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SUMMARY
A new finite element method for Nwogu’s (O. Nwogu, ASCE J. Waterw., Port, Coast., Ocean Eng., 119,
618–638 (1993)) one-dimensional extended Boussinesq equations is presented using a linear element
spatial discretisation method coupled with a sophisticated adaptive time integration package. The
accuracy of the scheme is compared to that of an existing finite difference method (G. Wei and J.T.
Kirby, ASCE J. Waterw., Port, Coast., Ocean Eng., 121, 251 – 261 (1995)) by considering the truncation
error at a node. Numerical tests with solitary and regular waves propagating in variable depth
environments are compared with theoretical and experimental data. The accuracy of the results confirms
the analytical prediction and shows that the new approach competes well with existing finite difference
methods. The finite element formulation is shown to enable the method to be extended to irregular
meshes in one dimension and has the potential to allow for extension to the important practical case of
unstructured triangular meshes in two dimensions. This latter case is discussed. Copyright © 1999 John
Wiley & Sons, Ltd.
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1. INTRODUCTION
In the nearshore zone accurate prediction of wave activity needs to account for both non-linear
and dispersive effects. Important wave processes include diffraction, refraction, shoaling and
harmonic interaction. The Boussinesq equations model weakly non-linear, weakly dispersive
water waves in a variable depth environment. In shallow water their linearised dispersion
characteristics approximate Stokes first-order wave theory [1]. All the Boussinesq equation
systems are derived by integrating the higher dimensional fluid flow equations through the
depth. This produces a simplified vertical velocity distribution which restricts the validity of
the mathematical model to a shallow water environment. The depth integration reduces the
spatial dimension of the equations by one and makes them relatively efficient to solve. They
are commonly used for predicting wave elevations inside harbours [2,3] and wave interactions
in the nearshore zone [4].
The original system of equations proposed by Peregrine [5] are limited to very shallow water;
their linearised dispersion characteristics rapidly diverge from the true behaviour in deeper
water rendering the model invalid in these situations. In recent years there have been several
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proposals of extended Boussinesq systems for which the dispersion relationship is valid up to
the deep water limit, increasing the useful range of these models for many applications.
Madsen et al. [6] added extra dispersion terms to the original system in order to improve the
linear dispersion characteristics. This procedure was extended to a variable depth environment
[7], although more recent work by Beji and Nadaoka [8] has suggested that there may be
inconsistencies in this approach. Beji and Nadaoka [8] have produced an extended Boussinesq
system, valid in a variable depth environment, by a simple algebraic manipulation of
Peregrine’s original system. In contrast Nwogu [9] derived an extended system of equations
from the full fluid equations by choosing the velocity at an arbitrary depth as one of the
variables. Although the latter two systems have equivalent linearised dispersion characteristics
and shoaling properties, Nwogu’s system is used in this work. The proposed finite element
method is easier to apply to this form of the equations for reasons given in Section 3.2.
Although the extended systems have improved dispersion characteristics, they are all still
formally of the same accuracy as the original system and restricted to a shallow water
environment.
Most of the numerical schemes for the Boussinesq equations are based on finite difference
methods. Abbot et al. [2,10] pioneered the finite difference solution of the original Boussinesq
system. They showed that careful analysis of the truncation errors was necessary to ensure that
an accurate model was obtained. In particular it was shown that the truncation errors of a
low-order approximation in space or time could contaminate the real dispersive terms present
in the equations. They included the important truncation error terms in their model to prevent
this occurring. Nwogu’s scheme [9] applied this principle to the extended Boussinesq system.
Wei and Kirby [11] eliminated the dispersive errors by differencing selected spatial terms to
higher order and integrating in time with a high-order predictor–corrector method. This
difference scheme is described in more detail in Section 3.1. The finite difference methods are
simple to formulate, but difficulties in modelling irregular geometries in two space dimensions
with structured grids can lead to a loss of accuracy [3]. Unstructured finite element methods
are straightforward to apply on complex domains but their application in this area has so far
been limited to the original Boussinesq system [12–14]. The Diffpack software [15] has also
been applied to the original Boussinesq system.
A method of lines approach is adopted in this work. A complete spatial discretisation is
performed producing a system of ordinary differential equations in time, and boundary
conditions in either algebraic or differential form. This is generally classed as a differential-algebraic equation system. The system is solved using SPRINT [16]; a general purpose time
integration package using adaptive order, adaptive time stepping methods driven by state-ofthe-art local error control strategies. The aim of this work is to take a first step in the direction
of applying finite element methods to geometrically complex two-dimensional problems using
unstructured triangular meshes. This will be done by investigating the implementation of finite
element methods for the one-dimensional extended Boussinesq equations. Although the spatial
discretisation method must have an obvious extension to two-dimensional unstructured
triangular grids, at the same time it must be competitive in terms of computational speed with
existing finite difference methods. The approach adopted here is to use a linear finite element
spatial discretisation coupled with a sophisticated time integration strategy. The linear
Galerkin finite element method [17] cannot be applied directly to the system due to the
presence of third-order spatial derivatives. Here the equations are rewritten in a lower order
form, suitable for a linear finite element approximation by introducing an auxilliary algebraic
equation. The additional computational expense of solving this equation is reduced by
approximating it in an explicit form and the overall computational expense is that of solving
Copyright © 1999 John Wiley & Sons, Ltd.
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a system of two coupled partial differential equations, which is the same as for the finite
difference methods.
The remainder of this paper is structured as follows. Section 2 describes the chosen
mathematical model for shallow water flow. Section 3 reviews a published finite difference
method for these equations and proposes a linear finite element method for the spatial
approximation coupled with a sophisticated adaptive time integration strategy. In Section 4 the
spatial accuracy of the new scheme is analysed by examining the truncation error at a node.
In Section 5 numerical experiments are presented comparing the proposed method with
theoretical results, experimental results and a previously published finite difference method.
Section 6 discusses the results and considers the issues involved in extending this method to
two dimensions.

2. THE BOUSSINESQ EQUATION SYSTEM
The physical system can be characterised by a typical water depth H, a typical wavelength l
and a typical wave amplitude a. The non-linearity and dispersion present in the system are
parameterised by the ratios e and s respectively. Ursell [18] discovered a correlation between
these two parameters that predicts which wave theory will be applicable. This is known as the
Ursell number, U.
a
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The Boussinesq wave theory requires e 1, s  1 and U to be O(1). The equation system can
be consistently derived from the inviscid, incompressible, irrotational fluid flow equations by
suitably scaling and non-dimensionalising the equations, integrating through the depth and
then expanding in terms of the small parameters s and e [19]. Terms up to and including
O(e, s 2) are retained.
Nwogu’s extended Boussinesq equation system is given below in terms of free surface
elevation j(x, t), velocity u(x, t) at depth z, and depth profile h(x),
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The free parameter u = z/h is chosen to minimise the difference between the equations’
linearised dispersion characteristics and the full linear dispersion relation. A more detailed
discussion of this choice is given in References [9,11]. The value u= − 0.531, suggested by
Nwogu [9], is used throughout this work.

3. NUMERICAL METHODS

3.1. A finite difference method
Wei and Kirby [11] proposed differencing selected terms of Nwogu’s extended system to
higher order. They showed that if the first spatial derivative is approximated to fourth-orderaccuracy, with the other derivatives approximated to second-order-accuracy, then no nonphysical dispersion is produced by the numerical scheme. For the analysis of this scheme, and
for comparison with the finite element scheme described and analysed in the following
sections, it is helpful to state the form of this discretisation with the leading truncation error
terms. On a uniform mesh of size D,
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The difference stencils are all centred, to maintain high accuracy. No attempt is made to
modify the first derivative stencil to account for convection, as this would introduce diffusive
errors in the form of second-order derivatives.
Applying these to Nwogu’s system (4) – (5), all the spatial truncation error terms are
expressed in terms of fourth and higher derivatives and will not contaminate the real dispersive
terms which are at most third-order derivatives in space. In the scaled, non-dimensionalised
Boussinesq system [9] these higher derivatives can be neglected as being higher order terms in
e and s without affecting the model. However this scheme remains essentially second-order-accurate in space. The results presented by Wei and Kirby [11] and other work with the same
scheme [20] confirm that this finite difference method is both accurate and efficient.

3.2. A finite element method
The third-order spatial derivative present in Equation (4) complicates the application of a
finite element method. A weighted residual form of the problem will contain second-order
spatial derivatives, and so the usual C 0 finite element approximation cannot be used [17].
Higher order finite element approximations such as the C 1 Hermite cubic and the C 2 cubic
spline can be used, but their application is generally limited to regular grids in one dimension
[21].
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At the expense of introducing an extra equation for a new variable w into the system, the
order of the highest spatial derivatives can be reduced:
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This manipulation of the equation system extends naturally to Nwogu’s two-dimensional
extended Boussinesq system, where two extra equations must be introduced. The equivalent
manipulation of Beji and Nadaoka’s equations [8] is not so straightforward when extended to
the variable depth case and it is for this reason that Nwogu’s system is preferred.
To simplify what follows, the constant depth equations will be used. The finite element
method described will apply equally well to the more general system (13)–(15).
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The Galerkin finite element method, analogous to the centred finite difference method of the
previous section, is used here [17]. We define a set of N nodes as the intersection points of
(N –1) non-overlapping elements that completely cover the spatial domain V. A set of basis
functions, fi (x), interpolate nodal values of the unknowns over the elements. The finite
element method described below is based on a set of standard linear basis functions,
fi (xj )=dij,

i, j= 1, 2, . . . , N,

(24)

where dij is the usual delta function. An unknown function 6(x, t) is interpolated over the
domain as
6(x, t): fj (x)6j (t).

(25)

The finite element discretisation is developed by multiplying Equations (16)–(18) by a test
function, fi (x), and integrating over the spatial domain V. The spatial derivatives are
Copyright © 1999 John Wiley & Sons, Ltd.
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integrated by parts which introduces integrals on the boundary G. The approximation (25) is
used to replace the continuous functions. The non-linear terms p and q are interpolated as
nodal quantities. This form of approximation is known to be accurate for this class of
equations [22], and is found to be crucial for the truncation error analysis of Section 4.
Mijj: j − Cij (pj +wj ) +
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where nx is the outward normal at the boundary of the one-dimensional domain, and
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The integrals (29) – (31) are evaluated by integrating over each element individually and
summing the results at the nodes. This procedure is simple to automate using the isoparametric
concept [17], where the integration on each element is mapped to a unit reference element on
which the values (29) – (31) can be precomputed.
Equation (28) represents an additional algebraic system to solve at each time step which will
increase the required computational time by approximately one-half over the finite difference
schemes, which can directly replace the third spatial derivative. In two dimensions there will be
two auxilliary variables and hence two, in general sparse, matrix systems to be solved. The
solution of the system (28) requires the inversion of the matrix M, generally termed the mass
matrix [17]. A considerable simplification is achieved if the mass matrix can be replaced by a
purely diagonal approximation, or in the finite element terminology lumped [17]. This equation
can then be decoupled from the 3N-dimensional system (26)–(28) and solved explicitly at each
time step. This will make the finite element scheme competitive with existing finite difference
spatial discretisations, which produce only a 2N-dimensional system of differential equations
in time. The lumping procedure replaces Equation (28) with
wi =



1
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where
M Li = % Mij.

(33)

j

Although lumping the matrix is known to decrease the accuracy of the approximation [17], the
analysis in Section 4 shows that the spatial truncation error is not significantly affected by this
approximation. An alternative approach to inverting the mass matrix in Equation (28) without
the diagonal approximation, would be to use the simple iterative method of Donea and
Giuliani [23].
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Suitable boundary conditions are required for the numerical experiments. At an inflow
boundary the free surface elevation, j, is prescribed. For the periodic wave cases considered
here, the velocity u and auxilliary variable w are evaluated using the linearised form of
equations (16)–(18), and are also prescribed at the inflow points [11]. At an outflow boundary
it is important to minimise non-physical reflection of information back into the domain. A
simple radiation boundary condition [20] is not completely effective because the dispersive
waves have no single phase speed. Here a sponge layer [11] is introduced near the outflow
boundary in the form of a viscous term which increases in magnitude closer to the outflow.
These viscous terms are added to Equations (26) and (27). The amount of viscosity has to be
determined by experiment so as to effectively damp the outgoing waves without allowing
significant reflection. At a solid, reflecting boundary the impermeability condition
[

unx = 0

(34)
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is prescribed, and from considering Equation (16),
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by conservation of mass. Therefore at the reflecting boundary, Equation (27) is replaced by
Equation (34) and the boundary integral in Equation (26) is set to zero. The boundary integral
in Equation (32) is undetermined at outflow and solid boundaries and is extrapolated from the
adjacent element in these cases. Partial reflection is not considered here but can be implemented as a simple modification to the fully reflecting boundary conditions [9]. Another
important boundary condition is that of wave reflection at the inflow boundary. However this
is not relevant to the examples considered here.

3.3. Time integration
Truncation errors from a low-order time integration scheme will also produce non-physical
dispersion and contaminate the mathematical model. In previous work the time integration has
usually been with a high-order accuracy predictor–corrector method [11,20], or with a lower
order method and corrections for the truncation errors [9,10]. In this work we achieve the
necessary accuracy by making use of variable order, variable time step software based on
backward differentiation formulae (BDF) as implemented in the SPRINT package [16].
The spatial discretisation described in Section 3.2 results in a 2N-dimensional linear system
of differential equations of the form
Aijy; j −fi =0,

(37)

where
y= (j1, u1, j2, u2, . . . , jN, uN )t,

(38)

f=f(t, y).

(39)

The software controls the local error in y over each time step by varying both the order of the
BDF method and the time step, so that a uniformly high accuracy in time can be achieved [24].
The user controls the local error by supplying relative and absolute tolerances, rtol and atol
respectively, which can be vector quantities in general. Here, rtol and atol are scalar values
Copyright © 1999 John Wiley & Sons, Ltd.
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determined by experiment; lowering their values until solution independency is established.
This will ensure that the error in the solution is dominated by the spatial discretisation error.
In this work rtol =atol =10 − 6 was chosen after repeated experiments, reflecting the high
accuracy required in the time integration.
Consistent initial conditions are calculated automatically by the software. Given an initial
solution, y(t0), initial time derivatives, y; (t0), are computed such that the system (37) is satisfied
[25].

4. TRUNCATION ERROR ANALYSIS
In this section the truncation error of the linear finite element scheme defined by Equations
(26), (27) and (32) will be analysed. The linear finite element scheme is only second-order-accurate in space and it is therefore possible that error terms will contaminate the physical
dispersion in a similar way to a low-order finite difference method. The analysis that follows
will show that this does not happen here and that the truncation error is of a similar form to
that of Wei and Kirby’s finite difference scheme (10)–(12) described in Section 3.1.
With a linear finite element discretisation on a regular mesh of element length D, Equation
(27) has the following form at an internal node:
1
b
D
(u; i − 1 +4u; i +u; i + 1) + (qi + 1 −qi − 1) − (−u; i − 1 + 2u; i − u; i + 1)= 0.
2
D
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Using standard Taylor series expansions in space and the original Equation (27), it is
straightforward to show that the truncation error at a node has the form
−b
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The leading term is O(D2) due to the linear approximation but multiplies a fourth-order
derivative. This will not corrupt the physical dispersion present in the system, which depends
on third and lower derivatives, and suggests that the linear finite element approximation is
acceptable for this equation.
With a linear finite element discretisation on a regular mesh of element length D, Equations
(26) and (32) have the following form at an internal node:
D
1
1
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Again, using Taylor series expansions and then using Equation (43) to replace the wi terms in
Equation (42), the truncation error at a node is
a
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The leading truncation error term indicates that the discretisation is O(D2) accurate but that the
form of this leading error will not contaminate the physical dispersion. Importantly, the
accuracy does not appear to have been significantly reduced by the diagonal approximation of
the mass matrix in Equation (43).
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It has been shown that a linear finite element discretisation can produce a suitable numerical
model for Nwogu’s extended Boussinesq equations. The model is only second-order-accurate,
but the form of the leading error terms will not contaminate the physical dispersion present in
the equations. This scheme can therefore be thought of as an analogue of Wei and Kirby’s
finite difference scheme, which approximates the first-order spatial derivatives to higher order,
to produce a similar effect. Lumping the mass matrix in Equation (28) considerably improves
the efficiency of the scheme, as w can now be calculated without the inversion of a matrix. In
two dimensions this saving will be even more significant. This truncation error analysis can be
directly extended to the Boussinesq system with non-uniform depth (13)–(15) discretised on a
regular mesh.
The proposed finite element method is simple to extend to a non-uniform mesh. However
the truncation error analysis of this section has to be modified to account for a varying mesh.
For example, if Di denotes the length of the element [xi, xi + l], the truncation error of Equation
(27) can, with some manipulation, be shown to be









Di −Di − 1 ( 2qi 1 D3i +D3i − 1 ( 4u; i
−
b 4 + O(D3i − 1, D3i ).
6
(x 2 12 Di +Di − 1
(x

(45)

The leading term will produce numerical diffusion in the scheme. It may be possible to restrict
the amount of diffusion present by limiting the rate of variation in the mesh size, i.e. keeping
(Di − Di − l) small. An example is included in the following section to illustrate the effect of a
non-uniform mesh.

5. NUMERICAL EXPERIMENTS

5.1. A solitary wa6e with constant depth
The simulation of a solitary wave requires that both the non-linearity and dispersion are
accurately modelled. This case is used here to assess the accuracy of the finite element model
and the time integration strategy. Wei and Kirby have derived an approximate solitary wave
solution of Nwogu’s extended Boussinesq system:
j(x, t)=a1 sech2(b(x −ct)) + a2 sech4(b(x − ct)),

(46)

u(x, t)=a sech2(b(x −ct)).

(47)

The expressions for the coefficients al, a2, a, b and c are given in Reference [11]. The spatial
domain x [ −50, 250] is uniformly discretised with 600 linear finite elements and, equivalently,
601 equally spaced finite difference nodes. The spatial domain is infinite theoretically but in
practice it is truncated at a suitable distance from the wave and all variables are set to zero at
the boundaries. Inflow and outflow boundary conditions are not considered in this example.
The wave is initially at the origin and of amplitude 0.045 m, and is propagated for 100 s over
an undisturbed depth of 0.45 m. Figure 1 compares the theoretical free surface profile of
Equation (46) at t = 100 s with the numerical results from both the proposed finite element
scheme and the finite difference scheme described in Section 3.1 coupled with the SPRINT
time integration. There is an almost identical slight phase error in the numerical results and a
small dispersive tail, but in general both methods propagate the solitary wave accurately. The
solution (46) is only an approximation for these equations and so an exact agreement is
unlikely.
Copyright © 1999 John Wiley & Sons, Ltd.

Int. J. Numer. Meth. Fluids 29: 143 – 157 (1999)

152

M. WALKLEY AND M. BERZINS

Figure 1. Free surface profile at t=100 s for the constant depth solitary wave.

5.2. A solitary wa6e propagating up a slope and reflecting from a 6ertical wall
The depth profile for this problem is shown in Figure 2. Experimental data is available for
this problem in the form of time series of the free surface elevation at various locations on the
slope [26]. The spatial domain x  [ −55, 20] is uniformly discretised with 600 linear finite
elements and the equations are integrated in time for t[0, 30] with the wave initially centred
at x= − 30. At x = −55 all variables are set to zero and at x= 20 the fully reflecting
boundary conditions are applied. Figure 3 compares the numerical and experimental time
series of the free surface elevation at x = 17.75 m for a solitary wave of initial amplitude 0.07
m. The first peak corresponds to the incident wave which is well predicted by the code. The
second peak is the reflected wave which is overpredicted by 8%. It is possible that this
overprediction is produced because the method is based on inviscid equations, and there are no
losses at the reflecting wall. Figure 4 compares the time series at the same location for a

Figure 2. Bathymetry for the solitary wave test cases.
Copyright © 1999 John Wiley & Sons, Ltd.
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Figure 3. Free surface time history at x =17.75 m for the 0.07 m solitary wave.

solitary wave of larger initial amplitude 0.12 m. In this case the second peak, corresponding to
the reflected wave, is overpredicted by 38%. This can be attributed in part to the fact that the
extended equations are restricted to weakly non-linear situations, whereas in this case the
reflected wave attains an amplitude comparable with the depth at the wall which is clearly
outside the range of validity of the Boussinesq theory as stated in Section 2.

5.3. A periodic deep water wa6e with constant depth
The extended Boussinesq system is able to model wave behaviour right up to the deep water
limit s=1/2 [9]. The original Boussinesq equations are not applicable at the deep water limit
as their dispersion relation diverges for s \ 0.48 [9]. The test case is a periodic wave of
wavelength l = 1.12 m, wave period t =0.85 s and amplitude a= 0.025 m, propagating into an
initially undisturbed region of constant depth h = 0.56 m. The incident wave has the form

Figure 4. Free surface time history at x =17.75 m for the 0.12 m solitary wave.
Copyright © 1999 John Wiley & Sons, Ltd.
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Figure 5. Free surface profile at t= 40 s for the deep water wave.

j(x, t)= a sin 2p

x t
−
l t

.

(48)

The spatial domain x  [0, 15] is uniformly discretised with 500 linear finite elements and the
problem is integrated for t  [0, 40]. The inflow boundary condition is applied at x= 0 and a
sponge layer is used near the outflow boundary at x= 15 to prevent reflection back into the
domain. Figure 5 shows the free surface profile at t= 40 s. A steady periodic flow has been
established and the sponge layer is effectively damping the outgoing wave.

5.4. A periodic wa6e propagating o6er a bar
This problem has been studied previously, and experimental data is available for comparison
with the numerical results [27]. The depth profile is shown in Figure 6. The input wave is of
the form given in Equation (48) with wavelength l= 3.73 m, wave period t = 2.02 s and

Figure 6. Bathymetry for the bar.
Copyright © 1999 John Wiley & Sons, Ltd.
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Figure 7. Free surface time history at x= 10.5 m.

amplitude a = 0.01 m and propagates into an initially undisturbed region of depth h = 0.40 m
before reaching the bar. A sponge layer is applied at the right boundary to damp the out-going
wave. The spatial domain x  [0, 25] is uniformly discretised with 500 linear finite elements and
the problem is integrated in time for t [0, 40]. Figures 7–9 compare the time histories of the
free surface profile with the experimental data at x= 10.5, 13.5 and 17.3 m, respectively. A
visual comparison of the results with a similar study using a finite difference method [20] shows
no significant differences in the graphs.

5.5. A non-uniform mesh
The solitary wave experiment of Section 5.2 is recomputed on a non-uniform grid. The
constant depth region x  [ −55, 0] is uniformly discretised as before with 440 linear elements,
producing a mesh spacing of 0.125 m. On the slope x[0, 20] the mesh spacing is linearly
varied from the constant depth value of 0.125 m at the base to 0.036 m at the top of the slope.

Figure 8. Free surface time history at x= 13.5 m.
Copyright © 1999 John Wiley & Sons, Ltd.
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Figure 9. Free surface time history at x= 17.3 m.

This allows a better resolution of the wave as it steepens and moves up the slope. The
numerical results obtained are graphically indistinguishable from the results presented in
Figures 3 and 4. Closer inspection shows the maximum difference between the solutions to be
1.3×10 − 3 or : 1%. This suggests that a suitably slow variation in the mesh may not affect
the accuracy of the scheme.

6. CONCLUSIONS AND FURTHER WORK
It has been demonstrated both by analysis and by numerical experiments that the proposed
linear finite element and adaptive time integration scheme can produce an accurate numerical
model for Nwogu’s extended Boussinesq system. The solitary wave case in Section 5.1
confirmed the accuracy of the model, and the deep water wave case in Section 5.3 illustrated
the improved dispersion characteristics of the extended Boussinesq equations. The model is
still limited to weakly non-linear situations, and the high solitary wave case in Section 5.2
showed that model becomes significantly inaccurate as non-linearity increases.
Most importantly this finite element scheme can be extended easily into two dimensions. The
two-dimensional equations [9] can be written in a form similar to Equations (13)–(15) by
introducing two auxilliary variables. The use of a lumped mass matrix for these two auxilliary
equations will make the computational cost of the finite element method comparable with
existing finite difference schemes. The truncation error analysis of the one-dimensional system
in Section 4 depended on the non-linear terms being written in the compact forms (20) and
(21). An equivalent form has been found for the two-dimensional equations. The truncation
error analysis suggests that good results may be expected on regular two-dimensional grids and
that if the variation of the mesh is suitably controlled that the method will extend successfully
to unstructured triangular grids. The two-dimensional model is currently being developed and
will be the subject of a further paper.
Copyright © 1999 John Wiley & Sons, Ltd.
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