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Abstract: We presenta new wavelet compressiorand mul-
tiresolution modeling approachfor setsof contours(level sets).
In contrastto previous wavelet schemespur algorithm createsa
parametrizatiorof a scalarfield inducedby its contoursand com-
pactly storesthis parametrizatiomatherthanfunction valuessam-
pledon aregulargrid. Our representatioiis basedon hierarchical
polygonmesheswith subdvision connectvity whoseverticesare
transformednto wavelet coeficients. From this sparsesetof co-
efficients, every setof contourscanbe efficiently reconstructect
multiple levels of resolution. When applyinglossy compression,
introducinghigh quantizatiorerrors,our methodpreserescontour
topology in contrastto compressiormethodsappliedto the cor-
respondindield function. We provide numericalresultsfor scalar
fieldsdefinedon planardomains.Our approactgeneralizeso vol-
umetric domains,time-varying contours,and level setsof vector
fields.

CR Categories and Subject Descriptors: E.4[CodingandIn-
formationTheory]: DataCompactiorandCompression¢.1.2[Nu-
merical Analysis]: Approximation— Approximationof Surfaces
andContours.

Additional Keywords: Contours,GeometryCompressionlso-
surfaces/ evel Sets MultiresolutionMethods Wavelets.

1 Introduction

Scientificvisualizationmethodshelp usto explore andunderstand
the natureof vastamountsof digital dataproducedby numerical
simulationson supercomputersr by imagingtechnologylike com-
putertomography Visualizingscalarfields via explorationof their
isosurfice behaior is one of the most powerful waysto gain in-
sightinto a physicalphenomenonOur approachs driven by the
needto explore very large scalarfields interactvely by browsing
throughtheir continuousspaceof contours. In the past,multires-
olution methodswere developedfor the modeling,rendering,and
explorationof complicatedwo-manifolddata,e.g., large-scaléso-
surfaceq1]. In orderto explorethe entirecontourspaceof ascalar
field morepowerful methodsarerequired asentirefamiliesof con-
tourshave to beextracted representedindrenderedTheapproach
we arepresentinchereis driven by suchconsiderationsWe intro-
ducea new framework for the multiresolutionapproximationof a
multitudeof contoursdefinedby a singlescalarfield. This frame-
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work promisego have significantimpacton state-of-the-artisual-
izationandexplorationof truly massve, tera-scalescalarfield data.

Visualizationmethodsoftenrely on continuousggeometricmod-
elsrepresentinghe relevanttopologicaland geometricfeaturesof
adataset. Multiresolutionmodelingtechniqueslik e wavelettrans-
forms([3, 16], provide efficient progressie accesgo local geome-
try. Wavelettransformscoupledwith progressie codersfor quan-
tized coeficients are amongthe most efficient schemedor com-
pression,errordriven querying, and progressie transmissionof
datadefinedon regularly griddeddomains[15, 18]. When visu-
alizing derived quantitiesor features suchascontours theseneed
to be extractedfrom alocally reconstructegieometriomodel. This
extractionprocessanbe very expensve, especiallyin the caseof
volumedata,sinceanunknavn surfacetopologyneeddo berecor-
ered.

Standardvaveletcompressiomlgorithmg[18] transformafunc-
tion into wavelet coeficients of expectedlysmall absolutevalues.
Thesecoeficients are quantized(roundedto integers)or thresh-
olded (selectedby magnitudeof absolutevalues)and compressed
by a progressie coding schemelike zeo trees[15]. When ex-
tractingcontoursfrom compressedataalteredby quantizatiorer-
rors, there exists no guaranteeof obtainingtopologically correct
contours.Whenreconstructinglatafrom thresholdedr quantized
wavelet coeficients, for example,the resultingcontoursmay even
have additionalcomponent&nclosinglocal extremaof the recon-
structionerror, seeFiguresl (a) and(d).

The wavelet approachpresentechere overcomesthis problem
by compressing parametrizationf afield functionthatis induced
by its contours,ratherthan compressing field function directly.
Our approachalsosimplifiesthe topologyof representedontours.
However, this simplificationis performedin an initial stepof our
algorithm,whereafinite setof selecteccontours calledbasecon-
tours, is extracted. All othercontoursrepresentedby our method
have the topology of a correspondindyasecontourof the closest
isovalue. Sincethe setof basecontourscanbe chosenarbitrarily,
our methodintroducesa predictabletopologicalerrorreducingthe
guantity of topologicalchangeghat needto be stored. Compared
to corventionalcompressiommethoddor scalarfields, our method
requiressomeadditionalspacefor storingcontourtopology How-
ever, ourmethodpreserestheprescribecdtontourtopologyatevery
level of resolutionandprovidesefficientaccesso thegeometrysee
Figuresl (b+c)and(e+f).

Startingwith thesetof basecontourswe constructcoarsemesh
structure,the basemesh covering the domainof the underlying
field function. Thisbasemeshis recursvely subdiided,andits ver-
ticesareprojectedontointermediatecontours.Theresultingadap-
tive meshstructureis equialentto a subdvision surface/\olume
with displacemenof verticescorrectingthegeometnatfinerlevels
of detail. Our algorithmrepresentshesedisplacementsompactly
in the form of sparsewavelet coeficients. The contoursproduced
by our subdvision processareeitherlinearor cubicpolynomials.

We represent scalarfield by a continuousparametrizatiorof
its domainthatis definedby a subdvision surface/\olume. This
parametrizatioris a function mappinga manifold into Euclidean
spaceln thecaseof planarcontours pour manifolddomainhasone
global parametespecifyingthe isovalue and one local parameter
traversingthe correspondingontour (In the caseof isosurfcesof



Figurel: Contourf aslicetakenfromavolumedataset(Rayleigh-TRylorinstability simulation).(a) Contoursextractedrom full resolution
slice (64 x 64 samples)(b+c) contoursrepresentetdy our methodat differentlevels of resolutionusinga bilinearwavelettransform based
on 2631and 656 coeficients,respectiely; (d) contoursextractedfrom a wavelet compressiorof the slice usinga bicubic waveletand 612
coeficients;(e+f) sameas(b+c) usingabicubicwavelet.

trivariatefunctions,ourmanifoldhasoneparametefor theisovalue
andtwo local parameterdraversingan isosurfice.) The coarsest
level of resolutionis definedby a basemeshproviding both, the
manifoldtopologyanda coarseparametrizatiorobtainedby recur
sive subdvision. During the subdvision processgeometricdetail
canbe expandedrom wavelet coeficientsresultingin representa-
tionsat higherlevel of resolution.

Our representationf contoursetsis equivalentto arepresenta-
tion of the underlyingfield function, but it provides rapid access
to every contourat multiple levels of resolution. This is a highly
desirablepropertyfor real-timevisualizationof contoursallowing
for interactively changingisovaluesandrenderingmultiple trans-
parentisosurficesat once. Our representatioprovides additional
flexibility for algorithmsprocessingzontourswith the goal of im-
proving the underlyingfield function. For example, constained
fairing of all contoursof a field functionis a non-trivial operation
thatbecomedairly simplewhenusingour approach.

2 Related Work

Multiresolution contouringschemesextractisosurficesfrom hier-
archicalscalarfield representationgroviding multiple levelsof de-
tail. Weberetal. [19] presentan efficient constructiormethodfor
crack-freeisosurhicesrom adaptvely refinedhexahedradomains.
A similar approachusinga hierarchicabctreestructurefor interac-

tive view-dependentontouringis presentedy Westermanret al.
[20]. A real-timerenderingapproachor multiple transparentso-
surfaceseconstructeétom atetrahedragrid hierarchyis described
by Gerstnef4].

Woodetal. [21] useasurfacewavefrontpropagatiormethodfor
constructinga coarsebasemeshapproximatinganisosurbicewith
correcttopology Their approachprovidesa semi-rgulartriangu-
lar subdvision hierarchyof anisosurficethatis usefulfor wavelet
compressionln previouswork, we have constructedjuadrilateral
basemesheswith subdvision hierarchythatwereusedfor wavelet
compressiorof isosurfices[1]. Our wavelet constructiorfor sub-
division surfaces[2] generalizego higher dimensions,e.g., vol-
umesof manifold topology like level setsand time-varying sur
faces.Waveletconstructiongor subdvision surfaceswereinitially
describedy Lounsberyetal. [8, 16)].

Whenusingwavelet approache$or geometrycompressior6],
it becomesmportantto constructsmoothsurfaceparametrizations
by improving theregularity of controlmeshesFor trianglemeshes,
suchregular parametrizationgre constructedy the MAPSalgo-
rithm describedby Leeetal. [7]. Similar algorithmsneedto be
developedfor pseudo-rgular meshingof three-dimensionalevel
sets. A multiresolutionapproachfor matchingcontoursdefined
on differentcutting planesis presentecdy Meyers[10]. Efficient
meshingalgorithmsfor level setsaredescribedy Sethian14].

To our knowledge, previous methodshave not attemptedo re-
parametrizesetsof contoursfor the purposeof wavelet compres-



sion. Hence,our generalapproacthis innovative, combiningindi-
vidual techniguesrom differentfields, suchascontourextraction,
meshgenerationandsubdvision surfacewavelets.

3 Adaptivel y Representing Contour Sets

This sectiondescribesour novel multiresolutionapproacHor sets
of contours.We describeour algorithmin the context of bivariate
scalarfields and provide extensionsto volumetricdomains time-
varyingcontoursandlevel sets.

3.1 Overview of the Algorithm

Ouralgorithmfirst constructacoarsebaseneshinducedby certain
basecontours.This meshis thenregularly subdvided,andthe new
verticesareprojectedontointermediatecontours Finally, we usea
wavelettransformfor compressiomndmultiresolutionmodelingof
this meshstructure defining smoothsetsof contoursby recursve
subdvision. Our algorithmconsistsf the following stepsthatare
illustratedin Color Plates(a—f):

1. Extractionof a prescribedsetof basecontous, using,for ex-
ample, uniformly distributedisolevels. This setof contours
definesthe topologyof all intermediatecontoursrepresented
by our scheme.

2. Samplingbaseverticesdistributed uniformly with respecto
arc lengthsfrom the extractedbasecontours. Thesevertices
will representhe coarsestevel of detailfor our parametriza-
tion. Hence the setof basecontoursselectedn stepl should
notbetoo dense.

3. Constructinglinks betweenbaseverticeson adjacentbase
contoursandrelaxingtheselinks by moving the basepoints
ontheir correspondingontours.

4. Filling the spacebetweenadjacentbasecontoursand their
links with convex polygonsthathave low numbersof edges.
The resulting base meshsenes as coarsestievel of detail,
defining a smooth parametrizatiorof contourswhen recur
sively subdvided (using, for example,Catmull-Clarksubdi-
vision[9]).

5. Regular subdvision of the basemeshby insertingnew ver-
ticesatthe centroidof every polygonandin themiddle of ev-
ery edge.Theverticesobtainedby subdvision areconnected
to define a quadrilateralmesh structurethat is recursvely
refined. Insteadof applying stationarysubdvision, which
would resultin incorrectintermediatecontours the nev ver-
ticesare projectedonto correspondingontours. This subdi-
vision procesgerminatestaresolutionslightly finerthanthe
grid resolutionof the underlyingfield function.

6. Subdvision-surbicewavelets[1, 2] areusedto generate hi-
erarchyof continuousparametrizationsThe differencese-
tweenindividual levelsof detailarecompactlyrepresentedy
wavelet coeficients. Data compressiorcan be achieved by
thresholdingor by encodingguantizeccoeficients[11, 15].

3.2 Constructing Base Meshes

As afirst stepwe extracta finite setof basecontoursusinga stan-
dardapproach.The correspondindgsovaluescanbe uniformly dis-
tributedor they canbe moredenselysampledn certainregionsof
interest.Thenwe definebaseverticesby re-samplinghe basecon-
tours at approximatelyequidistantintenals of arclengthA. The
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Figure2: Dyadicrefinemenof aclosedandanopencontourcom-
ponent

valueof A depend®nthenumbern, of dyadicrefinementevels,
seeFigure2, thatwe will computeandon the finestsamplingdis-
tanced, which shouldbe slightly smallerthanthe edgelength of
theregulargrid definingthefield function. Hence we use

A = 2"%6. (3.1)
All boundarypointsof contoursneedto be basevertices,suchthat
the basecontourscan be completelygeneratecby dyadic refine-

ment. Additionally, we requireevery contourcomponento have at
leastthreebaseverticesto avoid degeneratéasepolygons.
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Figure3: Constructindinks betweencontoursC, andCj by fol-
lowing the gradientstartingat basevertices. Someverticescannot
belinkeddueto field regionsof zerogradient.

The next taskis to fill the spacebetweenevery adjacentpair of
basecontours,say C, andCj, with corvex polygons. Therefore,
it is desiredto connectmatchingpairs of baseverticesfrom both
contourswhichwill improve the fairnessof our final parametriza-
tion. We useNewton-iterationto propagatehe baseverticesof C,,
onto the contourCy. In eachstepof this iteration,the movement
of avertex is restrictedto a maximaldistanceof §, to avoid diver-
gencedueto shallov gradients.Someverticeswill notcorvergeto
the contourC}, sincethey may getstuckat local extremaor zero-
gradientareasandthe iteration mustterminateafter a prescribed
numberof steps. Thoseverticesthat corverge to contourC), are
linked to the closestbasepoint on C, andtheir initial positionon
contourC,, is restored.To find all possiblelinks, this stepof the
algorithmis repeatedvith theverticesof Cy, iteratingtowardscon-
tour C,, seeFigure3. Baseverticeslocatedon the boundaryof the
datasetaresimply connectedy traversingthis boundary

The length of the individual links betweenevery pair of base
verticesis minimized by aniterative procedureallowing the base
verticesto move a certaindistancealongtheir correspondingon-
tours, seeFigure4. Here, we restrict the maximal displacement
of a vertex to the value %, to avoid coincidenceof adjacentbase
vertices. This stepis necessaryo improve smoothnessf thefinal
parametrizatiomndto avoid intersection®f polygonstripsdefined
by the baseverticesof every contourcomponent.solatedcompo-
nents,‘islands”, areconnectedy oneadditionallink to the closest
basevertex onits surroundingcontourcomponent.
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Figure4: Relaxinga link betweenbaseverticeson contoursC,
andCy by displacingtheseverticesalongtheir contours.

Figure5: Splittinganon-cowex polygon.Left: invalid split; right:
correctsplit.

Themeshstructureresultingfrom this procedurelreadydefines
asetof closedpolygonscoveringthescalarfield domain.However,
somepolygonsmay still be very large and non-cowex and need
to be subdvided further Additionally, we needto representhese
polygonsexplicitly. For this purpose,we traverseevery polygon
in counterclockwiseorientationof edgesandrecordthe participat-
ing basevertices. We useevery basevertex asa startingpoint for
constructinga potentialpolygon. Every edgein the meshhastwo
associateflagsfor traversalin eachdirection,which aresetwhena
polygonis constructedTheseflagsaretestedfor every traversalto
avoid multiple construction®f the samepolygon. Theconstructed
polygonsarethenrecursvely split until they are corvex andcon-
sistof no morethanfive edges. Splitting a polygonis performed
by connectinga pair of close,non-adjacentertices,avoiding self-
intersectionsandaugmentatiorof the enclosedegion in caseof a
non-comvex polygon,seeFigure5. Theresultingsetof polygonsis
acorvex tessellatiorof thedomain thebasemesh.

3.3 Regular Mesh Refinement

Oncewe have generatecbur basemesh,we apply recursve sub-
division usingtherefinementonnectiity of Catmull-Clarksubdi-
vision insertingverticesat the centroidsof polygonsandon their
edges. The first subdvision stepgenerategjuadrilateralshat are
regularly refinedin the subsequerdteps asillustratedin Figure®6.
Insteadof applyingstationarysubdvision rulesto computethe co-
ordinatesfor verticeson finer levels, we placethem on interme-
diate contours. The subdvision processerminatesat a resolution
slightly finer thanthe resolutionof theinitial rectilineargrid defin-
ing thefield function. This meshhierarchyis thencompresseds-
ing wavelets.

Before we canprojectthe new verticesonto intermediatecon-
tours,we have to defineanisovaluefor every vertex. After thefirst
subdvision step,theresultingverticesareeitherlocatedon a base
contouror placedin the spacebetweentwo basecontours. In the
lattercasetheseverticeswill beassociatevith theaverageof both
correspondingsovalues.For thesubsequerievelsof regular, recti-
linearrefinementwe usethetemplatesllustratedin Figure7: ver
ticeslocatedon edgesareassignedhe averageisovalueof bothin-
cidentvertices.Verticeslocatedinsidea quadrilaterabreassigned
theaverageof theminimal andthemaximalisovaluesof thequadri-
lateral’s four cornervertices.

Figure6: Regularmeshrefinemenneara saddlepoint locatedin
the centerof thefive-sidedpatch.

Figure 7:  Mapping intermediateisovaluesto vertices defined
by subdvision. The first refinementstep generatesjuadrilateral
patcheghathave eitherone,two, or threeverticeslocatedonabase
contour

Every vertex is projectedonto a contourwith the correctiso-
value.For this purposewe usea constrainedNewton iterationcou-
pled with Laplaciansmoothingof the mesh(moving every vertex
to the centroidof its neighbors). In every stepof the Newton it-
eration,a vertex is propagatedilongthe gradientof the field and
subsequentlyelaxed orthogonalto the gradientby projectingthe
Laplaciandisplacemenbnto a vector/planeorthogonatto the gra-
dient. Again, the maximaldisplacements limited by the distance
6. Due to the topology simplification imposedby the choice of
basecontours,someverticescannotbe projectedonto the correct
contour sincea nearbycomponenbf this contourdoesnot exist.
In this case therelaxationpreventsthe meshfrom entangling.The
iterationprocessnustterminateafterafinite numberof steps.

Figure8: Topologyof contourC, changesnto topologyof Cj at
anintermediatecontour Thetopologyof thisintermediatecontour
(left) cannotberepresentedorrectly(right).

Besidescritical points(pointswherecontourtopologychanges,
e.g., saddlepointsandlocal extrema),the worst-casescenarioare
long “headlands’in the scalarfield, wherethe meshis eithercol-
lapsedor stretchedalong a ridge, seeFigure8. However, the ge-
ometricerror of every meshvertex is boundedby one half of the
samplingdistanceor baseisovalues.The behaior of our meshing
algorithmis shawvn in Figure9 andColor Plates(a—f).

Fromthemeshstructurewe have constructedevery contourcan



be derived immediatelyby linear interpolationof its closestcon-
toursthatareexplicitly representeih the mesh.Alternatively, we
can use a subdvision scheme,like Catmull-Clark, to refine the
meshsmoothly We do not needto storethe isovaluesassociated
with every vertex, sincethesecanberecoseredfrom thebasemesh.
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Figure9: Algorithm appliedto a simple field with two critical
points (a saddlepoint and a local minimum). (a) Basecontours
extractedfrom the field; (b) basemesh;(c) final meshwith base
polygonsshavn in differentcolors; (d) final meshwith contours
shavn. Smallregionsof the meshcollapsenearthe critical points,
dueto topologicalerror.

3.4 Subdivision-surface Wavelets

Startingwith ourregularly refinedmeshhierarchycomposeaf ver-
ticeslocatedon certaincontourswe canefficiently derive ary setof
contoursusingsubdvision andlinear interpolation. For compres-
sion purposesand level-of-detail rendering,we needa multireso-
lution representatiolof this meshstructureproviding theseopera-
tions:

S Subdvision. This operationdefinesstationarysubdvision
rules providing a continuouslimit surfacewhen appliedre-
cursively. The meshverticescorrespondo control points of
smoothbasisfunctions.

E Expandingdetail. At every level of refinementgeometricde-
tail canbeaddedto a subdvision surface. This detailis com-
pactly storedin the form of wavelet coeficientsandcanbe
expandedrom these.

F Fitting. This operationreversesa subdvision step.Basedon
all verticesonafinelevel, theverticesonthenext coarsetevel
arepredictedsuchthatthey provide a goodapproximatiorto
thefine level whenapplyingsubdvision, again.

C Compactingdetail. Thedifferencebetweertwo levels of res-
olution, i.e., thedisplacemenof meshverticeswhenapplying
F followed by S, is compactlystoredin form of waveletco-
efficientsthatreplacethe verticesremored by F.
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Figure10: Modelingparadigmof awavelettransform.

_fine resolution

Themodelingparadigmof sucha multiresolutionrepresentation
is illustratedin Figure10. Thesefour operationdefinea wavelet
transformfor subdvision surfaces. We have constructedvavelets
for bilinearandbicubicsubdvision generalizedo arbitrarymeshes
with regularrefinemen{2] andusedthe bicubicwavelettransform
for multiresolutionmodeling of large-scaleisosurfices[1]. We
summarizethe detailsnecessaryo implementthesetransformsin
theremaindeof this section.

€i-1V; €

Figurell: Vertex manipulationdefinedby ans-lift operation.

Our wavelet transformsare computedby a few local vertex
manipulations,called lifting operations[17], since they can be
usedto manipulatethe shapeof basisfunctions. Consideringa
polygon strip composedof verticesv; and its dyadic refinement
with verticese; locatedon theedgesv;v;1, we definetwo lifting
operations:

slift(a,b):

v; < ae;i_1 + bv; + ae;. 3.2)
w-lift(a, b):

e — av; + be; + avit1. (3.3)

An s-lift operationis illustratedin Figurell. This operationma-
nipulatescoeficientsassociatedvith scalingfunctionsrepresenting
the individual levels of resolution,anda w-lift operationmanipu-
latescoeficients associatedvith waveletsrepresentinggeometric
detail,i.e., displacementbetweertwo levels.

The operationsS andE definethe reconstructioror synthesis
which is one stepof an inversewavelet transform. The vertices
v; representnitially a coarselevel of resolutionandthe vertices
e; containwavelet coeficients. After a reconstructionstep, all
verticesrepresenthe next finer level of resolution. An inverse
wavelettransformis computedby repeatedeconstructiorstarting
with a coarsebasepolygon. The reconstructionproceduredor
wavelettransformshasedon dyadicrefinemenbf linearandcubic
B-splinesaredefinedasfollows:

Linear B-spline wavelet reconstruction:

s — lifs(—1,1);
w — lift (3, 1).



Cubic B-spline wavelet reconstruction:

s — lifs(— 3, 1);
— lift(1, 1);

s —lift(3, 3),

The basisfunctions of the transformcorrespondingo a wavelet

coeficientaredepictedn Figure12.

Figurel2: LinearandcubicB-splinewavelets.

Figure13: Regularly refinedmesh,composedf verticesof types
v (coarseaesolutionmesh)e, andf (waveletcoeficients).

The operationsF and C representwavelet decompositioror
analysis which is the inverseof a reconstructiorstep. The decom-
position formulae for our one-dimensionaavelet constructions
are defined by the inverse of every individual lifting operation
appliedin reverseorder Decompositioris definedasfollows:

Linear B-spline wavelet decomposition:

—hft(—— 1);

Cubic B-spline wavelet decomposition:

s — lift(— 3, 2);
—hft(—% 1);

A wavelettransformis computedby repeatediecompositionstart-
ing with a fine resolutionandterminatingat the coarseresolution
of abasepolygon.

We now describethe generalizatiorof theselifting operations
to polygonmesheswith regular subdvision hierarchy Therefine-
mentof aregular, rectilinearmeshis illustratedin Figure13. The
verticescorrespondingo waveletcoeficientsarelocatedon edges
andpolygons(faces)of the coarsemeshandaredenoteddy e, and
f, respectrely. Onacompletelyregular mesh,a lifting operation
is performedby applyingthe corresponding@ne-dimensionabper
ationto the rows andcolumns,seeFigure14. Insteadof updating
the verticesv twice in an s-lift operation,we canchangethe or-
derof computatiorsuchthatevery vertex is modifiedonly once,as
illustratedin Figure15.
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Figure14: A two-dimensionak-lift is computedby applyingits
one-dimensionatquivalentto the rows andcolumnsof aregularly
refinedgrid.
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Figurel5: Two-dimensionas-lift operatiorperformedn different
orderof vertex updates.

The correspondingwo-dimensionallifting operationscan be
definedin anotationwithoutindices wherez, denotesheaverage
of theverticesof typex thatareadjacento vertex y (or thatbelong
to thecloseststencilaroundy). For example,ve is themidpointof
anedgeandvy is the centroidof a polygon. Using this notation,
thetwo-dimensionalifting operationsredefinedlik e this:

2D slift(a, b):
e « be + 2af.;
5 9= (3.4)
v < b°v — 4a°fy + 4ae,.
2D w-lift(a, b):
e — be + 2aVe;
(3.5)

f « b*f — 4a’Vs + 4daer.

Usingtheseindex-freedefinitions,ourlifting operationgarewell
definedfor extraordinaryvertices(verticesthatdo nothave four in-
cidentedges)and for arbitrary polygonsin a basemesh. These
two-dimensionalifting operationsareusedto transformthe inner
verticesof amesh,accordingio thedecompositiorandreconstruc-
tion rulesdefinedabore. A two-dimensionakcalingfunctionand
a wavelet are depictedin Figurel6. For a correcttransformation
of meshboundariesall boundaryverticesare transformedoy the
one-dimensiondlfting operationsequationg3.2)and(3.3).

Figurel6: Generalizedicubicscalingfunctionandwavelet.

Startingwith the finest-level meshstructureconstructedn the
previous section,we computeour wavelet decompositiorrepeat-
edly until we reachthebasemesh.Thebaseverticesthenrepresent



a coarseapproximatiorthatis obtainedby subdvision without ex-
pansionof detail. All verticesthat are not baseverticescontain
waveletcoeficientsthatcanbe usedto reconstructhe subdvision
level wheretheseverticeswereintroduced. For compressiorpur
poseswe canquantizethe waveletcoeficientsandcompresshem
using,for example,arithmeticcoding. We notethatall coeficients
have two coordinatessincethey represenpointsandvectorsin the
plane.

4 Extensions of our Algorithm

We outline some modificationsto our algorithm that are neces-
sary to representtime-varying contoursand to representthree-
dimensionamanifolds.

4.1 Time-varying Contour s and Level Sets

Time-varying contoursand level sets,i.e., surfacesevolving over
time like shockwaves and materialinterfacesin fluid simulations,
can be representedind compressedn the sameway as contour
sets.A majordifferenceof time-varyingcurves/surécess thatthey
canbecomeself-intersectingvertime,whereagontourgropagate
locally in only one direction when their isovaluesare monotoni-
cally changed. Our algorithm for constructingbasemeshescan-
not be usedfor curves/surcesof this type, sinceit assumeshat
the setof basepolygonsprovidesa planartessellatiorwithout self-
intersections.

In generalijt is possibleo construcimeshesvith manifoldtopol-
ogy approximatingime-varyingobjects.For this purposewe need
to constructa mappingbetweerobjectsfrom consecutie basetime
steps. For the caseof one-dimensionatontours,a multiresolu-
tion tiling algorithmis presentedy Meyers[10]. This algorithm
constructgpolygonsconnectingcontourson differentplanescorre-
spondingto differenttimes steps. We could usethis methodfor
generatingbasemeshesof manifold topology that could then be
subdvidedrecursvely anditeratively displacedntocontoursatin-
termediatdime steps Level setandefficientmarchingmethod<or
meshingiime-dependergurfacesaredescribedy Sethian14].

4.2 Wavelet Representation of Three-manif olds

In the caseof time-varying surfacesor setsof static isosurfices,
latticescomposedf polyhedralcells needto be constructedcon-
nectingtwo surfacecomponent®f consecutie basetime stepsor
filling the spacebetweerntwo adjacenbaseisosurbices.Theselat-
ticesarerecursvely refinedby placingnew verticesinsideeachcell,
on every face,andon every edge, seeFigure1l7. A generalization
of Catmull-Clarksurfacesto this type of volumetricsubdvision is
providedby MacCraclenandJoy [9].

Figurel7: Regularsubdvision of polyhedra.Subdviding a pyra-
mid resultsin four hexahedraandonetype-4cell.

Mary typesof polyhedra,like prismsand tetrahedraproduce
hexahedraafter the first subdvision step,allowing for regularre-
finement. Unfortunately somepolyhedra like pyramids, produce
so-calledtypen cells composedf 2n + 2 verticesand2n faces.

Thesereproducetwo typen cells whensubdvided. To keepthe
meshstructuresimple,it is desiredo avoid types cells, exceptfor
thecasen = 3 (hexahedra).

Our wavelet transform generalizesnicely to volumetric (and
higherdimensional)subdvision, since the individual lifting op-
erationscan be computedby a sequencef vertex-manipulations
for every type of vertex, analogouslyto the two-dimensionatase.
When appliedto a regularly griddeddomain,theselifting opera-
tionsdefinetensofproductbasisfunctions.

5 Results

We have implementecdandtestedour algorithmfor scalarfields de-
fined on planardomains. As an exampledataset, we have used
a slice of rich geometricdetail taken from a three-dimensional
numericalsimulationof a Rayleigh-aylor instability, courtesyof
LawrenceLivermoreNational Laboratory Theinitial slice is de-
finedby 64 x 64 = 4096 bytesamplegivenonaregularly gridded
domain. We extractednine basecontoursat uniformly distributed
isovalues,re-sampledat a resolutiond of half the lengthof a grid
edge.We usedn, = 3 levelsof subdvision for meshgeneration.

Our algorithmgenerate basemeshcomposedf 656 vertices
and 661 polygons,resultingin 40947 vertices(correspondingo
wavelet coeficients) after threelevels of subdvision, which cor
respondgo an over-samplingfactorof aboutten. For our wavelet
representationye needto storethecoordinate®f the656 basever-
tices(theirisovaluescanberecordedy groupingverticesof same
contourgogetheiinto alist), theconnectity of thebasemeshand
the wavelet coeficients, which can be quantizedand encodedat
high compressiomates.Hence our over-sampledepresentatioof
contoursmay uselessstoragespacethanthe original dataset. This
becomegrucialwhencorvertinglarge-scalelatasetsinto our rep-
resentation.The computationallyexpensve part of our algorithm
is the projectionof verticesontocontourswhich requiredessthan
ten secondson an SGI 0% workstationusinga 180 MHz R5000
processor

Transform Level No.ofcoef. L2-error Ll-error
none 3 40947 0.37 0.06
bicubic 2 10331 0.65 0.29
bicubic 1 2631 1.18 0.72
bicubic 0 656 2.61 1.89
bilinear 2 10331 0.63 0.29
bilinear 1 2631 1.00 0.61
bilinear 0 656 1.82 1.29

Tablel: Geometricerror of representedontoursrelative to incre-
mentof isovalueat finestsubdvision level (index three).

We usedour generalizedbilinear and bicubic wavelet trans-
formsto computedifferentlevelsof resolution obtainedoy remov-
ing waveletcoeficientson the highest-resolutiotevels andrecon-
structingthe meshat the finestlevel of refinementobtainedafter
threesubdvisions. Thereconstructedneshesredepictedn Color
Plates(g—l). The finest-resolutiormeshis shown in Color Plate
(f). We renderedhesemeshedy assigningthe samecolor to all
quadrilateraldocatedbetweereachpair of adjacentontoursatthe
finestlevel. The contourscorrespondingo levels0 and1 arealso
depictedn Figuresl.

The geometricerrorsof all contoursthat are explicitly repre-
sentedn the meshat finestlevel areshawvn in Table1. Theseer-
rors representhe differencebetweenthe isovalue associatedvith
a meshvertex andthe real function value of the underlyingscalar
field atthe vertex location. All errorsarerelative to the difference
of two adjacentcontoursrepresentedh the finestmesh. An error



larger than one meansthat adjacentcontoursmay be intersecting
andthe meshno longerdefinesa uniqueparametrizatiorf the do-
main. In the caseof lossy compressionthis can be avoided by
appropriatelychoosinga thresholdfor quantizationof wavelet co-
efficients. We notethatthis problemdoesnot occurin the caseof
time-varying contours whereself-intersectiongver time arenatu-
ral.

The geometricerror at the finest-resolutiormeshis causedby
regionsof incorrecttopologywhereverticescouldnot be projected
ontotheir correspondingontour For the majority of vertices,the
geometricerroris zero,which explainswhy the L -error (the av-
erageof individual errors)is muchsmallerthanthe L2-error (the
square-roobf theaveragedsquarecerrors).

6 Conclusions

Our approachsupportsthe exploration of scalarfields via their
contours. A key issueof our approachis the constructionof a
basemeshof manifold topologythatis inducedby a setof orig-
inally extractedcontours. This basemeshdefinesa subdvision
surface/olume from which all intermediatecontourscan be re-
constructecefficiently. During this subdvision processgeometric
detailis expandedrom waveletcoeficientsincreasinghe level of
detail. For efficiently representingery largedatasetsit will becru-
cialto selectandconstructalocally optimalsetof basecontoursand
to blendtheresultinglocal basemeshego a globalrepresentation.
A solutionto this challengingproblemmight be the consideration
of topologicalcharacteristicef afield function,like critical points
andseparatricesyhich canbe constructeaxplicitly for scalarand
vectorfields[12, 13].
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Color Plate. (a) Sliceof trivariatescalarfield; (b) basecontoursjc) linking basevertices;(d) basepolygons;(e) patches
definedby fitted mesh;(f) meshwith coloredcontoursjg—i) bicubicwaveletreconstructionsising10331,2631,and656
coeficients,respectiely; (j—I) correspondindpilinearwaveletreconstructions.



