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Laplace transforms L29-501

We have seen that solving differential equations can simplify to the task of
computing the inverse Laplace transform of a function.

Computing inverse Laplace transforms is, in general, rather difficult.

Thus, it's important to have a good toolbox for computing inverse transforms.
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Laplace transforms L29-501

We have seen that solving differential equations can simplify to the task of
computing the inverse Laplace transform of a function.

Computing inverse Laplace transforms is, in general, rather difficult.
Thus, it's important to have a good toolbox for computing inverse transforms.

We've seen how to use
@ linearity
@ shift properties
@ partial fractions

to aid in Laplace transform inversion.
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Laplace transforms L29-501

We have seen that solving differential equations can simplify to the task of
computing the inverse Laplace transform of a function.

Computing inverse Laplace transforms is, in general, rather difficult.
Thus, it's important to have a good toolbox for computing inverse transforms.

We've seen how to use
@ linearity
@ shift properties
@ partial fractions

to aid in Laplace transform inversion.

Today, we'll investigate multiplication, differentiation, and integration of
transforms.
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Differentiation (1/2) L29-502

If F'(s) is the Laplace transform of f(t), we can compute the inverse
transform of F’(s).
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Differentiation (1/2) L29-502

If F'(s) is the Laplace transform of f(t), we can compute the inverse
transform of F’(s).

F'(s) = %F(s) = ;SJO f(t)e stdt

” d —st
:J g[f(t)e | at

0

- L C f(t)e™tdt = L{-tf(t)}
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Differentiation (1/2) L29-502

If F'(s) is the Laplace transform of f(t), we can compute the inverse
transform of F’(s).

F'(s) = %F(s) = ;SJO f(t)e stdt

_ LOO % [F()e"]dt
~ [ —trwea = ci-erwy
Thus:
Fls) = LU0} —  F'(s) = £{—tf0)}

l.e., “differentiation in s corresponds to multiplication by —t".
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Differentiation (2/2) L29-503

F(s)=L{f(t)} = F'(s) = L{=tf(t)}.

Example (Example 10.4.7)
2s

Compute the inverse Laplace transform of F(s) = e
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Differentiation (2/2)

F(s)=L{f(t)} = F'(s) = L{=tf(t)}.

Example (Example 10.4.7)
2s

Compute the inverse Laplace transform of F(s) = e

Example (Example 10.4.4)

Compute the inverse Laplace transform of F'(s) = arctan(1/s)

L29-S03
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Differentiation (2/2) L29-503

F(s)=L{f(t)} = F'(s) = L{=tf(t)}.

Example (Example 10.4.7)
2s

Compute the inverse Laplace transform of F(s) = e
Example (Example 10.4.4)

Compute the inverse Laplace transform of F'(s) = arctan(1/s)

Example (Example 10.4.3)
Compute the Laplace transform of f(t) = t%sin(kt).
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Multiplication of transforms (1/2) L.29-504

We now investigate what it means to multiply two Laplace transforms. Let,
F(s) = L{f(1)}, G(s) = L{g(t)}.
What function h(t) has Laplace transform F(s)G(s)?
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Multiplication of transforms (1/2) L.29-504

We now investigate what it means to multiply two Laplace transforms. Let,
F(s) = L{f (1)}, G(s) = L{g(t)}.
What function h(t) has Laplace transform F(s)G(s)? We explicitly have:
o0
0

HQQQ—Lfﬂﬂf”&J‘ﬂﬂf”&

o0 a0
= f flre™" f g(r)e *"drdr
0 0
N ~- -
r=t—r

_ J:O Fr)e fo g(t — r)e*t=Ddtdr
_ﬁfﬁfeﬁf@mu—TmmT
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Multiplication of transforms (2/2) L.29-505

F(s) = L{f (1)}, G(s) = L{g(t)}-

JJ e st f(T)g(t — 7)dtdr
J J e st f(T)g(t — 7)drdt

a0 a0
J e~ f(r)g(t —7)drdt
0 0

BN

o0
J et f(m)g(t —7)drdt
0 0

h(t)

Thus, we have

L{h()} = F(5)G(s), f F()glt —7)d
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Convolutions L29-506

The operation defining h(t) seems very strange, but it arises very often in
engineering models.

Given f(t) and g(t), the convolution of f and g is defined as

Jf g(t—71)d

_ j o(r)f(t - 7)dr
0
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Convolutions L29-506

The operation defining h(t) seems very strange, but it arises very often in
engineering models.

Given f(t) and g(t), the convolution of f and g is defined as

Jf g(t—71)d

_ j o(r)f(t - 7)dr
0

And so we have:
LS = g)(t)} = F(s)G(s),

so that “multiplication in s is convolution in ¢".
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Examples L20-507

Example
Compute the convolution of f(t) =sint and g(t) = cost.
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Examples L20-507

Example
Compute the convolution of f(t) =sint and g(t) = cost.

Example
Compute the inverse Laplace transform of #2%).
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Examples

Example
Compute the convolution of f(t) =sint and g(t) = cost.

Example
Compute the inverse Laplace transform of #2%).

Example
Write the solution to the DE

4+ 4z = f(1), z(0) = 2/(0) = 0,

as a convolution of f with another function.
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