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PDEs on infinite domains
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The Fourier transform L09-S01

Given a function f(x) defined on the real line, —c0 < & < o0, the Fourier transform

of f is defined as

Fifw) = Fw) = o [ j@e=ar,  —w<w<ow

Given a function F(w) defined on the real line, —00 < w < o0, the inverse Fourier
transform of F' is defined as

FUR@ =@ = [ P, —x<o<om

—00

oL F e smogth | $hon ' g?’f gp}}: ’p

We will now use the Fourier transform to solve PDEs on infinite domains.
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The heat equation L09-502

Using the Fourier transform, compute the solution to the PDE,

Ut = k Uz, t>0, —0<x<

u(z,0) = f(x). K20 3IV€V|
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The heat kernel, | L09-S03

The function,

1 x>
h(ﬂj, t) = —47Tkt exp _4_]{‘[;

is called the heat kernel.
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The heat kernel, | L09-S03

The function,

1 x>
h(ﬂ:’, t) = —47Tkt exp _4_]{‘[;

is called the heat kernel.

From the previous example, the solution to the heat equation is simply written:

u(x,t) =(f(x) * h(x, t)}«—,yﬂ/,

where the convolution is taken over the x variable.
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The heat kernel, 1 L09-504

Note that the heat kernel is actually a particular solution to the heat equation.

Example
Show that the solution u(x,t) to uy = kug, with initial data u(x,0) = §(x) is the
heat kernel u(z,t) = h(x,t). /\
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The heat kernel, 1 L09-504

Note that the heat kernel is actually a particular solution to the heat equation.

Example

Show that the solution u(x,t) to uy = kug, with initial data u(x,0) = §(x) is the
heat kernel u(z,t) = h(x,t).

The heat kernel is an example of a broader class of solutions.
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The heat kernel, Il L09-505

Suppose L is a linear differential operator (in both x and t), and that L is
first-order in t.

Let q(z,t) be the solution to the PDE with Dirac mass initial data,

Lqg =0, t>0, —0o<zxr<
q(z,0) = i(z).

Such solutions ¢ are also sometimes called fundamental solutions or impulse
responses.

IfL =2 — a‘%, then g(x,t) is the heat kernel h(x,t).
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The heat kernel, Il L09-505

Suppose L is a linear differential operator (in both x and t), and that L is
first-order in t.
Let g(x,t) be the solution to the PDE with Dirac mass initial data,

Lqg =0, t>0, —0o<zxr<
q(z,0) = i(z).

Such solutions ¢ are also sometimes called fundamental solutions or impulse
responses.

IfL =2 o>, then q(x,t) is the heat kernel h(x,t).

T 0x2
Example
With the notation above, show that the solution u to the PDE

Lu =0, t>0, —o<zxTr<w
u(z,0) = f(x)

is given by u = f % ¢, where the convolution is taken over the x variable.
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The wave equation L09-506

Using the Fourier transform, compute the solution to the PDE,

utt:C2umx; t>0, — 0 <xTr <o
ou
ulw.0) = f(a) % 2,0) = g(z).
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The wave equation L09-506

Using the Fourier transform, compute the solution to the PDE,

Ut = € Uga, t>0, —0<z<0 C ;g‘?/Wr\
0
u(,0) = f(z). = (@,0) = g(a).

Specialize the solution above to the case g = 0.

Assume g 20t Sact.
((r\ 2 -
= (}u&k 4 X)? u%t = CZ (’7&]) u/ U M/W,*)

Upy
i) —F— [[(0)= Flw)
by —2— U, (40)76.() =0
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Other PDEs L09-507

Using the Fourier transform, compute the solution to the PDE,

Ut = CUg, t>0, —0o<zT<wW

u(z,0) = f(), c gior
FOW“U {PM,('(N'VL’ u.,;: "'SWOU,
U[W/()): F[w)
Ulwd) = ) 98 Ceompee {204)

Ulw,0)= Flw) = Alw)= Flu)
Uw )= Hw) v
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