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L08-S01PDE’s on infinite domains

We have been solving PDEs on bounded spatial domains, e.g.,

ut “ uxx, ´L ă x ă L.

for some finite L.

Goal for the rest of the semester: solve PDEs on unbounded domains, e.g.,

ut “ uxx, ´8 ă x ă 8.

The ideas for bounded domains will extend almost directly to unbounded domains,
but the language will look rather different.
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L08-S02The essential change

The main difference on unbounded domains is: we will exchange a Fourier Series
for a Fourier Transform.

In practice, this replaces summations by integration. Given a funciton fpxq,

Fourier Series “
8
ÿ

n“0

an cos
´nπx

L

¯

` bn sin
´nπx

L

¯

,

Fourier Transform “
1

2π

ż 8

´8

F pωqeiωxdx.

The series is determined by the frequency coefficients an, bn. The transform is
determined by the frequency function F pωq.

Series: the parameter n is frequency (is discrete). Transform: the parameter ω
is frequency (is continuous).

Series: summation. Transform: integration.
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L08-S03The next few weeks

Rough outline of next few weeks:

(1.5 classes) derive relationship between Fourier series and Fourier transform

(2.5 classes) explore Fourier transform properties

(2 classes) use Fourier transforms to solve PDEs.
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L08-S04Fourier Series ÝÑ Fourier transform

There are two ways we’ll consider to make the connection between a series and a
transform.

First method: via a PDE.

ut “ uxx, ´8 ă x ă 8

lim
xÑ8

|upx, tq| “ 0, t ě 0

What are the eigenvalues for this problem?
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L08-S05Fourier Series ÝÑ Fourier transform

Second method: directly from Fourier series on r´L,Ls

FSpxq “
8
ÿ

n“0

an cos
´nπx

L

¯

`

8
ÿ

n“1

bn sin
´nπx

L

¯

What happens as L Ò 8?
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L08-S06The Fourier transform, I

Either method we have discussed results in the following definition:

Definition
Given a function fpxq, the Fourier transform of f is F pωq, defined as

F pωq “ Ftfupωq “ 1

2π
fpxqeiωxdx, ´8 ăω ă 8

Given a function F pωq, the inverse Fourier transform of F is fpxq, defined as

fpxq “ F´1
tF upxq “

ż 8

´8

F pωqe´iωxdx, ´8 ăx ă 8.

Like in the Fourier series case, it need not be the case that F´1
tFtfuu “ f . In

general:

1

2

“

fpx`q ` fpx´q
‰

“ F´1
pFpfqq.
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L08-S07The Fourier transform, II

F pωq “ Ftfupωq “ 1

2π
fpxqeiωxdx, fpxq “ F´1

tF upxq “

ż 8

´8

F pωqe´iωxdx

The Fourier transform is a direct analogue of Fourier series:

1. Fourier Series: an, bn are the frequency components. Fourier Transform: F pωq
determines the frequency components

2. Fourier Series: The series is formed by summing components over all
frequencies. Fourier Transform: The inverse transform is formed by integrating
components over all frequences.

3. Fourier series: applies over a bounded domain. Fourier Transform: applies over
an infinite domain.
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L08-S08Fourier transform examples

Example
Compute the Fourier transform of fpxq “ expp´|x|q.

Example
Let β ą 0 be given. Show that the Fourier transform of fpxq “ expp´x2{p4βqq is

F pωq “
b

β
π
expp´βω2

q.
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