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‘We propose that the generalization of signal and image processing to surfaces entails filtering the
normals of the surface, rather than filtering the positions of points on a mesh. Using a variational
strategy, penalty functions on the surface geometry can be formulated as penalty functions on the
surface normals, which are computed using geometry-based shape metrics and minimized using
fourth-order gradient descent partial differential equations (PDE). In this paper, we introduce a
two step approach to implementing geometric processing tools for surfaces: (i) operating on the
normal map of a surface, and (ii) manipulating the surface to fit the processed normals. Iterating
this two-step process, we can efficiently implement geometric fourth-order flows by solving a
set of coupled second-order PDEs. The computational approach uses level set surface models;
therefore, the processing does not depend on any underlying parameterization. This paper will
demonstrate that the proposed strategy provides for a wide range of surface processing operations,
including edge-preserving smoothing and high-boost filtering. Furthermore, the generality of the
implementation makes it appropriate for very complex surface models, e.g. those constructed
directly from measured data.

Catgyoriesand SubjectDescriptors:l.3.5 [Computer Graphics]: ComputationalGeometryandObjectModel-
ing—Curve surface solid and objectrepresentations.

Additional Key Words and Phrases: surface fairing, geometric surface processing, anisotropic
diffusion, high-boost filtering, level sets.

1. INTRODUCTION

Thefundamentaprinciplesof signalprocessingjiveriseto awide rangeof usefultoolsfor
manipulatingandtransformingsignalsandimages.The generalizatiorof theseprinciples
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2 . Tolga Tasdizen et al.

to the processingf 3D surfaceshasbecomeanimportantproblemin computergraphics,
visualization,andvision. For instance 3D rangesensingechnologiegproducehigh reso-
lution description®f objects but they oftensuffer from noise.Medicalimagingmodalities
suchasMRI andCT scangproducelarge volumesof scalaror tensormeasurementut

surfacesof interestmustbe extractedthroughsomeseggmentatiorprocessr fitted directly

to the measurementsThesesurfacestypically containtopologicalartifactssuchasholes
andunconnectegieces.

The goal of this paperis to introducea new surfaceprocessingtrateyy thatis flexible,
general,and geometric. By flexible we meanthat the framawork shouldprovide a basis
for a broadvariety of capabilities,including surfaceprocessingools that resemblethe
state-of-the-arin imageprocessinglgorithms. The proposednethodsshouldapplyto a
geneal classof surfaces.Usersshouldbeableto processomplex surfaceof arbitraryand
changingopology andobtainmeaningfulresultswith very little a priori knowledgeabout
the shapes.By geometricwe meanthat outputof surfaceprocessingalgorithmsshould
dependon surfaceshapeand resolution but shouldbe independenof arbitrarydecisions
abouttherepresentatioor parameterization.

The work presentedn this paperis basedon the propositionthat the naturalgeneral-
ization of imageprocessingo surfacesis via the surfacenormal vectos. Thus,a smooth
surfaceis onethathassmoothlyvaryingnormals.Penaltyfunctionsonthesurfacenormals
typically giveriseto fourth-ordermartialdifferentialequationgPDE).Our stratey is to use
atwo stepapproach:(i) operatingon the normalmapof a surface,and(ii) manipulating
the surfaceto fit the processedormals.lteratingthis two-stepprocessye canefficiently
implementfourth-orderflows by solvinga setof coupledsecond-ordePDEs.In thislight,
thedifferencedetweersurfaceprocessingndimageprocessingrethreefold:

(1) Normalsarevectorvaluedandconstrainedo beunitlength;theprocessingechniques
mustaccommodatéhis.

(2) Normalslive onamanifold (the surface)andcannotbe processedisinga flat metric,
asis typically donewith images.

(3) Normalsarecoupledwith the surfaceshapethusthe normalsshoulddragthe surface
alongastheir valuesaremodifiedduring processing.

This paperpresentanimplementatiorthatrepresentsurfacesasthe level setsof vol-
umesandcomputeghe processingf the normalsandthe deformationof the surfacesas
solutionsto a setof PDEs.In someapplicationssuchasanimation,modelsaremanually
generatedby adesignerandtheparameterizatiors notarbitrarybut is animportantaspect
of the geometricmodel. In thesecasesmesh-baseg@rocessingnethodsoffer a powerful
setof tools, suchashierarchicalediting [Guskov et al. 1999], which arenot yet possible
with the proposedrepresentation.However, in other applications,suchas 3D segmen-
tation and surfacereconstructiorfMalladi et al. 1995; Whitaker 1998], the processings
datadriven, surfacescandeformquite far from their initial shapesand changetopology;
hence,userinterventionis not practical. Furthermorewhenconsideringorocessesther
thanisotropicsmoothing suchasnonlinearsmoothingthe creationor sharpeningf small
featurescanexhibit noticeableeffectsof the meshtopology—thecreationof new features
requireschangesn the meshparameterizationln contrastthe underlyinggrid for level
setsis independenbf the surfaceshapejtherefore the only limitation for the creationof
new featuresis the resolutionof the grid. Hence,the useof a level setformulationen-

ACM JournalName,Vol. V, No. N, Month 20YY.



Geometric Surface Processing via Normal Maps . 3

ablesusto achiere a“black box” behaior andbuild surfaceprocessindechniqueshatare
especiallyusefulwhenprocessingneasurediata.

We haveintroducedananisotropidiffusionfor surfacesbasen processinghenormal
mapin [Tasdizeret al. 2002]. This paperdiscusseshe mathematicafoundationsof the
normalmapprocessingtratey in detailandprovidesdetailsof the numericalimplemen-
tation aswell asintroducinghigh-boosffiltering of normalsasa new surfaceprocessing
tool. Thespecificcontributionsare:

(1) anovel approactbasedon surfacenormalsfor geometrigprocessingf surfaces;

(2) anumericalmethodfor solvinggeometridourth-orderevel setequationgor surfaces
in two simplerstepstherebyavoiding the explicit computatiorof unstablehigh-order
derivatives;and

(3) examplesof threegeometricsurfaceprocessinglgorithmswith applicationsto com-
plex datasets.

Therestof this paperis organizedasfollows. We will discusgelatedsurfaceprocessing
work in Section2. In Section3, we formulateour splitting approactfor solving geomet-
ric fourth-orderlevel setequationdor surfaces. In the limit, this approachs equivalent
to solving the full, fourth-orderflow, Appendix(A), but it generalizeso a wide rangeof
processesnd makesno assumptionsboutthe shapeof the solutions. In Section4, we
shaw resultsfor isotropicandanisotropicdiffusion. To demonstrateéhe flexibility of the
proposedramenork, wewill alsoshow resultsof high-boossurfacefiltering implemented
with ourframawork in Section5. The numericalimplementation®f our approactis cov-
eredin Appendix(B). Conclusionsand directionsfor future work will be discussedn
Section6.

2. RELATED WORK

The majority of surface processingesearchhasbeenin the contect of surfacefairing

with the motivationof smoothingsurfaceso createaestheticallypleasingmodels.Surface
fairing canbe accomplishecatitherby minimizing an enegy function thatfavors smooth
surfacegMoretonand Sequin1992; WelchandWitkin 1992;Halsteadet al. 1993;Welch
and Witkin 1994] or by applying smoothindfilters [Taubin 1995; Desbrunet al. 1999;
Guslov etal. 1999]. Enegy minimizationis a global methodwhereadiltering usesocal

neighborhoodsln therestof this section,we review relatedwork in thesetwo cateyories.
An approachthat falls betweenthesetwo extremesis basedon Wiener filtering which

utilizesarbitrarylocal spectrapropertiesof the mesh[Alexa 2002].

Enegy functionscan dependon the geometryof the surfaceor the parameterization.
Geometricfunctionsmake use of invariantssuchas principal curvatures,which are pa-
rameterizatiorindependentintrinsic propertiesof the surface. Therefore,geometricap-
proachegroduceresultsthatarenot affectedby arbitrary decisionsaboutthe parameter
ization; however, geometricinvariantsare nonlinearfunctionsof surfacederivativesthat
arecomputationallyexpensveto evaluate.Parameterizatiodependenfunctionsarelinear
substitutegor geometridnvariants.

Oneway to smootha surfaceis to incrementallyreduceits surfacearea. This canbe
accomplishedby meancurvatureflow (MCF), a second-ordePDE,

X K+ K
—=-HN=-(-1_—2])N 1
ot ( 2 > @
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4 . Tolga Tasdizen et al.

wherek;, K, arethe principal curvaturesandH is the meancurvatureat a point x on the
surface,N is the surfacenormal,andthe parametet tracksthe deformingsurfaceshape.
For parameterizedurfaces the membranesnegy function, a linear substitutefor surface
areajs

/QX5+X3dudv )

whereX(u,v) andQ aresurfaceparameterizatioandits domain,respectiely. Thevaria-
tional derivative of (2) is the Laplacian

AX = Xyu+ X, 3)

which is a linear substitutefor meancurvature; however, they are equialentonly if the
parameterizatiois orthonormakverywhere Thesemethodgenerallyproduceunsatiséc-
tory resultsdueto inherentlimitations suchasinability to presere featuresa systematic
shrinking,andtheintroductionof high-cunaturesingularities.

A second-ordeenepy functionis theintegral of total curvatue overthe surfaceS

/ K2+ K2 dS 4)
S

which hasbeenshowvn to deform surfacesinto spheresvhen minimized [Polden1997].
We will referto (4) asthe total curvature penaltywhich should not be confusedwith
the local quantity total curvature. The total curvaturepenaltyis a geometric(invariant)
propertyof thesurfacethatcanbe minimizedby afourth-orderPDEwhichis very difficult
to solve. The meshfairing approachof [Welch andWitkin 1994], which minimizes(4),
fits local polynomialbasisfunctionsto local neighborhoodgor the computationof total
cunature. Thesepolynomial basisfunctionsrangefrom full quadraticpolynomialsto
constrainedquadraticsand planarapproximations.Dependingon the complexity of the
local neighborhoodthe algorithmmustchoose at eachlocation,which basisto emplgy.
Ambiguitiesresultatlocationswheremultiple basegrovide equallygoodrepresentations.

If we penalizethe parameterizatiofi.e. non-geometric)equation(4) becomeghethin
plateenegy function

[ X+ 223G, duav ©)

whereX andQ areasdefinedfor (2). The variationalderivative of (5) is thelinearbihar
monicoperator

AZX = Xuuuu+ 2quw+ Xy (6)

whichis afourth-orderoperatorusedfor surfacefairing [WelchandWitkin 1992].

MoretonandSéquinproposea geometricenegy functionthatpenalizeghe variationof
principle curvatures[1992]. This function hasa sixth-ordervariationalderivative which
requiresvery largecomputatiortimes. Theanalysisandimplementatiorof generakenegy
functionsabove secondrderremainsan openproblem,which is beyondthe scopeof this
paper Evidencein this paperandelsevhere[Desbrunet al. 1999; SchneideandKobbelt
2000]suggestshatfourth-ordergeometridlows form asufficientfoundationfor ageneral,
geometricsurfaceprocessingystem.

Taubin pioneersthe linearfilter basedapproacheso surfacefairing. He obsenesthat
simple Gaussiarfiltering associatedavith the membranesnegy causeshrinkage[1995].
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He eliminatesthis problemby designinga low passfilter usinga weightedaverageof the
Laplacian(3) andthebiharmonicoperato(6). Theweightsmustbefine-tunedo obtainthe
non-shrinkingoroperty Analyzedin thefrequeny domain,thislow-pasdilter canbeseen
asa Gaussiarsmoothingshrinking stepfollowed by an unshrinkingstep. Taubinshavs
thatany polynomialtransferfunctionin the frequeny domaincanbe implementedwith
thismethod[1996]. A relatedapproachn which surfacesaresmoothedy simultaneously
solvingthe membrang?2) andthin plate(5) enegy functionsis proposedn [Kobbeltetal.
1998]. Desbrunet al. useimplicit integrationto build a computationallyefficient method
for meshfairing[1999]. Guslov etal. definesdown- andup-samplingoolsandsmoothing
filters for irregular meshego build a multiresolutionmeshprocessingramewnork [1999].
Their work is basedon a generalizedow passfilter which usesa non-uniformrelaxation
operatorthat minimizesa locally weightedquadraticenegy of second-ordedifferences
onthemesh.

The techniquegproposedn this paperare alsorelatedto that of [Chopp and Sethian
1999], who derive the intrinsic Laplacianof curvaturefor animplicit curve, and solve
the resultingfourth-ordernonlinearPDE. However, their methoddoesnot generalizeto
implicit surfaces.Moreover, they amguethatthe numericalmethodsusedto solve second-
orderflows arenot practical,becausehey lack long term stability. They proposeseveral
new numericalschemesput noneare found to be completelysatistctory due to their
slow computatiorandinability to handlesingularities.As a generalizatiorof this PDEfor
surfaces,SchneidemandKobbeltproposeusingtheintrinsic Laplacianof meancurvature,
AgH, for mesheswhereAy is the Laplace-Beltrambperatori.e. the Laplacianfor pa-
rameterizegurfaceg2000]. However, thatapproactworksonly for meshesandrelieson
analyticpropertiesf the steady-statsolutions AgH = 0, by fitting surfaceprimitivesthat
havethoseproperties Thus,theformalismdoesnotgeneralizevell to applicationssuchas
surfacereconstructionwherethe solutionis a combinationof measuredlataanda fourth-
ordersmoothingterm. Also, it doesnotapplyto othertypesof smoothingprocessessuch
asanisotropiadiffusionthatminimizesnonlinearfeature-preservingenalties We solve a
moregeneraklassof surfaceflows with a variationalbasisin an effective, stablesplitting
method.

An exampleof a splitting strateyy canbe foundin [Ballesteretal. 2001],wherethe au-
thorspenalizethe smoothnessf a vectorfield while simultaneouslyforcing the gradient
directionsof a gray scaleimageto closelymatchthe vectorfield. The penaltyfunctionon
the normalfield is proportionalto the divergenceof the normalvectors. It formsa high-
orderinterpolationfunction,whichis shavn to beusefulfor imageinpainting—receering
missingpatchesof datain 2D images. The strategy of simultaneoushpenalizingthe di-
vergenceof anormalfield andthe mismatchof this field with theimagegradientis closely
relatedto thetotal curvaturepenaltyfunctionusedin this paper However, our formulation
emphasizethe processingf normalson anarbitrarysurfacemanifold (ratherthantheflat
geometryof animage),with anexplicit relationshipto fourth-ordersurfaceflows. Further
morethispaperestablishesew directionsfor surfaceflows—towardedge-preservingur
facesmoothingandfeatureenhancemenOur proposed®DE splitting approachs related
to themethodsn [SchneideandKobbelt2000], whichwe discussn detailin Section3.

Our splitting methodrequiresdiffusing unit-lengthvectorson a non-flatmanifold. Per
onaproposes methodfor diffusing orientation-like quantitieson flat manifolds[1998].
This methodsolvesthe problemof diffusing 2D unit vectorsasa 1D problemof angle
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Fig. 1. Secondwvs. fourth-ordersurfacesmoothing.Fromleft to right: Original model,meancunatureflow, and
isotropicfourth-ordersurfaceflow.

diffusion; however, it is not rotationallyinvariantandit doesnot generalizeto the diffu-

sion of unit vectorsin higherdimensions.Sereral authorsuseharmonicmapstheoryto

solve the diffusion of unit vectorsdefinedon higherdimensionahon-flatmanifolds,e.g.
surfacegBertalmioetal. 2001;Tanget al. 2000]. Hence their methodsarecloselyrelated
to someof the problemswe solwve in this, but they do not provide a solutionto thecoupling
betweersurfaceshapeandthe unit vectorsbecauséeheir goalis not surfaceprocessing.

3. MINIMIZING TOTAL CURVATURE

Oneof the underlyingstrategjiesof our approachis to usegeometricsurfaceprocessing
wherethe outputof the procesdependonly on the shapeof the input surface,anddoes
not containartifactsfrom theunderlyingparameterizationThemotivationfor this strateyy
is discussedn detailin [SchneidelandKobbelt2001],wheretheinfluenceof the parame-
terizationon surfacefairing resultsis clearlyshavn, andhigherordernonlineargeometric
flows areproposedasthe solution.

As anillustration of the importanceof higherordergeometricprocessingconsiderthe
resultsin Figure 1, which demonstratethe differencedetweenprocessingsurfaceswith
meancurvatureflow (MCF) andthe isotropicfourth-orderPDE that minimizesthe total
cunaturepenalty(4). Theamountof smoothingfor both processe this examplewere
chosento be qualitatvely similar, andyet importantdifferencescan be obsened on the
smallerfeaturesof this model. MCF hasshortenedhe hornsof the originalmodel,andyet
they remainsharp—nota desirablebehaior for a“smoothing” process.This behaior for
MCF is well documentedas a pinching off of cylindrical objectsandis expectedfrom
the variational point of view: MCF minimizes surface areaand thereforewill quickly
eliminatesmallerpartsof a model. Sapirodiscussesolume preservingorms of second-
orderflows [2001], but theseprocessesompensatédy enlaging the objectas a wholg
which exhibits, qualitatively, the samebehaior on small features. The isotropicfourth-
orderPDE, on the otherhand,preseresthe structureof thesefeaturesmuchbetterwhile
smoothingthem as can be seenin Figure 1. Note thatall of the surfacesin this paper
arerepresenteénd processed/olumetrically To displaythe results,we rendera mesh
obtainedwith the MarchingCubesalgorithm[LorensonandCline 1987].

We proposea two-stepsolution basedon letting the surfaceshapeto lag the normals
asthey arefiltered and thenrefitting the surfaceto the normalsby a separateprocess.
For generafourth-ordersurfaceflows suchasisotropicandanisotropicdiffusion, both of
thesestepsinvolve solving second-ordePDEs. The first second-ordePDE is usedfor
minimizing a penaltyfunction on the normals. The other second-ordePDE minimizes
thediscrepang betweerthe modifiednormalsandthe surface;in otherwords, it refitsthe
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Fig. 2. Shavn herein 2D, the processbegins with a shapeand constructsa hormal map from the distance

transform(left), modifiesthe normalmapaccordingo a PDE derived from a penaltyfunction (center) andre-fits
the shapeto the normalmap(right).

surfaceto the normals. Figure2 shaws this threestepprocesgraphicallyin 2D—shapes
giveriseto normalmapswhich, whenfilteredgive riseto new normalmapswhich finally
giveriseto new shapesTherestof this sectionis organizedasfollows. Level setmethods
areintroducedin Section3.1. We formulatetotal curvatureasa function of the normal
mapandderive gradientdescenminimizationsfor generafunctionsof total curvaturein
Section3.2;this givesriseto the first PDE mentionedabove. The surfacerefitting process
is discussedn Section3.3;this givesriseto theothersecond-ordePDE.

3.1 Level set methods

In this section we briefly introducethe notationof level setmethods We candescribethe
deformatiorof aregularsurfaceusingthe 3D velocity of eachof its constituenpoints,i.e.,

dx(t)/ot for all x € S. We representhe deformingsurfacesmplicitly asafunctionof the
parametet

S={x(t) [ @(x(t),t) =0}, )
where @ is the embeddingfunction. Surfacesdefinedin this way divide a volumeinto
two parts:inside (¢ > 0) andoutside(@ < 0). It is commonto choosep to bethe signed
distanceransformof S, or anapproximatiorthereof. The surfaceremainsa level setof ¢
over time, andthustaking the total derivative with respecto time (usingthe chainrule)

gives
o@/ot = —0g-0x/ot (8)

Becausdlg is proportionalto the surfacenormal, dx /ot affects ¢ only in the direction
of thenormal—motionin ary otherdirectionis merelya changen the parameterization.
This family of PDEsandthe upwind schemefor solving themon a discretegrid is the
methodsof level sets|Osherand Sethian1988]. For instanceusingthis framewvork and
dx/adt from (1), the PDEon ¢ thatdescribegshe motionof a surfaceby meancurvatureis

09/0t = —0g-HN = —[|0g|[H. (©)

Surfaceintegralsof penaltyfunctionshave correspondingolumeintegralswhich quan-
tify the associategropertiesfor the embeddedsurfacesof ¢. A generalsurfacepenalty
functionbasedn thetotal curvaturepenalty(4) canbe written for level setsurfacesas

%Z/UG(Kf+K22) | 0e || dx, (10)
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whereU ¢ O3 isthevolumetricdomainof ¢. WhenG is theidentity function,(10) reduces
to thetotal curvaturepenalty Therestof this paperdiscussesnethodsor minimizing this
penaltyfunctionin a stableandcomputationallyefficient manner

3.2 Total curvature of normal maps

In this section,we formulatetotal curvatureof a surfacefrom its normalmap. Then,we
derive the variational PDEson the normal map that minimize functionsof total curva-
ture. Whenusingimplicit representation@nemustaccountor thefactthatderivativesof
functionsdefinedon the surfacearecomputedby projectingtheir 3D derivativesontothe
surfacetangentplane.The 3 x 3 projectionmatrix for theimplicit surfacenormalis

P=DOe® Og/||0¢|?, (11)

where® is thetensormproductdefinedasa® a= aa' . Consequentlythe projectionmatrix
ontothesurfacetangentplaneis | — P, wherel is theidentity matrix.

Thelocal geometryof a surfacecanbe describedvith thefirst andsecondundamental
forms, (1) and(11), respectiely [DoCarmo1976]. Theeigervaluesof thematrix (1)~1(11),
which we referto asthe shapematrix, arethe principal curvaturesof the surfaceindepen-
dent of the parameterization.For an implicit surface,the shapematrix is obtainedby
differentiatingthe normalmapandprojectingthe derivative ontothe surfacetangentplane.
We definethedifferentialof thenormalmap

;
ON = (DN(l) Ny, DN(s)) , (12)

asthe matrix whoserows arethe gradientvectorsof the component®f N which we have
denotedby N(i) fori = 1,2, and3. Thenthe shapematrix is the projectionTN (I — P),
which measureshe intrinsic changen the normalsby mappingthe differentialsof N on
to thetangentplanesof ¢. The Euclideannorm of the shapematrix is the sumof squared
principal curvaturesj.e. total curvature,

k%= ki + k5 =|(ON) (1 = P)||?. (13)

We canuse(13) to definean enegy of the normalmapthatis analogougo the general
enegy function of ¢ definedin (10)

%= [ GUIEN) (1 =P x. (14

The first variation of this enegy with respectto the normalsis a secondorder PDE. It
is crucial to obsere that, even thoughthe projection operatorP is a function of ¢, it
independendf N becausave fix ¢ aswe procesdN. Hence,P doesnotincreasaheorder
of thefirst variationof (14). In contrasttakingthefirst variationof (10) with respecto ¢
directly, would have yieldeda muchharderto solve fourthorderPDEon ¢.

As we procesghe normalmapto minimize (14), letting ¢ lag, we mustensurethatthe
normalvectorsmaintainthe unit length constraint. Solutionsto constrainedptimization
problemsdefinedon non-flatmanifoldsarediscussedn [Bertalmioetal. 2001; Tangetal.
2000]. Using the methodof Lagrangemultipliers, we obtainedthe first variation of the
constraineadtnepgy as

97— —-neN- [N 0 -P)) NG =P )
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whereg is the derivative of G with respecto its agument,k2. We will discussseveral
choicesfor G in Section4. The projectionoperatoy | — N ® N, forcesthe changego N
to be perpendiculato itself in accordancevith the unit lengthconstraint.This operatoiis
differentfrom theotherprojectionoperatoil — P dueto thedecouplingdf N ande. Finally,
thegradientdescenPDE for thenormalsis dN/dt = —d¥ /dN.

3.3 Surface evolution via normal maps

We have showvn how to evolve the normalsto minimize functionsof total curvature;how-
ever, thefinal goalis to procesghe surface,which requiresdeforming@. Therefore the
next stepis to relatethe deformationof the level setsof ¢ to the evolution of N. Suppose
thatwe aregiventhenormalmapN to somesetof surfacesbut not necessarilyevel sets
of g—asis the caseif we filter N andlet ¢ lag. We canmanipulatep sothatit fits the
normalfield N by minimizing a penaltyfunction that quantifiesthe discrepang between
thegradientvectorsof ¢ andthetargetnormalmap. Thatpenaltyfunctionis

D= /u D(¢) dx, where D(¢) = v/O¢-Op— O@-N. (16)

The integrand,which is always a positive scalar is proportionalto the sine of the angle
betweerthe gradientvectorsof ¢ andthetargetnormalvectors.
Thefirst variationof this penaltyfunctionwith respecto ¢ is

7 _ _ [H_
do lI0¢ll

whereH? is the meancurvatureof the level setsurfaceand HN is half the divergence
of the normal map. Then, the gradientdescentPDE that minimizes (16) is dg/dt =
—||0¢||d2/de. Thefactorof ||O¢||, whichis typical with level setformulations[Sethian
1999], comesfrom the fact that we are manipulatingthe shapeof the level set,which is
embeddedn ¢, asin (8). Accordingto (17), the surfacemovesasthe differencebetween
its own meancurvatureandthatof the normalfield.

Theproposedplitting strateyy for solvingfourth-orderdevel-setflows entailsprocessing
the normalsand allowing ¢ to lag andthen be refitted later, in a separateprocess. We
have derived a gradientdescentfor the normal map basedon a certainclassof penalty
functionsthat usethe total curvaturedefinedin Section3.2. This processs denotedin
Figure 3 asthe d¢ /N loop. The surfacerefitting to the normal mapis formulatedas
a gradientdescentn (17). This processis the d2/d¢ loop in Figure 3. The overall
algorithmshawn in Figure3 repeatshesetwo stepsto minimize the penaltyfunctionsin
termsof the surface. We referto both of theseprocesseshack-to-backasoneiteration
of our algorithm. In Appendix(A) we will shav thatthe overall procesf concatenating
thesetwo second-ordePDEsis equivalentto thefourth-orderflow ontheoriginal surface.
An alternatesplitting approachor solving the samefourth-orderlevel-setflows would be
to simultaneouslysolve both second-ordePDEsd¥ /dN anddZ/d¢ usinga Lagrange
multiplier insteadof concatenatinghemaswe have done. This approachwastaken by
Ballesteretal. to solvetheimageinpaintingproblem[2001]. However, this approactuses
aweightedsumof thetwo second-ordePDEs;thereforeit is not clearwhetherit solves
the original fourth-orderflow. Moreover, in our case dueto the significantcomputational
overheadof settingup the diffusion of normalvectors,it is moreefficient to concatenate
thetwo second-ordePDEsandto do multiple consecutreiterationsof d¥ /dN.

N] =—[H?—HY] (17
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Fig.3. Flow chart

4. ISOTROPIC AND ANISOTROPIC DIFFUSION

The flexible normal map enegy minimization and surfacerefitting methodologyintro-

ducedin Section3 allows usto experimentwith variousformsof G in (14) thatgive rise
to differentclassesf penaltyfunctions. The choiceof G(k?) = k2 leadsto anisotropic
diffusion. This choiceworks well for smoothingsurfacesand eliminating noise, but it

alsodeformsor removesimportantfeatures This type of smoothings calledisotropicbe-
causat correspondso solvingthe heatequatioronthe normalmapwith aconstantscalar
conductioncoeficient, which is the sameas Gaussiarsmoothing,for images. Isotropic
diffusion is not particularly effective if the goal is to denoisea surfacethat hasan un-

derlying structurewith fine features. This scenariois commonwhen extracting surfaces
from 3D imaging modalities,suchas magneticresonancemaging (MRI), in which the

measurement@reinherentlynoisy.

The problemof preservingfeatureswhile smoothingaway noisehasbeenstudiedex-
tensvely in computewision. Anisotropicdiffusionintroducedn [PeronaandMalik 1990]
hasbeenvery successfuin dealingwith this problemin a wide rangeof images.Perona
& Malik (P&M) proposedo replacel aplaciansmoothingwhichis equivalentto the heat
equationd! /ot = O- Ol with anonlinearPDE

ol/ot=0-[g(]| Ot ||?) D1, (18)
wherel is generallythegrey-levelimage.This PDEis thefirst variationof
[ e(011R) axay, (19)
U

whereg in (18), the derivative of G with respecto || 0l ||?, is the edgestoppingfunction,
andU istheimagedomain.P&M suggestedsingg(x) = e~ I2%/21 wherep is apositive,
free parametethat controlsthe level of contrastof edgesthat can affect the smoothing
process.Noticethatg(]| Ol ||) approache4 for || Ol ||« p andO for || OI ||>> u. Edges
are generallyassociatedvith large image gradients,and thus diffusion acrossedgesis
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stoppedwhile regionsthat are relatively flat undego smoothing. Solutionsto (18) can
actuallyexhibit aninversediffusionnearedgesandcanenhancer sharpersmoothedges
thathave gradientggreatetthanu [PeronaandMalik 1990].

A greatdealof researcthasfocusedon modifiedsecond-ordeflows that producebet-
ter resultsthan MCF. Using level set models,several authorshave proposedsmoothing
surfacesby weightedcombinationsof principle curvatures. For instance Whitaker has
proposeda nonlinearreweightingschemethat favors the smallercurvatureandpreseres
cylindrical structure§1994]. Lorigo et al. proposea smoothingby the minimum curva-
ture[2000]. A variety of othercombinationhave beenproposedSapiro2001]. A similar
setof curvature-basedlgorithmshave beendevelopedfor surfacemeshes.For instance,
Clarenzet al. proposea modified MCF asan anisotropicdiffusion of the surface[2000].
They thresholda weightedsumof the principle curvaturesto determinethe surfaceloca-
tionswhereedgesharpenings needed.Tangentialdisplacements addedto the standard
MCF at theselocationsfor sharpeninghe edges. Although, this flow producesresults
thattendto presere sharpfeaturesijt is not a strict generalizatiorof [Peronaand Malik
1990] anisotropicdiffusionfrom imagesto surfaces.Anothermesh-basedodified MCF
is proposedn [Ohtake etal. 2000]wherea thresholdon themeancurvatureis usedto stop
oversmoothing. Taubin proposesa “linear anisotropic” Laplacianoperatorfor meshes
thatis basedn a separatg@rocessingf thenormals[2001]. It is essentiallya reweighting
of the Laplacian. In a differentcontext, anisotropicdiffusion asa modified surfacearea
minimizationfor heightfunctionswasproposedn [Desbrunetal. 2000].

Thesdevel setandmeshbasednethodsareall modificationsof curvatureflows,andare
thereforeall second-ordeprocessesBecausehey arebasedn reweightingsof curvature,
thesemethodsalwayssmooththe surfacein onedirectionor another They do not exhibit
a sharpeningf details,which is achieved by the P&M equation(for images)throughan
inversediffusion process. Hence,thesemethodsare not satishctory generalization®f
the P&M anisotropidaiffusionequation.The generalizatiorof P&M diffusionto surfaces
requiresa higherordergeometricflow which is achieved from variationalprinciplesby
choosingthe appropriatéunctionof total curvaturein (14). For instance,

«2

K2 LS.
G(k?) =2u? (1— e_2u2> , andg(k?) =e 2, (20)

whereg is the derivative of G with respectio k2. The first variationwith respectto the

surface normalsgives a vectorvaluedanisotropicdiffusion on the level set surface—a
straightforward generalizatiorof (18). This flow preseresor enhancesreasof high cur-

vature,which we will call creases Creasesarethe generalizatiorof edgesin imagesto

surfacegEberly 1996].

4.1 Results

Figure4(a)illustratesan exampleof the skin surface,which wasextracted,via isosurgc-
ing, from anMRI dataset. Notice thattheroughnes®f the skinis noise,anartifactof the
measuremenirocess.This modelis alsoquite complex becausedespiteour bestefforts
to avoid it, theisosuricesncludemary corvolutedpassagespin the sinusesandaround
the neck. Isotropicdiffusion, shavn in Figure4(b), is maminally effective for denoising
the headsurface. Notice thatthe sharpedgesaroundthe eyes,nose lips andearsarelost
in this process.The differencedbetweenanisotropicdiffusion andisotropicdiffusioncan
clearly be obsenedin Figure4(c). Thereis no noticeabledifferencein the resultsof the
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Fig. 4. Processingesultson the MRI headmodel: (a) original isosurfce, (b) isotropic diffusion, and (c)
anisotropiddiffusion. The small protrusionunderthe noseis a physicalmarker usedfor registration.

(b)

Fig.5. (a)Noisyvenusheadmodel,and(b) smoothedrersionafterthreeiterationsof anisotropiadiffusion.

two processesroundthe smoothareasof the original model suchas the foreheadand
the cheeks;however, very significantdifferencesxist aroundthe lips andthe eyes. The
creasedn theseareaswhich have beeneliminatedby isotropicdiffusion,arepreseredby
the anisotropicprocess.Note thatthe free parameteiu in (20) wasfixedat 0.1 for all of
theresultsshawvn in this paper Unlike, in P&M imagediffusion, this parametedoesnot
needto be changedor differentsurfacemodels.In the contet of P&M imagediffusion,
theunitsof i arein graylevels;consequentlthe optimalchoiceof u isimagedependent.
However, for surfacestheunitsarein curvature whichis dataindependentThis makesit
possibleto choosea u valuethatgivesconsistentesultsovera broadrangeof surfaces.
The computatiortime requiredfor oneiterationof the main processindoop operating
on this modelis approximatelyl5 minuteson a 1.7 GhzIntel processoffor bothisotropic
and anisotropicdiffusion. The resultsshavn in Figure 4(b) and (c) are both after three
iterationswhich translatego around45 minutesof processindime. The generalityof the
proposedpproacttomesatthecostof significantcomputatiortime. However, themethod
is practicalwith state-of-the-artomputersindis well-poisedto benefitfrom parallelcom-
putingarchitecturesgueto its relianceon local, iterative computations.
Anotherexampleof denoisingoy anisotropiadiffusionis showvn in Figure5. Noisewas
addedto the original model,which in this caseis a 221 x 221x 161volume. After three
iterationsof themainprocessindoop thenoisewassuccessfullyemovedwhile preserving
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Fig. 6. (a) Original brainisosurbcefrom MRI dataset,(b) resultof MCF, and(c) after5 iterationsof anisotropic
diffusion.

the featuresof the original model. The quality of theseresultscomparedavorably with
resultsfrom thesamemodelshavn in [Clarenzetal. 2000]. Ourresultsdemonstratbetter
preseration of fine, sharpdetails, suchasthosearoundthe eyesandin the hair. The
computatiortimesperiterationfor this exampleareapproximatelyfive minutescompared
to 15 minutesperiterationfor the examplein Figure4. Thisis indicative of therelatively
high degreeof compleity of the MRI basednodelin the previousexample.

Figure6(a) shavs a differentisosuriice(the cortex) extractedfrom the sameMRI scan
asthe modelin Figure4. The compleity of this model,i.e. the mary tightly nested
folds, make it ill-suited for meshbaseddeformations. Also, the main cortical surface
hasmary detachedieces,an artifact of the segmentationprocess. As anindication of
this compleity, we note that objectenclosedby the cortical surfacehasmore than 700
connecteccomponents.The approachproposedn this papercanautomaticallysimplify
topologicallynoisy featuresdueto thelevel setimplementation— animportantaspecbf
denoisingmeasuredurfaces.

The examplesin Figure 7 demonstratesnotheraspectof the proposedmethod. Al-
thoughthe original modelin Figure 7(a) was constructedasa volume directly from 3D
rangedata[CurlessandLevoy 1996],it doesnot exhibit significantnoise.Hence,smooth-
ing is donewith the purposeof simplificationof the original modelratherthandenoising
in theseexamples.Runningisotropicdiffusionfor mary stepscreatesalinearscalespace
wheredetailsin the modelare progressiely eliminatedin accordancéo their scale;the
scaleson the skin andthe hornshave beeneliminatedin Figure7(b) andFig 7(c), respec-
tively. Whenrunningthe proposedmethodfor anisotropicdiffusion, however, surfaces
tend toward solutionsthat have piecavise smoothnormalswith sharpdiscontinuitiesin
the normal map—analogou$o the behaior of the P&M equationfor intensity images.
Suchpropertiesn thenormalmapcorrespondo surfacesconsistingof planarpatchesand
smoothpatchesoundedby sharpcreasesThus,the proposednethodgeneratea feature
preservingscalespaceyery muchlike thatof P&M for images.Theseresults,which are
shawvn in Figure 7(d) and (e), supportour propositionthat processinghe normalsof a
surfaceis the naturalgeneralizatiorof image processing.The non-linearprogressiorof
eliminationof detailsfrom the smallestscaleto the largestalso suggestsapplicationsof
this methodto surfacecompressiomndmulti-resolutionmodeling.
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(d) (e

Fig. 7. (a) Original model. Isotropicdiffusion: (b) after 10 iterations,and (c) after 20 iterations. Anisotropic
diffusion: (a) after10iterations,and(b) after20iterations.

Fig.8. (a)Originalmodel,(b) after1, and(c) 2 iterationsof high-boosffiltering.

5. HIGH-BOOST FILTERING

The surfaceprocessingramawork introducedin Section3 is flexible and allows for the
implementatiorof even moregeneraimageprocessingnethods.We demonstratehis by
describinghow to generalizémageenhancemerity high-boosffiltering of surfaces.

A high-boosfilter hasafrequeng transformthatamplifieshigh frequeng components.
In image processingthis can be achieved by unsharpmasking[Gonzalezand Woods
1992]. Let the low-passfiltered versionof animagel bei. The high-frequeng com-
ponentsarel, ; = | — I. The high-boostoutputis the sumof the input imageand some
fraction of its high-frequeng components:

lowt=1+al;=1+a)l—al, (21)
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(©) (d)

Fig. 9. High-boosffiltering: (a) original model,(b) afterfiltering, (c) close-upof original,and(d) filtered model.

whereaq is a positive constanthatcontrolstheamountof high-boosffiltering.
This samealgorithm appliesto surfacenormalsby a simple modificationto the flow

chartin Figure3. Recallthatthe d# /dN loop producesN™?. Definea new setof normal
vectorsby

N — (14 a)N"— aN™?
T l(L+ a)NP— aNMHL|

This new normalmapis theninput to the d2/dg refitting loop. The effect of (22) is to

extrapolatefrom the previous setof normalsin the directionoppositeto the setof normals
obtainedby isotropic diffusion. Recall that isotropic diffusion will smoothareaswith

high curvatureandnot significantlyaffect alreadysmoothareas.Processinghe loop with

the modificationof (22) will have the effect of increasingthe curvaturein areasof high

cunvature,while leaving smoothareasrelatively unchanged.Thus,we are ableto obtain
high quality surfaceenhancementn fairly complex surfacesof arbitrarytopology, ascan
beobsenedin Figs.8 and9. Thescaleontheskinandtheridge backareenhancedAlso,

notethatdifferentamountsof enhancementanbe achiezed by controllingthe numberof

iterationsof the mainloop. The degreeof low-passfiltering usedto obtainN"™* controls
the size of the featureghat areenhancedFigure9 shovs anotherexampleof high-boost
filtering; noticethe enhancemertf featuregarticularlyon thewings.

(22)
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6. DISCUSSION

Thenatural generalizatiorof imageprocessingo surfacess via thenormals.Thelowest-
orderdifferentialinvariantof imagess thegradientmagnitudeandminimizingaquadratic
penaltyof this quantityproduceghediffusionequationwhich givesriseto Gaussiarblur-
ring. Thelowest-ordedifferentialinvariantsof surfaceshapearethe principal curvatures.
Lik ewise,the curvatureof a 3D surfaceis a function of the gradientof the surfacenormal
asshawn in Section3.2. In this light, total curvature,which is the Euclideannorm of the
Jacobiarof thevectorfield of surfacenormals,is thenaturalgeneralizatiorof the squared-
gradient-magnitudemoothnesgenaltyfor images. Thus,for surfacesfirst variation of
theisotropic total curvatuie penalty ratherthan MCF, is the equivalentof Gaussiarblur-
ring.

Variationalprocessesn the surfacecurvaturehave correspondingariationalformula-
tionson the surfacenormals. The generalizatiorof image-processintp surfacenormals,
however, requiresthat we processthe normalsusing a metric on the surface manifold,
ratherthana simple, flat metric, aswe do with images. By processinghe normalssep-
arately we cansolve a pair of coupledsecond-ordeequationsnsteadof a fourth-order
equation.Typically, we allow oneequation(thesurface)to lag the other, but asthelaggets
very small, it shouldnot matter In this framawork, the diffusion of the surfacenormals
(andcorrespondingnotionsof the surface)is equivalentto the particularfourth-orderflow
thatminimizesthe surfacetotal curvaturepenaltyfunction.

The methodgeneralizebecausave cando virtually anything we wish with the normal
map. A generalizatiorof anisotropicdiffusionto a constrainedyectorvaluedfunction,
definedon a manifold, givesus a smoothingprocesshat preserescreaseslf we wantto
enhancehe surface,we canenhancahe normalsandrefit the surface.

We solve theseequationsusingimplicit surfaces representinghe implicit functionon
adiscretegrid, modelingthe deformationwith the methodof level sets.This level setim-
plementatiorallows usto separat¢he shapeof themodelfrom theprocessingnechanism.
Becausef theimplementationthe methodappliesequallywell to any surfacethatcanbe
representedh avolume.Consequentlyour resultsshown alevel of surfacecomplexity that
goesbeyondthatof previousmethods.

Futurework will studythe usefulnes®f otherinterestingimageprocessingechniques
suchastotal variation[Rudin etal. 1992;Burchard2002]andlocal contrasienhancement.
To date,we have dealtwith postprocessingsurfaces,but future work will combinethis
methodwith sgmentatiorandreconstructionechniquesThe currentshortcomingof this
methodis the computationtime, which is significant. However, the procesdendsitself
to parallelism,andthe adwentof cheap specializedyectorprocessindrardwarepromises
significantlyfasteimplementations.
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A. MATHEMATICAL FOUNDATION

In this section,we will derive the equivalenceof the proposedalgorithm,in thelimit, to
minimizing the original enegy function % definedin (10). Let us rewrite this enegy
functionby observingthatthe principal curvaturesarefunctionsof the derivativesof ¢

9, = /G | Og || dx. 23)
Letde: 0° — O beavolumeof incrementathangesppliedto ¢ : 02 — 0. Thechange
to ¢ inducedby dg canbe expressedasthe volumeintegral of the total derivative of the

penaltyfunction,dG (@) || D¢ ||, whichis theproductof dg andthevariationof thepenalty
functionwith respecto ¢

_ [ aGlBel)
A7, = /U e dodx (24)

Applying the productrule to M , We obtain

dg¢=/‘; | Do d(pdx+/G Dol d(pdx. (25)
U

4y, dgw,z

Thetotal derivative dG (¢) || Og || canbewritten in termsof the surfacenormalsby using
theequality

dG dG
a0 dqo_w-dN, (26)
giventhatthenormalmapis a functionof ¢. Then,thefirst termin (25) canbewritten as
dG
Dp1= [, g NI Dol dx (27)
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To simplify (27), we derive dN asafunctionof N andd¢g

N = d 29 —g ¢ (28)
I10ell  ~(0p-0p)Y
d0¢p (dO@-N)N
- - ) 29
I (29)

Equation(29) follows from (28) by usingthe chainrule for the differentiation andsubsti-
tuting N backfor g/ || Og ||. Substituting(29) for dN in (27), we get

dG
<p,1—f (dN d0g— (d0e-N) = )dx. (30)

We areonly interestedn processethat maintainthe unit lengthconstraintof the normal
map;thereforedG/dN - N = 0, and(30) is reducedo

dG
p1= dN

wherewe also usethe linearity of differentiationto make the substitutiondCg = COdg.
We treatthis enegy minimizationasanadiabaticproblem,which meanghatenegy flow
acrosgheboundaryof U is zero. Hence,usingNeumanrboundaryconditionsfor U and
integrationby parts,we obtain

-Odedx, (31)

d%l:/ uf d—quodx (32)
? U

We now examinethe secondtermin (25), d¢, 2. As in Section3.2, we treatG asa
function of N; therefore,dueto the decoupllngbetweenN and ¢, G canbe considered
independendf ¢. Usingthis assumptionwe canrewrite d%’ as

dGN || Dg ||
d¥,, = /U —dp do dx, (33)

wherethe superscrippbn GN is to meanthat G is fixed with respecto ¢. Taking the first
variationof dGN || D || yields

Oe
4 _/ (GN >d dx, 34
02= |, A (34)

wherewe usethefactthatd || O¢ || /d0O¢@ = O¢/ || O¢||. Finally, combiningequations
(24), (32), and (34), we canderive the desiredrelationshipbetweenthe variationswith

respecto @ andN
d(G| Dol (dG n_ o )
——=0- +G —— . 35
dg aN " T Oe] 49

Let usnow considerthe flow achieved by processind15) and(17) backto backin one
iterationof themainloop in Figure3 again. At the beginning of iterationn, the normals
arecomputedrom ¢". If we evolve the normalsfor onestepaccordingto (15), insteadof
processinghemmultiple iterations the new normalsare

n+1 __ n dG
N =N"— aN’ (36)
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wherewe write g—ﬁ insteadof g—ﬁ becauseve arereferringto the updatefor N ata specific
pointin spacelf weimmediatelyapply (17)to fit ¢ to this new normalmap,we get

dD n dG
— =H? —0-(N"— — 37
iy ( dN) , (37)
whereD is thelocal functiondefinedin (16). BecauseN" is deriveddirectly from ¢", we
have 0-N = H?", which givestherule in our algorithmto make up this infinitesimallag:

dD dG
do = AN’ (38)
Comparingwith (35), we find therule to descenan the enegy asafunctionof ¢
d(G[[Ogl)) _dD ( n_Do )
———=——+0- |G == |. 39
do  ~ dp 1001 49

This establishethemathematicaloundationof our method.However, in ourexperiments,
we havefoundthatthecontribution of thesecondermis very smallandit doesnotchange
theresultsqualitatvely. Thereforewe dropit for the sake of computationaéfficiency, and
implementonly ?i_t?a asdescribedn Section3.

B. NUMERICAL IMPLEMENTATION

By embeddingsurfacemodelsin volumes,we have corvertedequationghatdescribethe
movementof surfacepointsto nonlinearPDEsdefinedon a volume. The next stepis to
discretizethesePDEsin spaceandtime. In this papertheembeddingunction ¢ is defined
on the volumedomainU andtime. The PDEsare solved usinga discretesamplingwith
forwarddifferencesalongthetime axis.

For brevity, we will discusghe numericalimplementatiorin 2D— the extensionto 3D
is straightforvard. The function ¢ : U — O hasa discretesampling@[p, g], where[p,q]
is a grid location and ¢[p,q] = @(Xp,Yq). We will referto a specifictime instanceof
this functionwith superscriptsi.e. ¢"[p,qd] = @(Xp,Yq,tn) . In our calculationswe need
threedifferentapproximationdo first-orderderiatives: forward, backward, and central
differences.We denotethe type of discretedifferenceusing superscript®on a difference
operatori.e., 5*) for forwarddifferencesd(~) for backwarddifferencesandd for central
differences. For instance the differencedn the x directionon a discretegrid with unit
spacingare

5 glp,q]
5 ¢lp.q]
&@[p,q]

olp+1,q —¢[p,q,

o[p,q] — ¢[p—1,q],and (40)

@lp+1,0q—¢[p—1,q]
5 .

The applicationof thesedifferenceoperatorgo vectorvaluedfunctionsdenotescompo-
nentwisedifferentiation.

In describingthe numericalimplementationwe will referto the flow chartin Figure3
for oneiterationof the mainloop. Hence the first stepin our numericalimplementation
is the calculationof the surfacenormalvectorsfrom ¢". Recallthatthe surfaceis alevel
setof @" asdefinedin (7). Hence the surfacenormalvectorscanbe computedasthe unit

e e

>
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vectorin the directionof the gradientof ¢". The gradientof ¢" is computedwith central
differencesas

&o" )
Og" ~ ; 41
® ( &9 (41)
andthenormalvectorsareinitialized as
NU=0 = 0¢"/[|0¢"]|. (42)

Becausep" is fixed and allowed to lag behindthe evolution of N, the time stepsin the
evolution of N are denotedwith a differentsuperscriptu. For this evolution, dN/dt =
—d¢/dN , whichis derivedin (15).

We now describehow to numericallycomputed¥ /dN. This computationis imple-
mentedwith smallessupportareaoperatorswhich usethesmallesipossibleneighborhood
of voxelsto computethe requiredoutput. The Laplacianof a functioncanbe computedn
two stepsby first applyingthe gradientoperatorandthenthe divergenceoperator In 2D,
the gradientof the normalsproducesa 2 x 2 matrix, which we call the flux matrix. Next,
the divergenceoperatorcollapseghe flux matrixto a 2 x 1 vector The “columns” of the
flux matrix arecomputedndependenthas

MU SFINY — (@(+) (pn) éru’ (43)
I\ﬁ“ ~ 5s$+)Nu_ (555+)(pn) cy:+u (44)

wherethe time index n remainsfixed aswe incrementu. The positionsof M, which is
computedvith forwarddifferencesarestaggeredff thegrid by half apixel, seeFigure10.

X+
For instance MY usesinformationfrom positions[p+ 1,q] and[p,q]; hence,it exists at

[p+1/2,q]. We usethefollowing notation:for somefunctiona, o, anda will denotethe
functioncomputedat[p+ 1/2,q] and[p,q-+ 1/2], respectiely.

X+
To computethe intrinsic derivativesof NY on the level setsof ¢", (6>§+)qo“) CY, and

y+ X y+
(6§+)q)”) CY aresubtractedrom the regular derivativesof NY. The variablesCY and Ct
arecomputedasfollows

Xt x+u‘ Xt Xt
C" = ON"-DO¢" / (|07, (45)
y+ y+ y+ y+ 2
C" = ON"-O¢" / 1095, (46)

X+

wherethematrix ON is asdefinedin (12). In (45), thedot productbetweerthematrix N
X+ X+

andthe vectorg¢" / ||0¢"||?> denoteshe vectorwhosecomponentsrethe dot products
X+ X+ X+

of therows of ONY andthevectorC¢" / ||0¢"||2. Thesameappliesto (46). Thevariables

o+ v+
(45) and(46) mustbe computedat the samelocationsaleI Y andM"Y, respectiely. These
computationgredonewith the smallestsupportareaoperatorsusingthe symmetric2 x 3
grid of samplesaroundeachstaggeregoint. For instance the staggeredyradientsof ¢,
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Fig. 10. Computationagrid.

which areneededor the evaluating(45) and(46), arecomputedas

T 5 glp,q]

So= 0950~ L(&0lp,cl+ &,0p+1,a)) )
v+ 1

P D(p”[p,q-i-%] ~ ( z(5x¢[pé?]+)+¢?;foé]p,q+l]) )

X:
The staggeredjradientmatricesof the normals,Dltlu and Dyltl“, which arealsoneededor
evaluating(45) and(46), arecomputedvith the samestencil.
After the computatiorof theflux, backwardsdifferencesareusedto computethe diver-
genceoperationin (15). For isotropicdiffusion,

(47)

x+ v+
A =57 MY+ MY, (48)
andfrom (15)
_|4#
dN
Theresultsof the backwardsdifferencingaredefinedat the original ¢ grid location[p, g]
becausehey undothe forward staggeringn the flux locations. Therefore,both compo-
nentsof A andthusd¥ /dN arelocatedon the original grid for ¢.
To evaluate(15) for anisotropicdiffusion, we alsoneedto computeg(k?) atthe precise

locationswherethe flux (43) and(44) arelocated. Hence,we computethe total intrinsic
curvatureof thenormals

]um(l —NU@NY) AU = AY— (AU NUYNY, (49)

X+ x+ X+ X+
k? = [|[ONY|[? —c"-CY,
v v+ v+ Y+
k% = [JONY||2—CY-CY, (50)

where|| - ||? is the Euclideannorm, the sumof the squaref all elementsof the matrix.
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Then,thedivergencefor anisotropiadiffusionis computedas

X+ X+ y+ y+

20 = &) g Y] + &) g0 e, 1)
andthetangentialprojectionis appliedto this vectorasin (49).
Startingwith theinitializationin (42) for u = 0, weiterate
NLH—l — Nu _ % ! (52)
dN

for a fixed numberof steps,25 iterationsfor the examplesin this paper In otherwords,
we do notaim at minimizing the enegy givenin (14) in thed¥ /dN loop of Figure3; we
only reduceit. Theminimizationof total meancurvatureasa functionof ¢ is achievedby
iteratingthe mainloopin Figure3.

Oncetheevolution of N is concluded g is refittedto the new normalvectorsaccording
to (17). We denotethe evolvednormalsby N™1. To solve (17) we mustcalculateH? and
HNM, which is the inducedmeancurvatureof the normalmap;in otherwords, it is the
cunvatureof thehypotheticatargetsurfacethatfits thenormalmap. Curvaturefrom afield
of normalsis givenby

HN™ ~ SNDEL 4+ N, (53)
wherewe have usedcentraldifferenceson the component®f the normalvectorsthatare
denotedby the subscriptgx) and(y). The quantityHNn+1 needsto be computedonceat
initialization asthe normalvectorsremainfixed during the refitting phase. Let v be the
time stepindex in the d2/dg loop. H?" is the meancurvatureof the moving level set
surfaceattime stepv andis calculatedrom ¢ with the smallestareaof support

(+) (v (+) "
H A 5x(—)5xx_+¢’ L&) d/yf” (54)
|Imtogd] 10¢]|
wherethe gradientsin the denominatorsare staggeredo matchthe locationsof the for-
ward differencesn the numerator The staggeredyradientsof ¢ in the denominatorare
calculatedusingthe 2x 3 neighborhoodhsin (47).

ThePDEin (17)is solvedwith afinite forwarddifferencesbhut with theupwindscheme
for the gradientmagnitudgOsherand Sethian1988], to avoid overshootingandmaintain
stability. The up-wind methodcomputesa one-sidedderivative thatlooksin the up-wind
directionof the moving wave front, andtherebyavoids overshooting.Moreover, because
we areinterestedn only a singlelevel setof ¢, solving(17) overall of U is notnecessary
Differentlevel setsevolve independentlyand we can computethe evolution of ¢ only
in a narrov bandaroundthe level setof interestandre-initialize this bandas necessary
[AdalsteinsorandSethian1995;Penget al. 1999]. See[Sethian1999]for moredetailson
numericalschemesndefficient solutionsfor level setmethods.

Usingthe upwindschemendnarrav bandmethods @'+ is computedrom ¢’ accord-
ing to (17) usingthe curvaturescomputedn (53) and(54). This loopis iterateduntil the
enegy in (16) ceasedo decreaselet vy, ., denotethe final iteration of this loop. Then
we set@ for the next iterationof themainloop (seeFigure3) as@™?! = ¢'fna andrepeat
the entire procedure.The numberof iterationsof the mainloop is a free parametethat
generallydetermineshe extentof processing.
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