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1. ORTHOGONAL POLYNOMIALS: BASIC PROPERTIES

1.1. Notation. The real numbers and natural numbers are denoted R and IN, respectively.
We use the notation

No = {0} N, [N]={0,1,2,...,N} C Ny,

where N € Ng. We will use w : R — [0, 00) to denote a positive, Borel-measurable weight

function on R. The space of univariate algebraic polynomials of degree n or less is P,, given
by

P, = span{l,x,:x2,...,:v”}.

The notation [ f(z)dz denotes integration over the entire real line. If w(z) has compact
support, then [ f(z)w(z)dz is equivalent to an integral over the compact support. We will
make use of w-weighted L? spaces, defined as

L={fR=R | ||l <o},

with the inner product and norm
(1) = [ H@g()w(a)ds LFI2 = (f g

1.2. Existence and uniqueness. Given w, we make the following assumptions:

e w(x) has finite polynomial moments of all orders,

(1a) /a:|"w(a;)da: < 00

e For any nontrivial polynomial p on R,
(1b) /pQ(l’)w(fL')dl’ > 0.
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This condition is equivalent, for example, to the requirement
(1c) /xznw(x)dac > 0, n € Np.

Under these assumptions, a(n essentially unique) sequence of orthogonal polynomials exists.

Theorem 1.1. If (1) hold, then there exist an infinite sequence of polynomials, po,p1,- - -,
where degp; = j, such that (p;,px),, = 6k for j,k € No. These polynomials are unique up
to a multiplicative sign.

Proof. We proceed by a Gram-Schmidt induction argument. The existence and essential
uniqueness of py follows immediately from the n = 0 version of (1c¢). For some n € Ny,
suppose that {po,...,pn} have been determined such that

<pj7pk>w = 5j,ka ]7k € [n]

Consider g,41(x) = 2", Then {po, ..., pn, gns1} are n+ 2 linearly independent functions;
if this were not true, then we can violate (1b) by a suitable choice of p. In this case, an
orthogonalization procedure can be carried out, such that

n

Prt1(T) = gny1(z) — Z (In+1,0j) Pi () € Poy1.

§=0

Finally, we define

Pri1(

Pr1(x) = 37()

Hpn-‘rl”w

By construction, we now have
<pj7pk>w:5j,k7 jvke [n+1]7

which completes the inductive step. This procedure produces a polynomial p,1 that is
unique up to a sign. ]

With the establishment of an orthonormal polynomial sequence, we immediately have
that there exist some constants ¢, ; such that for each n € Ny:

n
2" =) ngpi(@).
j=0
Furthermore, we have for any n € Ny:

(2) <pn7p>w = 07 pE Pn—l

1.3. The three-term recurrence relation. One of the foundational results in orthogonal
polynomials is their satisfaction of a three-term recurrence relation.

Theorem 1.2. Let {pn}nen, be a sequence of orthonormal polynomials as identified in
Theorem 1.1. Then there exist constants (an,by) € R x (0,00) for n € N such that

(3) pp(x) = bppn—1(x) + angt19n(x) + bpr1pny1 (), n € Np,

where we define p_1 = 0. This determines the polynomials pj, j > 1, and we define
bo = 1/po.



UNIVERSITY OF UTAH: MATH 5750/6880 3

Proof. The relation is clearly true for n = 0 for some numbers a1, b;. Now fix n > 1. First,
we note that clearly there are constants a1, bn41, cpg1 and d,, j so that

n—2
xpn(x) = an-l—lpn(x) + bn+1pn+1($) + cn—&-lpn—l(x) + Z dn,jpj (x)
Jj=0

We have
An+1, k=n
- bn-l-l’ k=mn + 1
<l’pnapk>k» - Crtls E=n — 1’

dnj, k=jen—-2].
Multiplication by x is self-adjoint in L2 ; therefore for any j € [n — 2], we have

2
(TPn, i)y = (Pns TP, 2.

This shows that all the d,, ; coefficients vanish. Furthermore,

Cn+1 = <xpn7pnfl>w = <$pn717pn>w = by,.

This shows the formula (3). By this construction, the b, must be positive: the construction
in Theorem 1.1 shows that the leading coefficient of each p, is positive. By inspection of
(3), this equation cannot hold unless b,,41 is positive for all n. O

1.4. The Christoffel-Darboux identity. One useful relation for orthogonal polynomials
is the following identity.

Theorem 1.3 (Christoffel-Darboux Identity). Let {py}nen, be an orthonormal polynomial
family with recurrence coefficients (ay,by). Then for all n € Ny:

n

(4a) (2)p;(y) = bpyy Lt B)Pn(Y) = Prr(y)pn () .
]Z:%py p;i\Y +1 —y y
(4b) > 0i(@) = bt [P (2)pa(2) — prsa (2)p),(2)]
=0

Proof. The result is a fairly straightforward proof by induction. For n = 0 and x # y, we
have

(x —y)ps _ [(x —a1)po] po — [(y — ao)po] po

T—y (z —y)
_ bip1(z)po(y) — bip1(y)po(x)
T —y

proving the relation for n = 0. Now if the relation holds for a value n, then

n+1

ij(w)pj(y) = bn+1pn+1(a:)pn(yi : Zn+1pn+1(y)pn($) + Pr1(2)Pry1(y)

7=0

(5) _ bn+1Pn+1(2)Pn(Y) — bni1Pn+1(Y)Pn () + 2Pt 1(2)Pn+1(Y) — YPn+1(Y)Prt1(y)

r—y
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We now use the three-term recurrence relation for the numerator on the right-hand side,

bn+1Pn41(2)Pn(Y) — bpt 1001 (Y)Pn () + 2Pn41(2)Prt1(Y) — YPn+1(Y) Pt (2)
=bn+1Pn+1(2)Pn(Y) — bnt1Pn+1(Y)Pn(®) + Prt1(Y) [brt2pnt2(®) + ant2Pn+1(x) + boy1pn ()]
— Pnt1(2) [bn2Pnt2(Y) + ant2pns1(y) + bnt1pn(y)]
=bn+2Pn+2(%)Pn+1(y) — bntoPnt2(y)Pn+1(z)

Combining this with (5) completes the inductive proof. For relation (4b) one can, e.g., use
L’Hopital’s rule on (4a) as z — y. O

1.4.1. Examples. We list here a few examples of well-known orthogonal polynomial families
and their associated recurrence coefficients. For general weight functions computing these
coefficients is a difficult problem with no panacea. We will see later how the coefficients for
these families are computed analytically.

e Legendre polynomials — We define

1, zel-1,1
(6a) w(z) = { 0, =€ 1[1%\[—]1, 1]

The associated family of polynomials {p, }7°, have recurrence coefficients given by

1
ap = 0, bn:L, n €N

V2 n?— 1
e Hermite polynomials — We define
(7a) w(z) = exp(—z?), reR

The associated family of polynomials {p, }7°, have recurrence coefficients given by

(7b) bo =

—ma an =0, b, =

2. DIRECT CONSEQUENCES OF THE THREE-TERM RECURRENCE

2.1. Derivatives. Differentiation of (3) yields a recurrence formula for derivatives of or-
thogonal polynomials:

(8) 2P () = bnpr—1 (%) + an 1P, (€) + bng1pr i () — po(), neN,

with the initial conditions pj = 0 and pj = ¢1,1 = 1/(bob1). This procedure can be repeated,
resulting in a general recurrence formula for the d’th derivative of p,:

2p® (@) = bup® | (@) + 411D (2) + b 1p | (@) — ATV (), n>d,
(d) d!
p (@) = —2
H?:o b
p§d) (z) =0, j<d.

Note that this yields a simple algorithm to compute derivatives of orthogonal polynomials
of any order: one needs only first compute lower-order derivatives first.
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2.2. Alternative normalizations. One will encounter many normalizations for orthogo-
nal polynomials in the literature. Given a sequence of positive numbers {h, }5° ,, we can
define a new sequence of polynomials,

Gn = hnpn.

The polynomial family {g,}°%, is still an L2-orthogonal family, but no longer orthonor-
mal in general. A simple exercise shows that these new polynomials satisfy a three-term
recurrence relation whose coefficients can be expressed in terms of the original coefficients
(an,by) for n > 1:

:L‘Qn(x) = AnJrIQn(iL') + Bn+1Qn+1 (:L') + Cn+1Qn71(x)a

h bnh
Apt1 = any1, Bpi1 = bn—o—lin; Chy1 = ==
hn-l—l hn—l

The reverse map may also computed so that, given (A4,, By, Cy)n>1 and hg, one may com-
pute the orthonormal recurrence coefficients,

an = Ap, by, = V Bncn—l-l; n € N,

and bg = 1/po = ho/qo. The normalization coefficients can likewise be recovered sequen-
tially:

2.3. Affine mappings. Let w(z) be a weight function with an associated orthonormal
polynomial family {p,}nen, and known recurrence coefficients (a,,b,). Suppose we are
given a bijective affine map A : R — R of the form

A(z) = bx +a, a,beR,

where a and b are arbitrary (b # 0) but fixed. It is frequently desireable to generate a new
sequence of polynomials that are orthonormal under the same weight function composed
with A, i.e., to find polynomials {m,}°°, satisfying

) / (@) ()0 (A(2))dT = G, m,n € No.

As usual, finding recurrence coefficients is the goal so that we can perform computations
with the m,. Since the 7, are orthonormal polynomials, then they have their own set of
recurrence coefficients (ay,, B )nen:

(10) 27 (x) = Bup1Tng1(T) + app1mp(x) + Bump—1(x), n €N,

with m9g = 1/8y. The goal is to compute the unknown (ay,, 3,) recurrence coefficients for
7, from the known (an,,by,) recurrence coefficients for p,. As before, By has an explicit
definition:

u=A(x) b%

2= [ w(A(zx)dz = i w(u)du = —
g = [wa@nas ™2 & fwdu =5,
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which yields By = bo/+/|b]. To determine the rest of the recurrence coefficients, we first
observe that

[ u@pn@y(e)de = b
§ (@ = A(u)
B [ o A)pn(AC) 0 (AW du = 5,
Since A is affine, then p,(A(z)) is a polynomial of degree n. Thus, if we define
() = /[bl(sign )" pa( A(2)),

then {m,}nen, satisfies (9) and has positive leading coefficient. We now determine which
recurrence equation the 7, satisfy. Evaluating (3) at x < A(x), we have

(b + a)pn(A(2)) = bn1Pn+1(A(@)) + any1pn(A(2)) + bnpn-1(A(2)),

epa(A)) = "5 g1 (A()) + P (A(e) + Tp 1 (A(2)

Multiplying the last equation above by /|b|(sign )" and using |b| = bsignb = b/(signb) for
b # 0, we have

bn n B bn
ama(@) = “EEmn (@) + T (@) + i (@)
0] b 0]
By matching the above equation with (10), we conclude:
bo b, an — a
(11) Bo=—= Bn =7 = , (neN).
[b] o] b

We have therefore shown the following result.

Theorem 2.1. Assume w(x) is a weight function with an orthonormal polynomial family
{Pn}nen, and recurrence coefficients (an,byn). Let A(x) = bx + a be an invertible affine
map (a € R, b € R\{0}). If m, are the unique polynomials with positive leading coefficient
that are orthonormal under w(A(x)), then they satisfy the three-term recurrence (10) with
coefficients oy, and (B, given by (11).

As an example, we consider the problem of computing recurrence coefficients for the so-
called shifted Legendre polynomials. These are polynomials 7, that satisfy the orthogonality
relation

/0 ()T () = S

That is, they are polynomials orthogonal under the weight function w(z),
() = 1, xz€]0,1]
1 0, zeR\[0,1]

Note that w(z) can be expressed as the composition of w(z) for Legendre polynomials with
an affine map. Letting w(z) be as in (6a), we have

w(z) = w(A(x)), A(z) =2z — 1.

Therefore, let b = 2, a = —1 be the coefficients of the affine map A. Since the Legendre
polynomials have recurrence coefficients (ay, b,) defined in (6b), then by theorem 2.1 the
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shifted Legendre polynomials satisfy a three-term recurrence relation of the form (10) with
coefficients

anp—a 1 3 by, n
Ay — = — = —=
n b 27 n ’b| 2 4n2_1’

for n > 1, with By = bo/+/b] = 3.

2.4. General connection coefficients. Let w(z) be a weight function with orthonormal
polynomial family {py, }nen, and recurrence coefficients (a, b, ). Let w(x) be another weight
function with orthonormal polynomial family {m, }nen, and recurrence coefficients (o, 5y).
There is a unique triangular array of numbers d,, ; defined as

(12) pu(@) = dogmj(2)
j=0

These numbers are called connection coefficients. Connection coefficients between two poly-
nomial families can be computed using the recurrence coefficients from both families. Note
that

(13) po = 1/bo, w0 =1/Bo — doo = —.

For convenience in what follows we define d,, ; outside the triangular constraints 0 < j <n
to be 0:

d-1;=0, (j=-1), dnj =0, (j>n)

We use the recurrence relations for the families to express dj,11,; in terms of d,, ; and d,, ;1.
First note from (12) that

(14) dn,j = (Pn, 7)), -

Now multiplying (12) by 7, and integrating with respect the weight w(z), we have

n
(TPn )y = Dy (27, TR),,
§=0

|} (three-term recurrence)

n
(bns1Pn+1 + Qng1Pn + bppp—1, k), = Z dnj (Bjr1Tj1 + oy + Bimi—1),,
=0

Using the L2-orthogonality of the m; and (14), the above results in the equation

n
bn+ldn+1,k = _an+1dn,k - bndnfl,k + Z dn,j [/8j+15j+1,k + aj+15j,k + Bj(sjfl,k] s
Jj=0
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where 0, 1, is the Kronecker delta function. For n > 0, we can now express d,y1 in terms
of dy and dy,—1 j:

dni1,0 = bt (1 — ang1)dno + Bidn1 — bpdn—1,)
dpt1,k = bn1+1 [(Qht1 — ng1)dn i + Brdn k-1 + Br+1dnk+1 — bndp—1x), 1<k<n-—1
it = 5 [0t = @) + B,

dnyint1 = f::dn,na

Pairing the equations above with the n = 0 initial condition (13) yields a simple algorithm
for computing the connection coefficients in (12).

2.5. The canonical connection. It is occasionally helpful to have coefficients for an ex-
pansion of p, in monomials. The goal of this section is to compute these coefficients in
terms of the recurrence coefficients for the orthonormal family. We define these monomial
expansion coefficients as the triangular array of numbers ¢, ; defined as
n

(15) pu() = cnjal,

§j=0
and refer to this equality the connection to the canonical (monomial) basis. For n = 0, we
have ¢po = po = 1/bg, and for convenience define c_; ; = 0 for all j. A manipulation of the
three-term recurrence relation (3) yields

1
bn+1

Pnt1(T) = [(z = ant1)pn(2) — bupp—1()],

and using (15) we obtain
1

bn+1

anrl(:Z:) = [(_anJrlCn,O - bncnfl,O) :L'O + Cn,n$n+1 + (Cn,nfl - an+1cn,n) x"

n—1
+ Z (—@nt1¢n,j = bucn1,j + cnj1) 2’].
7=1

This therefore provides the following recurrence for computing the monomial expansion
coefficients ¢, ; from the recurrence coefficients. Start with the initial conditions:

co0 = 1/bo,

1
c11 = ¢o,0/b1, c1,0 = b (—aicno),

and use the following recurrence to compute c,41,; from ¢, ; and ¢,—1 ;:

(_a’n-i-lcn,O - bncn—l,O)/bn-Ha Jj=
(an—l — Qn+4+1Cnj — bncn—l,j)/bn_t,_l, 1<j<n—-1
(Cn,n—l - an+1cn7n)/bn+1, j=n
Cn,n/bn+17 j=n+1

Cn+l,j =
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Note in particular that we have an explicit form for the leading coefficients ¢, ,, of py:
1
TN 1
H?:o bj

The related expansion that accompanies (15) is

(16) Cnn = pn(z) = cppa”™ + - -

(17) "t = ZC’n’jpj(x).
5=0

First we note that the arrays {c, j}n; and {Cy j}n ; are related. Define N x N matrices C
and ¢ with entries:

(C)n,j = Chjs (€)n,j = cnj, 0<j<n<N-1
Now let € R be arbitrary and note that
po(x) x(l) x(l) po(x)
p1§x) N | v o p1@
pN-1(7) et a1 pn-1(z)

Thus, C = ¢! and this provides one way to compute C. For completeness, we provide
another strategy that uses a recurrence formula to compute the entries of C.
First we note that through explicit computation we have

Co,0 = bo, Ci0 = aibo, Ci1 = boby

Subsequently, we compute

17 n n—
Crg 2 (2", ), = (& apy),,

1 (2" pyan), + agen (@7 py), + b (2" i),

=bj11Cn—1541 + aj1Cn_1; +b;Cn_1-1,
which provides a recursion that can be used to compute the coefficients (), ;.

(d)

. sat-

2.6. Derivative expansions. We consider the task of computing the coefficients ¢
isfying

n—d
d
(18) P (@) =" ipj(a).
j=0

As before, our strategy for a fixed d will entail iteration over the index n. First we note
from (16) that

@ _  d (@) _
Py ==, ) =0, (n<d).
H;l:o b
Noting from (18) that cffg = <p7(1d) ) pj>w, this provides the starting condition
d!
(19) = ——. D=0, (d>n)

d nj
Hj:l b
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Thus for n > d we have

8 —
<$p%d)a pj>w ®y, el 4 a4 bl —delY,

®3) d d d
<9€pj,p7(~bd)>w = j+107(1,;'+1 + Gj+107(1,;- + bjcg,;fr

These two expressions must be equal, so setting the right-hand sides to be equal and solving
(d)
n+1,j5

d 1 d d d d d—1
ngzl,j = fﬂ [bj+1c1(1,3'+1 + (ajt1 — &n+1)0£z,g' + bjcfl,;‘—l - bnclel,j + dcﬁm )]

for ¢ yields the iteration

(d) one must first have c(d-fl) and use the initial

n?]’ n?]
conditions (19). Subsequently, one can iterate on n via the above equation. Computing the
initial d = 0 values is straightforward since

O = pu, i)y = buj.

Therefore, to compute the numbers ¢

3. QUADRATURE AND ZEROS OF ORTHOGONAL POLYNOMIALS
There is a very strong characterization of roots of orthogonal polynomials.

Theorem 3.1. Let {p,}nen, be a sequence of orthogonal polynomials. Then, for alln > 1:

(1) ppn has n real-valued roots
(2) The roots of py, are all simple
(3) pn and pp41 have no common roots

Proof. Fix n > 1. Suppose that p, has exactly r real-valued roots, z1,...,2,, 0 <r <n—1.
Consider the polynomial
,
g(2) = pu() [[ (@ - 2))
j=1

Then ¢(z) is a non-trivial polynomial that is single-signed on R. Therefore:

04 / g(@)w(z)de = / pa(@) [[ (& — 2)wle)de = <pn, [T~ xj>> ~0,

Jj=1 J=1 w
where the last equality holds by orthogonality of p, and since r < n. This contradiction
shows that r = n, and therefore p, has exactly n real-valued roots.

We can similarly show that all roots of p, are simple. Suppose that there is a repeated

root, xg of p,. Le.,

n—2
() = Kip(z — 20)? H(a: — xj).
j=1
Then consider the polynomial
n—2 n—2
g(x) = pu(x) [[ (@ = 2)) = sulx — 20)® [] (= — ).
j=1 j=1

Since ¢ is again single-signed on R, the same argument as above shows that we can again
achieve a contradiction. Thus, p, cannot have a repeated root, so all its roots must be
simple.
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Finally, assume p,, and p,+1 share a root, say xg. By the Christoffel-Darboux identity:

n—1 n
X el fa) = S i) = by L) = Pel0 ) 2)

for all x # xo. Similarly, (4b) can be used to show the same result for z = xy. Therefore,
we have

n—1
ij(xg)pj(:x) =0, r € R.
=0

Since the p; are a linearly independent basis, this implies that p;(zg) = 0for j =0,...,n—1.
But pg(xo) = 0 cannot happen. Thus, p, and p,4+; cannot share a root. O

3.1. Near-optimal quadrature. Apart from curiosity, there appears to be no reason at
face value to investigate roots of orthogonal polynomials. However, it turns out that zeros of
such functions are roots of excellent quadrature rules. We first introduce some terminology.

Definition 3.1. An n-point quadrature rule is a set of nodes and weights (:z:j,wj);?:l. The
node polynomial associated to a quadrature rule is the monic polynomial

n
g(x) = ][ (@ — ).
j=1
We assume, without loss, that the nodes {x;}; of a quadrature rule are distinct, and that
all weights are non-zero. (For if nodes are repeated, we can merge identical nodes and sum
their corresponding weights, and if weights are zero we can simply ignore any contribution
associated to that node.)

Quadrature rules are built to approximate integrals, i.e., given some weight w(z),
n
(20) > wfta) ~ [ fayu)ds,
j=1

where the meaning of ~ depends on the kind of quadrature rule. Quadrature rules that
exactly integrate polynomials of as high a degree as possible are particularly useful. In
particular given a weight function w(x), we call a quadrature rule (z;,w;)7_; accurate to

order k if
/p(ac)w(w)dx = Zp(xj)wj, p € Py
j=1

A first result characterizes the maximum order of accuracy of quadrature rules.

Proposition 3.1. Suppose an n-point quadrature rule is accurate to order k. Then k <
2n — 1.

Proof. Suppose the quadrature rule can exactly integrate polynomials of degree 2n and less.
Then ¢?(x) is a nontrivial polynomial that vanishes on the quadrature nodes, where q is the
node polynomial. Thus,

0< [ s =Y e =0,

j=1
Thus, we have achieved a contradiction since the quadrature rule cannot accurately integrate
this degree-2n polynomial. d
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Therefore, an n-point quadrature can be called optimal if it exactly integrates polynomials
of degree 2n — 1 and less. Before characterizing optimal quadrature rules, we consider the
following well-known characterization of univariate polynomial interpolation.

Lemma 3.1 (Polynomial interpolation unisolvence). Let C(R) denote the space of contin-

uous real-valued functions on R. If {x1,...,x,} are distinct points on R, then there is a
unique interpolation operator I, : C(R) — P,_1 such that
L f1(x5) = f(x5), ji=1...,n, feC).

The interpolant I, f is unique and can be expressed as

Lf =Y fla)t(a), tilz) = [ =2
j=1

el Tj— Tk

k#j
The polynomials {{;}}_, are the cardinal Lagrange polynomials associated to the nodal set
{z1,...,2n}, and satisfy l(xj) = Ok ;.

In light of the above result, one strategy for approximating an integral given a finite
number of function evaluations is to first construct an interpolant, and then to exactly
integrate the interpolant. This generates an interpolatory quadrature rule.

Corollary 3.1. Let {z1,...,z,} be distinct, defining cardinal Lagrange polynomials ¢;.
Define weights

(21a) wj = /Ej(a:)w(a:)da:.

Then the quadrature rule (acj,wj)?zl satisfies

(21b) [ peruens =3 wpte)) pe Py
j=1

A quadrature rule whose weights satisfy (21a) is called an interpolatory quadrature rule. A
quadrature rule satisfies (21a) if and only if it satisfies (21b).

The result above shows that any n-point quadrature rule whose order of accuracy greater
than or equal to n — 1 must be interpolatory. The condition that separates interpolatory
rules of accuracy n — 1 from those of higher accuracy is related to orthogonality properties
of the node polynomial.

Theorem 3.2. Given an n-point quadrature rule (xj,wj)?zl and an integer m satisfying
0 <m < n, the following two statements are equivalent:

(1) The quadrature rule has order of accuracy n — 1+ m.
(2) The quadrature rule is interpolatory, and the node polynomial q satisfies

(22) [ a@ptau@is—o PE P,
where P_1 is the empty set. The relation (22) is called a quasi-orthogonality relation.

Proof. Suppose the quadrature rule has order of accuracy n — 1+ m. By Corollary 3.1, this
rule must be interpolatory. Now if p € P,,,_; is arbitrary, then gp € P,_14y,. Thus, we have
n
[ a@plaotris =3 atapla;; =0,

Jj=1
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where the last equality holds since ¢ is the node polynomial so that g(z;) = 0.

Now assume that the quadrature rule is interpolatory and the node polynomial satisfies
(22). Let p € P,_14m be arbitrary. By Euclidean division of polynomials, we can express
p in terms of the node polynomial ¢ via the relation

p=qQ+ R, Q€ Py, ReP, .

Note that the quadrature rule exactly integrates R since it is interpolatory. Thus,

n

/R(m)w(aﬁ)dw = Z R(xj)w;.

j=1
The quasi-orthogonality condition implies that

n

[ a@@@wie)ds =0=3 ate) Q) u;

J=1

where the second equality holds since ¢(x;) = 0. Therefore, for any p € Py,_14m,

/ pla)w(z)de = / 4(2)Q@)w(x)dz + / R(z)u(z)da

3
3
3

0

Corollary 3.2 (Guassian quadrature). If {x1,...7,} are the roots of the degree-n L2
orthogonal polynomial p,, and weights w; are defined as (21a), then the resulting quadrature
rule has optimal order of accuracy 2n — 1. This rule is unique, and is called the Gauss
quadrature rule.

3.2. Gaussian quadrature weights. The weights w; of the Gauss quadrature rule defiend
in Corollary 3.2 can be explicitly evaluated in terms of the corresponding orthonormal
polynomials.

Theorem 3.3. Let (a:j,wj)?zl be an n-point Gaussian quadrature rule. Then

1 1
bl (x)pn-1(25) 0= p2(x))

(23) wj = , j=1,...,n.

Proof. Recall that ¢; € P,,_; is the jth cardinal Lagrange polynomial, satisfying ¢;(x)) =
d; k- Since the {x;}; are the roots of py, then there is a constant C' such that
(21) () = 2l

.CU—J,’j

Enforcing ¢;(z;) = 1 and with L’Hépital’s rule, one can verify that this constant is C' =
1/ (x;)-
Now consider the Christoffel-Darboux formula (4a) with y < x;:
n—1
Zpk(x)pk(xj) _ bnpn(x)pnfl(xj) — pn(2j)pn—1(z) _ bnpn(x)pnfl(x])
T — Ty T — Ty

k=0
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If we integrate both sides of this equation against w(z), we obtain

1= /pgw(x)dx :bnpn_l(a;j)/ Pa(@) w(x)dx

JZ—.CC]‘

24 2la
& bpn 1 ()0 () / G@yw(@)de ) wibapn 1 (25)p) (),

which proves the first equality in (23). The second equality is due, again, to the Christoffel
Darboux identity (4b),
n—1
D 0i(5) = ba [Ph()pn1(5) = Pa(@;)ph—1 (25)] = buphy (25)pn—1(25)-
k=0
O

The relation (23) immediately implies that the Gaussian quadrature rule has positive
weights.

3.3. Computation of Gaussian quadrature rules. Gaussian quadrature rules are de-
sirable beause of their high order of accuracy. However, the characterization in Corollary
3.2 requires that we compute roots of polynomials. This is, in general, a difficult and nu-
merically ill-conditioned problem. However, that the polynomials whose roots we seek is an
orthogonal polynomial provides a strong characterization that allows for stable and efficient
computation. This characterization is the main topic of this section.

Definition 3.2. Given recurrence coefficients (aj,b;);>1 and a positive integer n, the n x n
Jacobi matriz is the symmetric, tridigonal matriz defined as

al bl
b1 a9 bg
J, = by a3 b3

bn—l Gnp,

The main result of this section is that n-point Gaussian quadrature rules can be derived
from spectral information of J,,.

Theorem 3.4. Let (aj,b;)j>1 and by, be the recurrence coefficients associated to the weight
function w(zx). For any n > 1, consider the real-valued eigenvalue decomposition of Jy,:

J,=VAVT,

where A is a diagonal matriz containing the eigenvalues of J,, and the columns of V are
the corresponding orthonormal eigenvectors {Uj}?zl,

A1 V1,1 V21 Upd
Ao ‘ ‘ ’ V1,2 V22 -+ Upp2
A= ] , V= v vo -+ v, | = . . .
' . |
An Ulm U2n " Unn

The eigenvalues {)\j}?zl of Jn are all simple and are equal to the roots of p,, hence are
the nodes of the n-point Gaussian quadrature rule. Letting wi, ..., w, be the weights of the
n-point Gaussian quadrature rule, then

(25) w; = Bl
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Proof. Define p(x) € R™ as

p(x)" = (po(x) pi(z) - poa(z)’ €R™

Stacking the three-term recurrence relation (3) for index j = 0,1,...,n — 1, yields the
vector-valued equality

o O

CCp(:C) = an(l‘) + bnpn(JU)en, e, = e R™
0
1

Thus z; is an eigenvalue of J,, if and only if p,(z;) = 0, showing that the spectrum of .J,
equals the roots of p,. Since p, has n distinct roots, then the n x n matrix J,, must have
all simple eigenvalues.

To prove the statement about the weights, note that if x = z; is a root of p,, then

zip(xj) = Jup(x)),

so that p(x;) is an eigenvector of J,, associated to eigenvalue x;. Therefore, the (real-valued)
eigenvector v; satisfies v; = £p(x;)/||p(x;)||2. We therefore have

23
v =t = ke S gy
72 > ko Pi(x;)
Combining this with the relation pg = 1/bg yields (25). O

The characterization of Gaussian nodes and weights provided by the previous theorem
elegantly characterizes a strategy for computing Gauss quadrature rules: compute the spec-
trum of the (sparse) symmetric tridiagonal matrix .J,,. Since the numerical computation of
such quantities is efficient and stable, this recipe for computing Gaussian rules is perhaps
the most-used procedure for computing Gaussian quadrature nodes and weights.

4. COMPUTING APPROXIMATIONS WITH ORTHOGONAL POLYNOMIALS

One of the major tasks in spectral methods is formation of an approximating polynomial
to a given function u(x). Typically, we assume that u(z) is given, or can be evaluated easily
at arbitrary locations x. This section concerns construction of approximations from or-
thogonal polynomials. Precisely, we will consider two approaches, interpolatory procedures
and quadrature procedures. In some situations, these two procedures result in identical
approximations.

The approximation techniques we consider in this section both fall under the following
category: suppose we have M point-evaluations {u(x])};\i , of u, and we seek to compute
the approximation

N—-1

(26) u(z) = uy(x) = Z ujp;(x),

J=0

where {p;};>0 is an orthonormal polynomial family. When solving differential equations,
we will typically manipulate and operate on uy instead of u. The approximation defining
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un can be recast as a linear algebra condition,
uo f(x1)
Un-—1 f(zm)

where the matrix V is a Vandermonde-like matrix,

p0($1) b1 ($1) e pN71($1)
v pO(:’Uz) pl(:’ﬂz) pN{(fz) c RMXN.
polear) pr(oa) o pyi(aw)

Clearly, the feasibility of enforcing equality in (27) depends on the relation of M to N.
We will discuss in the next sections particular strategies for computing vectors w from (27)
that define approximations uy of the form (26). Later, we will see how to mathematically
analyze the expected error committed by such approximations.

4.1. Interpolatory constructions. When M = N and the nodes z; are distinct points,
then Lemma 3.1 implies that exact satisfaction of (27) can be achieved. In particular, the
matrix V € RV*N is invertible, and so the unique solution is

(28) u=Vlu,

which defines the approximation (26). The computational tractibility of this approach is
typically limited by (a) the stability (conditioning) of the matrix V', and (b) the size of N.
Inverting matrices typically requires O(N?3) operations, which can be expensive when N is
large.

More concerning is the stability issue. For a square matrix V', the condition number (V)
of V is defined as
Umax(v)
Umin(v) ’
where opmax(-) and opmin(-) are, respectively, the maximum and minimum singular values
of an input matrix. A standard rule-of-thumb in numerical analysis is that, in finite-
precision arithmetic, one loses approximately log; «(V') digits of accuracy when using (28)
to compute w. If the nodes z; are chosen poorly, then (V) can be quite large, sometimes
growing exponentially with V.

At this level of generality we can say very little about accuracy of interpolatory ap-
proaches, and can only provide a consistency result that is immediate from Lemma 3.1.

k(V) =

Lemma 4.1. For interpolatory approaches on distinct nodes, if u € Py_1, then uy = u.

4.2. Quadrature constructions. We consider two types of quadrature constructions: di-
rect methods, and least-squares methods. Direct methods are applicable for any relation-
ship between M and N, whereas least-squares methods require M > N. We assume in this
section that we have access to an M-point quadrature rule (z;, wj)ﬁ-\/i 1-

Direct methods use the following approach: we seek to compute the coefficients u; in
(26). Taking the definition of uy in that equation, we have

M

(29) Uy = (un,pj)y, & (U,ps), = Y wpu(zy)p; (),
k=1
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where the second =~ comes from the desideratum (20). Thus, one way to define the u;
coefficients is as the right-hand side of the above expression; we say that the coefficients
defined in this way are computed via a direct qudarature procedure. Rewriting this in terms
of linear algebra, we have

w1
w2

(30) u=VIWau, W=
WM

We see that this is a relation that is dual to Vu = wu, but the two systems are not directly
related in general. One suspects that the accuracy of this approach, even simply in terms
of consistency results, depends heavily on the order of accuracy of the quadrature rule.

Lemma 4.2. Suppose u € Py_1. The direct quadrature approach with M quadrature points
recovers uy = u if the quadrature rule is accurate to order 2N — 2.

The proof comes directly from the chain (29): Both = relations become equality if u is
a polynomial and if the quadrature rule can accurately integrate up; € Pay—_2. Note that,
from Proposition 3.1, direct quadrature approaches can be consistent on Py_; in the sense
of Lemma 4.2 only if M > N, but this relation between M and N is not sufficient for
consistency. However, direct quadrature can be applied to compute some approximation
upn no matter the relation between M and N.

A second quadrature approach is least-squares: given the rectangular system Vu = w,
we seek the solution @ in the least-squares sense with respect to the quadrature rule. ILe.,
we seek coeflicients u; that minimize the residual

M M N-1 2
> wj (un ;) — ulx;))? =D w; (Z ugpr(x;) — U(%‘)) :
j=1 j=1 k=0

In linear algebraic terms, we seek the solution to the problem

(31) argmin H\/W(Vﬁ — u)H ,
aeRN 2

where W is the diagonal matrix defined in (30). Note that this is a weighted least-squares

problem. We first codify some well-known conditions that ensure existence of a unique
solution to this problem.

Lemma 4.3. There is a unique solution to (31) for all w if and only if M > N.

Proof. If a unique solution to (31) always exists, then VWV € CM*N cannot have a kernel,
which means that M > N. Now instead assume M > N. Recall from Definition 3.1 that
all quadrature rules have distinct nodes and non-zero weights. If M > N, then all columns
of V' are linearly independent (by Lemma 3.1), so that V' has full (column) rank. Since all
weights are non-zero then W is full-rank, so that v/WV has full (column) rank. Therefore
the least-squares problem has a unique solution. ]

Note above that we need not assume positive weights, and the result above holds true
even with negative weights.
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4.3. Equivalences. For general function data u, the interpolatory approach (28), the di-
rect quadrature approach (30), and the least-squares method (31) all produce different
approximations. However, there are some simple situations in which they provide the same
approximation.

Proposition 4.1. If the quadrature rule (:Uj,wj)jj‘il is accurate to order 2N — 2, then
the direct quadrature method (30) and the least-squares approach (31) produce the same
approrimation up.

Proposition 4.2. If the quadrature rule (x;, wj)j]\il has M = N points and is accurate to

order 2N — 2, then the interpolatory approach (28), the direct quadrature method (30), and
the least-squares approach (31) all produce the same approrimation uy .



