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Review on Kernel Methods



An information introduction to kernel

Informally, a kernel K is a (nonnegative) similarity measure between a
pair of points in Rd, where more similar points have higher value:

K : Rd × Rd → R+.

Example: Gaussian kernel (positive definite)

K(p, x) = exp(−||p− x||2/2σ2)

x x x
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Kernels and feature space: the kernel trick

O �<latexit sha1_base64="P81UaOnP5dMDpOrMr+VMr43Ga3s=">AAAB7XicbVBNTwIxEJ3iF+IX6tFLI5h4Irtc9Ej04hET+UhgQ7qlC5Vuu2m7JmTDf/DiQWO8+n+8+W8ssAcFXzLJy3szmZkXJoIb63nfqLCxubW9U9wt7e0fHB6Vj0/aRqWashZVQuluSAwTXLKW5VawbqIZiUPBOuHkdu53npg2XMkHO01YEJOR5BGnxDqpXe03x7w6KFe8mrcAXid+TiqQozkof/WHiqYxk5YKYkzP9xIbZERbTgWblfqpYQmhEzJiPUcliZkJssW1M3zhlCGOlHYlLV6ovycyEhszjUPXGRM7NqveXPzP66U2ug4yLpPUMkmXi6JUYKvw/HU85JpRK6aOEKq5uxXTMdGEWhdQyYXgr768Ttr1mu/V/Pt6pXGTx1GEMziHS/DhChpwB01oAYVHeIZXeEMKvaB39LFsLaB85hT+AH3+AJtPjnk=</latexit><latexit sha1_base64="P81UaOnP5dMDpOrMr+VMr43Ga3s=">AAAB7XicbVBNTwIxEJ3iF+IX6tFLI5h4Irtc9Ej04hET+UhgQ7qlC5Vuu2m7JmTDf/DiQWO8+n+8+W8ssAcFXzLJy3szmZkXJoIb63nfqLCxubW9U9wt7e0fHB6Vj0/aRqWashZVQuluSAwTXLKW5VawbqIZiUPBOuHkdu53npg2XMkHO01YEJOR5BGnxDqpXe03x7w6KFe8mrcAXid+TiqQozkof/WHiqYxk5YKYkzP9xIbZERbTgWblfqpYQmhEzJiPUcliZkJssW1M3zhlCGOlHYlLV6ovycyEhszjUPXGRM7NqveXPzP66U2ug4yLpPUMkmXi6JUYKvw/HU85JpRK6aOEKq5uxXTMdGEWhdQyYXgr768Ttr1mu/V/Pt6pXGTx1GEMziHS/DhChpwB01oAYVHeIZXeEMKvaB39LFsLaB85hT+AH3+AJtPjnk=</latexit><latexit sha1_base64="P81UaOnP5dMDpOrMr+VMr43Ga3s=">AAAB7XicbVBNTwIxEJ3iF+IX6tFLI5h4Irtc9Ej04hET+UhgQ7qlC5Vuu2m7JmTDf/DiQWO8+n+8+W8ssAcFXzLJy3szmZkXJoIb63nfqLCxubW9U9wt7e0fHB6Vj0/aRqWashZVQuluSAwTXLKW5VawbqIZiUPBOuHkdu53npg2XMkHO01YEJOR5BGnxDqpXe03x7w6KFe8mrcAXid+TiqQozkof/WHiqYxk5YKYkzP9xIbZERbTgWblfqpYQmhEzJiPUcliZkJssW1M3zhlCGOlHYlLV6ovycyEhszjUPXGRM7NqveXPzP66U2ug4yLpPUMkmXi6JUYKvw/HU85JpRK6aOEKq5uxXTMdGEWhdQyYXgr768Ttr1mu/V/Pt6pXGTx1GEMziHS/DhChpwB01oAYVHeIZXeEMKvaB39LFsLaB85hT+AH3+AJtPjnk=</latexit><latexit sha1_base64="P81UaOnP5dMDpOrMr+VMr43Ga3s=">AAAB7XicbVBNTwIxEJ3iF+IX6tFLI5h4Irtc9Ej04hET+UhgQ7qlC5Vuu2m7JmTDf/DiQWO8+n+8+W8ssAcFXzLJy3szmZkXJoIb63nfqLCxubW9U9wt7e0fHB6Vj0/aRqWashZVQuluSAwTXLKW5VawbqIZiUPBOuHkdu53npg2XMkHO01YEJOR5BGnxDqpXe03x7w6KFe8mrcAXid+TiqQozkof/WHiqYxk5YKYkzP9xIbZERbTgWblfqpYQmhEzJiPUcliZkJssW1M3zhlCGOlHYlLV6ovycyEhszjUPXGRM7NqveXPzP66U2ug4yLpPUMkmXi6JUYKvw/HU85JpRK6aOEKq5uxXTMdGEWhdQyYXgr768Ttr1mu/V/Pt6pXGTx1GEMziHS/DhChpwB01oAYVHeIZXeEMKvaB39LFsLaB85hT+AH3+AJtPjnk=</latexit>

R2
<latexit sha1_base64="deBl4zG4H5jE72s/3Eq6OQ5jwCY=">AAAB9XicbVBNTwIxFHyLX4hfqEcvjWDiiexy0SPRi0c0AiawkLZ0oaHb3bRdDdnwP7x40Biv/hdv/hu7sAcFJ2kymXkvbzokFlwb1/12CmvrG5tbxe3Szu7e/kH58Kito0RR1qKRiNQDwZoJLlnLcCPYQ6wYDolgHTK5zvzOI1OaR/LeTGPmh3gkecApNlbqV3shNmNC0rtZv14dlCtuzZ0DrRIvJxXI0RyUv3rDiCYhk4YKrHXXc2Pjp1gZTgWblXqJZjGmEzxiXUslDpn203nqGTqzyhAFkbJPGjRXf2+kONR6GhI7mYXUy14m/ud1ExNc+imXcWKYpItDQSKQiVBWARpyxagRU0swVdxmRXSMFabGFlWyJXjLX14l7XrNc2vebb3SuMrrKMIJnMI5eHABDbiBJrSAgoJneIU358l5cd6dj8Vowcl3juEPnM8fpx+R8A==</latexit><latexit sha1_base64="deBl4zG4H5jE72s/3Eq6OQ5jwCY=">AAAB9XicbVBNTwIxFHyLX4hfqEcvjWDiiexy0SPRi0c0AiawkLZ0oaHb3bRdDdnwP7x40Biv/hdv/hu7sAcFJ2kymXkvbzokFlwb1/12CmvrG5tbxe3Szu7e/kH58Kito0RR1qKRiNQDwZoJLlnLcCPYQ6wYDolgHTK5zvzOI1OaR/LeTGPmh3gkecApNlbqV3shNmNC0rtZv14dlCtuzZ0DrRIvJxXI0RyUv3rDiCYhk4YKrHXXc2Pjp1gZTgWblXqJZjGmEzxiXUslDpn203nqGTqzyhAFkbJPGjRXf2+kONR6GhI7mYXUy14m/ud1ExNc+imXcWKYpItDQSKQiVBWARpyxagRU0swVdxmRXSMFabGFlWyJXjLX14l7XrNc2vebb3SuMrrKMIJnMI5eHABDbiBJrSAgoJneIU358l5cd6dj8Vowcl3juEPnM8fpx+R8A==</latexit><latexit sha1_base64="deBl4zG4H5jE72s/3Eq6OQ5jwCY=">AAAB9XicbVBNTwIxFHyLX4hfqEcvjWDiiexy0SPRi0c0AiawkLZ0oaHb3bRdDdnwP7x40Biv/hdv/hu7sAcFJ2kymXkvbzokFlwb1/12CmvrG5tbxe3Szu7e/kH58Kito0RR1qKRiNQDwZoJLlnLcCPYQ6wYDolgHTK5zvzOI1OaR/LeTGPmh3gkecApNlbqV3shNmNC0rtZv14dlCtuzZ0DrRIvJxXI0RyUv3rDiCYhk4YKrHXXc2Pjp1gZTgWblXqJZjGmEzxiXUslDpn203nqGTqzyhAFkbJPGjRXf2+kONR6GhI7mYXUy14m/ud1ExNc+imXcWKYpItDQSKQiVBWARpyxagRU0swVdxmRXSMFabGFlWyJXjLX14l7XrNc2vebb3SuMrrKMIJnMI5eHABDbiBJrSAgoJneIU358l5cd6dj8Vowcl3juEPnM8fpx+R8A==</latexit><latexit sha1_base64="deBl4zG4H5jE72s/3Eq6OQ5jwCY=">AAAB9XicbVBNTwIxFHyLX4hfqEcvjWDiiexy0SPRi0c0AiawkLZ0oaHb3bRdDdnwP7x40Biv/hdv/hu7sAcFJ2kymXkvbzokFlwb1/12CmvrG5tbxe3Szu7e/kH58Kito0RR1qKRiNQDwZoJLlnLcCPYQ6wYDolgHTK5zvzOI1OaR/LeTGPmh3gkecApNlbqV3shNmNC0rtZv14dlCtuzZ0DrRIvJxXI0RyUv3rDiCYhk4YKrHXXc2Pjp1gZTgWblXqJZjGmEzxiXUslDpn203nqGTqzyhAFkbJPGjRXf2+kONR6GhI7mYXUy14m/ud1ExNc+imXcWKYpItDQSKQiVBWARpyxagRU0swVdxmRXSMFabGFlWyJXjLX14l7XrNc2vebb3SuMrrKMIJnMI5eHABDbiBJrSAgoJneIU358l5cd6dj8Vowcl3juEPnM8fpx+R8A==</latexit>

R3
<latexit sha1_base64="oBm1dK93++DRLIslOYrYjynn3ZM=">AAAB9XicbVC7TsMwFL0pr1JeAUYWixaJqUrKAGMFC2NB9CG1aeW4TmvVcSLbAVVR/4OFAYRY+Rc2/ganzQAtR7J0dM69usfHjzlT2nG+rcLa+sbmVnG7tLO7t39gHx61VJRIQpsk4pHs+FhRzgRtaqY57cSS4tDntO1PbjK//UilYpF40NOYeiEeCRYwgrWR+pVeiPXY99P7Wf+iMrDLTtWZA60SNydlyNEY2F+9YUSSkApNOFaq6zqx9lIsNSOczkq9RNEYkwke0a6hAodUeek89QydGWWIgkiaJzSaq783UhwqNQ19M5mFVMteJv7ndRMdXHkpE3GiqSCLQ0HCkY5QVgEaMkmJ5lNDMJHMZEVkjCUm2hRVMiW4y19eJa1a1XWq7l2tXL/O6yjCCZzCObhwCXW4hQY0gYCEZ3iFN+vJerHerY/FaMHKd47hD6zPH6ikkfE=</latexit><latexit sha1_base64="oBm1dK93++DRLIslOYrYjynn3ZM=">AAAB9XicbVC7TsMwFL0pr1JeAUYWixaJqUrKAGMFC2NB9CG1aeW4TmvVcSLbAVVR/4OFAYRY+Rc2/ganzQAtR7J0dM69usfHjzlT2nG+rcLa+sbmVnG7tLO7t39gHx61VJRIQpsk4pHs+FhRzgRtaqY57cSS4tDntO1PbjK//UilYpF40NOYeiEeCRYwgrWR+pVeiPXY99P7Wf+iMrDLTtWZA60SNydlyNEY2F+9YUSSkApNOFaq6zqx9lIsNSOczkq9RNEYkwke0a6hAodUeek89QydGWWIgkiaJzSaq783UhwqNQ19M5mFVMteJv7ndRMdXHkpE3GiqSCLQ0HCkY5QVgEaMkmJ5lNDMJHMZEVkjCUm2hRVMiW4y19eJa1a1XWq7l2tXL/O6yjCCZzCObhwCXW4hQY0gYCEZ3iFN+vJerHerY/FaMHKd47hD6zPH6ikkfE=</latexit><latexit sha1_base64="oBm1dK93++DRLIslOYrYjynn3ZM=">AAAB9XicbVC7TsMwFL0pr1JeAUYWixaJqUrKAGMFC2NB9CG1aeW4TmvVcSLbAVVR/4OFAYRY+Rc2/ganzQAtR7J0dM69usfHjzlT2nG+rcLa+sbmVnG7tLO7t39gHx61VJRIQpsk4pHs+FhRzgRtaqY57cSS4tDntO1PbjK//UilYpF40NOYeiEeCRYwgrWR+pVeiPXY99P7Wf+iMrDLTtWZA60SNydlyNEY2F+9YUSSkApNOFaq6zqx9lIsNSOczkq9RNEYkwke0a6hAodUeek89QydGWWIgkiaJzSaq783UhwqNQ19M5mFVMteJv7ndRMdXHkpE3GiqSCLQ0HCkY5QVgEaMkmJ5lNDMJHMZEVkjCUm2hRVMiW4y19eJa1a1XWq7l2tXL/O6yjCCZzCObhwCXW4hQY0gYCEZ3iFN+vJerHerY/FaMHKd47hD6zPH6ikkfE=</latexit><latexit sha1_base64="oBm1dK93++DRLIslOYrYjynn3ZM=">AAAB9XicbVC7TsMwFL0pr1JeAUYWixaJqUrKAGMFC2NB9CG1aeW4TmvVcSLbAVVR/4OFAYRY+Rc2/ganzQAtR7J0dM69usfHjzlT2nG+rcLa+sbmVnG7tLO7t39gHx61VJRIQpsk4pHs+FhRzgRtaqY57cSS4tDntO1PbjK//UilYpF40NOYeiEeCRYwgrWR+pVeiPXY99P7Wf+iMrDLTtWZA60SNydlyNEY2F+9YUSSkApNOFaq6zqx9lIsNSOczkq9RNEYkwke0a6hAodUeek89QydGWWIgkiaJzSaq783UhwqNQ19M5mFVMteJv7ndRMdXHkpE3GiqSCLQ0HCkY5QVgEaMkmJ5lNDMJHMZEVkjCUm2hRVMiW4y19eJa1a1XWq7l2tXL/O6yjCCZzCObhwCXW4hQY0gYCEZ3iFN+vJerHerY/FaMHKd47hD6zPH6ikkfE=</latexit>

There is no linear classifier in R2

Map points to a higher dimensional feature space such that there is a
linear classifier.

Φ(x) = [x1x2x1x2] ∈ R3



Stability of Persistence Diagrams

Edelsbrunner and Harer (2010), C.VIII



Barcode and persistence diagram
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<latexit sha1_base64="+EcPegRkt+rkXmCMfcvfzV/dAsI=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYCJEkLAbD3qSgBePEcwDkiXMTibJkNnZZaZXCEs+wosHRbz6Pd78GyfJHjSxoKGo6qa7K4ilMOi6387a+sbm1nZuJ7+7t39wWDg6bpoo0Yw3WCQj3Q6o4VIo3kCBkrdjzWkYSN4Kxnczv/XEtRGResRJzP2QDpUYCEbRSq1S2b28uij1CkW34s5BVomXkSJkqPcKX91+xJKQK2SSGtPx3Bj9lGoUTPJpvpsYHlM2pkPesVTRkBs/nZ87JedW6ZNBpG0pJHP190RKQ2MmYWA7Q4ojs+zNxP+8ToKDGz8VKk6QK7ZYNEgkwYjMfid9oTlDObGEMi3srYSNqKYMbUJ5G4K3/PIqaVYrnlvxHqrF2m0WRw5O4QzK4ME11OAe6tAABmN4hld4c2LnxXl3Phata042cwJ/4Hz+ANAsjeI=</latexit><latexit sha1_base64="+EcPegRkt+rkXmCMfcvfzV/dAsI=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYCJEkLAbD3qSgBePEcwDkiXMTibJkNnZZaZXCEs+wosHRbz6Pd78GyfJHjSxoKGo6qa7K4ilMOi6387a+sbm1nZuJ7+7t39wWDg6bpoo0Yw3WCQj3Q6o4VIo3kCBkrdjzWkYSN4Kxnczv/XEtRGResRJzP2QDpUYCEbRSq1S2b28uij1CkW34s5BVomXkSJkqPcKX91+xJKQK2SSGtPx3Bj9lGoUTPJpvpsYHlM2pkPesVTRkBs/nZ87JedW6ZNBpG0pJHP190RKQ2MmYWA7Q4ojs+zNxP+8ToKDGz8VKk6QK7ZYNEgkwYjMfid9oTlDObGEMi3srYSNqKYMbUJ5G4K3/PIqaVYrnlvxHqrF2m0WRw5O4QzK4ME11OAe6tAABmN4hld4c2LnxXl3Phata042cwJ/4Hz+ANAsjeI=</latexit><latexit sha1_base64="+EcPegRkt+rkXmCMfcvfzV/dAsI=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYCJEkLAbD3qSgBePEcwDkiXMTibJkNnZZaZXCEs+wosHRbz6Pd78GyfJHjSxoKGo6qa7K4ilMOi6387a+sbm1nZuJ7+7t39wWDg6bpoo0Yw3WCQj3Q6o4VIo3kCBkrdjzWkYSN4Kxnczv/XEtRGResRJzP2QDpUYCEbRSq1S2b28uij1CkW34s5BVomXkSJkqPcKX91+xJKQK2SSGtPx3Bj9lGoUTPJpvpsYHlM2pkPesVTRkBs/nZ87JedW6ZNBpG0pJHP190RKQ2MmYWA7Q4ojs+zNxP+8ToKDGz8VKk6QK7ZYNEgkwYjMfid9oTlDObGEMi3srYSNqKYMbUJ5G4K3/PIqaVYrnlvxHqrF2m0WRw5O4QzK4ME11OAe6tAABmN4hld4c2LnxXl3Phata042cwJ/4Hz+ANAsjeI=</latexit><latexit sha1_base64="+EcPegRkt+rkXmCMfcvfzV/dAsI=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYCJEkLAbD3qSgBePEcwDkiXMTibJkNnZZaZXCEs+wosHRbz6Pd78GyfJHjSxoKGo6qa7K4ilMOi6387a+sbm1nZuJ7+7t39wWDg6bpoo0Yw3WCQj3Q6o4VIo3kCBkrdjzWkYSN4Kxnczv/XEtRGResRJzP2QDpUYCEbRSq1S2b28uij1CkW34s5BVomXkSJkqPcKX91+xJKQK2SSGtPx3Bj9lGoUTPJpvpsYHlM2pkPesVTRkBs/nZ87JedW6ZNBpG0pJHP190RKQ2MmYWA7Q4ojs+zNxP+8ToKDGz8VKk6QK7ZYNEgkwYjMfid9oTlDObGEMi3srYSNqKYMbUJ5G4K3/PIqaVYrnlvxHqrF2m0WRw5O4QzK4ME11OAe6tAABmN4hld4c2LnxXl3Phata042cwJ/4Hz+ANAsjeI=</latexit>

(0, 3.2)
<latexit sha1_base64="Dwh2NnaH4C3sOheIQTPLkvIvZHk=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CbZCBVl260FPUvDisYL9kHYp2TTbhibZJckKpfRXePGgiFd/jjf/jWm7B219MPB4b4aZeWHCmTae9+3k1tY3Nrfy24Wd3b39g+LhUVPHqSK0QWIeq3aINeVM0oZhhtN2oigWIaetcHQ781tPVGkWywczTmgg8ECyiBFsrPRYrngXl271vNwrljzXmwOtEj8jJchQ7xW/uv2YpIJKQzjWuuN7iQkmWBlGOJ0WuqmmCSYjPKAdSyUWVAeT+cFTdGaVPopiZUsaNFd/T0yw0HosQtspsBnqZW8m/ud1UhNdBxMmk9RQSRaLopQjE6PZ96jPFCWGjy3BRDF7KyJDrDAxNqOCDcFffnmVNKuu77n+fbVUu8niyMMJnEIFfLiCGtxBHRpAQMAzvMKbo5wX5935WLTmnGzmGP7A+fwBrkGOVg==</latexit><latexit sha1_base64="Dwh2NnaH4C3sOheIQTPLkvIvZHk=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CbZCBVl260FPUvDisYL9kHYp2TTbhibZJckKpfRXePGgiFd/jjf/jWm7B219MPB4b4aZeWHCmTae9+3k1tY3Nrfy24Wd3b39g+LhUVPHqSK0QWIeq3aINeVM0oZhhtN2oigWIaetcHQ781tPVGkWywczTmgg8ECyiBFsrPRYrngXl271vNwrljzXmwOtEj8jJchQ7xW/uv2YpIJKQzjWuuN7iQkmWBlGOJ0WuqmmCSYjPKAdSyUWVAeT+cFTdGaVPopiZUsaNFd/T0yw0HosQtspsBnqZW8m/ud1UhNdBxMmk9RQSRaLopQjE6PZ96jPFCWGjy3BRDF7KyJDrDAxNqOCDcFffnmVNKuu77n+fbVUu8niyMMJnEIFfLiCGtxBHRpAQMAzvMKbo5wX5935WLTmnGzmGP7A+fwBrkGOVg==</latexit><latexit sha1_base64="Dwh2NnaH4C3sOheIQTPLkvIvZHk=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CbZCBVl260FPUvDisYL9kHYp2TTbhibZJckKpfRXePGgiFd/jjf/jWm7B219MPB4b4aZeWHCmTae9+3k1tY3Nrfy24Wd3b39g+LhUVPHqSK0QWIeq3aINeVM0oZhhtN2oigWIaetcHQ781tPVGkWywczTmgg8ECyiBFsrPRYrngXl271vNwrljzXmwOtEj8jJchQ7xW/uv2YpIJKQzjWuuN7iQkmWBlGOJ0WuqmmCSYjPKAdSyUWVAeT+cFTdGaVPopiZUsaNFd/T0yw0HosQtspsBnqZW8m/ud1UhNdBxMmk9RQSRaLopQjE6PZ96jPFCWGjy3BRDF7KyJDrDAxNqOCDcFffnmVNKuu77n+fbVUu8niyMMJnEIFfLiCGtxBHRpAQMAzvMKbo5wX5935WLTmnGzmGP7A+fwBrkGOVg==</latexit><latexit sha1_base64="Dwh2NnaH4C3sOheIQTPLkvIvZHk=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CbZCBVl260FPUvDisYL9kHYp2TTbhibZJckKpfRXePGgiFd/jjf/jWm7B219MPB4b4aZeWHCmTae9+3k1tY3Nrfy24Wd3b39g+LhUVPHqSK0QWIeq3aINeVM0oZhhtN2oigWIaetcHQ781tPVGkWywczTmgg8ECyiBFsrPRYrngXl271vNwrljzXmwOtEj8jJchQ7xW/uv2YpIJKQzjWuuN7iQkmWBlGOJ0WuqmmCSYjPKAdSyUWVAeT+cFTdGaVPopiZUsaNFd/T0yw0HosQtspsBnqZW8m/ud1UhNdBxMmk9RQSRaLopQjE6PZ96jPFCWGjy3BRDF7KyJDrDAxNqOCDcFffnmVNKuu77n+fbVUu8niyMMJnEIFfLiCGtxBHRpAQMAzvMKbo5wX5935WLTmnGzmGP7A+fwBrkGOVg==</latexit>

(0, 3.7)
<latexit sha1_base64="ieS9dAEj6Som9k0t8F5EDSRHJzs=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CbZCBSm79VBPUvDisYL9kHYp2TTbhibZJckKZemv8OJBEa/+HG/+G9N2D1p9MPB4b4aZeUHMmTau++Xk1tY3Nrfy24Wd3b39g+LhUVtHiSK0RSIeqW6ANeVM0pZhhtNurCgWAaedYHIz9zuPVGkWyXszjakv8EiykBFsrPRQrrgXl9X6eXlQLLlVdwH0l3gZKUGG5qD42R9GJBFUGsKx1j3PjY2fYmUY4XRW6CeaxphM8Ij2LJVYUO2ni4Nn6MwqQxRGypY0aKH+nEix0HoqAtspsBnrVW8u/uf1EhNe+SmTcWKoJMtFYcKRidD8ezRkihLDp5Zgopi9FZExVpgYm1HBhuCtvvyXtGtVz616d7VS4zqLIw8ncAoV8KAODbiFJrSAgIAneIFXRznPzpvzvmzNOdnMMfyC8/ENtd+OWw==</latexit><latexit sha1_base64="ieS9dAEj6Som9k0t8F5EDSRHJzs=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CbZCBSm79VBPUvDisYL9kHYp2TTbhibZJckKZemv8OJBEa/+HG/+G9N2D1p9MPB4b4aZeUHMmTau++Xk1tY3Nrfy24Wd3b39g+LhUVtHiSK0RSIeqW6ANeVM0pZhhtNurCgWAaedYHIz9zuPVGkWyXszjakv8EiykBFsrPRQrrgXl9X6eXlQLLlVdwH0l3gZKUGG5qD42R9GJBFUGsKx1j3PjY2fYmUY4XRW6CeaxphM8Ij2LJVYUO2ni4Nn6MwqQxRGypY0aKH+nEix0HoqAtspsBnrVW8u/uf1EhNe+SmTcWKoJMtFYcKRidD8ezRkihLDp5Zgopi9FZExVpgYm1HBhuCtvvyXtGtVz616d7VS4zqLIw8ncAoV8KAODbiFJrSAgIAneIFXRznPzpvzvmzNOdnMMfyC8/ENtd+OWw==</latexit><latexit sha1_base64="ieS9dAEj6Som9k0t8F5EDSRHJzs=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CbZCBSm79VBPUvDisYL9kHYp2TTbhibZJckKZemv8OJBEa/+HG/+G9N2D1p9MPB4b4aZeUHMmTau++Xk1tY3Nrfy24Wd3b39g+LhUVtHiSK0RSIeqW6ANeVM0pZhhtNurCgWAaedYHIz9zuPVGkWyXszjakv8EiykBFsrPRQrrgXl9X6eXlQLLlVdwH0l3gZKUGG5qD42R9GJBFUGsKx1j3PjY2fYmUY4XRW6CeaxphM8Ij2LJVYUO2ni4Nn6MwqQxRGypY0aKH+nEix0HoqAtspsBnrVW8u/uf1EhNe+SmTcWKoJMtFYcKRidD8ezRkihLDp5Zgopi9FZExVpgYm1HBhuCtvvyXtGtVz616d7VS4zqLIw8ncAoV8KAODbiFJrSAgIAneIFXRznPzpvzvmzNOdnMMfyC8/ENtd+OWw==</latexit><latexit sha1_base64="ieS9dAEj6Som9k0t8F5EDSRHJzs=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CbZCBSm79VBPUvDisYL9kHYp2TTbhibZJckKZemv8OJBEa/+HG/+G9N2D1p9MPB4b4aZeUHMmTau++Xk1tY3Nrfy24Wd3b39g+LhUVtHiSK0RSIeqW6ANeVM0pZhhtNurCgWAaedYHIz9zuPVGkWyXszjakv8EiykBFsrPRQrrgXl9X6eXlQLLlVdwH0l3gZKUGG5qD42R9GJBFUGsKx1j3PjY2fYmUY4XRW6CeaxphM8Ij2LJVYUO2ni4Nn6MwqQxRGypY0aKH+nEix0HoqAtspsBnrVW8u/uf1EhNe+SmTcWKoJMtFYcKRidD8ezRkihLDp5Zgopi9FZExVpgYm1HBhuCtvvyXtGtVz616d7VS4zqLIw8ncAoV8KAODbiFJrSAgIAneIFXRznPzpvzvmzNOdnMMfyC8/ENtd+OWw==</latexit>

↵
<latexit sha1_base64="b4CUo353XBsIgP3zMXlQw02InyI=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFhPBKtyl0UoCNpYRzAckR5jb7CVL9vbO3T0hHPkTNhaK2Pp37Pw3bpIrNPHBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnbR2nirIWjUWsugFqJrhkLcONYN1EMYwCwTrB5Hbud56Y0jyWD2aaMD/CkeQhp2is1K32USRjrA7KFbfmLkDWiZeTCuRoDspf/WFM04hJQwVq3fPcxPgZKsOpYLNSP9UsQTrBEetZKjFi2s8W987IhVWGJIyVLWnIQv09kWGk9TQKbGeEZqxXvbn4n9dLTXjtZ1wmqWGSLheFqSAmJvPnyZArRo2YWoJUcXsroWNUSI2NqGRD8FZfXiftes1za959vdK4yeMowhmcwyV4cAUNuIMmtICCgGd4hTfn0Xlx3p2PZWvByWdO4Q+czx9EGI9u</latexit><latexit sha1_base64="b4CUo353XBsIgP3zMXlQw02InyI=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFhPBKtyl0UoCNpYRzAckR5jb7CVL9vbO3T0hHPkTNhaK2Pp37Pw3bpIrNPHBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnbR2nirIWjUWsugFqJrhkLcONYN1EMYwCwTrB5Hbud56Y0jyWD2aaMD/CkeQhp2is1K32USRjrA7KFbfmLkDWiZeTCuRoDspf/WFM04hJQwVq3fPcxPgZKsOpYLNSP9UsQTrBEetZKjFi2s8W987IhVWGJIyVLWnIQv09kWGk9TQKbGeEZqxXvbn4n9dLTXjtZ1wmqWGSLheFqSAmJvPnyZArRo2YWoJUcXsroWNUSI2NqGRD8FZfXiftes1za959vdK4yeMowhmcwyV4cAUNuIMmtICCgGd4hTfn0Xlx3p2PZWvByWdO4Q+czx9EGI9u</latexit><latexit sha1_base64="b4CUo353XBsIgP3zMXlQw02InyI=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFhPBKtyl0UoCNpYRzAckR5jb7CVL9vbO3T0hHPkTNhaK2Pp37Pw3bpIrNPHBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnbR2nirIWjUWsugFqJrhkLcONYN1EMYwCwTrB5Hbud56Y0jyWD2aaMD/CkeQhp2is1K32USRjrA7KFbfmLkDWiZeTCuRoDspf/WFM04hJQwVq3fPcxPgZKsOpYLNSP9UsQTrBEetZKjFi2s8W987IhVWGJIyVLWnIQv09kWGk9TQKbGeEZqxXvbn4n9dLTXjtZ1wmqWGSLheFqSAmJvPnyZArRo2YWoJUcXsroWNUSI2NqGRD8FZfXiftes1za959vdK4yeMowhmcwyV4cAUNuIMmtICCgGd4hTfn0Xlx3p2PZWvByWdO4Q+czx9EGI9u</latexit><latexit sha1_base64="b4CUo353XBsIgP3zMXlQw02InyI=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFhPBKtyl0UoCNpYRzAckR5jb7CVL9vbO3T0hHPkTNhaK2Pp37Pw3bpIrNPHBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnbR2nirIWjUWsugFqJrhkLcONYN1EMYwCwTrB5Hbud56Y0jyWD2aaMD/CkeQhp2is1K32USRjrA7KFbfmLkDWiZeTCuRoDspf/WFM04hJQwVq3fPcxPgZKsOpYLNSP9UsQTrBEetZKjFi2s8W987IhVWGJIyVLWnIQv09kWGk9TQKbGeEZqxXvbn4n9dLTXjtZ1wmqWGSLheFqSAmJvPnyZArRo2YWoJUcXsroWNUSI2NqGRD8FZfXiftes1za959vdK4yeMowhmcwyV4cAUNuIMmtICCgGd4hTfn0Xlx3p2PZWvByWdO4Q+czx9EGI9u</latexit>

0
<latexit sha1_base64="2v+b6wMeBUYxqrU29gp9W+giEgw=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFhPBKtyl0UoCNpYRzQckR9jbzCVL9vaO3T0hHPkJNhaK2PqL7Pw3bpIrNPHBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnbR2nimGLxSJW3YBqFFxiy3AjsJsopFEgsBNMbud+5wmV5rF8NNME/YiOJA85o8ZKD1W3OihX3Jq7AFknXk4qkKM5KH/1hzFLI5SGCap1z3MT42dUGc4Ezkr9VGNC2YSOsGeppBFqP1ucOiMXVhmSMFa2pCEL9fdERiOtp1FgOyNqxnrVm4v/eb3UhNd+xmWSGpRsuShMBTExmf9NhlwhM2JqCWWK21sJG1NFmbHplGwI3urL66Rdr3luzbuvVxo3eRxFOINzuAQPrqABd9CEFjAYwTO8wpsjnBfn3flYthacfOYU/sD5/AEuto0K</latexit><latexit sha1_base64="2v+b6wMeBUYxqrU29gp9W+giEgw=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFhPBKtyl0UoCNpYRzQckR9jbzCVL9vaO3T0hHPkJNhaK2PqL7Pw3bpIrNPHBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnbR2nimGLxSJW3YBqFFxiy3AjsJsopFEgsBNMbud+5wmV5rF8NNME/YiOJA85o8ZKD1W3OihX3Jq7AFknXk4qkKM5KH/1hzFLI5SGCap1z3MT42dUGc4Ezkr9VGNC2YSOsGeppBFqP1ucOiMXVhmSMFa2pCEL9fdERiOtp1FgOyNqxnrVm4v/eb3UhNd+xmWSGpRsuShMBTExmf9NhlwhM2JqCWWK21sJG1NFmbHplGwI3urL66Rdr3luzbuvVxo3eRxFOINzuAQPrqABd9CEFjAYwTO8wpsjnBfn3flYthacfOYU/sD5/AEuto0K</latexit><latexit sha1_base64="2v+b6wMeBUYxqrU29gp9W+giEgw=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFhPBKtyl0UoCNpYRzQckR9jbzCVL9vaO3T0hHPkJNhaK2PqL7Pw3bpIrNPHBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnbR2nimGLxSJW3YBqFFxiy3AjsJsopFEgsBNMbud+5wmV5rF8NNME/YiOJA85o8ZKD1W3OihX3Jq7AFknXk4qkKM5KH/1hzFLI5SGCap1z3MT42dUGc4Ezkr9VGNC2YSOsGeppBFqP1ucOiMXVhmSMFa2pCEL9fdERiOtp1FgOyNqxnrVm4v/eb3UhNd+xmWSGpRsuShMBTExmf9NhlwhM2JqCWWK21sJG1NFmbHplGwI3urL66Rdr3luzbuvVxo3eRxFOINzuAQPrqABd9CEFjAYwTO8wpsjnBfn3flYthacfOYU/sD5/AEuto0K</latexit><latexit sha1_base64="2v+b6wMeBUYxqrU29gp9W+giEgw=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFhPBKtyl0UoCNpYRzQckR9jbzCVL9vaO3T0hHPkJNhaK2PqL7Pw3bpIrNPHBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnbR2nimGLxSJW3YBqFFxiy3AjsJsopFEgsBNMbud+5wmV5rF8NNME/YiOJA85o8ZKD1W3OihX3Jq7AFknXk4qkKM5KH/1hzFLI5SGCap1z3MT42dUGc4Ezkr9VGNC2YSOsGeppBFqP1ucOiMXVhmSMFa2pCEL9fdERiOtp1FgOyNqxnrVm4v/eb3UhNd+xmWSGpRsuShMBTExmf9NhlwhM2JqCWWK21sJG1NFmbHplGwI3urL66Rdr3luzbuvVxo3eRxFOINzuAQPrqABd9CEFjAYwTO8wpsjnBfn3flYthacfOYU/sD5/AEuto0K</latexit>

2
<latexit sha1_base64="byGr8AiuufMNcDeriGW13a88D6s=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFhPBKtyl0UoCNpYRzQckR9jb7CVL9vaO3TkhHPkJNhaK2PqL7Pw3bpIrNPHBwOO9GWbmBYkUBl332ylsbG5t7xR3S3v7B4dH5eOTtolTzXiLxTLW3YAaLoXiLRQoeTfRnEaB5J1gcjv3O09cGxGrR5wm3I/oSIlQMIpWeqjWq4Nyxa25C5B14uWkAjmag/JXfxizNOIKmaTG9Dw3QT+jGgWTfFbqp4YnlE3oiPcsVTTixs8Wp87IhVWGJIy1LYVkof6eyGhkzDQKbGdEcWxWvbn4n9dLMbz2M6GSFLliy0VhKgnGZP43GQrNGcqpJZRpYW8lbEw1ZWjTKdkQvNWX10m7XvPcmndfrzRu8jiKcAbncAkeXEED7qAJLWAwgmd4hTdHOi/Ou/OxbC04+cwp/IHz+QMxwI0M</latexit><latexit sha1_base64="byGr8AiuufMNcDeriGW13a88D6s=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFhPBKtyl0UoCNpYRzQckR9jb7CVL9vaO3TkhHPkJNhaK2PqL7Pw3bpIrNPHBwOO9GWbmBYkUBl332ylsbG5t7xR3S3v7B4dH5eOTtolTzXiLxTLW3YAaLoXiLRQoeTfRnEaB5J1gcjv3O09cGxGrR5wm3I/oSIlQMIpWeqjWq4Nyxa25C5B14uWkAjmag/JXfxizNOIKmaTG9Dw3QT+jGgWTfFbqp4YnlE3oiPcsVTTixs8Wp87IhVWGJIy1LYVkof6eyGhkzDQKbGdEcWxWvbn4n9dLMbz2M6GSFLliy0VhKgnGZP43GQrNGcqpJZRpYW8lbEw1ZWjTKdkQvNWX10m7XvPcmndfrzRu8jiKcAbncAkeXEED7qAJLWAwgmd4hTdHOi/Ou/OxbC04+cwp/IHz+QMxwI0M</latexit><latexit sha1_base64="byGr8AiuufMNcDeriGW13a88D6s=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFhPBKtyl0UoCNpYRzQckR9jb7CVL9vaO3TkhHPkJNhaK2PqL7Pw3bpIrNPHBwOO9GWbmBYkUBl332ylsbG5t7xR3S3v7B4dH5eOTtolTzXiLxTLW3YAaLoXiLRQoeTfRnEaB5J1gcjv3O09cGxGrR5wm3I/oSIlQMIpWeqjWq4Nyxa25C5B14uWkAjmag/JXfxizNOIKmaTG9Dw3QT+jGgWTfFbqp4YnlE3oiPcsVTTixs8Wp87IhVWGJIy1LYVkof6eyGhkzDQKbGdEcWxWvbn4n9dLMbz2M6GSFLliy0VhKgnGZP43GQrNGcqpJZRpYW8lbEw1ZWjTKdkQvNWX10m7XvPcmndfrzRu8jiKcAbncAkeXEED7qAJLWAwgmd4hTdHOi/Ou/OxbC04+cwp/IHz+QMxwI0M</latexit><latexit sha1_base64="byGr8AiuufMNcDeriGW13a88D6s=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFhPBKtyl0UoCNpYRzQckR9jb7CVL9vaO3TkhHPkJNhaK2PqL7Pw3bpIrNPHBwOO9GWbmBYkUBl332ylsbG5t7xR3S3v7B4dH5eOTtolTzXiLxTLW3YAaLoXiLRQoeTfRnEaB5J1gcjv3O09cGxGrR5wm3I/oSIlQMIpWeqjWq4Nyxa25C5B14uWkAjmag/JXfxizNOIKmaTG9Dw3QT+jGgWTfFbqp4YnlE3oiPcsVTTixs8Wp87IhVWGJIy1LYVkof6eyGhkzDQKbGdEcWxWvbn4n9dLMbz2M6GSFLliy0VhKgnGZP43GQrNGcqpJZRpYW8lbEw1ZWjTKdkQvNWX10m7XvPcmndfrzRu8jiKcAbncAkeXEED7qAJLWAwgmd4hTdHOi/Ou/OxbC04+cwp/IHz+QMxwI0M</latexit>

2.5
<latexit sha1_base64="BtMyjc/1vC3ml+vHOE461k3ZbEc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5AURE9S8OKxgmkLbSib7aZdursJuxuhhP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0o508bzvp3SxubW9k55t7K3f3B4VD0+aeskU4QGJOGJ6kZYU84kDQwznHZTRbGIOO1Ek7u533miSrNEPpppSkOBR5LFjGBjpaDecK/qg2rNc70F0DrxC1KDAq1B9as/TEgmqDSEY617vpeaMMfKMMLprNLPNE0xmeAR7VkqsaA6zBfHztCFVYYoTpQtadBC/T2RY6H1VES2U2Az1qveXPzP62UmvglzJtPMUEmWi+KMI5Og+edoyBQlhk8twUQxeysiY6wwMTafig3BX315nbQbru+5/kOj1rwt4ijDGZzDJfhwDU24hxYEQIDBM7zCmyOdF+fd+Vi2lpxi5hT+wPn8ARLqjYM=</latexit><latexit sha1_base64="BtMyjc/1vC3ml+vHOE461k3ZbEc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5AURE9S8OKxgmkLbSib7aZdursJuxuhhP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0o508bzvp3SxubW9k55t7K3f3B4VD0+aeskU4QGJOGJ6kZYU84kDQwznHZTRbGIOO1Ek7u533miSrNEPpppSkOBR5LFjGBjpaDecK/qg2rNc70F0DrxC1KDAq1B9as/TEgmqDSEY617vpeaMMfKMMLprNLPNE0xmeAR7VkqsaA6zBfHztCFVYYoTpQtadBC/T2RY6H1VES2U2Az1qveXPzP62UmvglzJtPMUEmWi+KMI5Og+edoyBQlhk8twUQxeysiY6wwMTafig3BX315nbQbru+5/kOj1rwt4ijDGZzDJfhwDU24hxYEQIDBM7zCmyOdF+fd+Vi2lpxi5hT+wPn8ARLqjYM=</latexit><latexit sha1_base64="BtMyjc/1vC3ml+vHOE461k3ZbEc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5AURE9S8OKxgmkLbSib7aZdursJuxuhhP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0o508bzvp3SxubW9k55t7K3f3B4VD0+aeskU4QGJOGJ6kZYU84kDQwznHZTRbGIOO1Ek7u533miSrNEPpppSkOBR5LFjGBjpaDecK/qg2rNc70F0DrxC1KDAq1B9as/TEgmqDSEY617vpeaMMfKMMLprNLPNE0xmeAR7VkqsaA6zBfHztCFVYYoTpQtadBC/T2RY6H1VES2U2Az1qveXPzP62UmvglzJtPMUEmWi+KMI5Og+edoyBQlhk8twUQxeysiY6wwMTafig3BX315nbQbru+5/kOj1rwt4ijDGZzDJfhwDU24hxYEQIDBM7zCmyOdF+fd+Vi2lpxi5hT+wPn8ARLqjYM=</latexit><latexit sha1_base64="BtMyjc/1vC3ml+vHOE461k3ZbEc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5AURE9S8OKxgmkLbSib7aZdursJuxuhhP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0o508bzvp3SxubW9k55t7K3f3B4VD0+aeskU4QGJOGJ6kZYU84kDQwznHZTRbGIOO1Ek7u533miSrNEPpppSkOBR5LFjGBjpaDecK/qg2rNc70F0DrxC1KDAq1B9as/TEgmqDSEY617vpeaMMfKMMLprNLPNE0xmeAR7VkqsaA6zBfHztCFVYYoTpQtadBC/T2RY6H1VES2U2Az1qveXPzP62UmvglzJtPMUEmWi+KMI5Og+edoyBQlhk8twUQxeysiY6wwMTafig3BX315nbQbru+5/kOj1rwt4ijDGZzDJfhwDU24hxYEQIDBM7zCmyOdF+fd+Vi2lpxi5hT+wPn8ARLqjYM=</latexit>

3
<latexit sha1_base64="jaJ9kUjk6fI4N8ZyHdhr02On/A0=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsstDIkNpYYBUngQvaWOdiwt3fZ3TMhF36CjYXG2PqL7Pw3LnCFgi+Z5OW9mczMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4GMwvpn5j0+oNI/lg5kk6Ed0KHnIGTVWuq9eVPvliltz5yCrxMtJBXI0++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzU6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDKz7hMUoOSLRaFqSAmJrO/yYArZEZMLKFMcXsrYSOqKDM2nZINwVt+eZW06zXPrXl39UrjOo+jCCdwCufgwSU04Baa0AIGQ3iGV3hzhPPivDsfi9aCk88cwx84nz8zRY0N</latexit><latexit sha1_base64="jaJ9kUjk6fI4N8ZyHdhr02On/A0=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsstDIkNpYYBUngQvaWOdiwt3fZ3TMhF36CjYXG2PqL7Pw3LnCFgi+Z5OW9mczMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4GMwvpn5j0+oNI/lg5kk6Ed0KHnIGTVWuq9eVPvliltz5yCrxMtJBXI0++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzU6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDKz7hMUoOSLRaFqSAmJrO/yYArZEZMLKFMcXsrYSOqKDM2nZINwVt+eZW06zXPrXl39UrjOo+jCCdwCufgwSU04Baa0AIGQ3iGV3hzhPPivDsfi9aCk88cwx84nz8zRY0N</latexit><latexit sha1_base64="jaJ9kUjk6fI4N8ZyHdhr02On/A0=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsstDIkNpYYBUngQvaWOdiwt3fZ3TMhF36CjYXG2PqL7Pw3LnCFgi+Z5OW9mczMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4GMwvpn5j0+oNI/lg5kk6Ed0KHnIGTVWuq9eVPvliltz5yCrxMtJBXI0++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzU6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDKz7hMUoOSLRaFqSAmJrO/yYArZEZMLKFMcXsrYSOqKDM2nZINwVt+eZW06zXPrXl39UrjOo+jCCdwCufgwSU04Baa0AIGQ3iGV3hzhPPivDsfi9aCk88cwx84nz8zRY0N</latexit><latexit sha1_base64="jaJ9kUjk6fI4N8ZyHdhr02On/A0=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsstDIkNpYYBUngQvaWOdiwt3fZ3TMhF36CjYXG2PqL7Pw3LnCFgi+Z5OW9mczMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4GMwvpn5j0+oNI/lg5kk6Ed0KHnIGTVWuq9eVPvliltz5yCrxMtJBXI0++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzU6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDKz7hMUoOSLRaFqSAmJrO/yYArZEZMLKFMcXsrYSOqKDM2nZINwVt+eZW06zXPrXl39UrjOo+jCCdwCufgwSU04Baa0AIGQ3iGV3hzhPPivDsfi9aCk88cwx84nz8zRY0N</latexit>

3.2
<latexit sha1_base64="7lXAJogma/vj4UGeqCQJ/p1eICE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5DUg56k4MVjBdMW2lA22027dHcTdjdCCf0NXjwo4tUf5M1/47bNQVsfDDzem2FmXpRypo3nfTuljc2t7Z3ybmVv/+DwqHp80tZJpggNSMIT1Y2wppxJGhhmOO2mimIRcdqJJndzv/NElWaJfDTTlIYCjySLGcHGSkH9ym3UB9Wa53oLoHXiF6QGBVqD6ld/mJBMUGkIx1r3fC81YY6VYYTTWaWfaZpiMsEj2rNUYkF1mC+OnaELqwxRnChb0qCF+nsix0LrqYhsp8BmrFe9ufif18tMfBPmTKaZoZIsF8UZRyZB88/RkClKDJ9agoli9lZExlhhYmw+FRuCv/ryOmk3XN9z/YdGrXlbxFGGMziHS/DhGppwDy0IgACDZ3iFN0c6L86787FsLTnFzCn8gfP5Aw/ijYE=</latexit><latexit sha1_base64="7lXAJogma/vj4UGeqCQJ/p1eICE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5DUg56k4MVjBdMW2lA22027dHcTdjdCCf0NXjwo4tUf5M1/47bNQVsfDDzem2FmXpRypo3nfTuljc2t7Z3ybmVv/+DwqHp80tZJpggNSMIT1Y2wppxJGhhmOO2mimIRcdqJJndzv/NElWaJfDTTlIYCjySLGcHGSkH9ym3UB9Wa53oLoHXiF6QGBVqD6ld/mJBMUGkIx1r3fC81YY6VYYTTWaWfaZpiMsEj2rNUYkF1mC+OnaELqwxRnChb0qCF+nsix0LrqYhsp8BmrFe9ufif18tMfBPmTKaZoZIsF8UZRyZB88/RkClKDJ9agoli9lZExlhhYmw+FRuCv/ryOmk3XN9z/YdGrXlbxFGGMziHS/DhGppwDy0IgACDZ3iFN0c6L86787FsLTnFzCn8gfP5Aw/ijYE=</latexit><latexit sha1_base64="7lXAJogma/vj4UGeqCQJ/p1eICE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5DUg56k4MVjBdMW2lA22027dHcTdjdCCf0NXjwo4tUf5M1/47bNQVsfDDzem2FmXpRypo3nfTuljc2t7Z3ybmVv/+DwqHp80tZJpggNSMIT1Y2wppxJGhhmOO2mimIRcdqJJndzv/NElWaJfDTTlIYCjySLGcHGSkH9ym3UB9Wa53oLoHXiF6QGBVqD6ld/mJBMUGkIx1r3fC81YY6VYYTTWaWfaZpiMsEj2rNUYkF1mC+OnaELqwxRnChb0qCF+nsix0LrqYhsp8BmrFe9ufif18tMfBPmTKaZoZIsF8UZRyZB88/RkClKDJ9agoli9lZExlhhYmw+FRuCv/ryOmk3XN9z/YdGrXlbxFGGMziHS/DhGppwDy0IgACDZ3iFN0c6L86787FsLTnFzCn8gfP5Aw/ijYE=</latexit><latexit sha1_base64="7lXAJogma/vj4UGeqCQJ/p1eICE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5DUg56k4MVjBdMW2lA22027dHcTdjdCCf0NXjwo4tUf5M1/47bNQVsfDDzem2FmXpRypo3nfTuljc2t7Z3ybmVv/+DwqHp80tZJpggNSMIT1Y2wppxJGhhmOO2mimIRcdqJJndzv/NElWaJfDTTlIYCjySLGcHGSkH9ym3UB9Wa53oLoHXiF6QGBVqD6ld/mJBMUGkIx1r3fC81YY6VYYTTWaWfaZpiMsEj2rNUYkF1mC+OnaELqwxRnChb0qCF+nsix0LrqYhsp8BmrFe9ufif18tMfBPmTKaZoZIsF8UZRyZB88/RkClKDJ9agoli9lZExlhhYmw+FRuCv/ryOmk3XN9z/YdGrXlbxFGGMziHS/DhGppwDy0IgACDZ3iFN0c6L86787FsLTnFzCn8gfP5Aw/ijYE=</latexit>

3.7
<latexit sha1_base64="RUaYTjGZdlj5ocO7tbCc5jCxps0=">AAAB7HicbVBNS8NAEJ2tX7V+VT16WWwFTyGph3qSghePFUwttKFstpt26WYTdjdCCf0NXjwo4tUf5M1/47bNQVsfDDzem2FmXpgKro3rfqPSxubW9k55t7K3f3B4VD0+6egkU5T5NBGJ6oZEM8El8w03gnVTxUgcCvYYTm7n/uMTU5on8sFMUxbEZCR5xCkxVvLrV06zPqjWXMddAK8TryA1KNAeVL/6w4RmMZOGCqJ1z3NTE+REGU4Fm1X6mWYpoRMyYj1LJYmZDvLFsTN8YZUhjhJlSxq8UH9P5CTWehqHtjMmZqxXvbn4n9fLTHQd5FymmWGSLhdFmcAmwfPP8ZArRo2YWkKo4vZWTMdEEWpsPhUbgrf68jrpNBzPdbz7Rq11U8RRhjM4h0vwoAktuIM2+ECBwzO8whuS6AW9o49lawkVM6fwB+jzBxd7jYY=</latexit><latexit sha1_base64="RUaYTjGZdlj5ocO7tbCc5jCxps0=">AAAB7HicbVBNS8NAEJ2tX7V+VT16WWwFTyGph3qSghePFUwttKFstpt26WYTdjdCCf0NXjwo4tUf5M1/47bNQVsfDDzem2FmXpgKro3rfqPSxubW9k55t7K3f3B4VD0+6egkU5T5NBGJ6oZEM8El8w03gnVTxUgcCvYYTm7n/uMTU5on8sFMUxbEZCR5xCkxVvLrV06zPqjWXMddAK8TryA1KNAeVL/6w4RmMZOGCqJ1z3NTE+REGU4Fm1X6mWYpoRMyYj1LJYmZDvLFsTN8YZUhjhJlSxq8UH9P5CTWehqHtjMmZqxXvbn4n9fLTHQd5FymmWGSLhdFmcAmwfPP8ZArRo2YWkKo4vZWTMdEEWpsPhUbgrf68jrpNBzPdbz7Rq11U8RRhjM4h0vwoAktuIM2+ECBwzO8whuS6AW9o49lawkVM6fwB+jzBxd7jYY=</latexit><latexit sha1_base64="RUaYTjGZdlj5ocO7tbCc5jCxps0=">AAAB7HicbVBNS8NAEJ2tX7V+VT16WWwFTyGph3qSghePFUwttKFstpt26WYTdjdCCf0NXjwo4tUf5M1/47bNQVsfDDzem2FmXpgKro3rfqPSxubW9k55t7K3f3B4VD0+6egkU5T5NBGJ6oZEM8El8w03gnVTxUgcCvYYTm7n/uMTU5on8sFMUxbEZCR5xCkxVvLrV06zPqjWXMddAK8TryA1KNAeVL/6w4RmMZOGCqJ1z3NTE+REGU4Fm1X6mWYpoRMyYj1LJYmZDvLFsTN8YZUhjhJlSxq8UH9P5CTWehqHtjMmZqxXvbn4n9fLTHQd5FymmWGSLhdFmcAmwfPP8ZArRo2YWkKo4vZWTMdEEWpsPhUbgrf68jrpNBzPdbz7Rq11U8RRhjM4h0vwoAktuIM2+ECBwzO8whuS6AW9o49lawkVM6fwB+jzBxd7jYY=</latexit><latexit sha1_base64="RUaYTjGZdlj5ocO7tbCc5jCxps0=">AAAB7HicbVBNS8NAEJ2tX7V+VT16WWwFTyGph3qSghePFUwttKFstpt26WYTdjdCCf0NXjwo4tUf5M1/47bNQVsfDDzem2FmXpgKro3rfqPSxubW9k55t7K3f3B4VD0+6egkU5T5NBGJ6oZEM8El8w03gnVTxUgcCvYYTm7n/uMTU5on8sFMUxbEZCR5xCkxVvLrV06zPqjWXMddAK8TryA1KNAeVL/6w4RmMZOGCqJ1z3NTE+REGU4Fm1X6mWYpoRMyYj1LJYmZDvLFsTN8YZUhjhJlSxq8UH9P5CTWehqHtjMmZqxXvbn4n9fLTHQd5FymmWGSLhdFmcAmwfPP8ZArRo2YWkKo4vZWTMdEEWpsPhUbgrf68jrpNBzPdbz7Rq11U8RRhjM4h0vwoAktuIM2+ECBwzO8whuS6AW9o49lawkVM6fwB+jzBxd7jYY=</latexit>

4.2
<latexit sha1_base64="4TqMnKDkOgargaA/mneUl0EEWzI=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5AUQU9S8OKxgmkLbSib7aZdursJuxuhhP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0o508bzvp3SxubW9k55t7K3f3B4VD0+aeskU4QGJOGJ6kZYU84kDQwznHZTRbGIOO1Ek7u533miSrNEPpppSkOBR5LFjGBjpaB+5Tbqg2rNc70F0DrxC1KDAq1B9as/TEgmqDSEY617vpeaMMfKMMLprNLPNE0xmeAR7VkqsaA6zBfHztCFVYYoTpQtadBC/T2RY6H1VES2U2Az1qveXPzP62UmvglzJtPMUEmWi+KMI5Og+edoyBQlhk8twUQxeysiY6wwMTafig3BX315nbQbru+5/kOj1rwt4ijDGZzDJfhwDU24hxYEQIDBM7zCmyOdF+fd+Vi2lpxi5hT+wPn8ARFpjYI=</latexit><latexit sha1_base64="4TqMnKDkOgargaA/mneUl0EEWzI=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5AUQU9S8OKxgmkLbSib7aZdursJuxuhhP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0o508bzvp3SxubW9k55t7K3f3B4VD0+aeskU4QGJOGJ6kZYU84kDQwznHZTRbGIOO1Ek7u533miSrNEPpppSkOBR5LFjGBjpaB+5Tbqg2rNc70F0DrxC1KDAq1B9as/TEgmqDSEY617vpeaMMfKMMLprNLPNE0xmeAR7VkqsaA6zBfHztCFVYYoTpQtadBC/T2RY6H1VES2U2Az1qveXPzP62UmvglzJtPMUEmWi+KMI5Og+edoyBQlhk8twUQxeysiY6wwMTafig3BX315nbQbru+5/kOj1rwt4ijDGZzDJfhwDU24hxYEQIDBM7zCmyOdF+fd+Vi2lpxi5hT+wPn8ARFpjYI=</latexit><latexit sha1_base64="4TqMnKDkOgargaA/mneUl0EEWzI=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5AUQU9S8OKxgmkLbSib7aZdursJuxuhhP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0o508bzvp3SxubW9k55t7K3f3B4VD0+aeskU4QGJOGJ6kZYU84kDQwznHZTRbGIOO1Ek7u533miSrNEPpppSkOBR5LFjGBjpaB+5Tbqg2rNc70F0DrxC1KDAq1B9as/TEgmqDSEY617vpeaMMfKMMLprNLPNE0xmeAR7VkqsaA6zBfHztCFVYYoTpQtadBC/T2RY6H1VES2U2Az1qveXPzP62UmvglzJtPMUEmWi+KMI5Og+edoyBQlhk8twUQxeysiY6wwMTafig3BX315nbQbru+5/kOj1rwt4ijDGZzDJfhwDU24hxYEQIDBM7zCmyOdF+fd+Vi2lpxi5hT+wPn8ARFpjYI=</latexit><latexit sha1_base64="4TqMnKDkOgargaA/mneUl0EEWzI=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5AUQU9S8OKxgmkLbSib7aZdursJuxuhhP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0o508bzvp3SxubW9k55t7K3f3B4VD0+aeskU4QGJOGJ6kZYU84kDQwznHZTRbGIOO1Ek7u533miSrNEPpppSkOBR5LFjGBjpaB+5Tbqg2rNc70F0DrxC1KDAq1B9as/TEgmqDSEY617vpeaMMfKMMLprNLPNE0xmeAR7VkqsaA6zBfHztCFVYYoTpQtadBC/T2RY6H1VES2U2Az1qveXPzP62UmvglzJtPMUEmWi+KMI5Og+edoyBQlhk8twUQxeysiY6wwMTafig3BX315nbQbru+5/kOj1rwt4ijDGZzDJfhwDU24hxYEQIDBM7zCmyOdF+fd+Vi2lpxi5hT+wPn8ARFpjYI=</latexit>

5
<latexit sha1_base64="oT4n2+bOfWKED297Q7ZzDqZQbtk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURE9S8OKxoq2FNpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4GMwvpn5j0+oNI/lg5kk6Ed0KHnIGTVWuq9eVPvliltz5yCrxMtJBXI0++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzU6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDKz7hMUoOSLRaFqSAmJrO/yYArZEZMLKFMcXsrYSOqKDM2nZINwVt+eZW06zXPrXl39UrjOo+jCCdwCufgwSU04Baa0AIGQ3iGV3hzhPPivDsfi9aCk88cwx84nz82T40P</latexit><latexit sha1_base64="oT4n2+bOfWKED297Q7ZzDqZQbtk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURE9S8OKxoq2FNpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4GMwvpn5j0+oNI/lg5kk6Ed0KHnIGTVWuq9eVPvliltz5yCrxMtJBXI0++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzU6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDKz7hMUoOSLRaFqSAmJrO/yYArZEZMLKFMcXsrYSOqKDM2nZINwVt+eZW06zXPrXl39UrjOo+jCCdwCufgwSU04Baa0AIGQ3iGV3hzhPPivDsfi9aCk88cwx84nz82T40P</latexit><latexit sha1_base64="oT4n2+bOfWKED297Q7ZzDqZQbtk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURE9S8OKxoq2FNpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4GMwvpn5j0+oNI/lg5kk6Ed0KHnIGTVWuq9eVPvliltz5yCrxMtJBXI0++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzU6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDKz7hMUoOSLRaFqSAmJrO/yYArZEZMLKFMcXsrYSOqKDM2nZINwVt+eZW06zXPrXl39UrjOo+jCCdwCufgwSU04Baa0AIGQ3iGV3hzhPPivDsfi9aCk88cwx84nz82T40P</latexit><latexit sha1_base64="oT4n2+bOfWKED297Q7ZzDqZQbtk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURE9S8OKxoq2FNpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4GMwvpn5j0+oNI/lg5kk6Ed0KHnIGTVWuq9eVPvliltz5yCrxMtJBXI0++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzU6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDKz7hMUoOSLRaFqSAmJrO/yYArZEZMLKFMcXsrYSOqKDM2nZINwVt+eZW06zXPrXl39UrjOo+jCCdwCufgwSU04Baa0AIGQ3iGV3hzhPPivDsfi9aCk88cwx84nz82T40P</latexit>

5.6
<latexit sha1_base64="1JOE+JBJMVKUghUEXfdhpkxI/Ck=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5AU/DhJwYvHCqYW2lA22027dHcTdjdCCf0NXjwo4tUf5M1/47bNQVsfDDzem2FmXpRypo3nfTultfWNza3ydmVnd2//oHp41NZJpggNSMIT1YmwppxJGhhmOO2kimIRcfoYjW9n/uMTVZol8sFMUhoKPJQsZgQbKwX1C/ey3q/WPNebA60SvyA1KNDqV796g4RkgkpDONa663upCXOsDCOcTiu9TNMUkzEe0q6lEguqw3x+7BSdWWWA4kTZkgbN1d8TORZaT0RkOwU2I73szcT/vG5m4uswZzLNDJVksSjOODIJmn2OBkxRYvjEEkwUs7ciMsIKE2PzqdgQ/OWXV0m74fqe6983as2bIo4ynMApnIMPV9CEO2hBAAQYPMMrvDnSeXHenY9Fa8kpZo7hD5zPHxkEjYc=</latexit><latexit sha1_base64="1JOE+JBJMVKUghUEXfdhpkxI/Ck=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5AU/DhJwYvHCqYW2lA22027dHcTdjdCCf0NXjwo4tUf5M1/47bNQVsfDDzem2FmXpRypo3nfTultfWNza3ydmVnd2//oHp41NZJpggNSMIT1YmwppxJGhhmOO2kimIRcfoYjW9n/uMTVZol8sFMUhoKPJQsZgQbKwX1C/ey3q/WPNebA60SvyA1KNDqV796g4RkgkpDONa663upCXOsDCOcTiu9TNMUkzEe0q6lEguqw3x+7BSdWWWA4kTZkgbN1d8TORZaT0RkOwU2I73szcT/vG5m4uswZzLNDJVksSjOODIJmn2OBkxRYvjEEkwUs7ciMsIKE2PzqdgQ/OWXV0m74fqe6983as2bIo4ynMApnIMPV9CEO2hBAAQYPMMrvDnSeXHenY9Fa8kpZo7hD5zPHxkEjYc=</latexit><latexit sha1_base64="1JOE+JBJMVKUghUEXfdhpkxI/Ck=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5AU/DhJwYvHCqYW2lA22027dHcTdjdCCf0NXjwo4tUf5M1/47bNQVsfDDzem2FmXpRypo3nfTultfWNza3ydmVnd2//oHp41NZJpggNSMIT1YmwppxJGhhmOO2kimIRcfoYjW9n/uMTVZol8sFMUhoKPJQsZgQbKwX1C/ey3q/WPNebA60SvyA1KNDqV796g4RkgkpDONa663upCXOsDCOcTiu9TNMUkzEe0q6lEguqw3x+7BSdWWWA4kTZkgbN1d8TORZaT0RkOwU2I73szcT/vG5m4uswZzLNDJVksSjOODIJmn2OBkxRYvjEEkwUs7ciMsIKE2PzqdgQ/OWXV0m74fqe6983as2bIo4ynMApnIMPV9CEO2hBAAQYPMMrvDnSeXHenY9Fa8kpZo7hD5zPHxkEjYc=</latexit><latexit sha1_base64="1JOE+JBJMVKUghUEXfdhpkxI/Ck=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5AU/DhJwYvHCqYW2lA22027dHcTdjdCCf0NXjwo4tUf5M1/47bNQVsfDDzem2FmXpRypo3nfTultfWNza3ydmVnd2//oHp41NZJpggNSMIT1YmwppxJGhhmOO2kimIRcfoYjW9n/uMTVZol8sFMUhoKPJQsZgQbKwX1C/ey3q/WPNebA60SvyA1KNDqV796g4RkgkpDONa663upCXOsDCOcTiu9TNMUkzEe0q6lEguqw3x+7BSdWWWA4kTZkgbN1d8TORZaT0RkOwU2I73szcT/vG5m4uswZzLNDJVksSjOODIJmn2OBkxRYvjEEkwUs7ciMsIKE2PzqdgQ/OWXV0m74fqe6983as2bIo4ynMApnIMPV9CEO2hBAAQYPMMrvDnSeXHenY9Fa8kpZo7hD5zPHxkEjYc=</latexit>

(a)

(b)

(4.2, 5.6)
<latexit sha1_base64="7iRr9dDs4ZUkllHfyvyL2PjvmkU=">AAAB8nicbVDLSsNAFL2pr1pfVZdugq1QQUJSfK2k4MZlBfuANJTJdNIOncyEmYlQQj/DjQtF3Po17vwbp20WWj1w4XDOvdx7T5gwqrTrflmFldW19Y3iZmlre2d3r7x/0FYilZi0sGBCdkOkCKOctDTVjHQTSVAcMtIJx7czv/NIpKKCP+hJQoIYDTmNKEbaSH61du7Uzy6cy9Nqv1xxHXcO+y/xclKBHM1++bM3EDiNCdeYIaV8z010kCGpKWZkWuqliiQIj9GQ+IZyFBMVZPOTp/aJUQZ2JKQpru25+nMiQ7FSkzg0nTHSI7XszcT/PD/V0XWQUZ6kmnC8WBSlzNbCnv1vD6gkWLOJIQhLam618QhJhLVJqWRC8JZf/kvadcdzHe++Xmnc5HEU4QiOoQYeXEED7qAJLcAg4Ale4NXS1rP1Zr0vWgtWPnMIv2B9fAOceI7U</latexit><latexit sha1_base64="7iRr9dDs4ZUkllHfyvyL2PjvmkU=">AAAB8nicbVDLSsNAFL2pr1pfVZdugq1QQUJSfK2k4MZlBfuANJTJdNIOncyEmYlQQj/DjQtF3Po17vwbp20WWj1w4XDOvdx7T5gwqrTrflmFldW19Y3iZmlre2d3r7x/0FYilZi0sGBCdkOkCKOctDTVjHQTSVAcMtIJx7czv/NIpKKCP+hJQoIYDTmNKEbaSH61du7Uzy6cy9Nqv1xxHXcO+y/xclKBHM1++bM3EDiNCdeYIaV8z010kCGpKWZkWuqliiQIj9GQ+IZyFBMVZPOTp/aJUQZ2JKQpru25+nMiQ7FSkzg0nTHSI7XszcT/PD/V0XWQUZ6kmnC8WBSlzNbCnv1vD6gkWLOJIQhLam618QhJhLVJqWRC8JZf/kvadcdzHe++Xmnc5HEU4QiOoQYeXEED7qAJLcAg4Ale4NXS1rP1Zr0vWgtWPnMIv2B9fAOceI7U</latexit><latexit sha1_base64="7iRr9dDs4ZUkllHfyvyL2PjvmkU=">AAAB8nicbVDLSsNAFL2pr1pfVZdugq1QQUJSfK2k4MZlBfuANJTJdNIOncyEmYlQQj/DjQtF3Po17vwbp20WWj1w4XDOvdx7T5gwqrTrflmFldW19Y3iZmlre2d3r7x/0FYilZi0sGBCdkOkCKOctDTVjHQTSVAcMtIJx7czv/NIpKKCP+hJQoIYDTmNKEbaSH61du7Uzy6cy9Nqv1xxHXcO+y/xclKBHM1++bM3EDiNCdeYIaV8z010kCGpKWZkWuqliiQIj9GQ+IZyFBMVZPOTp/aJUQZ2JKQpru25+nMiQ7FSkzg0nTHSI7XszcT/PD/V0XWQUZ6kmnC8WBSlzNbCnv1vD6gkWLOJIQhLam618QhJhLVJqWRC8JZf/kvadcdzHe++Xmnc5HEU4QiOoQYeXEED7qAJLcAg4Ale4NXS1rP1Zr0vWgtWPnMIv2B9fAOceI7U</latexit><latexit sha1_base64="7iRr9dDs4ZUkllHfyvyL2PjvmkU=">AAAB8nicbVDLSsNAFL2pr1pfVZdugq1QQUJSfK2k4MZlBfuANJTJdNIOncyEmYlQQj/DjQtF3Po17vwbp20WWj1w4XDOvdx7T5gwqrTrflmFldW19Y3iZmlre2d3r7x/0FYilZi0sGBCdkOkCKOctDTVjHQTSVAcMtIJx7czv/NIpKKCP+hJQoIYDTmNKEbaSH61du7Uzy6cy9Nqv1xxHXcO+y/xclKBHM1++bM3EDiNCdeYIaV8z010kCGpKWZkWuqliiQIj9GQ+IZyFBMVZPOTp/aJUQZ2JKQpru25+nMiQ7FSkzg0nTHSI7XszcT/PD/V0XWQUZ6kmnC8WBSlzNbCnv1vD6gkWLOJIQhLam618QhJhLVJqWRC8JZf/kvadcdzHe++Xmnc5HEU4QiOoQYeXEED7qAJLcAg4Ale4NXS1rP1Zr0vWgtWPnMIv2B9fAOceI7U</latexit>

(c)

t2.5 3 3.7 4.2 5.63.2 4 5210

(d)



Review: computing persistent homology

Now: imagine perturbing the function values at some particular simplifies: from 7 to
7.5 and from 11 to 10.5. How will the persistence diagram change?



Persistence diagram

Definition

A persistence diagram is a finite multisite of points in the extended
plane. To simplify the definitions and results, we add infinitely
many points on the diagonal, each with infinite multiplicity.

The extended plane: R̄2 = (R ∪ ±∞)2.

Let δ denote diagonal of the extended plane.

For example see persistence diagrams in dimension 0 and
dimension 1 below (left, Dgm0; right Dgm1).

(0,1)
<latexit sha1_base64="CgHqJlYjL9oz5mznh2EBtfHeopE=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BFuhgpSkFz1JwYvHCvYDmlA22027dLMJuxMhlP4NLx4U8eqf8ea/cdvmoK0PBh7vzTAzL0gE1+g431ZhY3Nre6e4W9rbPzg8Kh+fdHScKsraNBax6gVEM8ElayNHwXqJYiQKBOsGk7u5331iSvNYPmKWMD8iI8lDTgkayavWnCuPyxCzy+qgXHHqzgL2OnFzUoEcrUH5yxvGNI2YRCqI1n3XSdCfEoWcCjYrealmCaETMmJ9QyWJmPani5tn9oVRhnYYK1MS7YX6e2JKIq2zKDCdEcGxXvXm4n9eP8Xwxp9ymaTIJF0uClNhY2zPA7CHXDGKIjOEUMXNrTYdE0UomphKJgR39eV10mnUXafuPjQqzds8jiKcwTnUwIVraMI9tKANFBJ4hld4s1LrxXq3PpatBSufOYU/sD5/ABzvkGc=</latexit><latexit sha1_base64="CgHqJlYjL9oz5mznh2EBtfHeopE=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BFuhgpSkFz1JwYvHCvYDmlA22027dLMJuxMhlP4NLx4U8eqf8ea/cdvmoK0PBh7vzTAzL0gE1+g431ZhY3Nre6e4W9rbPzg8Kh+fdHScKsraNBax6gVEM8ElayNHwXqJYiQKBOsGk7u5331iSvNYPmKWMD8iI8lDTgkayavWnCuPyxCzy+qgXHHqzgL2OnFzUoEcrUH5yxvGNI2YRCqI1n3XSdCfEoWcCjYrealmCaETMmJ9QyWJmPani5tn9oVRhnYYK1MS7YX6e2JKIq2zKDCdEcGxXvXm4n9eP8Xwxp9ymaTIJF0uClNhY2zPA7CHXDGKIjOEUMXNrTYdE0UomphKJgR39eV10mnUXafuPjQqzds8jiKcwTnUwIVraMI9tKANFBJ4hld4s1LrxXq3PpatBSufOYU/sD5/ABzvkGc=</latexit><latexit sha1_base64="CgHqJlYjL9oz5mznh2EBtfHeopE=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BFuhgpSkFz1JwYvHCvYDmlA22027dLMJuxMhlP4NLx4U8eqf8ea/cdvmoK0PBh7vzTAzL0gE1+g431ZhY3Nre6e4W9rbPzg8Kh+fdHScKsraNBax6gVEM8ElayNHwXqJYiQKBOsGk7u5331iSvNYPmKWMD8iI8lDTgkayavWnCuPyxCzy+qgXHHqzgL2OnFzUoEcrUH5yxvGNI2YRCqI1n3XSdCfEoWcCjYrealmCaETMmJ9QyWJmPani5tn9oVRhnYYK1MS7YX6e2JKIq2zKDCdEcGxXvXm4n9eP8Xwxp9ymaTIJF0uClNhY2zPA7CHXDGKIjOEUMXNrTYdE0UomphKJgR39eV10mnUXafuPjQqzds8jiKcwTnUwIVraMI9tKANFBJ4hld4s1LrxXq3PpatBSufOYU/sD5/ABzvkGc=</latexit><latexit sha1_base64="CgHqJlYjL9oz5mznh2EBtfHeopE=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BFuhgpSkFz1JwYvHCvYDmlA22027dLMJuxMhlP4NLx4U8eqf8ea/cdvmoK0PBh7vzTAzL0gE1+g431ZhY3Nre6e4W9rbPzg8Kh+fdHScKsraNBax6gVEM8ElayNHwXqJYiQKBOsGk7u5331iSvNYPmKWMD8iI8lDTgkayavWnCuPyxCzy+qgXHHqzgL2OnFzUoEcrUH5yxvGNI2YRCqI1n3XSdCfEoWcCjYrealmCaETMmJ9QyWJmPani5tn9oVRhnYYK1MS7YX6e2JKIq2zKDCdEcGxXvXm4n9eP8Xwxp9ymaTIJF0uClNhY2zPA7CHXDGKIjOEUMXNrTYdE0UomphKJgR39eV10mnUXafuPjQqzds8jiKcwTnUwIVraMI9tKANFBJ4hld4s1LrxXq3PpatBSufOYU/sD5/ABzvkGc=</latexit>

(0, 2.5)
<latexit sha1_base64="nAyqzhExQclZqHq5o+e9ClkdLJ8=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CbZCBVl2C6InKXjxWMF+SLuUbJptQ5PskmSFUvorvHhQxKs/x5v/xrTdg7Y+GHi8N8PMvDDhTBvP+3Zya+sbm1v57cLO7t7+QfHwqKnjVBHaIDGPVTvEmnImacMww2k7URSLkNNWOLqd+a0nqjSL5YMZJzQQeCBZxAg2VnosV7yLqnt5Xu4VS57rzYFWiZ+REmSo94pf3X5MUkGlIRxr3fG9xAQTrAwjnE4L3VTTBJMRHtCOpRILqoPJ/OApOrNKH0WxsiUNmqu/JyZYaD0Woe0U2Az1sjcT//M6qYmugwmTSWqoJItFUcqRidHse9RnihLDx5Zgopi9FZEhVpgYm1HBhuAvv7xKmlXX91z/vlqq3WRx5OEETqECPlxBDe6gDg0gIOAZXuHNUc6L8+58LFpzTjZzDH/gfP4AsUuOWA==</latexit><latexit sha1_base64="nAyqzhExQclZqHq5o+e9ClkdLJ8=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CbZCBVl2C6InKXjxWMF+SLuUbJptQ5PskmSFUvorvHhQxKs/x5v/xrTdg7Y+GHi8N8PMvDDhTBvP+3Zya+sbm1v57cLO7t7+QfHwqKnjVBHaIDGPVTvEmnImacMww2k7URSLkNNWOLqd+a0nqjSL5YMZJzQQeCBZxAg2VnosV7yLqnt5Xu4VS57rzYFWiZ+REmSo94pf3X5MUkGlIRxr3fG9xAQTrAwjnE4L3VTTBJMRHtCOpRILqoPJ/OApOrNKH0WxsiUNmqu/JyZYaD0Woe0U2Az1sjcT//M6qYmugwmTSWqoJItFUcqRidHse9RnihLDx5Zgopi9FZEhVpgYm1HBhuAvv7xKmlXX91z/vlqq3WRx5OEETqECPlxBDe6gDg0gIOAZXuHNUc6L8+58LFpzTjZzDH/gfP4AsUuOWA==</latexit><latexit sha1_base64="nAyqzhExQclZqHq5o+e9ClkdLJ8=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CbZCBVl2C6InKXjxWMF+SLuUbJptQ5PskmSFUvorvHhQxKs/x5v/xrTdg7Y+GHi8N8PMvDDhTBvP+3Zya+sbm1v57cLO7t7+QfHwqKnjVBHaIDGPVTvEmnImacMww2k7URSLkNNWOLqd+a0nqjSL5YMZJzQQeCBZxAg2VnosV7yLqnt5Xu4VS57rzYFWiZ+REmSo94pf3X5MUkGlIRxr3fG9xAQTrAwjnE4L3VTTBJMRHtCOpRILqoPJ/OApOrNKH0WxsiUNmqu/JyZYaD0Woe0U2Az1sjcT//M6qYmugwmTSWqoJItFUcqRidHse9RnihLDx5Zgopi9FZEhVpgYm1HBhuAvv7xKmlXX91z/vlqq3WRx5OEETqECPlxBDe6gDg0gIOAZXuHNUc6L8+58LFpzTjZzDH/gfP4AsUuOWA==</latexit><latexit sha1_base64="nAyqzhExQclZqHq5o+e9ClkdLJ8=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CbZCBVl2C6InKXjxWMF+SLuUbJptQ5PskmSFUvorvHhQxKs/x5v/xrTdg7Y+GHi8N8PMvDDhTBvP+3Zya+sbm1v57cLO7t7+QfHwqKnjVBHaIDGPVTvEmnImacMww2k7URSLkNNWOLqd+a0nqjSL5YMZJzQQeCBZxAg2VnosV7yLqnt5Xu4VS57rzYFWiZ+REmSo94pf3X5MUkGlIRxr3fG9xAQTrAwjnE4L3VTTBJMRHtCOpRILqoPJ/OApOrNKH0WxsiUNmqu/JyZYaD0Woe0U2Az1sjcT//M6qYmugwmTSWqoJItFUcqRidHse9RnihLDx5Zgopi9FZEhVpgYm1HBhuAvv7xKmlXX91z/vlqq3WRx5OEETqECPlxBDe6gDg0gIOAZXuHNUc6L8+58LFpzTjZzDH/gfP4AsUuOWA==</latexit>

(0, 3)
<latexit sha1_base64="+EcPegRkt+rkXmCMfcvfzV/dAsI=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYCJEkLAbD3qSgBePEcwDkiXMTibJkNnZZaZXCEs+wosHRbz6Pd78GyfJHjSxoKGo6qa7K4ilMOi6387a+sbm1nZuJ7+7t39wWDg6bpoo0Yw3WCQj3Q6o4VIo3kCBkrdjzWkYSN4Kxnczv/XEtRGResRJzP2QDpUYCEbRSq1S2b28uij1CkW34s5BVomXkSJkqPcKX91+xJKQK2SSGtPx3Bj9lGoUTPJpvpsYHlM2pkPesVTRkBs/nZ87JedW6ZNBpG0pJHP190RKQ2MmYWA7Q4ojs+zNxP+8ToKDGz8VKk6QK7ZYNEgkwYjMfid9oTlDObGEMi3srYSNqKYMbUJ5G4K3/PIqaVYrnlvxHqrF2m0WRw5O4QzK4ME11OAe6tAABmN4hld4c2LnxXl3Phata042cwJ/4Hz+ANAsjeI=</latexit><latexit sha1_base64="+EcPegRkt+rkXmCMfcvfzV/dAsI=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYCJEkLAbD3qSgBePEcwDkiXMTibJkNnZZaZXCEs+wosHRbz6Pd78GyfJHjSxoKGo6qa7K4ilMOi6387a+sbm1nZuJ7+7t39wWDg6bpoo0Yw3WCQj3Q6o4VIo3kCBkrdjzWkYSN4Kxnczv/XEtRGResRJzP2QDpUYCEbRSq1S2b28uij1CkW34s5BVomXkSJkqPcKX91+xJKQK2SSGtPx3Bj9lGoUTPJpvpsYHlM2pkPesVTRkBs/nZ87JedW6ZNBpG0pJHP190RKQ2MmYWA7Q4ojs+zNxP+8ToKDGz8VKk6QK7ZYNEgkwYjMfid9oTlDObGEMi3srYSNqKYMbUJ5G4K3/PIqaVYrnlvxHqrF2m0WRw5O4QzK4ME11OAe6tAABmN4hld4c2LnxXl3Phata042cwJ/4Hz+ANAsjeI=</latexit><latexit sha1_base64="+EcPegRkt+rkXmCMfcvfzV/dAsI=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYCJEkLAbD3qSgBePEcwDkiXMTibJkNnZZaZXCEs+wosHRbz6Pd78GyfJHjSxoKGo6qa7K4ilMOi6387a+sbm1nZuJ7+7t39wWDg6bpoo0Yw3WCQj3Q6o4VIo3kCBkrdjzWkYSN4Kxnczv/XEtRGResRJzP2QDpUYCEbRSq1S2b28uij1CkW34s5BVomXkSJkqPcKX91+xJKQK2SSGtPx3Bj9lGoUTPJpvpsYHlM2pkPesVTRkBs/nZ87JedW6ZNBpG0pJHP190RKQ2MmYWA7Q4ojs+zNxP+8ToKDGz8VKk6QK7ZYNEgkwYjMfid9oTlDObGEMi3srYSNqKYMbUJ5G4K3/PIqaVYrnlvxHqrF2m0WRw5O4QzK4ME11OAe6tAABmN4hld4c2LnxXl3Phata042cwJ/4Hz+ANAsjeI=</latexit><latexit sha1_base64="+EcPegRkt+rkXmCMfcvfzV/dAsI=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYCJEkLAbD3qSgBePEcwDkiXMTibJkNnZZaZXCEs+wosHRbz6Pd78GyfJHjSxoKGo6qa7K4ilMOi6387a+sbm1nZuJ7+7t39wWDg6bpoo0Yw3WCQj3Q6o4VIo3kCBkrdjzWkYSN4Kxnczv/XEtRGResRJzP2QDpUYCEbRSq1S2b28uij1CkW34s5BVomXkSJkqPcKX91+xJKQK2SSGtPx3Bj9lGoUTPJpvpsYHlM2pkPesVTRkBs/nZ87JedW6ZNBpG0pJHP190RKQ2MmYWA7Q4ojs+zNxP+8ToKDGz8VKk6QK7ZYNEgkwYjMfid9oTlDObGEMi3srYSNqKYMbUJ5G4K3/PIqaVYrnlvxHqrF2m0WRw5O4QzK4ME11OAe6tAABmN4hld4c2LnxXl3Phata042cwJ/4Hz+ANAsjeI=</latexit>

(0, 3.2)
<latexit sha1_base64="Dwh2NnaH4C3sOheIQTPLkvIvZHk=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CbZCBVl260FPUvDisYL9kHYp2TTbhibZJckKpfRXePGgiFd/jjf/jWm7B219MPB4b4aZeWHCmTae9+3k1tY3Nrfy24Wd3b39g+LhUVPHqSK0QWIeq3aINeVM0oZhhtN2oigWIaetcHQ781tPVGkWywczTmgg8ECyiBFsrPRYrngXl271vNwrljzXmwOtEj8jJchQ7xW/uv2YpIJKQzjWuuN7iQkmWBlGOJ0WuqmmCSYjPKAdSyUWVAeT+cFTdGaVPopiZUsaNFd/T0yw0HosQtspsBnqZW8m/ud1UhNdBxMmk9RQSRaLopQjE6PZ96jPFCWGjy3BRDF7KyJDrDAxNqOCDcFffnmVNKuu77n+fbVUu8niyMMJnEIFfLiCGtxBHRpAQMAzvMKbo5wX5935WLTmnGzmGP7A+fwBrkGOVg==</latexit><latexit sha1_base64="Dwh2NnaH4C3sOheIQTPLkvIvZHk=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CbZCBVl260FPUvDisYL9kHYp2TTbhibZJckKpfRXePGgiFd/jjf/jWm7B219MPB4b4aZeWHCmTae9+3k1tY3Nrfy24Wd3b39g+LhUVPHqSK0QWIeq3aINeVM0oZhhtN2oigWIaetcHQ781tPVGkWywczTmgg8ECyiBFsrPRYrngXl271vNwrljzXmwOtEj8jJchQ7xW/uv2YpIJKQzjWuuN7iQkmWBlGOJ0WuqmmCSYjPKAdSyUWVAeT+cFTdGaVPopiZUsaNFd/T0yw0HosQtspsBnqZW8m/ud1UhNdBxMmk9RQSRaLopQjE6PZ96jPFCWGjy3BRDF7KyJDrDAxNqOCDcFffnmVNKuu77n+fbVUu8niyMMJnEIFfLiCGtxBHRpAQMAzvMKbo5wX5935WLTmnGzmGP7A+fwBrkGOVg==</latexit><latexit sha1_base64="Dwh2NnaH4C3sOheIQTPLkvIvZHk=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CbZCBVl260FPUvDisYL9kHYp2TTbhibZJckKpfRXePGgiFd/jjf/jWm7B219MPB4b4aZeWHCmTae9+3k1tY3Nrfy24Wd3b39g+LhUVPHqSK0QWIeq3aINeVM0oZhhtN2oigWIaetcHQ781tPVGkWywczTmgg8ECyiBFsrPRYrngXl271vNwrljzXmwOtEj8jJchQ7xW/uv2YpIJKQzjWuuN7iQkmWBlGOJ0WuqmmCSYjPKAdSyUWVAeT+cFTdGaVPopiZUsaNFd/T0yw0HosQtspsBnqZW8m/ud1UhNdBxMmk9RQSRaLopQjE6PZ96jPFCWGjy3BRDF7KyJDrDAxNqOCDcFffnmVNKuu77n+fbVUu8niyMMJnEIFfLiCGtxBHRpAQMAzvMKbo5wX5935WLTmnGzmGP7A+fwBrkGOVg==</latexit><latexit sha1_base64="Dwh2NnaH4C3sOheIQTPLkvIvZHk=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CbZCBVl260FPUvDisYL9kHYp2TTbhibZJckKpfRXePGgiFd/jjf/jWm7B219MPB4b4aZeWHCmTae9+3k1tY3Nrfy24Wd3b39g+LhUVPHqSK0QWIeq3aINeVM0oZhhtN2oigWIaetcHQ781tPVGkWywczTmgg8ECyiBFsrPRYrngXl271vNwrljzXmwOtEj8jJchQ7xW/uv2YpIJKQzjWuuN7iQkmWBlGOJ0WuqmmCSYjPKAdSyUWVAeT+cFTdGaVPopiZUsaNFd/T0yw0HosQtspsBnqZW8m/ud1UhNdBxMmk9RQSRaLopQjE6PZ96jPFCWGjy3BRDF7KyJDrDAxNqOCDcFffnmVNKuu77n+fbVUu8niyMMJnEIFfLiCGtxBHRpAQMAzvMKbo5wX5935WLTmnGzmGP7A+fwBrkGOVg==</latexit>

(0, 3.7)
<latexit sha1_base64="ieS9dAEj6Som9k0t8F5EDSRHJzs=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CbZCBSm79VBPUvDisYL9kHYp2TTbhibZJckKZemv8OJBEa/+HG/+G9N2D1p9MPB4b4aZeUHMmTau++Xk1tY3Nrfy24Wd3b39g+LhUVtHiSK0RSIeqW6ANeVM0pZhhtNurCgWAaedYHIz9zuPVGkWyXszjakv8EiykBFsrPRQrrgXl9X6eXlQLLlVdwH0l3gZKUGG5qD42R9GJBFUGsKx1j3PjY2fYmUY4XRW6CeaxphM8Ij2LJVYUO2ni4Nn6MwqQxRGypY0aKH+nEix0HoqAtspsBnrVW8u/uf1EhNe+SmTcWKoJMtFYcKRidD8ezRkihLDp5Zgopi9FZExVpgYm1HBhuCtvvyXtGtVz616d7VS4zqLIw8ncAoV8KAODbiFJrSAgIAneIFXRznPzpvzvmzNOdnMMfyC8/ENtd+OWw==</latexit><latexit sha1_base64="ieS9dAEj6Som9k0t8F5EDSRHJzs=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CbZCBSm79VBPUvDisYL9kHYp2TTbhibZJckKZemv8OJBEa/+HG/+G9N2D1p9MPB4b4aZeUHMmTau++Xk1tY3Nrfy24Wd3b39g+LhUVtHiSK0RSIeqW6ANeVM0pZhhtNurCgWAaedYHIz9zuPVGkWyXszjakv8EiykBFsrPRQrrgXl9X6eXlQLLlVdwH0l3gZKUGG5qD42R9GJBFUGsKx1j3PjY2fYmUY4XRW6CeaxphM8Ij2LJVYUO2ni4Nn6MwqQxRGypY0aKH+nEix0HoqAtspsBnrVW8u/uf1EhNe+SmTcWKoJMtFYcKRidD8ezRkihLDp5Zgopi9FZExVpgYm1HBhuCtvvyXtGtVz616d7VS4zqLIw8ncAoV8KAODbiFJrSAgIAneIFXRznPzpvzvmzNOdnMMfyC8/ENtd+OWw==</latexit><latexit sha1_base64="ieS9dAEj6Som9k0t8F5EDSRHJzs=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CbZCBSm79VBPUvDisYL9kHYp2TTbhibZJckKZemv8OJBEa/+HG/+G9N2D1p9MPB4b4aZeUHMmTau++Xk1tY3Nrfy24Wd3b39g+LhUVtHiSK0RSIeqW6ANeVM0pZhhtNurCgWAaedYHIz9zuPVGkWyXszjakv8EiykBFsrPRQrrgXl9X6eXlQLLlVdwH0l3gZKUGG5qD42R9GJBFUGsKx1j3PjY2fYmUY4XRW6CeaxphM8Ij2LJVYUO2ni4Nn6MwqQxRGypY0aKH+nEix0HoqAtspsBnrVW8u/uf1EhNe+SmTcWKoJMtFYcKRidD8ezRkihLDp5Zgopi9FZExVpgYm1HBhuCtvvyXtGtVz616d7VS4zqLIw8ncAoV8KAODbiFJrSAgIAneIFXRznPzpvzvmzNOdnMMfyC8/ENtd+OWw==</latexit><latexit sha1_base64="ieS9dAEj6Som9k0t8F5EDSRHJzs=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CbZCBSm79VBPUvDisYL9kHYp2TTbhibZJckKZemv8OJBEa/+HG/+G9N2D1p9MPB4b4aZeUHMmTau++Xk1tY3Nrfy24Wd3b39g+LhUVtHiSK0RSIeqW6ANeVM0pZhhtNurCgWAaedYHIz9zuPVGkWyXszjakv8EiykBFsrPRQrrgXl9X6eXlQLLlVdwH0l3gZKUGG5qD42R9GJBFUGsKx1j3PjY2fYmUY4XRW6CeaxphM8Ij2LJVYUO2ni4Nn6MwqQxRGypY0aKH+nEix0HoqAtspsBnrVW8u/uf1EhNe+SmTcWKoJMtFYcKRidD8ezRkihLDp5Zgopi9FZExVpgYm1HBhuCtvvyXtGtVz616d7VS4zqLIw8ncAoV8KAODbiFJrSAgIAneIFXRznPzpvzvmzNOdnMMfyC8/ENtd+OWw==</latexit>

(4.2, 5.6)
<latexit sha1_base64="7iRr9dDs4ZUkllHfyvyL2PjvmkU=">AAAB8nicbVDLSsNAFL2pr1pfVZdugq1QQUJSfK2k4MZlBfuANJTJdNIOncyEmYlQQj/DjQtF3Po17vwbp20WWj1w4XDOvdx7T5gwqrTrflmFldW19Y3iZmlre2d3r7x/0FYilZi0sGBCdkOkCKOctDTVjHQTSVAcMtIJx7czv/NIpKKCP+hJQoIYDTmNKEbaSH61du7Uzy6cy9Nqv1xxHXcO+y/xclKBHM1++bM3EDiNCdeYIaV8z010kCGpKWZkWuqliiQIj9GQ+IZyFBMVZPOTp/aJUQZ2JKQpru25+nMiQ7FSkzg0nTHSI7XszcT/PD/V0XWQUZ6kmnC8WBSlzNbCnv1vD6gkWLOJIQhLam618QhJhLVJqWRC8JZf/kvadcdzHe++Xmnc5HEU4QiOoQYeXEED7qAJLcAg4Ale4NXS1rP1Zr0vWgtWPnMIv2B9fAOceI7U</latexit><latexit sha1_base64="7iRr9dDs4ZUkllHfyvyL2PjvmkU=">AAAB8nicbVDLSsNAFL2pr1pfVZdugq1QQUJSfK2k4MZlBfuANJTJdNIOncyEmYlQQj/DjQtF3Po17vwbp20WWj1w4XDOvdx7T5gwqrTrflmFldW19Y3iZmlre2d3r7x/0FYilZi0sGBCdkOkCKOctDTVjHQTSVAcMtIJx7czv/NIpKKCP+hJQoIYDTmNKEbaSH61du7Uzy6cy9Nqv1xxHXcO+y/xclKBHM1++bM3EDiNCdeYIaV8z010kCGpKWZkWuqliiQIj9GQ+IZyFBMVZPOTp/aJUQZ2JKQpru25+nMiQ7FSkzg0nTHSI7XszcT/PD/V0XWQUZ6kmnC8WBSlzNbCnv1vD6gkWLOJIQhLam618QhJhLVJqWRC8JZf/kvadcdzHe++Xmnc5HEU4QiOoQYeXEED7qAJLcAg4Ale4NXS1rP1Zr0vWgtWPnMIv2B9fAOceI7U</latexit><latexit sha1_base64="7iRr9dDs4ZUkllHfyvyL2PjvmkU=">AAAB8nicbVDLSsNAFL2pr1pfVZdugq1QQUJSfK2k4MZlBfuANJTJdNIOncyEmYlQQj/DjQtF3Po17vwbp20WWj1w4XDOvdx7T5gwqrTrflmFldW19Y3iZmlre2d3r7x/0FYilZi0sGBCdkOkCKOctDTVjHQTSVAcMtIJx7czv/NIpKKCP+hJQoIYDTmNKEbaSH61du7Uzy6cy9Nqv1xxHXcO+y/xclKBHM1++bM3EDiNCdeYIaV8z010kCGpKWZkWuqliiQIj9GQ+IZyFBMVZPOTp/aJUQZ2JKQpru25+nMiQ7FSkzg0nTHSI7XszcT/PD/V0XWQUZ6kmnC8WBSlzNbCnv1vD6gkWLOJIQhLam618QhJhLVJqWRC8JZf/kvadcdzHe++Xmnc5HEU4QiOoQYeXEED7qAJLcAg4Ale4NXS1rP1Zr0vWgtWPnMIv2B9fAOceI7U</latexit><latexit sha1_base64="7iRr9dDs4ZUkllHfyvyL2PjvmkU=">AAAB8nicbVDLSsNAFL2pr1pfVZdugq1QQUJSfK2k4MZlBfuANJTJdNIOncyEmYlQQj/DjQtF3Po17vwbp20WWj1w4XDOvdx7T5gwqrTrflmFldW19Y3iZmlre2d3r7x/0FYilZi0sGBCdkOkCKOctDTVjHQTSVAcMtIJx7czv/NIpKKCP+hJQoIYDTmNKEbaSH61du7Uzy6cy9Nqv1xxHXcO+y/xclKBHM1++bM3EDiNCdeYIaV8z010kCGpKWZkWuqliiQIj9GQ+IZyFBMVZPOTp/aJUQZ2JKQpru25+nMiQ7FSkzg0nTHSI7XszcT/PD/V0XWQUZ6kmnC8WBSlzNbCnv1vD6gkWLOJIQhLam618QhJhLVJqWRC8JZf/kvadcdzHe++Xmnc5HEU4QiOoQYeXEED7qAJLcAg4Ale4NXS1rP1Zr0vWgtWPnMIv2B9fAOceI7U</latexit>



Bottleneck distance

Let X,Y be two persistence diagrams

L∞ norm: let x = (x1, x2) ∈ X and y = (y1, y2) ∈ Y , then

||x− y||∞ := max{|x1 − y1|, |x2 − y2|}.

Let η : X → Y be a bijection.

Definition

The bottleneck distance between two persistence diagrams X and
Y is defined to be

W∞(X,Y ) = inf
η:X→Y

sup
x∈X
||x− η(x)||∞.



Bottleneck distance: an illustration

Let ε = W∞(X,Y )

Draw squares centered at x ∈ Y with 2ε sides such that each square
contains its corresponding point η(x) ∈ Y .



Bottleneck Stability for Filtrations

K: simplicial complex

f : K → R is a monotonic function on K, if for every σ < τ ,
f(σ) ≤ f(τ).

Let f, g : K → R be two monotonic functions, define

||f − g||∞ = sup
σ∈K
|f(v)− g(v)|.

Theorem (Stability Theorem for Filtrations)

Let K be a simplicial complex and f, g : K → R two monotonic
functions. For each dimension p, the bottleneck distance between
the diagrams X = Dgmp(f) and Y = Dgmp(g) is bounded from
above by the L∞ distance between the functions (Edelsbrunner
and Harer, 2010, Page 182), that is,

W∞(X,Y ) ≤ ||f − g||∞.
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