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Long-time behavior L07-501

In many DE models, the long-time behavior of a solution is physically
interesting.

& = (o), #(to) = a0,

We are interesting in the value of lim;_, 4 x(¢), when such a limit exists.
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Long-time behavior L07-501

In many DE models, the long-time behavior of a solution is physically
interesting.

dx
n = f(t,2), z(to) = o,
We are interesting in the value of lim;_, 4 x(¢), when such a limit exists.

Intuitively, we expect that the value of this limit depends on the starting
location xg.

To quantitatively understand this behavior, we specialize to a particular class
of DE's.
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Autonomous equations L07-S02

A first-order DE for z(t) of the form

dz
E - f(x)v
is called an autonomous DE.

le., 2'(t) = f(t,x) is autonomous if f(t,x) does not depend on t.
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Autonomous equations L07-S02

A first-order DE for z(t) of the form

dx
E - f(x)v
is called an autonomous DE.
le., 2'(t) = f(t,x) is autonomous if f(t,x) does not depend on t.

Example
The following first-order DE's are autonomous:

d
d—j =z, r' = sin(x), ¥ =" —4.

The following first-order DE's are not autonomous:

dr _, "— x4t ! — sint
= =, ¥ =x4+t, z’ = sin
ar
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ey - ) LO7-
Equilibrium solutions 07-503
Consider an autonomous equation 2’ = f(x). If 2’(t) = 0, then the value of
x does not change.
l.e., if we find a value * such that f(z*) = 0, then the constant solution

z(t) = a* solves the DE.
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Equilibrium solutions L07-503

Consider an autonomous equation 2’ = f(x). If 2’(t) = 0, then the value of
x does not change.

l.e., if we find a value * such that f(z*) = 0, then the constant solution
z(t) = a* solves the DE.

A value z* such that the constant solution z(t) = * solves the DE is called
an equilibrium solution.

The set of values of x such that f(x) = 0 are the critical points of the
differential equations 2/(¢) = f(x).
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Equilibrium solutions L07-503

Consider an autonomous equation 2’ = f(x). If 2’(t) = 0, then the value of
x does not change.

l.e., if we find a value * such that f(z*) = 0, then the constant solution
z(t) = a* solves the DE.

A value z* such that the constant solution z(t) = * solves the DE is called
an equilibrium solution.

The set of values of x such that f(x) = 0 are the critical points of the
differential equations 2/(¢) = f(x).

The critical points for the differential equation z'(t) = f(z) are equilibrium
solutions.
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Equilibrium solutions L07-503

Consider an autonomous equation 2’ = f(x). If 2’(t) = 0, then the value of
x does not change.

l.e., if we find a value * such that f(z*) = 0, then the constant solution
z(t) = a* solves the DE.

A value z* such that the constant solution z(t) = * solves the DE is called
an equilibrium solution.

The set of values of x such that f(x) = 0 are the critical points of the
differential equations 2/(¢) = f(x).

The critical points for the differential equation z'(t) = f(z) are equilibrium
solutions.

Example
Compute the equilibrium solutions for the following DE's:

/ / / .
r=3—u, = ax — ba?, T =sinx,

where a and b are positive numbers.
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Stability L07-504

If 2* is an equilibrium solution for 2’ = f(x), then the IVP for the initial
condition z(tg) = x* has solution z(t) = z*.
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Stability L07-504

If z* is an equilibrium solution for #’ = f(x), then the IVP for the initial
condition z(tg) = x* has solution z(t) = z*.

If we instead impose z(tg) = =* + J for some very small §, does the solution
z(t) tend toward z* or away from it?

This is a question about stability of the equilibrium solution z*.

To determine stability, we can draw phase diagrams for autonomous DE's.
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Stability L07-504

If z* is an equilibrium solution for #’ = f(x), then the IVP for the initial
condition z(tg) = x* has solution z(t) = z*.

If we instead impose z(tg) = =* + J for some very small §, does the solution
z(t) tend toward z* or away from it?

This is a question about stability of the equilibrium solution z*.

To determine stability, we can draw phase diagrams for autonomous DE's.

Example

Draw phase diagrams for the DE's below, and use this to determine the
stability of each equilibrium solution.

/ ! / *
r=3—u, = ax — ba?, T =sinx,

where a and b are positive numbers.
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Bifurcations LO7-S05

Autonomous DE's of the form 2’ = f(x) often involve parameters, which are
constants in f, e.g.,:

¥ =2%+¢,

where c¢ is an arbitrary real number. The number of equilibrium solutions
depends on the value of c.
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Bifurcations LO7-S05

Autonomous DE's of the form 2’ = f(x) often involve parameters, which are
constants in f, e.g.,:

¥ =2%+¢,

where c¢ is an arbitrary real number. The number of equilibrium solutions
depends on the value of c.

A plot of the equilibrium solutions versus the parameter (above, c) is called a
bifurcation diagram.

The values of ¢ at which the qualitative nature of the equilibrium solutions
changes is a bifurcation point.
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Bifurcation examples L07-S06

Example
Draw the bifurcation diagram and find all bifurcation points for the DE

=22 +c,
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Bifurcation examples L07-S06

Example
Draw the bifurcation diagram and find all bifurcation points for the DE

=22 +c,

Example
Draw the bifurcation diagram and find all bifurcation points for the DE

' = c(x — 2?)
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