signal Processing: From Systems to Brain.
MIT Press, 2006. 8

[Mumford 2007] David Mumford. What’s an Infinite Dimensional Man-
ifold and How Can it Be Useful in Hospitals ? Talk at
the department of mathematics, University of Coimbra, 2007.
http://www.dam.brown.edu/people/mumford/Papers/Talks/CoimbraB.pdf. 118

[Narr 2007] K.L. Narr, R.M. Bilder, E. Luders, P.M. Thompson, R.P. Woods, D. Robinson,
P. Szeszko, T. Dimtcheva, M. Gurbani and A.W. Toga. Asymmetries of Cortical
Shape: Effects of Handedness, Sex and Schizophrenia. NeuroImage, vol. 34, no. 3,
pages 939–948, 2007. 165, 209

[Needell 2008] D. Needell and J. A. Tropp. CoSaMP: Iterative signal recovery from incom-
plete and inaccurate samples. Apr 2008. 89

[Nocedal 2000] Nocedal and Wright. Numerical optimization. Springer-Verlag, 2000. 141

[Oller 1995] J. Oller and J. Corcuera. Intrinsic analysis of statistical estimation. Annals of
Statistics, vol. 23, no. 5, pages 1562–1581, 1995. 208

[Pardo 2004] X. M. Pardo, V. Leboran and R. Dosil. Integrating prior shape models into
level-set approaches. Pattern Recognition Letters, vol. 25, no. 6, pages 631 – 639,
2004. 11

[Pati 1993] Y.C. Pati, R. Rezaifar and P.S. Krishnaprasad. Orthogonal matching pursuit:
recursive function approximation with applications to wavelet decomposition. In
Conf. Record of the 27th Asilomar Conference on Signals, Systems and Comput-
ers, volume 1, pages 40–44, November 1993. 89



330 Bibliography

[Paus 2001] T. Paus, D.L. Collins, A.C. Evans, G. Leonard, B. Pike and A. Zijdenbos.
Maturation of white matter in the human brain: A review of magnetic resonance
studies. Brain Research Bulletin, vol. 54, no. 3, pages 255–266, 2001. 199

[Pennec 1999] Xavier Pennec. Probabilities and Statistics on Riemannian Manifolds: Basic
Tools for Geometric Measurements. In A.E. Cetin, L. Akarun, A. Ertuzun, M.N.
Gurcan and Y. Yardimci, editors, Proc. of Nonlinear Signal and Image Processing
(NSIP’99), volume 1, pages 194–198. IEEE-EURASIP, 1999. 208

[Pennec 2006a] Xavier Pennec. Intrinsic Statistics on Riemannian Manifolds: Basic Tools
for Geometric Measurements. Journal of Mathematical Imaging and Vision, vol. 25,
no. 1, pages 127–154, July 2006. 113, 118, 131

[Pennec 2006b] Xavier Pennec, Pierre Fillard and Nicholas Ayache. A Riemannian Frame-
work for Tensor Computing. International Journal of Computer Vision, vol. 66,
no. 1, pages 41–66, 2006. 207, 210

[Perperidis 2005] Dimitrios Perperidis, Raad H. Mohiaddin and Daniel Rueckert. Spatio-
temporal free-form registration of cardiac MRI sequences. Medical Image Analysis,
vol. 9, no. 5, pages 441 – 456, 2005. 249, 253, 255

[Peyrat 2008] Jean-Marc Peyrat, Hervé Delingette, Maxime Sermesant, Xavier Pennec,
Chenyang Xu and Nicholas Ayache. Registration of 4D Time-Series of Cardiac
Images with Multichannel Diffeomorphic Demons. In Dimitris Metaxas, Leon Axel,
Gabor Fichtinger and Gábor Székely, editors, Proc. Medical Image Computing and
Computer Assisted Intervention (MICCAI’08), volume 5242 of Lecture Notes in
Computer Science, pages 972–979, New York, USA, September 2008. Springer-
Verlag. 248, 250, 252

[Pizer 2003] S.M. Pizer, P.T. Fletcher, S.C. Joshi, A. Thall, J.Z. Chen, Y. Fridman, D.S.
Fritsch, A.G. Gash, J.M. Glotzer, M.R. Jiroutek, C.L. Lu, K.E. Muller, G. Tracton,
P.A. Yushkevich and E.L. Chaney. Deformable M-Reps for 3D Medical Image Seg-
mentation. International Journal of Computer Vision, vol. 55, no. 2-3, pages 85–106,
2003. 11

[Qiu 2008] A. Qiu, L. Younes, M. Miller and J.G. Csernansky. Parallel transport in diffeo-
morphisms distinguishes the time-dependent pattern of hippocampal surface defor-
mation due to healthy aging and the dementia of the Alzheimer’s type. NeuroImage,
vol. 40, pages 68–76, 2008. 248

[Qiu 2009] Anqi Qiu, Marilyn Albert, Laurent Younes and Michael I. Miller. Time se-
quence diffeomorphic metric mapping and parallel transport track time-dependent
shape changes. NeuroImage, vol. 45, no. 1, Supplement 1, pages S51 – S60, 2009.
248, 253, 255

[Regis 2005] J. Regis, J.-F. Mangin, T. Ochiai, V. Frouin, D. Riviere, A. Cachia, M. Tamura
and Y. Samson. “Sulcal Root” Generic Model: a Hypothesis to Overcome the Vari-
ability of the Human Cortex Folding Patterns. Neurol. Med. Chir., vol. 45, no. 1,
pages 1–17, 2005. 7, 10



Bibliography 331

[Rivière 2002] D. Rivière, J.-F. Mangin, D. Papadopoulos-Orfanos, J.-M. Martinez,
V. Frouin and J. Régis. Automatic recognition of cortical sulci of the human brain
using a congregation of neural networks. Medical Image Analysis, vol. 6, no. 2, pages
77–92, 2002. 216

[Rohr 2001] K. Rohr, H. S. Stiehl, R. Sprengel, T. M. Buzug, J. Weese and M. H. Kuhn.
Landmark-based elastic registration using approximating thin-plate splines. IEEE
Transactions on Medical Imaging, vol. 20, no. 6, pages 526–534, 2001. 147

[Rueckert 1999] D. Rueckert, L.I. Sonoda, C. Hayes, D.L.G. Hill, M.O. Leach and D.J.
Hawkes. Nonrigid registration using free-form deformations: application to breast
MR Images. IEEE Transactions on Medical Imaging, vol. 18, no. 8, pages 712–721,
1999. 118

[Sabuncu 2008] M.R. Sabuncu, S.K. Balci and P. Golland. Discovering Modes of an Im-
age Population through Mixture Modeling. In Proc. of International Conference on
Medical Image Computing and Computer Assisted Intervention (MICCAI), LNCS
5342, pages 381–389. Springer, 2008. 169, 193

[Sabuncu 2009] M.R. Sabuncu, B.T.T. Yeo, K. Van Leemput, T. Vercauteren and P. Gol-
land. Asymmetric Image-Template Registration. In Proc. of International Confer-
ence on Medical Image Computing and Computer Assisted Intervention (MICCAI),
LNCS 5761, pages 565–573. Springer, 2009. 169

[Saitoh 1988] S. Saitoh. Theory of reproducing kernels and its applications, volume 189 of
Pitman Research Notes in Mathematics Series. Wiley, 1988. 202, 220, 308

[Schoenberg 1938] I.J. Schoenberg. Metric spaces and completely monotone functions. An-
nals of Math. (2), vol. 39, no. 4, pages 811–841, 1938. 144

[Schwartz 1964] Laurent Schwartz. Sous espaces hilbertiens d’espaces vectoriels topologiques
et noyaux associés (noyaux reproduisants). J. Analyse Math., vol. 13, pages 115–256,
1964. 308

[Schwartz 1966] Laurent Schwartz. Théorie des Distributions. Publications de l’Institut de
Mathématiques de l’université de Strasbourg, Hermann, 1966. 20, 32, 44

[Shea 1989] B.T. Shea. Heterochrony in human evolution: The case for neoteny reconsid-
ered. Yearb. Phys. Anthropol., vol. 32, pages 69–101, 1989. 155

[Sheehan 2008] F.H. Sheehan, S. Ge, G.W. Vick III, K. Urnes, W.S. Kerwin, E.L. Bolson,
T. Chung, J.P. Kovalchin, D.J. Sahn, M. Jerosch-Heroldet al. Three-Dimensional
Shape Analysis of Right Ventricular Remodeling in Repaired Tetralogy of Fallot. The
American Journal of Cardiology, vol. 101, no. 1, page 107, 2008. 234, 240

[Shen 2002] Dinggang Shen and Christos Davatzikos. HAMMER: Heirarchical Attribute
Matching Mechanism for Elastic Registration. IEEE Transactions on Medical Imag-
ing, vol. 21, no. 11, pages 1421–1439, 2002. 118



332 Bibliography

[Shi 2007] Y.G. Shi, P.M. Thompson, I.D. Dinov, S.J. Osher and A.W. Toga. Direct Cortical
Mapping via Solving Partial Differential Equations on Implicit Surfaces. Medical
Image Analysis, vol. 11, no. 3, pages 207–223, 2007. 210

[Smith 2006] S.M. Smith, M. Jenkinson, H. Johansen-Berg, D. Rueckert, T.E. Nichols,
C.E. Mackay, K.E. Watkins, O. Ciccarelli, M.Z. Cader, P.M. Matthews and T.E.J.
Behrens. Tract-based spatial statistics: Voxelwise analysis of multi-subject diffusion
data. NeuroImage, vol. 31, pages 1487–1505, July 2006. 218

[Sternberg 1964] Shlomo Sternberg. Lectures on differential geometry. Prentice-Hall, Inc,
1964. 297

[Thévenaz 2000] Philippe Thévenaz, Thierry Blu and Michael Unser. Interpolation revis-
ited. IEEE Transactions on Medical Imaging, vol. 19, pages 739–758, 2000. 79

[Thompson 1917] D’Arcy W. Thompson. On Growth and Form. 1917. 5, 12, 165

[Thompson 1996a] P.M. Thompson, C. Schwartz, R.T. Lin, A.A. Khan and A.W. Toga.
3D Statistical Analysis of Sulcal Variability in the Human Brain. Journal of Neuro-
science, vol. 16, no. 13, pages 4261–4274, 1996. 104, 198

[Thompson 1996b] P.M. Thompson, C. Schwartz and A.W. Toga. High-Resolution Random
Mesh Algorithms for Creating a Probabilistic 3D Surface Atlas of the Human Brain.
NeuroImage, vol. 3, no. 1, pages 19–34, 1996. 210

[Thompson 1996c] P.M. Thompson and A.W. Toga. A Surface-based Technique for Warp-
ing 3-Dimensional Images of the Brain. I.E.E.E. Transations on Medical Imaging,
vol. 15, no. 4, pages 1–16, 1996. 200, 210

[Thompson 1998] P.M. Thompson, J. Moussai, A.A. Khan, S. Zohoori, A. Goldkorn, M.S.
Mega, G.W. Small, J.L. Cummings and A.W. Toga. Cortical Variability and Asym-
metry in Normal Aging and Alzheimer’s Disease. Cerebral Cortex, vol. 8, no. 6,
pages 492–509, 1998. 210, 214

[Thompson 2000] Paul M. Thompson, Jay N. Giedd, Roger P. Woods, David MacDonald,
Alan C. Evans and Arthur W. Toga. Growth Patterns in the Developing Human
Brain Detected By Using Continuum-Mechanical Tensor Maps. Nature, vol. 404,
no. 6774, 2000. 248

[Thompson 2002] P.M. Thompson, K.M. Hayashi, G. de Zubicaray, A.L. Janke, S.E. Rose,
J. Semple, D.M. Doddrell, T.D. Cannon and A.W. Toga. Detecting Dynamic and
Genetic Effects on Brain Structure using High-Dimensional Cortical Pattern Match-
ing. In Proc. International Symposium on Biomedical Imaging (ISBI), pages 473–
476, 2002. 210

[Thompson 2003] P.M. Thompson and A.W. Toga. Cortical Diseases and Cortical Local-
ization. Nature Encyclopedia of the Life Sciences, 2003. (Review Article). 216



Bibliography 333

[Thompson 2004] P.M. Thompson, K.M Hayashi, E.R. Sowell, N. Gogtay, J.N. Giedd, J.L.
Rapoport, G.I. de Zubicaray, A.L. Janke, S.E. Rose, J. Semple, D.M. Doddrell, Y.L.
Wang, T.G.M. van Erp, T.D. Cannon and A.W. Toga. Mapping Cortical Change in
Alzheimer’s Disease, Brain Development, and Schizophrenia. NeuroImage, vol. 23,
no. 1, pages 2–18, 2004. Special Issue on Mathematics in Brain Imaging. 165

[Toga 1999] Arthur W. Toga and Paul Thompson. Brain Warping. In in Brain Warping,
pages 1–26. Academic Press, 1999. 165

[Toga 2007] A.W. Toga and P.M. Thompson. What is Where and Why it is Important.
NeuroImage, 2007. Peer-Reviewed Invited Commentary on a paper by Devlin J,
Poldrack R “In Praise of Tedious Anatomy”, Feb. 9 2007. 216

[Tosun 2005] D. Tosun and J.L. Prince. Cortical Surface Alignment Using Geometry Driven
Multispectral Optical Flow. In Information Processing in Medical Imaging, volume
3565 of Lecture Notes in Computer Science, pages 480–492. Springer, 2005. 198

[Trouvé 1995] Alain Trouvé. An approach of pattern recognition through infinite dimen-
sional group actions. Technical report, 1995. 118, 121, 127

[Trouvé 1998] Alain Trouvé. Diffeomorphisms groups and pattern matching in image anal-
ysis. International Journal of Computer Vision, vol. 28, pages 213–221, 1998. 118,
123, 199

[Trouvé 2005a] Alain Trouvé and Laurent Younes. Local Geometry of Deformable Tem-
plates. SIAM Journal on Mathematical Analysis, vol. 37, no. 1, pages 17–59, 2005.
175

[Trouvé 2005b] Alain Trouvé and Laurent Younes. Metamorphoses through Lie group ac-
tion. Foundations of Computational Mathematics, vol. 5, no. 2, pages 173–198, 2005.
128, 170

[Twining 2005] Carole J. Twining, Tim Cootes, Stephen Marsland, Vladimir Petrovic adn
Roy Schestowitz and Chris J. Taylor. A Unified Information-Theoretic Approach to
Groupwise Non-Rigid Registration and Model Building. In Information Processing in
Medical Imaging (IPMI). Lecture Notes of Computer Vision, Springer-Verlag, 2005.
11

[Vaillant 1999] Marc Vaillant and Christos Davatzikos. Hierarchical Matching of Cortical
Features for Deformable Brain Image Registration. In Information Processing in
Medical Imaging, volume 1613 of Lecture Notes in Computer Science, pages 182–
195. Springer, 1999. 215

[Vaillant 2004] M. Vaillant, M.I. Miller, L. Younes and A. Trouvé. Statistics on diffeomor-
phisms via tangent space representations. NeuroImage, vol. 23, pages 161–169, 2004.
118, 119, 127, 131, 184, 207, 218

[Vaillant 2005] Marc Vaillant and Joan Glaunès. Surface Matching via Currents. In Pro-
ceedings of Information Processing in Medical Imaging, volume 3565 of Lecture Notes



334 Bibliography

in Computer Science, pages 381–392. Springer, 2005. 11, 13, 14, 21, 32, 106, 119,
134, 138, 145, 147, 199, 200, 201, 202, 204, 219, 221, 236

[Vaillant 2007] M. Vaillant, A. Qiu, J. Glaunès and M.I. Miller. Diffeomorphic Metric
Surface Mapping in Subregion of the Superior Temporal Gyrus. NeuroImage, vol. 34,
no. 3, pages 1149–1159, 2007. 198, 199

[Vercauteren 2007] Tom Vercauteren, Xavier Pennec, Ezio Malis, Aymeric Perchant and
Nicholas Ayache. Insight Into Efficient Image Registration Techniques and the
Demons Algorithm. In Proc. of IPMI’07, volume 4584 of LNCS, pages 495–506,
2007. 223

[Vercauteren 2009] Tom Vercauteren, Xavier Pennec, Aymeric Perchant and Nicholas Ay-
ache. Diffeomorphic Demons: Efficient Non-parametric Image Registration. Neu-
roImage, vol. 45, no. 1, Supp.1, pages S61–S72, March 2009. 118

[Vialard 2009] François-Xavier Vialard. Hamiltonian Approach to Shape Spaces in a Dif-
feomorphic Framework: From the Discontinuous Image Matching Problem to a
Stochastic Growth Model. PhD thesis, Ecole Normale Supérieure de Cachan,
http://tel.archives-ouvertes.fr/docs/00/40/03/79/PDF/ThesisFXV.pdf, May 2009.
127, 282, 285

[Vik 2008] Torbjorn Vik, Sven Kabus, Jens von Berg, Konstantin Ens, Sebastian Dries,
Tobias Klinder and Cristian Lorenz. Validation and Comparison of Registration
Methods for Free-Breathing 4D Lung-CT. In J. M. Reinhardt and J. P. W. Pluim,
editors, SPIE (Medical Imaging), volume 6914, 2008. 148

[Wang 2005] Y.L. Wang, M.C. Chiang and P.M. Thompson. Automated Surface Matching
using Mutual Information Applied to Riemann Surface Structures. In Medical Image
Computing and Computer Assisted Interventions (MICCAI), volume 3750 of Lecture
Notes in Computer Science, pages 666–674, 2005. 210

[Wang 2007] T Wang and A Basu. A note on ’a fully parallel 3D thinning algorithm and
its applications’. Pattern Recognition Letters, vol. 28, no. 4, pages 501–506, 2007.
148

[Wintgen 1982] P. Wintgen. Normal cycle and integral curvature for polyhedra in Rieman-
nian manifolds. Differential Geometry, 1982. 21

[Won 2005] Y.J. Won and J. Hey. Divergence population genetics of chimpanzees. Mol.
Biol. Evol., vol. 22, pages 297–307, 2005. 154

[Yang 2003] C. Yang, R. Duraiswami, N.A. Gumerov and L. Davis. Improved fast gauss
transform and efficient kernel density estimation. In Ninth IEEE International Con-
ference on Computer Vision, volume 1, pages 664–671, 2003. 84

[Yeo 2008a] B.T.T. Yeo, M.R. Sabuncu, R. Desikan, B. Fischl and P. Golland. Effects of
registration regularization and atlas sharpness on segmentation accuracy. Medical
Image Analysis, vol. 12(5), pages 603–615, 2008. 164



Bibliography 335

[Yeo 2008b] B.T.T. Yeo, T. Vercauteren, P. Fillard, X. Pennec, P. Golland, N. Ayache and
O. Clatz. DTI Registration with Exact Finite-Strain Differential. In ISBI’08, pages
700–703, 2008. 218, 223

[Yeo 2009a] B.T.T. Yeo, M.R. Sabuncu, T. Vercauteren, N. Ayache, B. Fischl and P. Gol-
land. Spherical Demons: Fast Diffeomorphic Landmark-Free Surface Registration.
IEEE Transactions on Medical Imaging, 2009. In Press. 118

[Yeo 2009b] B.T.T. Yeo, T. Vercauteren, P. Fillard, J-M. Peyrat, X. Pennec, P. Golland,
N. Ayache and O. Clatz. DT-REFinD: Diffusion Tensor Registration with Exact
Finite-Strain Differential. IEEE Transactions on Medical Imaging, 2009. In Press.
218

[Zeidler 1991] Eberhard Zeidler. Applied functional analysis: Application to mathematical
physics. Springer, 1991. 308

[Zhang 1994] Z. Zhang. Iterative Point Matching for Registration of Free-Form Curves and
Surfaces. International Journal of Computer Vision, vol. 13, no. 2, pages 119–152,
1994. 199

[Zhang 2006] H. Zhang, N. Walker, S.C. Mitchell, M. Thomas, A. Wahle, T. Scholz and
M. Sonka. Analysis of four-dimensional cardiac ventricular magnetic resonance
images using statistical models of ventricular shape and cardiac motion. In Proc.
SPIE 2006, volume 6143, page 614307, 2006. 234

[Zhang 2007] H Zhang, P A Yushkevich, D Rueckert, and J C Gee. Unbiased white matter
atlas construction using diffusion tensor images. In Proc. of MICCAI’07, volume
4792 of LNCS, pages 211–218, 2007. 218

[Zheng 2007] Yefeng Zheng, Adrian Barbu, Bogdan Georgescu, Michael Scheuering and
Dorin Comaniciu. Fast Automatic Heart Chamber Segmentation from 3D CT Data
Using Marginal Space Learning and Steerable Features. In Proc. ICCV 2007, pages
1–8, 2007. 237

[Ziyan 2007] Ulas Ziyan, Mert R. Sabuncu, Lauren J. O’Donnell and Carl-Fredrik Westin.
Nonlinear Registration of Diffusion MR Images Based on Fiber Bundles. In Pro-
ceedings of MICCAI’07, volume 4791 of LNCS, pages 351–358, 2007. 218

[Zollei 2005] Lilla Zollei, Erik Learned-Miller, Eric Grimson and William Wells. Efficient
Population Registration of Data. In Computer Vision for Biomedical Image Applica-
tions, volume 3765 of Lecture Notes in Computer Science, pages 291–301. Springer,
2005. 164


