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ABSTRACT

Ensemble Kalman filter (EnKF) has been widely used as a sequential data assimilation method, primarily
due to its ease of implementation resulting from replacing the covariance evolution in the traditional Kal-
man filter (KF) by an approximate Monte Carlo ensemble sampling. In this paper rigorous analysis on the
numerical errors of the EnKF is conducted in a general setting. Error bounds are provided and conver-
gence of the EnKF to the exact Kalman filter is established. The analysis reveals that the ensemble errors
induced by the Monte Carlo sampling can be dominant, compared to other errors such as the numerical
integration error of the underlying model equations. Methods to reduce sampling errors are discussed. In
particular, we present a deterministic sampling strategy based on cubature rules (qEnKF) which offers
much improved accuracy. The analysis also suggests a less obvious fact — more frequent data assimila-
tion may lead to larger numerical errors of the EnKF. Numerical examples are provided to verify the the-

oretical findings and to demonstrate the improved performance of the qEnKF.

© 2008 Elsevier B.V. All rights reserved.

1. Introduction

Interest in data assimilation methods has been growing rapidly
in the atmospheric and oceanic communities and beyond. Data
assimilation addresses the problem of producing useful analyses
and forecasts given imperfect dynamical models and observations.
The most widely adopted approach is the Kalman filter, which is
the optimal data assimilation method for dynamics with additive,
state-independent Gaussian model and observation errors. See,
for example, [14,3]. An attractive feature of the Kalman filter is
its calculation of forecast and analysis error covariances, in addi-
tion to the forecasts and analysis themselves. In this way the Kal-
man filter produces estimates of forecast and analysis uncertainty,
consistent with the dynamics and prescribed model and observa-
tion error statistics. However, the calculations of the error covari-
ance can be challenging in practice due to the high
computational cost. Furthermore, for nonlinear dynamics the Kal-
man filter requires linearization or closure approximation for the
error covariance equation, resulting in the extended Kalman filter
(for example [11,13]), and can severely limit the effectiveness of
the method.

The ensemble Kalman filter (EnKF), proposed by Evensen in [7],
addresses the problem associated with linearization or closure by
using ensemble representations for the forecast and analysis error
covariances. In its native formulation, the EnKF uses a pure Monte
Carlo sampling when generating the initial ensemble, the model
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noise and the measurement perturbations. Each member of the
ensemble is then forwarded by the full nonlinear dynamics and
analyzed via the standard Kalman filter analysis scheme.

Since its introduction in [7], the EnKF has become popular in a
wide variety of application areas and resulted in several variations
in practical implementations. See, for example, extensive reviews
in [8,10]. It is understood that the ensemble size determines the
accuracy of the EnKF and as the ensemble size increases the EnKF
should converge to the exact Kalman filter. In practice it is often
time consuming to evolve the (nonlinear) model dynamics numer-
ically, and one can only afford an ensemble with finite, often small,
size. Therefore the major source of numerical errors is the statisti-
cal error from the Monte Carlo sampling. As a result, efforts have
been devoted to designing alternative sampling strategies to re-
duce the errors of Monte Carlo sampling [20,9,19].

The purpose of this paper is to analyze the numerical error con-
tributions to the EnKF. We demonstrate rigorously that the errors
consist of ensemble sampling errors, as well as discretizational er-
rors for solving the model equations. Subsequently, the conver-
gence of the EnKF to the exact Kalman filter is established. We
also propose an alternative deterministic sampling strategy based
on numerical cubature rule, termed as qEnKF, which can signifi-
cantly reduce the ensemble sampling error. The error analysis also
indicates more frequent data assimilation may cause larger numer-
ical errors of the EnKF, regardless the specific sampling strategy.
This less-than-obvious result suggests that in practice the quality
of the EnKF estimates may not be improved by simply using more
frequent assimilation (whenever measurements are available).

The rest of the paper is arranged as follows. A brief introduction
of the Kalman filter and the EnKF is in Section 2. A detailed
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numerical accuracy analysis of the EnKF is conducted in Section 3.
Discussions on reduction of sampling errors, particularly via the
qEnKF approach, are in Section 4. Numerical examples are pre-
sented in Section 5 to support the theoretical analysis and to dem-
onstrate the performance of the qEnKF.

2. Data assimilation and (ensemble) Kalman filter

Let ¥f € R, m > 1, be a vector of forecast state variables that
are modelled by a system of (ordinary) differential equations

dyf

sz’ ¥, te(0,T], (1)

with T> 0 and initial condition
v (0) = o (2)

The model (1) and (2) is obviously not a perfect model for the true
physics and the forecast may not represent the true state variables
¥t e R™ sufficiently well. If a set of measurements d € R, £ > 1, are
available as

d=H¥ +¢ 3)

where H : R™ — R’ is a measurement operator relating the true state
variables %' and the observation vector d € R’, and ¢ € R’ are mea-
surement errors. Note the measurement operator can be nonlinear,
although it is written in a linear fashion here by following the tra-
ditional exposition for the (ensemble) Kalman filter.

The objective of data assimilation is to construct an optimal
estimate of the true state, the analyzed state vector denoted as
P2 ¢ R™, based on the forecast %' and the observation d. In the
ensemble Kalman filter, the modelling error in (1) is assumed to
be a random process with zero mean and the initial condition (2)
is expressed as a random quantity to account for the modelling

uncertainty in initial conditions. That is, (2) becomes
Vo £ P(2), ZeR", n>=1, (4)

where z is a set of independent random variables parameterizing
the random initial condition with probability density function
p(2) : R" — R*. Subsequently, the forecast state variables become
stochastic variables and can be parameterized by the same set of
random variables, i.e.,

v 2 9i(t z2):[0,T] x R" — R™.

Note it is possible to add a noise term in (1) as a model for the mod-
elling error. Here we restrict ourselves to the deterministic model

(1).
2.1. The Kalman filter

Let P ¢ R™™ and P* € R™™ be the error covariance matrices
for the forecasted and the analyzed estimate, defined as
pf— [E[(.I,f _ l},t)(l{,f _ lPt)T]l’

(5)
P = [E{(Wa — (e ‘Pt)T],

respectively, where the superscripts T denote matrix transpose, and
[ is expectation operator, i.e.,

tle] = [ g@(2)dz
Also let
R=E [(d —HYY(d - Hwt)T] —E [(d —dYyd— d‘ﬂ = E[ee"] (6)

be the measurement error covariance matrix, where d*= H¥" is the
true (and unknown) observations. We assume that, as usual,

[E[(d —dYy(HY — HWt)T] ~0.

In the standard Kalman filter, the analyzed estimate ¥? is deter-
mined by a linear combination of the measurement vector d and
the forecasted state vector ¥, The linear combination is chosen to
minimize the variance in the analyzed estimate, and is given by

v =yl L K(d - HY), (7)
where K € R™ is the Kalman gain matrix

K = P'H"(HP'H" + R)™". (8)
The analyzed error covariance matrix is updated by

P* = (I - KH)P'(I - KH)" + KRK" = (I — KH)P", 9)

where [ is the identity matrix, and the forecast covariance matrix Pf
needs to be forwarded in time via an equation derived from the
state governing Eq. (1). In linear case this can be easily realized;
in nonlinear case, however, linearization of the model equation or
some closure approximation is required which results in severe lim-
itations on the effectiveness of the filter.

2.2. The ensemble Kalman filter

In the ensemble Kalman filter, an ensemble of the forecasted
state are generated, i.e.,

(¥, 2 ¥t (2)), i=1,....N (10)

where {(z);}\', is the ensemble of size N for the random vector in
the initial model state (4). Similarly a set of ensemble for the obser-
vation is introduced as

(d)1:d+(€)l 121,,N (11)

Furthermore, one defines ensemble covariance matrices around the
ensemble mean, i.e.,

PL2 (pf — yl)ypf _ 9w o pf,
AU 12

Pl (P — ) (P — )~ PP

as an approximation of the exact covariance matrices. Here the
overbar denotes the ensemble averages that approximate the
expectation operator, i.e.,

N
g= 1> a((@) ~Elg) (13)
i=1

Note for covariance evaluations the normalization factoris N — 1 in-
stead of N. Similarly the observation error covariance matrix is
approximated as

The analysis step for the EnKF consists of the following updates per-
formed on each of the model state ensemble members:

(P, = (¥, + Ke((d); —H(¥"),), i=1,...,N, (15)
where
K. =P H"(HP'H" +R.)™ (16)

is the ensemble Kalman gain matrix. One of the major advantages of
the EnKF is that it evolves each ensemble member via the fully non-
linear system (1) and avoids forwarding the error covariance matri-
ces of the forecasted estimates.

3. Accuracy analysis of the EnKF

In this section we analyze numerical errors to the EnKF and
establish convergence of the EnKF to the Kalman filter. We first



3576 J. Li, D. Xiu/Comput. Methods Appl. Mech. Engrg. 197 (2008) 3574-3583

analyze the local truncation error (LTE), which demonstrates that
the numerical errors of the EnKF stem from the finite size ensem-
ble approximation and numerical simulation of the forecast model
equation (1). Convergence of the EnKF to the KF is established by
examining the global error, which reveals a less obvious fact in that
the numerical errors of the EnKF can increase if data assimilation is
conducted more frequently.

3.1. Notations

In this section we set the notations for error analysis. Note that
the exposition of the Kalman filter is rewritten slightly differently
for the convenience of our analysis. We also assume that the exact
solution of the Kalman filter exists throughout this paper (though
it may be difficult to obtain).

Let t,, n=1,2,..., be the nth update time when observations d,
are available. Let 0 = ty < t; < t; <-- -, and without loss of generality,
we assume {t,} are equally distributed with
AT =ty —t, VYn = 0. (17)
We further partition the time interval [tp,t,+1] into m equal sized
sub-interval,

thj=tn+j-At, j=0,....m, n=0,1,...,

where t,, o = ty, tym = th+1, and At > 0 is the step size with which a sta-
ble and accurate numerical scheme is employed to solve the deter-
ministic forecast model (1). The numerical scheme is forwarded in
time on the stencil t,, 0 <j < m,n > 0. Without loss of generality,
we assume the scheme is a one-step method in the following form,

Wiy =P+ At O(tyy, VLA, 0<j<m, n>0, (18)

nj»

where ¥f is the numerical solution of ¥ and &(-) is an increment
function satisfying the consistency condition
: f f

11[13) ‘D(tn,ja anéAt) :f(tnj,- lpnj)7

where f(-,-) is the right-hand-side of the mode Eq. (1). L
The numerical implementation of the EnKF, denoted as ¥?, is

obtained via the following recurrent procedure to evolve over

one time step from ¢, to tp.1:

e At t; use an ensemble of the analyzed solution
(P3); = (P2(ta));, i=1,...,N as initial conditions. When n =0,
(¥3); is the ensemble of the initial condition (4) of (1),

e For each ensemble memberi=1,...,N, solve the forecast model
(1) via the numerical scheme (18) forward in time till t,.q, i.e.,

— — m-1 — — —

(Pr)i= (P2 + Atz D (tny, ( leu.)i;At) (Pho)i= (P2 (19)

=0

e Apply the EnKF analysis scheme (15) to each ensemble member
of the forecast to obtain the analyzed estimate, i.e., for
i=1,...,N,

—

(P2 = (Ph )+ Ke((dnor) — H(PE),). (20)

The procedure_is repeated till the desired time level T is reached.
The notation ¥ is chosen in such a way that the~denotes numer-
ical errors are introduced by solving the forecast model (1) via (18),
and the~denotes statistical errors are introduced by using the EnKF
(15). Throughout this paper we will assume there is no error in the
implementation of the measurement operator H.

In the following sections we will examine the errors of the
EnKF. Here error is defined as the difference between analyzed
model state obtained by the numerical EnKF %2 and the exact
solution of the traditional Kalman filter ¥°. The error will be mea-
sured by the following norm, for a random vector or matrix v(z),

N

vl & > will (v)illg, 21)
i=1

where (v);=v((2);), i=1,...,N, are an ensemble of v(2), || - |4 is the

standard g-norm for matrices and vectors, and w;, i=1,...,N, are
integration weights such that

S wie (v), = / v(2)p(2)dz, (22)

i=1

and satisfy
N

w; >0 Vi >owi=1. (23)
i=1

In the standard EnKF, w; = 1/N Vi. Obviously, when v is determinis-
tic, ||v]| = ||v|l¢- We remark that other kinds of matrix norms other
than the g-norm can be readily adopted here.

Hereafter unless stated explicitly to avoid confusion, we will
use v to represent the entire ensemble of the random quantity
v(z),i.e,vE {(v),}ﬁL. This is employed for the clarity of exposition.

3.2. Local truncation error

We first examine local truncation error (LTE) for the numerical
EnKF procedure. The LTE is defined as the error introduced by for-
warding an ensemble of the exact analyzed solution ¥ for one
time step AT via the numerical EnKF scheme.

Let us consider the time interval [t,t;,+1], n > 0. Let
P2 — {(¥3(ty));}}, be an ensemble of the exact estimated state
vector at t,. The exact estimated state at t,,; via the Kalman filter
is
"’3+1 = lPrf1+1 + K(dn+1 — HYf )s (24)

n+1

where the model forecast ¥'_, is obtained by the exact solution of
(1) at t,+q with initial condition of ¥} at t,.

In the EnKF, by using the exact ensemble state ¥;, as initial con-
dition at t,,, the approximate estimated state vector at t,.1, denoted
as %'3, 10 18

§ﬁ+1 = ;ilful + Ke(dni1 — HY! )s (25)

n+1

where the numerical scheme (19) is used to obtain ¥5_,, i.e.,

m—1
Wiy = Wi+ ALY B(ty, L AL,

njs @2.0 = '1’;‘ (26)
j=0

Lemma 1 (Local truncation error). By following the conditions listed
above and defining the local truncation error (LTE) at tp.; as

enit 2 97 — Paall (27)
the following error bound exists:

eni1 < M| - lleacll + [AK] - 1"l + [|AK] - [[HI| - lleacll, (28)
where

M=1I-KH,

€At = @gﬂ - quwlv (29)
AK =K. — K,

f £
€ =dp —HY,,,.

If one further assumes the convergence of the numerical scheme (26) as
lleaell ~ O(AfP), p = 1, as At — 0, the convergence of the ensemble Kal-
man gain matrix K. to the exact Kalman gain matrix K as
|AK]| ~ O(N™*), 2> 0, as N — oo, and ¢ satisfies o ~ O(||¢'||), and K
and H are bounded for all t > 0, then
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ens1 ~ O(AP,oN™*), At —0, N — cc. (30)

Proof. The difference between ¢2,, and the exact analyzed state
¥ ., can be expressed as

Do — Vi = (Phoy = ¥ho)) + (Ke = K)dnio — (KHS,, — KHYS, )
= (Wit = Phot) + (Ke = K)dni
— (KHW!, | —KHY', | + KHPE, — KHY' )
(lllfwl Po) + (Ke = K)dnia
-K H(Wg+1 w1 — (Ke —K)HY',
(I*K H)( n+1 ll’fl+1) (K *K)(dnﬂ H'lynﬂ)
= (I—KH — AKH)(¥L | — %0 ) + AK(dnsr — HYE, ).

After taking norm the error bound (28) follows.

When K and H are bounded for all t, so does M, and the estimate
(30) is the leading order of errors in (28), in the limit of small time
step At —» 0 and large ensemble size N — oo. This completes the
proof. O

Remark 1. The above result indicates that the accuracy of the
EnKF can be improved via refining the numerical algorithm for
the forecast model (1), by using smaller time step At and/or
higher-order method with larger p, and increasing the ensemble
size (N) to decrease statistical errors.

Remark 2. The error term ¢ from (29) describes the discrepancy
between the measurements d and its predicted values by the fore-
cast P! (without numerical errors), and can be estimated as

€] < lld = H¥'| + [H¥" = HYT < Jlell + [HI- [P = D1 (31

where ¢ is the measurement error (see (3). Therefore the error ¢ in-
cludes the measurement error ¢ and the modelling error (¥ — ¥f).

3.3. Global truncation error

The global truncation error (GTE) at t = t,,+ is defined as the dif-
ference between the exact state estimate ¥;_; obtained by the Kal-
man filter and the state estimate ‘I/*‘+1 obtained by solving the
EnKF numerically, i.e.,

Eni1 = H g’iﬂ - Wiﬂ”- (32)

To analyze the global error, we first define a one-step global incre-
ment function for the EnKF operation. For any interval [t;,t;+1],
> 0, by following the procedure of the EnKF in Section 3.1, the

appr0x1mate estimated state ¥3_ , can be expressed as
fijiﬂ = @?, + AT - Ue(tn, fjl?” dn+l§At: AT)1 n=0,1,..., (33)

where Ug(---) is the one-step global increment function which can
be written by using (19) and (20),

At
Z(p tnj, ‘I’HJ,At)

LK
AT

Ue(tn, P2, dni1; AL AT) =

(dn+1 -H (Pi)‘r (34)

where

M. =1—K.H, ¥ ,=%2 At=AT/m. (35)

Lemma 2 (Lipschitz continuity). Assume the numerical scheme (18)
is stable and its increment function & is Lipschitz continuous with
respect to the second argument with a constant I' that is independent

of At and the nodes t,j, n > 0, 0 < j < m. Furthermore, if the matrices
K., H are bounded for all t > O, then the global increment function U,
from (34) is Lipschitz continuous with respect to the second argument,
with a constant A independent of t,, At, and measurements d, but
dependent on AT, that is,

Jh > 0, 3A>0:VAte(0,h},n >0

[Ue(tn, U2, dyy1; AL, AT) — Ue(tn, V2, dy, 13 AL, AT)|| < |02 — V2.
(36)

Proof. By following the definition of U, in (34) we obtain

[|Ue(tn, ﬁa s Any1; At m) — Ue(tn, 5;7 diy1; At,m))|

HMeAtm 1[

(tnj unij) (tnj anvAt)}
H(uy = V3|

m-1 KH
< Lym, <Zr I, - |> IKH G

where the Lipschitz continuity assumption on the increment func-
tion @ has been used in the last inequality, and uf and vf are
solved by the scheme (18) with initial conditions u2 and va respec—
tively. The stability of the scheme (18) implies that the scheme pos-

n = Vall

sesses continuous dependence on initial conditions, that is,
3h>0,3C> 0, such that VAt € (0,h],n > 0and 0<j<m
It — Vil < Clud - V.
By letting
1
A= C-I'max |Me|| + 55 max [KeH| (37)

the Lipschitz property (36) follows. This completes the proof. O

Remark 3. The result of (37) indicates that the Lipschitz constant
is inversely proportional to the size of AT. Subsequently, when the
EnKF data assimilation is conducted more frequently (i.e., with
smaller AT), the global increment function U, for the EnKF has lar-
ger Lipschitz constant. This will have an impact on the global
numerical error of the EnKF, as shown in the following result.

Theorem 1 (Global truncation error and convergence). Let @2 be
the numerical result of the analyzed state at t,,, obtained by the ensem-
ble Kalman filter with initial ensemble ¥3 at t = 0. Let ¥2 be the exact
analyzed state at t,, obtained by the exact implementation of the Kal-
man filter and the exact solution of (1) with initial condition (4). Then
the global truncation error of the EnKF satisfies

— n
En £ H lIIﬁ - ‘PiH < <E0 + Zek> eXp(A . f")7 (38)

k=1

where Ey = || W3 — W,|| is the error in the initial ensemble, e, are the
local truncation errors (27) at t,, and A > 0 is the Lipschitz constant
with respect to the second argument for the global increment function
U, defined in (36). Therefore, if the convergence of the local truncation
error (28) holds and Eq = || %3 — ol — 0 as N — oo, then the EnKF
method is convergent for any AT > 0.

Proof. By following (33), for any interval [t,_i,t,], n > 1, the
numerical solution of the EnKF satisfies

lpa = .,,a AT - Ue(ty 1, ~n 1A ALAT), n> 1. (39)

On the other hand, following the definition of the local truncation
error, the exact solution of the Kalman filter satisfies
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P2 — @2 AT - Ue(ty1, Y2 4, du; ALAT) +1,, 1> 1, (40)

where, by definition, ||z,|| = e, is the local truncation error at t,, de-
fined in (27).

By subtracting (39) from (40) and taking norm, we obtain, for
nx=1,

Ey <Epq+ ey + AT - ||Ue(tn 1, P23, dn: AL, AT)
- Ue(tn—h 'P:q 5 dn? At, AT)H'

By applying the formula recursively to smaller n, we obtain

n n—1 —~
En<Eo+_ e+ AT- > |Ue(te, P§, diir; At, AT)
k=1 k=0

- Ue(tkv l[lz7 dk+1 s At, AT)H

The Lipschitz condition (36) results in the following inequality
n n-1
En<Eo+) ex+AT-AY E. (41)
k=1 k=0

And the result of (38) is obtained by applying the discrete Gronwall
theorem. See, for example, Chapter 11 of [17]. (Note t, = nAT.) This
completes the proof. O

Remark 4. The convergence of the EnKF to KF by refining the
numerical solver for the forecast model (1) and increasing ensem-
ble size N is intuitive. A subtlety in the result (38) is the influence
of the data assimilation time step AT on the numerical accuracy of
the EnKF. From (37) and (38) it is clear that a smaller AT results in a
larger Lipschitz constant 4 and therefore a larger approximation
error, which also grows as time evolves. In practice it is often desir-
able to assimilate data more frequently as long as enough mea-
surements are available, so that the analyzed states may
converge to the true state more quickly. However, more frequent
assimilation (with smaller AT) may result in larger numerical
errors in the EnKF and is undesirable. Hence the choice of the size
of assimilation step AT in EnKF should be a balanced issue after
taking into account both its positive and negative impacts on the
quality of the numerical estimation of the true state.

4. Reduction of sampling errors

The analysis from the previous sections indicates that the
numerical errors in the implementation of the EnKF consist of
two components: the error e,, for solving the model equation (1)
numerically, and the statistical error for replacing the Kalman gain
matrix K by an ensemble matrix K. (see (28)).

Due to the large amount of existing work, the numerical error
ear for a given system (1) is mostly well understood and in many
cases can be controlled to a sufficiently small level. Subsequently
more research efforts have been devoted to reduction of sampling
errors in the EnKF. It is clear from (16) that the sampling errors
stem from two sources: the errors in sampling the measurement
perturbations by using R. to replace R, and the errors in sampling
the model states.

4.1. Reduction of measurement sampling errors

In Kalman filter analysis scheme, it is essential to treat the
observations as random variables with a distribution of mean
equal to the first-guess observations and covariance equal to R
(see [2,9]). In the original EnKF approach, an ensemble of observa-
tions are generated, with an ensemble covariance matrix R. (14)
which introduces an additional approximation. To eliminate the
sampling error in R, it is possible to design implementations of
the analysis scheme where the perturbation of measurements is

avoided. Here we briefly review the method developed in [20],
where the ensemble mean and the deviations from the mean are
updated separately. The forecast and analysis states can be written
as follows:

(1), = v+ (1), (42)
(P3), =¥+ (¥, i=1,...,N, (43)

where ¥ and ¥* denote the mean of forecasted and analyzed
states, and (¥7); and (¥?); are the corresponding deviations from
the mean. The analysis step, following the notation of [20], is

W — 9l L K(d— HPY), (44)
(W), = (P, — KH(¥"),, i=1,...,N, (45)

where K is the Kalman gain matrix in the standard Kalman filter,
and

I~<_PfHT<(\/HPfHT+R)1>T< rHPfHT+R+\/E>4, (46)

which is obtained by solving the equation
(I — KH)P'(I - H'K") = (I - KH)P', (47)

so that the resulting covariance of the analysis states matches the
theoretical covariance P* in (9). Such an approach is termed the
ensemble square root filter (EnSRF). More detailed discussions can
be found in [1,9,20] and the review in [19].

4.2. Reduction of ensemble sampling errors

Most, if not all, EnKF approaches are based on pure Monte Carlo
sampling of the model states. Therefore the ensemble error de-
creases as the ensemble size N increases, e.g., the sample mean
has error proportional to O(1/+/N). Such a rate of convergence is
relatively slow, and accurate statistics can be obtained only with
relatively large size of ensemble. In practice when the computa-
tional cost of the model simulation (1) is high one can only afford
a finite, in many instances small, size of ensemble, the ensemble
sampling error will be dominant. Sampling strategies for improved
performance have been discussed, although they are still based on
Monte Carlo sampling [16,15,9].

Here we present a deterministic sampling strategy based on
cubature rules (qEnKF), for reduction of the ensemble sampling er-
rors. The idea is that the ensemble average is an approximation to
the expectation operator, which is an integral in terms of the inde-
pendent random variables z € R",n > 1. See (13). Therefore one
can take advantage of the existing research in multi-dimensional
integrations where cubature rules are designed to approximate
integrals accurately. The general form of a cubature rule, for a gen-
eral function v(z), takes the form of (22), where (v); = v((z);) are the
values of the function evaluated at a deterministic set of points of
{(@)i=1,...,N}, and {w;}}, are the integration weights. In qEnKF,
the random ensemble used in the standard EnKF is replaced by the
deterministic ensemble determined by a proper cubature rule. And
the ensemble average (13) is replaced by the weighted sum of (22).

There is a large amount of literature on cubature rules, see, for
example, the reviews in [4-6,12,18]. Here we emphasize that be-
cause the underlying mathematical model (1) can be highly non-
linear and complex and one often can only afford a finite size (N)
of the repetitively computations of (1) it is essential to require
the integration weights {w,»},N:1 to be positive, as shown in (23), a
condition that not all cubature rules satisfy. It is also desirable to
have equal weights, i.e.,, w;=1/N Vi, another condition that are
not satisfied by many cubature rules. Here we propose to use the
following cubature rules in qEnKF that satisfy the above condi-
tions. For (22) with Gaussian probability density function
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p(z) = (\/;n),, 22z RM

a set of N=n+1 points

(@) = Z1:2k2, - Zkn), k=0,1,....n (48)
are defined as

Ziar1 = V2 Cos srfq , Zior = \/isinsikq . r=1,2,...,[n/2],

where [n/2] is the greatest integer less than n/2, and if n is odd
Zin = (—=1)%. The above cubature rule is called a degree-2 formula.
That is, (22) is exact if v(z) is any polynomials of degree up to two
in term of the n-dimensional variable z.

Similarly, a cubature rule of degree three exists, which inte-
grates any polynomials in term of z of degree up to three exactly.
Such a rule consists of N = 2n equally weighted points of
(@) = Zk1,2Zk2,- -+ Zkn), k=1,2,...,2n, (49)
with
Zxorq = V2 cosw7

r=1,2,...,[n/2],

Zxar = \/isin@,

and if n is odd z, = (1)~

The degree two and three formulas can be found in [21], where
formulas for other type of probability density function p(z) are also
provided.

We remark that it is proved mathematically that the number of
points N=n+1 and N=2n for degree two and three formulas,
respectively, is minimal for equally weighted cubature rules. In
practice the performance of the above two rules is often better
than the Monte Carlo method with much larger sampling points,
even for relatively large dimensionality n.

5. Numerical examples

In this section we present numerical tests to verify the theoret-
ical analysis in Section 3 and examine the performance of the
qEnKF proposed in Section 4.2.

5.1. The model problem

Here we employ the model problem used in [9,10]. It is a one-
dimensional linear advection model

W, +c¥ =0, xe[0,l], t>0, (50)

where the length of the domain is L = 1000 with periodic boundary
condition, and the advection speed is c=1. The grid spacing is
Ax =1 and the time step is At = 1. The true state ¥'is sampled from
a Gaussian distribution, .47, with zero mean, unit variance, and a
spatial de-correlation length of 20, which results in 50 equal-dis-
tance points of i.i.d. Gaussian random variables and a random space
of 50 dimension, i.e., z € R" with n = 50. The first-guess solution is
generated by drawing another sample from .#" and adding this to
the true state. The initial ensemble is then generated by adding
samples drawn from .4 to the first-guess solution. Thus, the initial
state is assumed to have an error variance equal to one. Four mea-
surements of the true solution, distributed evenly in the spatial do-
main, are assimilated every 5th time step, i.e., AT=5, with
observation errors of zero mean and standard deviation of 0.1 un-
less stated otherwise. The observation errors are uncorrelated.

By using this simple model, the spatial and temporal discretiza-
tion errors associated the numerical solver can be kept to mini-
mum. This allows us to focus on the errors induced by various
sampling strategies in the EnKF and its variations.

5.2. Results of the EnKF and EnSRF

We first examine the qualitative behavior of the EnKF. The re-
sults of the model problem is shown in Fig. 1. As expected, the

0 ! ! ! !

600 700 800 900 1000

0 100 200 300 400

600 700 800 900 1000

Fig. 1. Results of the EnKF to the model problem (50) at three different times t =5 (top figure), t = 150 (middle figure), and t = 300 (bottom figure). Solid lines are the true
solution ¥, circles are the measurements d, dashed lines are the mean of the EnKF estimates ¥?, and another set of solid lines near the bottom of each figure are the standard

deviations of the EnKF.
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Fig. 2. Error convergence of the EnKF with increased sample size N.
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Fig. 3. Error convergence of the EnSRF with increased sample size N.
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mean of the EnKF estimates converge to the true state as time
evolves, and the standard deviation of the EnKF estimates converge
to the standard deviation of the measurements, which is 0.1 and
can not be seen visually in the bottom figure.

Next we examine the global error convergence (38) with re-
spect to the ensemble size N. Fig. 2 illustrates the error at two dif-
ferent time of t =100 and t=500. It can be seen that the errors
decay as the ensemble size N increases, and the rate of convergence
is approximately N~'/2, This is consistent with the error analysis
from (38). The convergence of the EnSRF at t=100 and t =500
are shown in Fig. 3, and we observe a similar rate of convergence.
Note that the errors of EnSRF are smaller than those of EnKF. This is
because of the elimination of the error in sampling the
measurements.

We further examine the numerical error dependence on the er-
ror ¢ defined in (29). In this problem there is no modelling error,
therefore ||¢'|| = ||¢|| and can be measured by the standard deviation
of the measurement errors. Following the error bound (38) and
(30), the numerical error should be proportional to the standard
deviation of the measurement errors.

The numerical errors with different levels of standard deviation
of the measurement errors are shown in Figs. 4 and 5, for the EnKF
and EnSRF, respectively. The almost linear dependence of numeri-
cal errors on the standard deviations of the measurement errors
can be seen clearly, consistent with the result from analysis. The
time evolution of numerical errors of the EnSRF is much smoother
and smaller, compared to that of the EnKF.

5.3. Results of the gEnKF

Here we examine the performance of the qEnKF, the ensemble
Kalman filter based on deterministic sampling of cubature. In par-
ticular, we employ the degree two formula (48) and degree three
formula (49) as the deterministic sampling ensemble, and denote
the corresponding method qEnKF-2 and qEnKF-3, respectively.
For the model problem studied here, the EnKF-2 requires
N=n+1=51 sampling points and the qEnKF-3 requires
N=2n=100 points. In Fig. 6, the error evolution in time of the
gEnKF methods are plotted, along with that of the EnKF with differ-
ent ensemble size. It is observed that with the same ensemble size,
the gqEnKF-3 is more accurate than the traditional EnKF with
N =100. The improvement is, however, marginal, and the qEnKF-
2 with less number of points (N = 51) has larger errors. The reason

b o015

- - T=1000

—e— T=500

0.01

Error

0.005

0 1 1 1 1 1
0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5

Standard Deviation of Measurements

Fig. 4. Numerical errors of the EnKF with measurement errors of different standard deviations. (a) Time evolution of the numerical errors; (b) numerical errors at ¢t = 500 and

t=1000.
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Fig. 5. Numerical errors of the EnSRF with measurement errors of different standard deviations. (a) Time evolution of the numerical errors; (b) numerical errors at t = 500 and

t=1000.
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Fig. 6. Global error evolution over time of the EnKF with different ensemble size of
N=100, N=500 and N = 1000, the qEnKF-2 (N =51) and the gEnKF-3 (N = 100).

the advantage of qEnKF is not obvious is due to the existence of the
ensemble errors in sampling the measurements, which is present
and becomes dominant. Next we employ the EnSRF approach
(45) to eliminate the errors in sampling the measurements and
combine it with the cubature sampling strategy. The corresponding
approaches, termed qEnSRF-2 and qEnSRF-3, require the same
number of sampling points as those of qEnKF-2 and qEnKF-3. The
error evolution in time is shown in Fig. 7. It is observed that the er-
rors are much smaller and smoother, indicating much improved
accuracy.

The errors are tabulated in Table 1, for the EnKF, EnSRF and
gEnSRF. It is seen that the qEnSRF methods offer much better accu-
racy. The qEnSRF-3, with only N =100 sampling points, is more
accurate than the EnSRF with ensemble size as large as N=10%
Even qEnSRF-2, which requires N =51 samples, is comparable to
EnSRF with N = 10%. Note in all these approaches the computational
costs are directly determined by the size of ensemble. Therefore
the qEnSRF methods offer an efficient alternative for more accurate

x 107
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EnSRF:N=1000 I
GENSRF-2 (N=51)

GEnSR—F3 (N=100)

(o]
< ><o oo

Error

800

1000
Time

1200 1400 1600 1800 2000

Fig. 7. Global error evolution over time of the EnSRF with different ensemble size of
N =100, N=500 and N = 1000, the qEnSRF-2 (N =51), and the qEnSRF-3 (N = 100).

Table 1
Comparison of numerical errors of the EnKF, EnSRF and qEnSRF
t=100 t=500 t=1000 t=1500

EnKF N = 100 53 x 1073 34 %103 23 %103 1.7 x 1073
EnKF N = 10° 15x 1073 1.0x 1072 74 x 107 62 x 104
EnKF N =10* 46 x107* 28 x 1074 2.4 x 1074 1.9x10*
EnSRF N = 100 23x1073 1.1x 1073 7.0 x 104 6.0x 104
EnSRF N = 10° 7.0x 1074 30x 104 20x 104 20x 104
EnSRF N = 10* 22x107* 9.6 x 10> 6.8 x 10> 56 x 10>
QENSRF-2 (N=51) 35x 1074 1.6 x10°* 1.1x10* 9.0 x 10°°
qEnSRF-3 (N = 100) 1.8 x 1074 7.9 x 107> 5.6 x 107> 46 x10°

data assimilation, especially when the computational cost of (1) is
of great concern.

5.4. Error dependence on assimilation frequency

Here we examine the impact of the size of assimilation step (AT)
on numerical accuracy. As suggested by the error analysis (38),
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Fig. 9. Comparison of the accuracy of various EnKF schemes with different size of
assimilation step AT.

more frequent assimilation with smaller AT may lead to larger
numerical errors in the EnKF approaches. This is evident in Fig. 8,
where the numerical errors of the different sampling approaches
are shown with different assimilation step AT ranging from 1 to
40. The errors are reported at large time t = 4000 so that all simu-
lations have been sufficiently assimilated. We observe clearly the
larger errors at smaller AT. Such inverse dependence of numerical
errors on AT is independent of the choice sampling strategy, as
shown in Fig. 9 where results of EnKF, EnSRF, and qEnSRF are plot-
ted in comparison. From the log-log scale it can be concluded that
different approaches have a same rate of the inverse error depen-
dence on the size of AT. Again, the much improved accuracy of
gEnSRF is obvious with the same computational cost (N = 100).

6. Conclusion

In this paper we conduct rigorous analysis on the numerical er-
rors of the ensemble Kalman filter (EnKF). The results indicate that
the numerical errors consist of the classical discretizational errors
for solving the underlying model equations and the ensemble er-
rors for sampling the model states and measurements. The sam-

are presented for a model problem, where we focus the numerical
errors associated with sampling. The results verify the theoretical
analysis and demonstrate that the qEnSRF, a combination of the
EnSRF and qEnKF, can significantly reduce the sampling errors in
model state estimates and therefore provides an efficient method-
ology for data assimilation. The error estimate also indicates that
more frequent data assimilation can lead to larger numerical errors
in the EnKF approaches, regardless the specific sampling strategy.
This result, verified by the numerical tests, suggests that in practice
the choice of assimilation step should be a balance between better
estimates of the true states by using more frequent assimilation
(whenever measurement data is available) and smaller numerical
errors by using less frequent assimilation. Future research will in-
clude more extensive studies and performance evaluations of the
gEnKF for more complex and nonlinear problems.
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