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Abstract 

Atrial fibrillation (AF) is the most common heart rhythm 

disturbance. Percutaneous catheter ablation has been 

less defined for patients with persistent AF (PeAF) even 

with optimally combined ablation approaches. The 

fundamental reason behind that is lack of knowledge on 

functional and anatomic substrates of PeAF and effective 

electrical mapping tools. To address this, our group aims 

to develop a novel high resolution noncontact 

multi-electrode array (MEA) mapping system that could 

map electrical activation in two atrial chambers 

simultaneously. Here, in this study, we explore the 

relationship between the electrical potentials recorded by  

MEA and actual ones at atrial endocardial surfaces by 

solving forward and inverse problems in a nutshell. Our 

results demonstrate that the potential-based 

forward/inverse method provides robust electrical 

transformation between MEAs and smoothed atrial 

anatomical structure. 

 

1. Introduction 

Treatment of atrial fibrillation (AF) is an increasing 

economic burden in health care [1]. Percutaneous catheter 

ablation is widely used to treat patients with AF and has 

achieved great success [2]. The most common AF 

ablation techniques are pulmonary vein isolation, which 

have achieved more than 80% success rate for 

paroxysmal AF, and ablation guided by identifying 

specific substrates that may give rise to reentrant 

arrhythmia, less defined approach for treatment of 

persistent AF (PeAF) (long term success rate is only 

~28.4% after a single ablation procedure) [3,4]. Reasons 

for latter are that functional and anatomic substrates play 

an important role in sustaining PeAF [5], and current 

techniques for substrate identification in PeAF are 

relatively ineffective [6].   

Identification of AF substrates with current mapping 

technologies presents a number of problems. With contact 

mapping systems [6] (Biosense Webster Inc.), it is 

necessary to acquire sequential electrograms 

region-by-region across the endocardial surfaces of the 

atrial chambers. However, it is difficult to reconstruct 

repeatable activation patterns in AF, because electrical 

activity is nonstationary. An alternative approach is to 

reconstruct extracellular electrograms on the endocardial 

surface of the atria from electrical recordings acquired 

from noncontact multi-electrode arrays (MEAs) [6,7]. 

This provides a simultaneous view of global electric 

activity, which is crucial for accurate dynamic analysis of 

AF. Currently, there are renewed interests in this area 

academically and commercially
 
[7,8]. A recent clinical 

pilot trial (CONFIRM) [8] using a noncontact MEA 

suggests that significantly higher success of catheter 

ablation could be achieved with systematic identification 

of focal sources and rotors. 

However, how to relate atrial electrograms recorded at 

basket electrodes to specific anatomical sites of atrial 

endocardial surface accurately is a challenging problem. 

One way is to use impedance techniques, which do not 

relate well to high accurate anatomy obtained with 

established 3D imaging modalities, e.g., CT or MRI [9]. 

In this work, we have investigated relationship between 

potentials recorded by MEAs and actual ones at atrial 

endocardial surface by solving a forward/inverse problem 

in a nutshell using finite difference method (FDM). Our 

focus here is to test the main concepts. Throughout the 

paper, we only discuss “potential-based” source model.   

 

2. Methods 

In this section, firstly, we will illustrate the principle of 

forward and inverse problems by deriving 

forward/inverse equations using FDM. Secondly, the 

procedure and methods we used to reconstruct 3D 

endocardial surface of the atria are explained. Lastly, 

forward problems are tested on the realistic 3D left atrial 



(LA) endocardial surface and MEAs.   

 

2.1. The forward and inverse problems 

Forward and inverse problems of electrocardiography 

have been studies extensively [10]. The forward problem 

is to project electrical potentials from source, through 

some medium, to another object. The solution to inverse 

problem is to predict electrical sources given a set of 

measurements obtained on the other geometry.  

 

 
Figure 1: (A) Grid partition schematic for the 2D domain 

used for illustration of the forward and inverse problems 

(h = 1/4). Source is located at i=1 and i=5, and Neumann 

condition is superimposed at j=1 and j=5. (B) The 

forward solutions are displayed at the 5×5 grid nodes. 

Here the colour spectrum is used to indicate potentials. 

 

The potential-based model is governed by the Laplace 

Equation at   [   ]  [   ] (Figure 1): 
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Here    [     ]  denotes the relevant conductivity, 

and       is the electrical potentials. The Dirichlet 

boundary conditions around source (    and    ) 

are given explicitly by: 
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Neumann condition at    (    and    ) is:  
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The most common used approaches for 

forward/inverse problems nowadays are FDM, finite 

element method (FEM) and boundary element method 

(BEM). FDM offers a simple and straightforward way to 

deal with the numerical problems [11]. In this section, we 

try to avoid complex mathematical equations and 

matrices, instead we adopt a simple 2D test problem to 

illustrate how to solve forward and inverse problems 

numerically. To solve equation (1), any interior grid node 

     needs keeping itself updated recursively using the 

following equation derived by central difference scheme 

(σ = 1 for simplicity): 

     
 

 
[                           ], i/j=2,3,4 (4)  

Discretizing Neumann condition yields: 

       Фi,1 = Фi,2,   Фi,5 = Фi,4,  i = 2,3,4            (5)  

Using the numerical scheme (4) and boundary conditions 

(2,5), we could obtain the following matrix equation: 

 

(

     
      
     

)

   

(

    

 
   

)

 

  (
    
    
    

)

   

(

    

 
    

)

 

(6) 

 

The left side contains interior grid nodes, while the right 

side has only grid nodes at Dirichlet boundary conditions 

(the source). Here I3 is a 3×3 identity matrix, and    

 

      (
   

   

   

)

   

 k=3 or 4;     (
 
 
 

 
 
 
)

   

    (7) 

 
Note that Ak are positive definite matrices. The relation 

between grid nodes at Neumann boundary conditions (the 

measured potentials) and interior grid nodes could be 

been rewritten into matrix form: 
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Thus by combining (6-8) equations, we could have the 

following forward equation: 
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Once the forward matrix A is determined, the inverse 

solution X to equation (9) also will be straightforward. 

There are many well established methods for regularizing 

this ill-conditioned problem, e.g., Tikhonov regularization 

and singular value decomposition method. Here we 

simply employed the built-in function “lsqr” in Matlab 

(The MathWorks, Inc.) to solve the least square problem 

using Gausss-Newton algorithm:   
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Here ρ is regularization parameter, and L is regularization 

matrix. 



   

2.2.  Reconstruction of atrial endocardial 

surface 

  The atria from a normal crossbred sheep heart (45 Kg) 

were scanned using a 4.7T Varian Magnetic Resonance 

imaging (MRI) scanner operated by the Centre for 

Advanced Magnetic Resonance Imaging (CAMRI), 

University of Auckland. Atrial image stacks were 

obtained at 300 µm in-plane and 500 µm z resolution. 

Figure 2 displays the original MR image stack and 

reconstructed atrial surface structure.   

 

 

 

 
 

Figure 2: (A) Three orthogonal views of the MR image 

stack. The raw images (B) were segmented (C) and used 

to reconstruct 3D surface geometry of atria. (D) 3D 

reconstruction of antero-superior view of the atrial 

epicardial surface. Here, RA = right atrium; LA = left 

atrium; BB = Bachman’s bundle; PV = pulmonary veins. 

 

However, what we really need is the endocardial 

surface of one atrial chamber , e.g., LA, and the locations 

of 64 catheters to test the difference in potentials between 

them by employing forward and inverse problems. 

CTMRedit [12] was used for extracting the endocardial 

surface and creating the 64 locations of catheters.    

Figure 3A displays how we selected the boundary on each 

2D MRI image using CTMRedit and Figure 3B illustrates 

the 64 electrodes of the MEA inside the LA endocardial 

surface.  

 

 
Figure 3: (A) Extracting endocardial surface of LA using 

CTMRedit. Here take a 2D atrial MRI image as  an 

example, the closed green line displays LA contour. (B) 

Reconstructed LA endocardium, the 64 blue dots indicate 

locations of MEA. Here LAA = left atrial appendage; PV 

= pulmonary veins. 

 

2.3. Forward solution using atrial structure 

It may be slightly challenging to extend the FDM 

approach in Section 2.1 to 3D realistic problem. One 

possible obstacle is how to estimate normal directions at 

complex 3D object. In this study, a novel structure tensor 

approach [13] was used to obtain surface normal direction 

for the 3D object in order to discretize Neumann 

boundary equation (3). Figure 4 displays normal 

directions (red lines) obtained by structure tensor at a 2D 

ring (black dots) of 3D object.  

                                                                                             

 

Figure 4: Normal 

directions (red lines) by 

structure tensor displayed 

at a 2D ring (black dots) of 

3D object. 

 



We set up an experiment using the endocardial surface 

of LA and MEA in which forward solution will be used.   

 

3. Results 

   The forward and inverse problems for equation (1) 

have been solved. Figure 5I-A displays the initial inputs  

for the test forward problem (red line), and the forward 

solutions are displayed at the 5×5 grid points in Figure 1B. 

Figure 5I-A gives the output (in blue) of the inverse 

problem using the previous forward solution as inputs. 

Figure 5I-B demonstrates the error between the “true 

source” and predicted source, which is the order of spatial 

discretizing step h.     

 
Figure 5: I) Forward and inverse solutions for the 2D test 

problem are displayed. (A) Initial inputs for the forward 

solution are in red and the output for inverse problem in 

blue. (B) Errors between the source and predicted sources. 

II) A forward problem was applied on the LA and MEAs. 

 

   Figure 5IIA-B displays the initial input and output for 

forward problem using realistic 3D atrial structure, 

respectively. We can see the results are quite consistent 

between the input and output. 

 

4. Conclusions and future work  

This work has studied the relationship between 

potentials recorded at MEAs and actual ones on atrial 

endocardial surface by exploring the forward and inverse 

problems in a nutshell. We confirm that forward and 

inverse solutions are a robust approach to project 

potentials between the different objects. In future, we will 

use well established forward/inverse package, e.g., 

Scirun. Furthermore, we will employ high resolution 

human CT data to reconstruct atrial structure.      
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