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Mapper Algorithm
A Comprehensive Review

Singh et al. (2007); Lum et al. (2013)



History of mapper algorithm

Singh et al. (2007)

At the core of several data analysis startups

Ayasdi: topological data analysis, machine learning and visualization
https://www.ayasdi.com/

Alpine Data: (topological) data analysis at scale,
http://alpinedata.com/

Quantopo, LLC.
https://www.kdnuggets.com/2018/01/

topological-data-analysis.html

https://www.ayasdi.com/
http://alpinedata.com/
https://www.kdnuggets.com/2018/01/topological-data-analysis.html
https://www.kdnuggets.com/2018/01/topological-data-analysis.html


Ayasdi: TDA and Fraud Detection

https://www.youtube.com/watch?v=XfWibrh6stw

https://www.youtube.com/watch?v=L8o4an5nh4E

https://www.youtube.com/watch?v=XfWibrh6stw
https://www.youtube.com/watch?v=L8o4an5nh4E


Ayasdi: Patient Stratification

https://www.youtube.com/watch?v=FmfIJ3-UuaI

https://www.youtube.com/watch?v=FmfIJ3-UuaI


Alpine Data (Acquired by Tibco in November 2017)

Enterprise Scale Topological Data Analysis Using Spark
https://databricks.com/session/enterprise-scale-topological-data-analysis-using-spark

https://databricks.com/session/enterprise-scale-topological-data-analysis-using-spark


Mapper algorithm and visualization of HD data

Singh et al. (2007)

Qualitative understanding of HD point cloud data through visualization

Combining DR with graph visualization

Desirable properties of visualization for HD data:

Insensitive to metric (approximation to similarity): robust to small changes
to the metric
Understanding sensitivity to parameter changes: provide useful summary
of behavior under all choices of parameters
Exploratory, multi-scale representations: at various levels of resolution,
comparison.



Mapper: Motivation and High-Level Intuitions



Covering a circle by sets

Carlsson (2009)

X: a unit circle

A covering U of X is given by the 3 sets A = {(x, y) | y < 0},
B = {(x, y) | y > 0} and C = {(x, y) | y 6= ±1}.
Obtain an abstraction of set relations based on overlaps of sets.



Covering a circle by sets

Carlsson (2009)

Obtain an abstraction of set relations based on overlaps among the
connected components of sets.

Roughly speaking, this is the concept of the nerve.



Covering a circle by sets: manifold setting



Covering a circle by sets: point cloud setting



Covering a circle by sets: change of scale



Covering of a point cloud at the right scale

Given point cloud data and a covering...

Taking the nerve of the covering can sometimes capture the shape of the
data at the right scale(s)



Mapper algorithm: advantages in HD data analysis

Qualitative analysis, simplification and visualization of HD data sets and
functions on these data sets.

Data summarization/skeletonization: Extracting simple descriptions of
HD data sets in the form of simplicial complexes or graphs

Function-induced clustering: partial clustering of the data guided by a
set of functions defined on the data.

Flexibility: any clustering algorithm may be used with Mapper.

Exploratory and multi-scale: explore parameters at all scales if possible.



Mapper: The Mathematical Formulation



Reeb Graph

Let f : X→ Rd be a generic, continuous mapping

Two points x, y ∈ X are equivalent, demoted by x ∼ y, if f(x) = f(y)
and x and y belong to the same path-connected component of the
pre-image of f , f−1(f(x)) = f−1(f(y)).

The Reeb graph, R(X, f) = X/ ∼, is the quotient space contained by
identifying equivalent points together with the quotient topology
inherited from X.

https://en.wikipedia.org/wiki/Reeb_graph

https://en.wikipedia.org/wiki/Reeb_graph


Reeb Graph in Shape Analysis



Reeb Graph

X
<latexit sha1_base64="7a81OLLyEgdmkwIwgV+DQyEpXAA=">AAAB83icbVDLSsNAFL3xWeur6tLNYCu4Kkk3dllw47KCfUATymQ6bYdOJmHmRiihv+HGhSJu/Rl3/o2TNgttPTBwOOde7pkTJlIYdN1vZ2t7Z3dvv3RQPjw6PjmtnJ13TZxqxjsslrHuh9RwKRTvoEDJ+4nmNAol74Wzu9zvPXFtRKwecZ7wIKITJcaCUbSSX/MjitMwzPqL2rBSdevuEmSTeAWpQoH2sPLlj2KWRlwhk9SYgecmGGRUo2CSL8p+anhC2YxO+MBSRSNugmyZeUGurTIi41jbp5As1d8bGY2MmUehncwjmnUvF//zBimOm0EmVJIiV2x1aJxKgjHJCyAjoTlDObeEMi1sVsKmVFOGtqayLcFb//Im6Tbqnlv3HhrVVrOoowSXcAU34MEttOAe2tABBgk8wyu8Oanz4rw7H6vRLafYuYA/cD5/AH+ekUg=</latexit><latexit sha1_base64="7a81OLLyEgdmkwIwgV+DQyEpXAA=">AAAB83icbVDLSsNAFL3xWeur6tLNYCu4Kkk3dllw47KCfUATymQ6bYdOJmHmRiihv+HGhSJu/Rl3/o2TNgttPTBwOOde7pkTJlIYdN1vZ2t7Z3dvv3RQPjw6PjmtnJ13TZxqxjsslrHuh9RwKRTvoEDJ+4nmNAol74Wzu9zvPXFtRKwecZ7wIKITJcaCUbSSX/MjitMwzPqL2rBSdevuEmSTeAWpQoH2sPLlj2KWRlwhk9SYgecmGGRUo2CSL8p+anhC2YxO+MBSRSNugmyZeUGurTIi41jbp5As1d8bGY2MmUehncwjmnUvF//zBimOm0EmVJIiV2x1aJxKgjHJCyAjoTlDObeEMi1sVsKmVFOGtqayLcFb//Im6Tbqnlv3HhrVVrOoowSXcAU34MEttOAe2tABBgk8wyu8Oanz4rw7H6vRLafYuYA/cD5/AH+ekUg=</latexit><latexit sha1_base64="7a81OLLyEgdmkwIwgV+DQyEpXAA=">AAAB83icbVDLSsNAFL3xWeur6tLNYCu4Kkk3dllw47KCfUATymQ6bYdOJmHmRiihv+HGhSJu/Rl3/o2TNgttPTBwOOde7pkTJlIYdN1vZ2t7Z3dvv3RQPjw6PjmtnJ13TZxqxjsslrHuh9RwKRTvoEDJ+4nmNAol74Wzu9zvPXFtRKwecZ7wIKITJcaCUbSSX/MjitMwzPqL2rBSdevuEmSTeAWpQoH2sPLlj2KWRlwhk9SYgecmGGRUo2CSL8p+anhC2YxO+MBSRSNugmyZeUGurTIi41jbp5As1d8bGY2MmUehncwjmnUvF//zBimOm0EmVJIiV2x1aJxKgjHJCyAjoTlDObeEMi1sVsKmVFOGtqayLcFb//Im6Tbqnlv3HhrVVrOoowSXcAU34MEttOAe2tABBgk8wyu8Oanz4rw7H6vRLafYuYA/cD5/AH+ekUg=</latexit><latexit sha1_base64="7a81OLLyEgdmkwIwgV+DQyEpXAA=">AAAB83icbVDLSsNAFL3xWeur6tLNYCu4Kkk3dllw47KCfUATymQ6bYdOJmHmRiihv+HGhSJu/Rl3/o2TNgttPTBwOOde7pkTJlIYdN1vZ2t7Z3dvv3RQPjw6PjmtnJ13TZxqxjsslrHuh9RwKRTvoEDJ+4nmNAol74Wzu9zvPXFtRKwecZ7wIKITJcaCUbSSX/MjitMwzPqL2rBSdevuEmSTeAWpQoH2sPLlj2KWRlwhk9SYgecmGGRUo2CSL8p+anhC2YxO+MBSRSNugmyZeUGurTIi41jbp5As1d8bGY2MmUehncwjmnUvF//zBimOm0EmVJIiV2x1aJxKgjHJCyAjoTlDObeEMi1sVsKmVFOGtqayLcFb//Im6Tbqnlv3HhrVVrOoowSXcAU34MEttOAe2tABBgk8wyu8Oanz4rw7H6vRLafYuYA/cD5/AH+ekUg=</latexit>

Input: (X, f)

f : X→ R



Reeb Graph

X
<latexit sha1_base64="7a81OLLyEgdmkwIwgV+DQyEpXAA=">AAAB83icbVDLSsNAFL3xWeur6tLNYCu4Kkk3dllw47KCfUATymQ6bYdOJmHmRiihv+HGhSJu/Rl3/o2TNgttPTBwOOde7pkTJlIYdN1vZ2t7Z3dvv3RQPjw6PjmtnJ13TZxqxjsslrHuh9RwKRTvoEDJ+4nmNAol74Wzu9zvPXFtRKwecZ7wIKITJcaCUbSSX/MjitMwzPqL2rBSdevuEmSTeAWpQoH2sPLlj2KWRlwhk9SYgecmGGRUo2CSL8p+anhC2YxO+MBSRSNugmyZeUGurTIi41jbp5As1d8bGY2MmUehncwjmnUvF//zBimOm0EmVJIiV2x1aJxKgjHJCyAjoTlDObeEMi1sVsKmVFOGtqayLcFb//Im6Tbqnlv3HhrVVrOoowSXcAU34MEttOAe2tABBgk8wyu8Oanz4rw7H6vRLafYuYA/cD5/AH+ekUg=</latexit><latexit sha1_base64="7a81OLLyEgdmkwIwgV+DQyEpXAA=">AAAB83icbVDLSsNAFL3xWeur6tLNYCu4Kkk3dllw47KCfUATymQ6bYdOJmHmRiihv+HGhSJu/Rl3/o2TNgttPTBwOOde7pkTJlIYdN1vZ2t7Z3dvv3RQPjw6PjmtnJ13TZxqxjsslrHuh9RwKRTvoEDJ+4nmNAol74Wzu9zvPXFtRKwecZ7wIKITJcaCUbSSX/MjitMwzPqL2rBSdevuEmSTeAWpQoH2sPLlj2KWRlwhk9SYgecmGGRUo2CSL8p+anhC2YxO+MBSRSNugmyZeUGurTIi41jbp5As1d8bGY2MmUehncwjmnUvF//zBimOm0EmVJIiV2x1aJxKgjHJCyAjoTlDObeEMi1sVsKmVFOGtqayLcFb//Im6Tbqnlv3HhrVVrOoowSXcAU34MEttOAe2tABBgk8wyu8Oanz4rw7H6vRLafYuYA/cD5/AH+ekUg=</latexit><latexit sha1_base64="7a81OLLyEgdmkwIwgV+DQyEpXAA=">AAAB83icbVDLSsNAFL3xWeur6tLNYCu4Kkk3dllw47KCfUATymQ6bYdOJmHmRiihv+HGhSJu/Rl3/o2TNgttPTBwOOde7pkTJlIYdN1vZ2t7Z3dvv3RQPjw6PjmtnJ13TZxqxjsslrHuh9RwKRTvoEDJ+4nmNAol74Wzu9zvPXFtRKwecZ7wIKITJcaCUbSSX/MjitMwzPqL2rBSdevuEmSTeAWpQoH2sPLlj2KWRlwhk9SYgecmGGRUo2CSL8p+anhC2YxO+MBSRSNugmyZeUGurTIi41jbp5As1d8bGY2MmUehncwjmnUvF//zBimOm0EmVJIiV2x1aJxKgjHJCyAjoTlDObeEMi1sVsKmVFOGtqayLcFb//Im6Tbqnlv3HhrVVrOoowSXcAU34MEttOAe2tABBgk8wyu8Oanz4rw7H6vRLafYuYA/cD5/AH+ekUg=</latexit><latexit sha1_base64="7a81OLLyEgdmkwIwgV+DQyEpXAA=">AAAB83icbVDLSsNAFL3xWeur6tLNYCu4Kkk3dllw47KCfUATymQ6bYdOJmHmRiihv+HGhSJu/Rl3/o2TNgttPTBwOOde7pkTJlIYdN1vZ2t7Z3dvv3RQPjw6PjmtnJ13TZxqxjsslrHuh9RwKRTvoEDJ+4nmNAol74Wzu9zvPXFtRKwecZ7wIKITJcaCUbSSX/MjitMwzPqL2rBSdevuEmSTeAWpQoH2sPLlj2KWRlwhk9SYgecmGGRUo2CSL8p+anhC2YxO+MBSRSNugmyZeUGurTIi41jbp5As1d8bGY2MmUehncwjmnUvF//zBimOm0EmVJIiV2x1aJxKgjHJCyAjoTlDObeEMi1sVsKmVFOGtqayLcFb//Im6Tbqnlv3HhrVVrOoowSXcAU34MEttOAe2tABBgk8wyu8Oanz4rw7H6vRLafYuYA/cD5/AH+ekUg=</latexit>

GX
<latexit sha1_base64="pi6DS0NQvnA45HshgcSWuM6kSR4=">AAAB+XicbVDLSsNAFL3xWesr6tLNYCu4Kkk3dllwocsK9gFtCJPppB06mYSZSaGE/IkbF4q49U/c+TdO2iy09cDA4Zx7uWdOkHCmtON8W1vbO7t7+5WD6uHR8cmpfXbeU3EqCe2SmMdyEGBFORO0q5nmdJBIiqOA034wuyv8/pxKxWLxpBcJ9SI8ESxkBGsj+bZdv/ezUYT1NAiyQZ7XfbvmNJwl0CZxS1KDEh3f/hqNY5JGVGjCsVJD10m0l2GpGeE0r45SRRNMZnhCh4YKHFHlZcvkObo2yhiFsTRPaLRUf29kOFJqEQVmssio1r1C/M8bpjpseRkTSaqpIKtDYcqRjlFRAxozSYnmC0MwkcxkRWSKJSbalFU1JbjrX94kvWbDdRruY7PWbpV1VOASruAGXLiFNjxAB7pAYA7P8ApvVma9WO/Wx2p0yyp3LuAPrM8fErqTPw==</latexit><latexit sha1_base64="pi6DS0NQvnA45HshgcSWuM6kSR4=">AAAB+XicbVDLSsNAFL3xWesr6tLNYCu4Kkk3dllwocsK9gFtCJPppB06mYSZSaGE/IkbF4q49U/c+TdO2iy09cDA4Zx7uWdOkHCmtON8W1vbO7t7+5WD6uHR8cmpfXbeU3EqCe2SmMdyEGBFORO0q5nmdJBIiqOA034wuyv8/pxKxWLxpBcJ9SI8ESxkBGsj+bZdv/ezUYT1NAiyQZ7XfbvmNJwl0CZxS1KDEh3f/hqNY5JGVGjCsVJD10m0l2GpGeE0r45SRRNMZnhCh4YKHFHlZcvkObo2yhiFsTRPaLRUf29kOFJqEQVmssio1r1C/M8bpjpseRkTSaqpIKtDYcqRjlFRAxozSYnmC0MwkcxkRWSKJSbalFU1JbjrX94kvWbDdRruY7PWbpV1VOASruAGXLiFNjxAB7pAYA7P8ApvVma9WO/Wx2p0yyp3LuAPrM8fErqTPw==</latexit><latexit sha1_base64="pi6DS0NQvnA45HshgcSWuM6kSR4=">AAAB+XicbVDLSsNAFL3xWesr6tLNYCu4Kkk3dllwocsK9gFtCJPppB06mYSZSaGE/IkbF4q49U/c+TdO2iy09cDA4Zx7uWdOkHCmtON8W1vbO7t7+5WD6uHR8cmpfXbeU3EqCe2SmMdyEGBFORO0q5nmdJBIiqOA034wuyv8/pxKxWLxpBcJ9SI8ESxkBGsj+bZdv/ezUYT1NAiyQZ7XfbvmNJwl0CZxS1KDEh3f/hqNY5JGVGjCsVJD10m0l2GpGeE0r45SRRNMZnhCh4YKHFHlZcvkObo2yhiFsTRPaLRUf29kOFJqEQVmssio1r1C/M8bpjpseRkTSaqpIKtDYcqRjlFRAxozSYnmC0MwkcxkRWSKJSbalFU1JbjrX94kvWbDdRruY7PWbpV1VOASruAGXLiFNjxAB7pAYA7P8ApvVma9WO/Wx2p0yyp3LuAPrM8fErqTPw==</latexit><latexit sha1_base64="pi6DS0NQvnA45HshgcSWuM6kSR4=">AAAB+XicbVDLSsNAFL3xWesr6tLNYCu4Kkk3dllwocsK9gFtCJPppB06mYSZSaGE/IkbF4q49U/c+TdO2iy09cDA4Zx7uWdOkHCmtON8W1vbO7t7+5WD6uHR8cmpfXbeU3EqCe2SmMdyEGBFORO0q5nmdJBIiqOA034wuyv8/pxKxWLxpBcJ9SI8ESxkBGsj+bZdv/ezUYT1NAiyQZ7XfbvmNJwl0CZxS1KDEh3f/hqNY5JGVGjCsVJD10m0l2GpGeE0r45SRRNMZnhCh4YKHFHlZcvkObo2yhiFsTRPaLRUf29kOFJqEQVmssio1r1C/M8bpjpseRkTSaqpIKtDYcqRjlFRAxozSYnmC0MwkcxkRWSKJSbalFU1JbjrX94kvWbDdRruY7PWbpV1VOASruAGXLiFNjxAB7pAYA7P8ApvVma9WO/Wx2p0yyp3LuAPrM8fErqTPw==</latexit>

Output: (GX, f̄)

GX := R(X, f), f̄ : GX → R



Cover and Nerve

An open cover of a topological space X is a colletion U = {Uα}α∈A of
open sets for some indexing set A such that⋃

α∈A
Uα = X.

Given a cover U = {Uα}α∈A of X, let Nrv(U) demote the simplicial
complex that corresponds to the nerve of the cover U ,

Nrv(U) = {σ ∈ A | ∩α∈σUα 6= ∅}.



Mapper

Given f : X→ Rd.

Fix a cover U = {Uα} of f(X).

The collection f−1(U) = {f−1(Uα)} is a cover of X.

Let f∗(U) be the cover which splits the sets of f−1(U) into
path-connected components.

Then Mapper is the nerve of this cover.

M(U , f) := Nrv(f∗(U)).



Mapper: The Main Algorithm and Variations



Input, output, implementation

Input:

Point cloud data X
Distance metric on the point cloud dX
Functions on the point cloud: filter functions or lens f : X → R

Output:

The mapper graph GX : a summary of the data as a graph or a simplicial
complex based on function-induced clustering,
Interface with (interactive) visualization, statistics and ML

Parameters:

Parameters for the chosen clustering algorithms
Filter functions f1, f2, · · · , etc.
Number of intervals m
Amount of interval overlap p
Color functions, etc.



Mapper algorithm by example

Singh et al. (2007)



Mapper algorithm by example

Singh et al. (2007)

1. Input: a point cloud with a filter function, e.g., a height function. Assume there
is a distance (metric) defined between any two points in the point cloud.

2. Cover the range of the function with intervals: using # of intervals, and
amount % of overlap as parameters. E.g., # of intervals = 5, overlap = 25%.



Mapper algorithm by example

Singh et al. (2007)

3. Look at the points in the domain that falls into each interval, and apply
clustering (e.g., DBSCAN) to these points. E.g., following the inverse map.

4. Obtaining the nerve of all clusters (a covering) in the domain. E.g., here it is a
graph representation that summarizes the data. Such a graph can interface
with ML and interactive visualization.



Clustering inside the mapper algorithm

Almost any clustering algorithm can be used

Assume there is a notion of distance (metric) between a pair of points in
the data domain (distance can be computed or provided)

Clustering is equivalent to a notion of connected component in the point
cloud setting

Commonly used clustering algorithms:

Density-based spatial clustering of applications with noise (DBSCAN)
Single-linkage clustering
K-means, etc.

Desirable properties:

Not restricted to Euclidean distance; can take distance matrix input
Do not require specifying the number of clusters beforehand



Parameters for the covering

Number of intervals: m

Increasing m will increase the # of clusters we observe
May create more empty clusters (small number of points per cluster)
May capture finer features of the data
If density varies, pick up clusters with high density

Percentage of overlap: p

Increasing p will increase the connectivities among the clusters
Sometimes robust in dealing with noise



Filter functions

A filter function can be given a prior, e.g. car purchasing price

It can also be derived from the properties of the point cloud itself

Density estimation

fε(x) = Cε
∑
y∈X

exp
−d(x, y)2

ε

Eccentricity

Ep(x) =

(∑
y∈X d(x, y)p

N

)1/p

Distance to a point in the data
Graph laplacians



1D vs 2D Mapper

1 vs. 2 filter function(s)

1D intervals vs. 2D intervals.

The covering of the domain of the function is no longer by intervals
Instead, by rectangles or other geometric shapes, etc.



2D Mapper by example

Lower right: Count the number of connected components per 2D
interval (square in the range).



Mapper: Applications



Shape skeletonization & classification

Singh et al. (2007)

See Kepler Mapper demo examples: cat, lion, horse...



Breast cancer dataset A

Nicolau et al. (2011)



Breast cancer dataset B

Lum et al. (2013)



Politics

Lum et al. (2013)



Sports

Lum et al. (2013)



Future directions of mapper



Current limitations

How to choose the stable range of parameters (m, p)

How to choose the clustering algorithms

How to choose the filter functions

Obtain insights with the right color function, etc.



Current and future directions

Multi-scale mapper, nerves, etc. Dey et al. (2016, 2017)

Better automatic parameter tuning

Theoretical understanding of 2D and HD mapper



Implementations of Mapper Algorithms



Open Source Implementations

Python Mapper: http://danifold.net/mapper/index.html

R implementation: TDAmapper
https://cran.r-project.org/web/packages/TDAmapper/index.html

Spark Mapper: https://github.com/log0ymxm/spark-mapper

Kepler-Mapper: https://github.com/MLWave/kepler-mapper

http://danifold.net/mapper/index.html
https://cran.r-project.org/web/packages/TDAmapper/index.html
https://github.com/log0ymxm/spark-mapper
https://github.com/MLWave/kepler-mapper


Kepler Mapper Demo (examples folder)

Circles

Digits

Horse

Breast Cancer



The 3-Torus



n-dimensional torus

Denote by Tn the n-dimensional torus, which is the topological space:

(S1)n ∼= S1 × S1 × . . . S1

i.e., the product of S1, the circle, with itself n times.

It is equipped with the product topology.

Betti numbers for 3-dimensional torus (3-torus):

(β0, β1, β2, β3) = (1, 3, 3, 1).

https://topospaces.subwiki.org/wiki/Homology_of_torus

https://topospaces.subwiki.org/wiki/Homology_of_torus


Torus interconnect

A torus interconnect is a switch-less network topology for connecting
processing nodes in a parallel computer system.

https://en.wikipedia.org/wiki/Torus_interconnect

https://en.wikipedia.org/wiki/Torus_interconnect


What is the mapper representation of a 3-Torus?

Which filter function to use?
https://www.youtube.com/watch?v=hTlKmGRW2pI

https://www.youtube.com/watch?v=hTlKmGRW2pI


Hint: cross sections of a 3-Torus?

https://mathematica.stackexchange.com/questions/23546/

how-can-i-draw-a-3d-cross-section-of-a-3-torus-embedded-in-4d-euclidean-space

https://mathematica.stackexchange.com/questions/23546/how-can-i-draw-a-3d-cross-section-of-a-3-torus-embedded-in-4d-euclidean-space
https://mathematica.stackexchange.com/questions/23546/how-can-i-draw-a-3d-cross-section-of-a-3-torus-embedded-in-4d-euclidean-space
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