Asymmetric Tensor Field Visualization for Surfaces
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Fig. 1. Visualization of the ground deformation associated with a simulation of the June, 1992 Mw=7.3 Landers, CA earthquake. (a)
new hybrid visualization of the displacement-gradient tensor ®eld @ = 0:022 b = 0:8, iter = 800, m, = 10), (b) previous visualization
using hyperstreamlines only, (c) a common visualization method used in earthquake deformation studies showing the displacement
vector ®eld only, (d) the expected deformation modes for a right-lateral fault. Note how the glyph packing in the complex domains (see
the highlighted region) better conveys the elliptical deformation pattern than the previous methods (e.g. (b) and (c)).

Abstract DAsymmetric tensor ®eld visualization can provide important insight into “uid "ows and solid deformations. Existing tech-
nigues for asymmetric tensor ®elds focus on the analysis, and simply use evenly-spaced hyperstreamlines on surfaces following
eigenvectors and dual-eigenvectors in the tensor ®eld. In this paper, we describe a hybrid visualization technique in which hyper-
streamlines and elliptical glyphs are used in real and complex domains, respectively. This enables a more faithful representation of
“ow behaviors inside complex domains. In addition, we encode tensor magnitude, an important quantity in tensor ®eld analysis, using
the density of hyperstreamlines and sizes of glyphs. This allows colors to be used to encode other important tensor quantities. To
facilitate quick visual exploration of the data from different viewpoints and at different resolutions, we employ an ef®cient image-space
approach in which hyperstreamlines and glyphs are generated quickly in the image plane. The combination of these techniques leads
to an ef®cient tensor ®eld visualization system for domain scientists. We demonstrate the effectiveness of our visualization tech-
nique through applications to complex simulated engine "uid ow and earthquake deformation data. Feedback from domain expert
scientists, who are also co-authors, is provided.

Index Terms BTensor ®eld visualization, asymmetric tensor ®elds, vector ®eld visualization, "uid dynamics, solid deformation, earth-
quake engineering, glyph packing, hyperstreamline placement, view-dependent visualization.

1 INTRODUCTION

Asymmetric tensor ®elds appear in a wide range of applications such
as solid and uid mechanics, structural engineering, and medical
imaging. In these applications, the asymmetric tensor ®elds often ap-
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direct visualization of the velocity vector ®eld [43]. Consequently,
effective visualization techniques for asymmetric tensor ®elds can po-
tentially bene®t many applications. In this work, we focus on the vi-
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mote sensing data on the water surface, and earthquake data. More-



over, as in the case of vector ®eld and symmetric tensor ®eld resedteh glyphs and the density of the hyperstreamlines. Speci®cally, we
two-dimensional visualization often provides key insight into the monese denser hyperstreamlines and glyphs with smaller sizes (i.e. denser
challenging 3D analysis and visualization. packing since the density of glyphs is inversely proportional to glyph

. . . ) o size) to represent larger tensor magnitude. Even though tensor glyphs
Despite the potentials of asymmetric tensor ®eld visualization, theygically indicate higher tensor magnitude with larger glyphs [17], we
has been relatively little work in this area. Most existing tensor ®efele| an‘inverse magnitude representation is more consistent with that
visualization techniques focus @ymmetrictensors and use either ysed in “ow vector ®elds, whereby the denser packing of streamlines
glyphs or hyperstreamlines following the major or minor eigenvectogmd the vortex lines represents larger discharge rates and vorticity, re-
of the tensor ®eld. Due to fundamental differences between symmgiectively [35, 27]. Encoding the tensor magnitude in our hybrid vi-
ric andasymmetridensors, these techniques cannot be easily adapigghlization allows for the tensor patterns, magnitude, and eigenvalue
to the visualization of the latter. For example, symmetric tensors @lnalysis to be presented in the same image, which facilitates the vi-
ways have real eigenvalues while asymmetric tensors canduade syal exploration and physical interpretation of the data. While this
plexeigenvalues. Furthermore, the major and minor eigenvectorsgfproach has the advantage of including all deformation modes vi-
an asymmetric tensor with real eigenvalues need not be perpendicdghlized in one plot, we recognize that users may prefer a different,

. . erhaps separate image to display the tensor magnitude. As such, we
To address this challenge, Zheng and Pang [46] introduce the Cg?é exploring different ways to display the tensor magnitude both in
cept ofdual-eigenvectorsvhich provide directional information of a

: M : ) the same plot as well as an option to toggle on and off a separate co-
2D asymmetric tensor ®eld inside complex domains (i.e., compl P P 9 P

; | . ¢ i d to follow th ior d istered image of tensor magnitude. Third, we present an ef®cient
eigenvalues). Hyperstreamlines are used to follow the major dughz o shace approach for our hybrid glyph and hyperstreamline tech-

eigenvectors in the complex domains and either the major or minge, ;o gy carefully projecting the tensor ®eld onto the image plane,
eigenvectors in the real domains. Zhang et al. [43] extend this analygs oy ce the run time for glyph packing and hyperstreamline place-
by 'U]Ef?gu\j\';‘t% me concepgskc?ig(ter?valge rv}anlfol(ardelginggctor ment on surfaces with complex geometry, such as the cooling jacket,
mantio Ith (heése manitolds, they develop analysis o aSYMrom hours using an object-space approach to seconds; a two orders of
metric tensor ®elds providing physical interpretation of the velocify,qhir de speed increase. The combination of these techniques pro-
gradient tensor ®eld. Based on this analysis, the ‘ow motion is dofljgag an interactive visualization tool for domain experts to examine
inated by anisotropic stretching and rotations in the real and complggtir 5y mmetric tensor ®elds. The system provides users the ability
doln;alns, restpt)ectlv_elyih Zhang let %I' also point otult) thateﬂl'm."f to quickly explore their data using hyperstreamlines, which is fast and
]?a eﬂsor p? ernsll n felfc’mp ei(h o(;nallns. cannot e easlly Itrl]w EITeSh provide the global con®guration information of the data, followed
rom nyperstreamiines following the dual-eIgenvectors since the §Gy ye hyhrid visualization when the user is satis®ed with the current
centricity information is missing. To overcome this dif®culty, they,iew point. Finally, we apply our hybrid asymmetric tensor ®eld vi-
propose the concept @seudo-eigenvectarsy intersecting evenly- (iualization to both “ow visualization and earthquake simulations. The

spaced hyperstreamlines that follow either the major or minor pseudae represents a new application of asymmetric tensor ®eld visual-
eigenvectors, one obtains diamond-shaped regions whose smalles

closing ellipses re ect the tensor patterns (Figure 1(b)). Finally, Zharég(p
et al. use colors to encode the tensor magnitude.

ion, from earthquake fault mechanics. Interpretations from domain
erts Yeh and Vincent are provided.

. The rest of the paper is organized as follows: Section 2 reviews previ-
While the work by Zheng and Pang [46] and Zhang et al. [43] has agys work relateg tg this pager. Section 3 provides a brief descript?on of
vanced our understanding of asymmetric tensors, we have found thaic concepts associated with asymmetric tensor ®eld analysis. The
the provided visualization techniques are not adequate for domain gsejine of our hybrid visualization framework is presented in Sec-
perts from uid mechanics and geophysics as pointed out by domgjf, 4. section 5 provides details of our modi®ed glyph packing in
experts Harry Yeh and Paul Vincent (co-authors of this paper). The &5mplex domains. An image-space implementation is described in
isting visualization of the asymmetric tensor ®eld in complex domaikg,ctjon 6. In Section 7 we present visualization results of simulated
using hyperstreamlines requires the useinfer the elliptical shapes =,iq < and deformation data sets as well as physical interpretations

using the intersection of the hyperstreamlines. This intersection oftgny analysis by domain experts. Section 8 summarizes this work.
does not form the shape of a diamond due to the dif®culty in achieving

perfectly evenly-spaced hyperstreamlines (see the region highlighted
by the yellow square in Figure 1(b)). This can cause dif®culty in the RELATED WORK

physical interpretation. For instance, the domain expert may not ¥fere has been much work in the area of vector ®eld visualization
able to recognize the deformation pattern is rotation dominant becaysggh covering this work is beyond the scope of this paper. We refer
their appearance is similar to those in the real domain. Furthermoggierested readers to the following surveys for comprehensive reviews
the tensor magnitude, a quantity of great importance to the physieghpese techniques [21, 22, 27]. Some of these techniques have been
interpretation has not been included in the previous visualization te apted to second-order symmetric tensor ®elds. In contrast, there has

niques for asymmetric tensor ®elds. This means that the tensor maggis, relatively little work in the visualization of asymmetric tensor
tude has to be visualized using additional images, a situation domgif|qs.

scientists wish to eliminate. Finally, ef®cient visual exploration of the
data sets requires the ability to inspect the data from any viewpoint aBgmmetric Tensor Field Visualization Symmetric tensor ®eld anal-
at any level of detail, with quick feedback. Tracing hyperstreamlingsis and visualization have been well researched for both two and three
with controlled, possibly non-uniform spacing on surfaces is a cordimensions. For the purpose of this paper, we will only refer to the
putationally expensive task as it requires extensive geodesic distanasst relevant work. Delmarcelle and Hesselink [7] provide a compre-
computation. Compounding this with the fact that hyperstreamlinégnsive study on the topology of 2D symmetric tensor ®elds and de-
need to be regenerated every time the user changes the level of d&ai hyperstreamlines, which they use to visualize tensor ®elds. This
makes it computationally prohibitive to perform visual exploration ofesearch is later extended to analysis in three dimensions [10, 45, 47]
tensor ®elds on surfaces. and topological tracking in time-varying symmetric tensor ®elds [36].

) . Zheng and Pang provide a high-quality texture-based tensor ®eld vi-
This work addresses these challenges and presents an intuitive Vigihjization technique, HyperLIC [44], which adapts the idea of Line
alization in the context of solid and "uid mechanics as well as othgftegral Convolution (LIC) [4] to symmetric tensor ®elds. Hotz et

applications. Speci®cally, we make the following contributions: Firsyy [13] present a texture-based method for visualizing 2D symmetric
we adapt the technique of glyph packing (represented as ellipses}dRsor ®elds.
n

the visualization of elliptical patterns in the complex domains. Al

elliptical shaped glyph can provide more explicit visualization for roEvenly-spaced streamlines have been used to visualize vector ®elds
tation dominant motion with the direction of stretching, and highlighls, 15, 24, 25, 28, 37, 39, 41]. Spencer et al. [35] improve the
the distinct dynamic behaviors within real and complex domains beif®ciency of the streamline placement on surfaces via an image-
ter than previous method using different colors [43] (see Figure 1 (s)ace approach. Rosanwo et al. [31] propose the dual streamline
and (b)). Second, we encode the tensor magnitude into the sizeseéding to avoid expensive geodesic computation on surfaces. The



idea of using evenly-spaced streamlines has been extended to tedsyrsecond-order tensdr can beuniquelydecomposed as follows:
®elds [1, 9, 26, 42] and more generdlyway rotational symmetry

(N-RoSY ®elds [29, 30]. McLoughlin et al. [27] provide an overview T=D+S+R 1)
of seeding strategies.

whereD is a multiple of the identity matrix$is a symmetric and trace-

. g e : A 'bss matrix, andR is an anti-symmetric matrix. Whehis the velocity
when generating multi-layered diffusion tensor visualization. A Sinl o giant tensol, S, andR represent the time rate of volume change,
ilar glyph placement technique is introduced in the work of Kirby €%, qeformation, and rotation, respectively. Similarly for the de-

. A . N n
al. [18] in which glyphs represent certain vector a_nd tensor att”b“tﬁfrmation gradient tensor in solid mechani€, S, andR represent
of complex ow ®elds. The tensor splat method is proposed 1o COljaiinn or contraction, angular shear, and rotation, respectively.
vert tensor values into tuned Gabor functions which are encoded into

2D and 3D textures [2, 3]. Reaction-diffusion equations have begithis paper, we will focus on two-dimensional asymmetric tensors,
adapted by Kindlmann for tensor visualization [16] which are ex-e N = 2. For this case, Equation 1 can be rewritten as

tended to the work on glyph packing [17]. In this study, a tensor-based

potential energy is de®ned to derive the placement of a system of parti-

cles whose ®nal positions will be used to place glyphs. Hlawitschka et T=ql+ g
al. [12] present an alternative glyph packing using Delaunay triangula-

tion which successfully reduces the computation cost. A similar tech- p
nique that uses the dual of Delaunay triangulation, i.e. Voronoi tessel- ~ TutTer o —  (Taa! T2)2+(Tio+ Ta1)? do = Tl T
lation is also proposed by Feng et al. [8] to achieve better converge Crégy = ~=5 =, &= 2. o andg = % are
of glyph packing. Recently, Schultz and Kindimann [33] introduce thix© Strengths ob, S, andR, respectively, whiley encodes the direc-
superquadric glyphs that can be used to visualize the general symntl'gps of angular deformation.

ric second order tensors that could be non-positive-de®nite. Ellipsgid . ;se the eigenvector and dual-eigenvector information is not de-
packing has also been applied to generate anisotropic meshes [34]oendent orgy, we can focus on traceless (deviatoric) tensors. Such

In the “ow visualization community, De Leeuw and Van Wijk [6] vi- tensors can be parameterized as follows:
sualize the local properties of a ow ®eld by visualizing its gradient
(Jacobian). They decompose the Jacobian matrix into symmetrical an
anti-symmetrical parts which are transformed to local frame and fur-
ther decomposed to different components representing acceleration,

shear,tcurvatﬁ:e, tgrsion, ang fogvf'ferge”tCE, respte_ctive_ly._t_'l'hesfe CBtice that jhe above form is a special case of Equation 2 in which
ponents can then be mapped to different geometric primitives for vi-— o r = © 2+ @ andi = tart 12 [ B-P :
sualization. This is a relevant work. However, we apply a diﬂere:QF 0.r g+ g and =tam “(g) 2 [ 53] The eigenvalues

cosq sing 0o !'1
sing ! cosq e 0 @

1

cosqg sing !
o ©®

sing ! cosq

= O

GH’(r;q;j )= r cog + r sinj

tensor decomposition in the present work. of T(r;q;j ) are:
Some past work has placed glyphs along hyperstreamlines such as the r P cosq ifo jjj 2
work by Hlawitschka and Scheuermann on higher-order tensor ®eld E12= Preosai i B <ij] ‘}% 4)

analysis [11]. While such work also uses both primitives, it is funda-
mentally different from our work since they are not placed in comple-

mentary regions as in our case. It is not clear how to extend theirwo‘frig1 i satisfviZ= 1 1. At ®eld (D) is a t lued f
to visualize asymmetric tensor ®elds in a straightforward fashion. $h'erei safisfyi”= ! 1. Atensor ®eld (p) is a tensor-valued func-
hitely de®ned on ai-dimensional manifold (N = 2 in our case).

our knowledge, our algorithm is the ®rst to apply glyph packin . .
visualize asy?nmetric tgnsor ®elds. PPy glyphi p g We consider the map: D" S de®ned by : p 7" (dp:j p) where

gp andj p are the parameters correspondinglt@). The & is the
Asymmetric Tensor Field Visualization Hyperstreamline-based so-callecfeigenvector manifold43] for which the North and South
techniques are employed for asymmetric tensor ®elds by Zheng @ules | = p=2 and! p=2, respectively) correspond to pure rotations.
Pang [46]. They present the concept of dual-eigenvectors for the coTire latitude circleg = & represent tensors with equal real eigen-
plex domains where eigenvalues and eigenvectors are complex. Theiues, and they form the boundaries of tensors with real eigenvalues
visualization consists of hyperstreamlines following major and min@nd with complex eigenvalues. The pre-image aff these tensors
eigenvectors in real domains and major dual-eigenvectors in compbe referred to as thaegenerate curvgg6], which divide the domain
domains. Zhang et al. [43] extend this visualization and provide phyisito real domaingt' 1(f(q;j ):0 j j j< £ g)) andcomplex domains
ical interpretation in the context of ow visualization, when the asymp | Yf(q:j):2<iij 29)
metric tensor is the velocity gradient tensor. They introduce the idea a1)z=<u) 29
of pseudo-eigenvectors, which are used to better illustrate the Q@ihe context of “Uids, i.e., when the tensor ®eld is the gradient of the
patterns in the complex domains. They also de®ne the concept,@city vector ®eld, the following interpretation is applicable [43]. In
eigenvalue and eigenvector manifolds used in tensor ®eld analygig real domains, a linearized local “ow pattern at a point resembles
However, the visualization of the asymmetric tensor ®elds using hyistorted hyperbola (see Figure 1 the stretching illustration in the
perstreamlines computed in object space is prohibitively expensive [Qfitom row). The (real) eigenvectors indicate the direction of stretch-
the users. This work builds upon the analysis of Zhang et al. [43] afity an compression of uid parcels. In the complex domains, lin-

focuses on the ef@cient visualization of the analysis result. This iged local “ow patters are elliptical whose eccentricity is given by
led to a thorough and interactive visualization system for asymmetric EETCIR o ) )
tensor ®elds which can now be applied to the applications of uid d$=  1rsinzjjy 0" 4 <1 5. The major and minor axes of the

namics and earthquake engineering. We refer interested readers taelligses are given by thaual-eigenvectorsf the tensor, which are the
accompanying video for a demonstration of our visualization systermajor and minor eigenvectors of the following symmetric matrix:

_sinj . coqqg+ B) sin(q + §)
3 BACKGROUND q(T) TSing | cog sin(q + é) | codq+ %) (5)
In this section we review the relevant background on asymmetric ten-
sor ®elds, based on [43, 46]. skcond-ordetensorT can be repre- Notice the dual-eigenvectors are not well-de®ned alondEtheator
sented by atN N matrix Tj; whereN is the dimension of the tensor. (j = 0), pure symmetric tensors, and at Paes(j = p=2),degen-
T issymmetriavhenT;j = Tji or anti-symmetriavhenT;; = | Tji. The erate pointsn the eigenvector manifold. The set of degenerate points
traceof T is de®ned a§; ; Ti. T istracelesswhen the trace of  in an asymmetric tensor ®eld has a one-to-one correspondence with
is zero. Note that for any anti-symmetric tengoFj = Oforl i N. the set of degenerate point of the symmetric tensor of Equation 5 [43].



and minor eigenvectors, respectively. For each seed, a hyperstreamline
is generated and additional seeds along the hyperstreamline are added.
The tracing of a hyperstreamline stops when it approaches a degener-
ate point, hits the boundary of the mesh or a region, gets too close to an
existing hyperstreamline including itself, or has exceeded a maximal
length. To re ect the tensor magnitude, we incorporate this informa-
tion in the density of the hyperstreamlines. Speci®cally, during the
placement of a hyperstreamline, we reject the current integration point
pif its distance to a sampkon an existing hyperstreamline is smaller
thanka wherek is a scaling factor determined by the tensor magni-
tude which will be described in Section 5.4. Note tkat 1 returns
evenly-spaced hyperstreamlines. Similarly, we kise determine the
positions of the new seeds from the latest hyperstreamline. For a point
p on the new hyperstreamline, we place two new seeds in directions
perpendicular to the hyperstreamline direction with a distandeof
away fromp. This placement ensures that potential seeds are not im-
mediately rejected for being too close to an existing hyperstreamline.

(a

We now turn to the description of our algorithm for glyph packing in
the complex domains.

5 GLYPH PACKING IN COMPLEX DOMAINS

Our glyph packing technique extends the work of Kindlmann and

L = Westin [17] by incorporating degenerate points into the packing pro-
© (d) cess as well as taking into account the boundaries of the disjoint com-
Fig. 2. This ®gure illustrates the constituents of our hybrid visualization ~plex regions (Figure 2(c)). We ®rst brie'y review their method. Kindl-
using a synthetic vector ®eld: (a) the color coding used for the back- mann and Westin visualize a symmetric tensor ®eld using elliptical
ground of the visualization which is based on the eigenvalue and eigen-  glyphs such that the size, shape and orientation of the glyphs re ect
vector manifolds [43]. (b) the hyperstreamlines in the real domains, (c) the tensor ®eld at the center location of the glyph. This is achieved by
the glyphs in the complex domains. (d) shows the ®nal visualization. placing a set of initial glyphs in the domain and moving them through
repulsion forces between nearby glyphs. The repulsion force is de-
rived from the underlying tensor ®eld. The process terminates when
convergence is reached.

4 HYBRID ASYMMETRIC TENSOR FIELD VISUALIZATION

The input to our visualization method is a triangular mesh and &1 Glyph Tensor

?s?/mmstricttefnsor ®teld<rge|<3r]ed on the velrtic;atshof the mes?.. Tthe #PBrder to apply glyph packing which requires symmetric tensor ®elds
lal gradient of a vector ©eld IS an example of the asymmetric NSyt we compute the following symmetric tensor which is equiva-

®elds. lent to that of Equation 5:

The ®rst step of our visualization pipeline is to perform tensor ®eld 30

analysis [43], which computes the eigenvectors and dual-eigenvectors, T=(up u) 01 J (U up) " (6)
2

tensor magnitude, and the strengths of rotation, volume change, and
anisotropic stretching. Real and complex domain classi®cation is pef- . . .
formed, and degenerate points are also extracted at this stage. InWFi@r_eul_ andu, are the two eigenvectors of the desired symmetric
second step, we produce three intermediate constituents needed by}aix given by Equation 5, which are the major and minor dual-
®nal visualization: (a) colors encoding the eigen-analysis [43], (b) H§igenvectors of the original asymmetric tensor [43].

perstreamlines following the major and minor eigenvectors in the real _ . - :

domains, and (c) glyphs showing the elliptical tensor patterns in the jl - mg);fj %: g.J_’ .Jggl! 99 (7)
complex domains. All three constituents are then integrated in the 2= MiN &+ G, G &9

same image (Figure 2(d)). The color coding for the eigenvalue anaH- . .
sis (Figure 2(a)) is adopted from [43], which we brie"y review herelN0t€J1 andJ, computed this way are the singular values for the asym-
tric tensor obtained by subtracting the trace. This treatment takes

Regions dominated by expansion (positive volume change), contrde€ . s . . N
tion (negative volume change), anisotropic stretching, countercloc? the following physical interpretation. For 2D incompressible u-
wise rotation, and clockwise rotation are colored with yellow, bluddS; the local linearization at any point inside the complex domain
white, red, and green, respectively. For expansion, contraction, daci" elliptical pattern whose eccentricity and semi-axes are de®ned
anisotropic stretching, we blend the colors with red or green to alfy Equation 6. In this case, eccentricitf: indicates the relative
indicate the orientation of rotations in those regions (red: countestrength between stretching and rotation. The smaller the eccentricity,
clockwise; green: clockwise) even though rotation is not the dominathie stronger the rotation. When eccentricity is minimgg¥( 0), there
motion in these regions. is no stretching but only rotation. That is where degenerate points oc-
. . . . cur (Poles in the eigenvector manifold). The limit when eccentricit
As the analysis of the input tensor ®eld is handled using [43], we n psoaches in®nit38{: igj), indicates )degenerate curves. In addi-y
turn to the discussion of hyperstreamline placement in the real 5n, J; andJ, correspond to the lengths of the semi-axes of the glyph

mains and glyph packing in the complex domains, respectively. Thefgich determine the size of the ellipse and re ect the tensor magnitude
are a number of parameters we need for these two process@sal) 4 the center of the glyph, i.e
¢ ,i.e.

global scaling value to control the sizes of the glyphs and densities 0

the hyperstreamlines; B): the ratio of the total glyph area to the area s 2. 2 - ST w2 d
of a complex domain; 3iter: the number of iterations for the glyph H+I5 et gittis! gt _ @+ ¢
packing; 4)m;: user speci®ed maximum ratio of the maximum tensor 2 2

magnitude to the minimum tensor magnitude.

Hyperstreamline placement: Our hyperstreamline placement adapte-2  Clyph Seeding Strategy with Degenerate Points

the evenly-spaced streamline placement method of Jobard d&ddce we have generated the aforementioned symmetric tensor ®eld in-
Lefer [15] to asymmetric tensor ®elds. Similar to [15], our methoside the complex domains, we start the glyph packing process for one

traces hyperstreamlines from a set of seed points following the majegion at a time. We have observed that the quality and computational





















