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a b s t r a c t
Data-driven surrogate models are widely used for applications such as design optimization
and uncertainty quantiﬁcation, where repeated evaluations of an expensive simulator are
required. For most partial differential equation (PDE) simulations, the outputs of interest
are often spatial or spatial-temporal ﬁelds, leading to very high-dimensional outputs.
Despite the success of existing data-driven surrogates for high-dimensional outputs, most
methods require a signiﬁcant number of samples to cover the response surface in order
to achieve a reasonable degree of accuracy. This demand makes the idea of surrogate
models less attractive considering the high-computational cost to generate the data. To
address this issue, we exploit the multiﬁdelity nature of a PDE simulation and introduce
deep coregionalization, a Bayesian nonparametric autoregressive framework for eﬃcient
emulation of spatial-temporal ﬁelds. To effectively extract the output correlations in the
context of multiﬁdelity data, we develop a novel dimension reduction technique, residual
principal component analysis. Our model can simultaneously capture the rich output
correlations and the ﬁdelity correlations and make high-ﬁdelity predictions with only a
small number of expensive, high-ﬁdelity simulation samples. We show the advantages of
our model in three canonical PDE models and a ﬂuid dynamics problem. The results show
that the proposed method can not only approximate simulation results with signiﬁcantly
less cost (by bout 10%-25%) but also further improve model accuracy.
© 2020 Elsevier Inc. All rights reserved.

1. Introduction
Applications such as uncertainty quantiﬁcation, design optimization, and inverse parameter estimation demand repeated
simulations of partial differential equations (PDEs) in an input parameter space [1,2]. Due to the high-computational cost of
a simulation, a data-driven surrogate model, also known as an emulator, is often employed in place of the simulation [3]. In
practice, simulations of PDEs generally produce large spatial or spatial-temporal ﬁelds (e.g., velocity, temperature or electric
ﬁelds). Due to their large size, modeling the ﬁeld results poses a huge challenge in terms of model capacity and scalability
for the surrogate model [4–6].
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Gaussian process (GP) modeling is one of the most commonly used data-driven surrogates due to its capability to (1)
quantify model uncertainty, (2) adopt prior knowledge, and (3) avoid overﬁtting for small datasets [3,7–11]. Unfortunately,
GPs do not naturally extend to multiple output scenarios, especially the high-dimensional simulation-based spatial-temporal
ﬁelds. Modeling the high-dimensional outputs entails eﬃciently learning the output correlations. A naive approach is to
simply treat the output indexes (indicating the output value at a particular location of the spatial-temporal domain) as
additional input parameters [12]. This approach is infeasible for high-dimensional outputs since the computational complexity for a general GP is O ( N 3 d3 ), where N is the number of training samples and d is the output dimensionality [13].
If we assume a separable structure between the input correlations and the output correlations, the high-computational
issues can be eﬃciently circumvented. Such a relaxation gives rise to the linear model of coregionalization (LMC), the classical framework for multioutput regression [14,15]. LMC linearly combines base functions with latent processes to model
the high-dimensional output. Many modern multioutput GP models can be considered as special instances or variants
of LMC [16–19]. Conti and O’Hagan [20] proposed a simpliﬁed LMC model, namely, the intrinsic coregionalization model
(ICM) [21], which assumes a single latent process with a correlation matrix to govern the output correlations. To enhance
the ﬂexibility of ICM, Higdon et al. [4] found a set of bases from singular value decomposition (SVD) on the training outputs
to encode the complicated spatial-temporal correlations for PDE simulation problems. This approach is further extended by
using nonlinear dimension reduction techniques, such as kernel PCA [6] and Isomap [5] for nonlinear correlations. Recent
developments of GP further introduce latent coordinate features and tensor algebra to improve the model ﬂexibility and
scalability [19,22]. Other methods that relax the separable assumption include process convolution [23–26] and deep learning hybrid GPs [27,28]. These methods, however, either are nonscalable to very high-dimensional outputs or require massive
tuning. They are thus not suitable for emulations of simulation-based spatial-temporal ﬁelds.
Despite the success of LMC-based methods for emulations of spatial-temporal ﬁelds, in order to achieve a reasonable
degree of accuracy, they require a large number of samples (corresponding to different inputs) that adequately cover the
response surface. We will further show that the LMC model expressiveness is indeed limited by the number of training
samples. As the number of required training samples grows drastically for a highly nonlinear response surface, the idea of
data-driven surrogate modeling becomes less practical.
From the data-driven surrogate perspective, an eﬃcient way to relax the high demand of training data is to inject prior
knowledge of the PDE models into surrogate models, e.g., physics informed neural networks [29], conservation kernels [30],
and hybrid physics-based data-driven surrogates [31]. Despite their success, these approaches cannot generalize effectively
to the emulation of simulation-based spatial-temporal ﬁelds. Neural-networks-based methods require massive model tunning and are prone to overﬁtting; conservation kernels apply only to speciﬁc types of PDEs; hybrid physics methods require
modiﬁcation of original simulation codes as an intrusive method. Another more common solution for the emulation is
to take advantage of the multiﬁdelity nature of the simulation [32–35] and fuse information from different ﬁdelities. More
speciﬁcally, when generating training data for the data-driven surrogate models, we can easily reduce the computational cost
by using a low-ﬁdelity simulator (e.g., a simulator with a sparse discretization mesh) at the price of getting less accurate
samples. The low-ﬁdelity samples, despite being noisy and biased, normally show a strong correlation with the high-ﬁdelity
samples. Thus, the low-ﬁdelity samples can be used in numerous ways to accelerate many science and engineering processes [32]. In this paper, we focus on how to harness the ﬁdelity correlations such that we can approximate the simulation
output with many affordable low-ﬁdelity samples and transfer the knowledge to predict highly accurate results without full
reliance on expensive high-ﬁdelity data. To this end, we propose deep coregionalization, an eﬃcient data-driven surrogate
for emulations of very high-dimensional spatial-temporal ﬁelds. Our model simultaneously captures the correlation in the
spatial-temporal ﬁelds and those between different ﬁdelity observations to provide accurate high-ﬁdelity predictions. Our
contributions are as follows:

• We prove that under a mild assumption of the kernel structure, the propagation of ﬁdelity knowledge of spatialtemporal ﬁelds can be done eﬃciently through a univariate GP autoregressive model of latent processes.

• To improve the model capacity for complex problems, we introduce deep coregionalization, which generalizes the GP
autoregressive model for spatial-temporal ﬁelds by integrating the classic linear model of coregionalization (LMC).

• To eﬃciently capture the output correlations of different ﬁdelities without introducing an overly-complicated model
with excessive parameters, we propose residual principal component analysis (ResPCA), a dimension reduction technique
that can effectively encode the rich correlations of high-dimensional ﬁelds, eﬃciently preserve a compact representation
for multiﬁdelity ﬁelds, and easily scale to high-dimensional ﬁeld outputs (e.g., 1 million d.o.f.s).
• We validate the proposed method on three canonical PDEs (Poisson’s equation, Burger’s equation, and the heat equation)
and a ﬂuid dynamics problem. The results show a signiﬁcant improvement not only in reducing the simulation budget
(for generating the training data) but also in generating accurate, high-ﬁdelity results, compared with models based on
single-ﬁdelity data.
The rest of this paper is organized as follows: Section 2 makes clear the problem of the emulation of spatial-temporal
ﬁelds. Section 3 ﬁrstly introduces the background, univariate GP, and multiﬁdelity univariate nonlinear autoregression. It
then generalizes the nonlinear autoregression by assuming a separable kernel function to introduce a intrinsic deep coregionalization model. Finally, it proposes the general deep coregionalization framework and introduces a novel ResPCA
algorithm to fulﬁll an eﬃcient model training implementation. Section 4 demonstrates the superiority of the proposed
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method compared with the state-of-the-art high-dimensional GP emulators on three canonical PDEs—Poisson’s equation,
Burger’s equation, and the heat equation—and a ﬂuid dynamics problem, the lid-driven cavity. Section 5 concludes this
paper with discussions on deep coregionalization’s connections to the existing models and further improvements.
2. Statement of the problem
Consider a general parameterized nonlinear system of steady-state or transient PDEs of arbitrary order for the dependent
scalar variable u (x, t , ξ ),

⎧
∂
⎪
⎨ ∂ t u (x, t , ξ ) + F (u (x, t , ξ )) = S (x, t , ξ ),  × (0, T ] × X ,
B ( u , ξ ) = 0,
∂  × (0, T ] × X ,
⎪
⎩
u (x, 0, ξ ) = u 0 (x, ξ ),
 × {t = 0} × X ,

(1)

where F is a nonlinear operator that may contain parameters indicated by ξ ∈ X ⊂ Rl . S is the source term/function,
 and T are the spatial and temporal domain of interest, B is the boundary condition operator also parameterized via
ξ , and u 0 (x, ξ ) parameterizes the initial condition. The variable x ∈  ⊂ R p is the spatial coordinate of an p-dimensional
space and t ∈ [0, T ] parameterizes the temporal domain. The PDEs can be fully nonlinear and parameterized in an arbitrary
fashion (including the initial and boundary conditions); they are also assumed to be well posed (i.e., solutions always exist
and are unique) for , T , and X being considered. For a given parameter ξ , the system is solved for u (x, t ) ∈  × (0, T ]
using a computationally expensive numerical solver. For applications such as uncertainty quantiﬁcation (where ξ encodes
the randomness) and design optimization (ξ encodes the design parameters), a large number of computations are required;
the direct implementation of the numerical solver can be computationally prohibitive. To resolve this issue, we propose a
data-driven surrogate to eﬃciently generate u (x, t ) given an unseen parameter ξ in the range of interest for the spatialtemporal domain of  × (0, T ]. A direct approximation of this function is diﬃcult due to the number of samples we need
to cover the response surface for such a high-dimensional input space problem [4]. Following the pioneer work of Higdon
et al. [4], we can record values at speciﬁed (ﬁxed) spatial locations x1 , . . . , x N x and temporal locations t 1 , . . . , t Nt to provide
a discrete approximation of u (x, t ). With the recording coordinates, our quantity of interest becomes a vectorial function of
the PDE parameters



T

y(ξ ) = u (x1 , t 1 , ξ ), . . . , u (x N x , t 1 , ξ ), u (x1 , t 2 , ξ ), . . . , u (x N x , t Nt , ξ )

∈ Rd ,

where xi is a spatial coordinate of a regular/irregular grid, and d = N x × N t is the total number of spatial-temporal grid
points. Since the number of spatial and temporal coordinates N x and N t needs to be large enough to provide an accurate
approximation, the dimension of vector y(ξ ) becomes extremely large (e.g., 1 million d.o.f.s for a modest-size 2d simulation
with a 100 × 100 spatial grid and 100 time steps). Our challenge becomes how to approximate the mapping y(ξ ) : X → Rd
with a limited computational budget.
A ﬁne-ﬁdelity model is a numerical solver that solves for u (x, t , ξ ) such that the solution u ( F ) (x, t , ξ ) is an accurate
approximation of u (x, t , ξ ). Depending on the particular problems, different numerical solvers, e.g., ﬁnite element and ﬁnite volume, can be applied. We do not discuss the particular choice of numerical solver as it is irrelevant to our model.
For almost all numerical solvers, the accuracy of the results can be controlled using a different parameter setting for
the solvers. For instance, we can apply coarse spatial-temporal meshes, inaccurate time-stepping methods, and simpliﬁed
physics/computation to generate less accurate, yet computationally cheap, results. On the other hand, we can increase the
spatial-temporal mesh coarseness and use a high-order approximation technique to produce accurate but computationally
expensive results. Without loss of generality, we use a superscript ( f ) to denote the ﬁdelity level. Note that the relation
between the solver ﬁdelity and its simulation error is not required for our model. The solution vector generated by the
ﬁdelity- f solver is then denoted as


y

(f)

T

(ξ ) = u ( f ) (x1 , t 1 , ξ ), . . . ,u ( f ) (x N x , t 1 , ξ ), u ( f ) (x1 , t 2 , ξ ) . . . , u ( f ) (x N x , t Nt , ξ )

,

(2)

where u ( f ) (xi , t j , ξ ) is the detailed solution based on the solver with the ﬁdelity indicated by f . In general, we can run a
simulation at different ﬁdelity settings to obtain a multiﬁdelity dataset {( f ) , Y( f ) } Ff =1 , where Y( f ) is a N f × d matrix of

solutions at ﬁdelity- f , with ( f ) being an N f × l matrix for the corresponding inputs. We use f = F to denote the highest
ﬁdelity and f = 1 the lowest. Following the common setting for multiﬁdelity emulation in [34,35], we also assume that the
training set of ﬁdelity f is a subset of the previous ﬁdelity f − 1, i.e., ( f ) ⊂ ( f −1) . For convenience, we introduce the
index notation e to denote the subset index. Particularly, ( f ) = e f ,: , where e f indicates the subset indexes for ﬁdelity- f
data,  contains all possible candidates and the subscript e f ,: extracts rows indicated by e f . Our goal in designing a highﬁdelity emulator is as follows: given multiﬁdelity data {( f ) , Y( f ) } Ff =1 , how do we eﬃciently approximate the mapping
y(ξ ) : X → Rd ?
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3. Model formulation
3.1. Gaussian process emulator
Traditional data-driven surrogates attacked this problem by using data generated from only a few accurate high-ﬁdelity
simulations D ( F ) = {, Y( F ) } [3,7–9,23,4–6]. For simplicity, consider the quantity of interest being univariate, i.e., d = 1. We
use y ( F ) (ξ ) to distinguish a univariate function from a multivariate one y( F ) (ξ ). A GP assumes that the ﬁnite set of function
values on  = [ξ 1 , . . . , ξ N F )] T , namely Y( F ) = [ y ( F ) (ξ 1 ), . . . , y ( F ) (ξ N F )] T , follows a multivariate Gaussian distribution, p (Y( F ) |


) = N Y( F ) | m, K + τ −1 I . Here m = [m(ξ 1 ), . . . , m(ξ N F )] T is the mean function that is usually set to 0 after centering the
data collection, Y( F ) , and τ is the inverse noise variance that accounts for model inadequacies and numerical error [12,36].
K is the covariance matrix with elements [K]i j = k(ξ i , ξ j ), where k(ξ i , ξ j ) is a kernel function for the corresponding inputs.
Choosing the right kernel function for a speciﬁc application is nontrivial. When there is no prior knowledge to guide the
choice, the automatic relevance deterrence (ARD) kernel [36],

k(ξ i , ξ j ) = θ0 exp −(ξ i − ξ j )diag(θ1 , . . . , θl )(ξ i − ξ j ) T ,

(3)

is often utilized. The ARD kernel can freely capture the individual inﬂuence of each input parameter on the output results.
The hyperparameters {τ , θ0 , . . . , θl } can be estimated by maximizing the marginal likelihood of the GP regression,

L=

1
2

ln |K + τ −1 I| −

1 (F ) T
N
(K + τ −1 I)−1 Y( F ) − ln(2π ).
Y
2
2

(4)

The main computational cost is the inversion of K, which is O ( N 3 ) and O ( N 2 ) for time and space complexity, respectively.
We can derive the posterior as a function of ξ using a conditional Gaussian distribution [36],

p y ( F ) (ξ ) , Y = N

y ( F ) (ξ )

μ(ξ ), v (ξ )

μ(ξ ) = k(ξ )T (K + τ −1 I)−1 Y( F )

(5)

v (ξ ) = k(ξ , ξ ) − k(ξ ) T (K + τ −1 I)−1 k(ξ ),
where k(ξ ) = [k(ξ , ξ 1 ), . . . , k(ξ , ξ N F )] is the vector of covariance between ξ and existing (training) data input . Note that
for simulation data without stochastic factors, the data can be considered noise free and the noise precision can be set to
inﬁnite. In this case, it is normal to still include a large τ as a regularization term such that the inversion (K + τ −1 I)−1 is
not ill conditioned.
3.2. Deep Gaussian process autoregression
Let us now consider the multiﬁdelity univariate data, i.e., {( f ) , Y( f ) } Ff =1 , where Y( f ) = [ y ( f ) (ξ 1 ), . . . , y ( f ) (ξ N f )] T is a
collection of samples at ﬁdelity f . The general autoregressive formulation for multiﬁdelity data fusion is

y ( f ) (ξ ) = g ( f ) y ( f −1) (ξ ) +  ( f ) (ξ ),


(f)

(6)


y ( f −1) (ξ ) is an arbitrary function that maps the low-ﬁdelity results to the high-ﬁdelity ones, and  ( f ) (ξ ) cap-

where g
tures the model inadequacies and numerical errors between different ﬁdelities, which is assumed Gaussian distributed. If
we assume a simple linear form for the mapping, i.e., g ( f ) ( y ( f −1) (ξ )) = c · y ( f −1) (ξ ), we recover the classic autoregressive
model put forth by Kennedy and O’Hagan [33]. This method was further improved by Le Gratiet [37], who used a deterministic parametric form of g ( f ) and an eﬃcient numerical scheme to reduce the computational cost. Despite successfully
dealing with some demonstrated problems, this parametric approach does not generalize well due to the diﬃculty of model
selection and the demand for large training datasets [34]. To resolve this issue, a Bayesian nonparametric treatment can
be implemented by placing a GP prior over the function g ( f ) . This approach is also known as the deep GP [38]. Although
being capable of modeling complex problems, deep GP is infamous for its intractability. It requires computationally expensive variational approximation for model training and thus quickly becomes infeasible for multiﬁdelity simulation problems.
Perdikaris et al. [34] put forward a GP-based nonlinear autoregressive scheme with an additive structure,
( f −1 )
y ( f ) (ξ ) = g ( f ) ξ , y ∗
(ξ ) ,

(7)
( f −1)

where the error term  ( f ) (ξ ) is absorbed into g ( f ) (ξ ), and y ∗
(ξ ) is the exact function value for ξ at ﬁdelity ( f − 1). This
formulation speciﬁes that y ( f ) (ξ ) is a GP given the previous ﬁdelity observations and the model inputs. To better reﬂect the
autoregressive nature, Perdikaris et al. [34] suggested a covariance function that decomposes as
4
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( f −1 )

(ξ )], [ξ  , y ∗

( f −1 )

= kξ (ξ , ξ  ; θ f ξ ) · k y ( y ∗
(f)

(f)

(ξ  )]

(f)

( f −1 )

(ξ ), y ∗

(8)

(ξ  ); θ f y ),

(f)

where kξ and k y are valid covariance functions, with {θ f ξ , θ f y } denoting the corresponding hyperparameters. These
( f −1)
hyperparameters can be learned via maximum-likelihood estimation as in Eq. (4) using input data {( f ) , Y ( f ) ( f −1) } and
e

∩e

,:

output data Y( f ) , where e( f ) ∩ e( f −1) indicates the intersection of index for ﬁdelity- f and -( f − 1). Thus, unlike the standard
deep GP [38], this autoregressive model does not have the intractable issues for estimating the unknown latent variables and
hyperparameters. This method requires estimation of (l + 3) hyperparameters with an ARD kernel for each ﬁdelity model.
3.3. Deep coregionalization
Despite being much more eﬃcient than single-ﬁdelity models, the GP autoregressive model does not naturally extend to
multivariate cases, especially the high-dimensional ones. First, when using a common anisotropic kernel such as the ARD
(f)

kernel, the deep kernel function k y in Eq. (8) requires d hyperparameters to be optimized, which is practically impossible
for our problem where d can scale up to 1 million. Second, it is unclear how to harness the strong output correlations. If
we simply treat each output independently (given the inputs), we risk severe overﬁtting when learning with a small set of
training examples, a common situation for the high-ﬁdelity data.
3.3.1. Deep intrinsic coregionalization
To model the output correlations, we can directly modify the model of Perdikaris et al. [34] by equipping Eq. (8) with a
separable output correlation kernel structure as
(f)

Cov y i

( f −1 )

(ξ ), y j (ξ  ) = kd (i , j ) · kξ (ξ , ξ  ) · k y (y∗
(f)

(f)

(f)

(f)

( f −1 )

(ξ ), y∗

(ξ  )),

(9)

(f)

(f)

where kd (i , j ) is an arbitrary valid kernel function encoding the output correlation between i-th output y i

and j-th

(f)

output y j . Because a correlation matrix must be symmetric, the output correlation matrix has a maximum of d(d + 1)/2
hyperparameters, which poses challenges to directly working with Eq. (9). Fortunately, Eq. (9) has an equivalent form.
Lemma 1. If a multivariate GP’s covariance function can be decomposed as Eq. (9), it must have an equivalent form of
( f −1 )

y( f ) (ξ ) = ψ ( f ) z( f ) ξ , y∗
( f −1)

where z( f ) ξ , y∗

(10)

(ξ ) ,
( f −1)

(ξ ) is a GP with covariance function kξ (ξ , ξ  ) · k y (y∗
(f)

(f)

( f −1)

(ξ ), y∗

(ξ  )) and ψ ( f ) ∈ Rd×1 is a base vector

corresponding to the sum of the eigenvectors times the square roots of the eigenvalues of the kernel matrix Kd , which has components
(f)

[ K ] i j = kd ( i , j ) .
We leave the proof in Appendix A for the sake of clarity. Substituting Eq. (10) into Eq. (9), we have
(f)

Cov y i

(ξ ), y j (ξ  )
(f)

= kd (i , j ) · kξ (ξ , ξ  ) · k y
(f)

(f)

(f)

( f −1 )

ψ ( f −1 ) z ∗

( f −1 )

(ξ ), ψ ( f −1) z∗

(ξ  ) .

(11)

This model still is diﬃcult to work with because each ψ ( f ) contains d model parameters to be optimized regardless of

( f −1)
( f −1)
(ξ ) is a function of z∗
(ξ ) provided
( f −1) ( f −1)
is ﬁxed, which suggests that ψ
z∗
(ξ ) is linearly embedded in a (low-dimensional) subspace where

the hyperparamter of the kernel function. Note that the mapping ψ ( f −1) z∗
that ψ
( f −1)

z∗

(f)

ky

( f −1)

(ξ ) lives. This particular aﬃne projection structure allows us to ﬁnd a compact representation for the kernel function
( f −1)
( f −1) 
ψ ( f −1) z∗
(ξ ), ψ ( f −1) z∗
(ξ ) :
(f)

Lemma 2. If a kernel function k y
(f)

representation k z

( f −1)

z∗

(ξ ),

( f −1)

z∗

( f −1)

ψ ( f −1) z∗

( f −1)

(ξ ), ψ ( f −1) z∗

(ξ  ) is stationary, e.g., the ARD kernel, it must have a compact

(ξ  ) , which is also a stationary kernel by absorbing the base vector ψ ( f −1) .

Lemma 2, whose proof is given in Appendix B, suggests that the model complexity can be signiﬁcantly reduced by
absorbing the base vector ψ ( f ) into the kernel function. This simpliﬁcation makes modeling of very high-dimensional ﬁelds
feasible. Applying this conclusion to Eq. (11) gives a compact representation for the full kernel function:
5
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( f −1 )

(ξ ), y j (ξ  ) = kd (i , j ) · k̂ z
(f)

( f −1)

[ξ , z∗

(f)

( f −1)

(ξ )], [ξ  , z∗

(f)

[ξ , z∗

(ξ  )] = kξ (ξ , ξ  ) · k z
(f)

( f −1 )

(ξ )], [ξ  , z∗

(f)

( f −1)

z∗

(ξ  )] ,

( f −1)

(ξ ), z∗

(ξ  )

(12)
(f)

is a composite kernel of kx

(f)

and k z .

Rewriting Eq. (12) based on Lemma 1, we get
( f −1 )

y( f ) (ξ ) = ψ ( f ) ẑ( f ) (ξ , z∗
( f −1)

where ẑ∗

(13)

(ξ )),
(f)

(ξ ) is a GP with kernel function k̂ z

( f −1)

[ξ , z∗

( f −1)

(ξ )], [ξ  , z∗

(ξ  )] . Recursively using Eq. (13) and Lemma 2 for

f = 1, · · · , F , we can see clearly that the lower ﬁdelity knowledge propagates to the higher ﬁdelity model only through the
( f −1)

univariate latent process ẑ∗
et al. [34].

(ξ ), which can be solved eﬃciently using the univariate autoregression model of Perdikaris

Remark 1. If each multiﬁdelity high-dimensional autoregressive model has a covariance structure of Eq. (9), the high-ﬁdelity
function y( F ) (ξ ) depends only on an univariate autoregressive model and a base vector. Because such a covariance structure
corresponds to a simpliﬁed intrinsic model of coregionalization [39], we name this model intrinsic deep coregionalization.
3.3.2. Deep coregionalization
Remark 1 implies that the propagation of the ﬁdelity correlations in a high-dimensional model can be achieved equivalently throughout the propagation of the latent processes, which are independent of the output correlations. Up to this
point, we have proposed an eﬃcient way to extend the classic autoregressive models and their variations to resolve the
high-dimensional challenge. Although similar assumptions, e.g., stationary kernel and separable structures, are also made in
many low-dimensional multiﬁdelity works [33,37,40,41], the model suggested by Remark 1 is restrictive and cannot generalize well to a wide variety of high-dimensional problems because 1) the kernel function is assumed to be stationary, which
greatly limits the capacity of a GP model, and 2) Eq. (9) assumes an oversimpliﬁed separable kernel structure [14,15,4].
Indeed, Lemma 1 assumes the simplest case of the classic linear model of coregionalization (LMC) where there is only
one latent process involved. This special case can be directly generalized by introducing multiple (potentially inﬁnite) independent latent processes:
Rf

y

(f)

(f) (f)

(ξ ) =

ψ r zr

( f −1 )

ξ , y∗

( f −1 )

(ξ ) = ( f ) z( f ) ξ , y∗

(14)

(ξ ) ,

r =1

(F )

(F )

(F )

where ( F ) = [ψ 1 , . . . , ψ R ] is the collection of orthogonal bases ψ r
f

(F )

(F )

∈ Rd , and z( F ) (ξ ) = [ z1 (ξ ), . . . , z R F (ξ )] T is the

collection of corresponding latent processes, characterized by GPs. This formulation is also a common fundamental decomposition assumption successfully made for many physical processes and random processes [4,42,5,6,31]. This formulation
is equivalent to a particular case of LMC [15,4], where each output-correlation matrix is parameterized by a vector of d
(f)
length. Although the basis ψ r is independent of ξ and thus the model still assumes a separable structure, the large number of latent process R f can greatly improve the model capacity. When R f tends to be inﬁnity, the underlying covariance
can approximate a nonseparable kernel [31]. Also, we can now further improve model capacity by introducing different
kernel functions, e.g., nonstationary and period kernel functions, for different latent processes. The formulation of Eq. (14)
implicitly represents a generalization of covariance structure suggested by Eq. (9) using an additive structure.
Rf

(f)

Cov y i

(ξ ), y j (ξ  ) =

( f −1 )

kdr (i , j ) · kξ r (ξ , ξ  ) · k yr (y∗

(f)

(f)

(f)

(f)

( f −1 )

(ξ ), y∗

(ξ  )),

(15)

r =1

(f)

(f)

(f)

where kdr , kξ r and k yr correspond to the r-th latent processes of between-output correlations, between-input correlations,
(f)
and cross-ﬁdelity correlation, respectively. kdr is simpliﬁed to have a maximum of d hyperparameters. To relax the stationary assumption made by Lemma 2, we now construct the deep coregionalization model on the general autoregressive model
of Eq. (7). Substituting Eq. (14) into Eq. (7), we have
( f −1 )

( f ) z( f ) (ξ ) = g( f ) ξ , ( f −1) z∗
z( f ) (ξ ) = 

( f )T ( f )

g

( f −1 )

ξ ,  ( f −1 ) z ∗

( f −1 )

z( f ) (ξ ) = ĝ( f ) ξ , z∗

(ξ )
(16)

(ξ )

(ξ ) ,

where ĝ( f ) is the composite function absorbing ( f ) and ( f −1) into the multivariate mapping g( f ) .
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(f)

Theorem 3.1. If each ﬁdelity output admits an LMC formulation (of Eq. (14)), ĝr
(f)

independent univariate GPs, { ĝr

must exist and can be decomposed into several

R
( f −1)
(ξ , z∗
(ξ ))}r =f 1 .

We provide the proof in Appendix C. With this conclusion, we can see that the high-ﬁdelity ﬁeld depends only on
the latent process of its previous ﬁdelity and the inputs once the bases are found. The output correlations are captured
independently, similar to the LMC for each ﬁdelity, whereas the ﬁdelity correlations are propagated through independent
univariate deep GPs. We thus call the model deep coregionalization.
3.4. Model training and eﬃcient implementation
So far, we have introduced the skeleton of our deep coregionalization model. The challenge is the optimization of model
parameters, model hyperparameters, and the number of latent processes. We ﬁrst rewrite Eq. (14) as a probabilistic formulation for each ﬁdelity:
Rf

(f)

y( f ) (ξ ) =

(f)

· GP r

ψr
r =1

= GP

⎛

Rf

(f) ⎝

0,

(f)

0, k r

( f −1 )

ξ , z∗

( f −1 )

(ξ ), ξ  , z∗

(ξ  )
⎞

( f ) ( f )T
ψr ψr

(f)

⊗ kr

( f −1 )
( f −1 ) 
ξ , z∗
(ξ ), ξ  , z∗
(ξ )

(17)

⎠

r =1

( f )T

(f)

( f −1)

where ψ r ψ r

( f −1)

is known as a coregionalization matrix for the r-th latent process, z ∗
(ξ ) is the projections of y∗
(ξ )
(f)
on the space supported by ( f −1) , kr is the kernel function for the r-th latent function of ﬁdelity- f , and GP means a
Gaussian process. The joint likelihood for the multiﬁdelity observations {( f ) , Y( f ) } Ff =1 is



F

L=
f =1

where c f =

dN f
2

1
2

1
I| −
ln |K f + τ −
f

ln(2π ), K f =

R f

1
2

1 −1
I) vec(Y( f ) ) − c f
vec(Y( f ) ) T (K f + τ −
f

(f)

r =1 Kr

(f)

( f )T

⊗ ψr ψr

(18)

,
(f)

is the full covariance matrix in ﬁdelity- f , and Kr

(f)

= kr (( f ) ,

( f −1)
( f −1)
z∗
(( f ) ), ( f ) , z∗
(( f ) )) is the covariance matrix for the ﬁdelity- f and the r-th latent process for all available
( f −1)
training data. Since z∗
(( f ) ) depends on the posterior of the previous ﬁdelity predictions for f > 1, the joint likelihood

(18) does not have a tractable form and thus requires sampling approaches or variational approaches, which are either
diﬃcult to implement or inaccurate. Taking advantage of the nested training data structure (i.e., ( f ) ⊂ ( f −1) ), we treat
( f −1)

the likelihood at each ﬁdelity independently since the posterior z∗
(( f ) ) is provided by the training data treated as
deterministic values [34]. We can now separately optimize the joint likelihood w.r.t. model parameters and hyperparameters
as implemented by Perdikaris et al. [34].
3.4.1. Eﬃcient implementations via PCA
Even though optimizations of the likelihood function can be conducted separately without further referring to approximation methods such as Monte-Carlo sampling or variational Bayes, the direct implementation
 F is still challenging in our
case despite successful previous works [15,43,19]. First, the high-dimensionality d introduces
f =1 d × R f model parameters, which will make the optimization extremely diﬃcult for even a modest size of d with limited training data, and may
cause overﬁtting issues [44,26]. Second, the number of latent processes is unclear. We can certainly place a sparse prior,
e.g., Laplace prior, for the bases. However, the initialization normally requires a large number of latent processes to ensure
a model with the capacity to allow for a shrinkage effect, which in turn greatly increases the computational burden (proportional to d). Lastly, optimization of Eq. (18) requires inversion of matrix K f , which is a dN f × dN f matrix, and a direct
inversion is practically infeasible.
The choice of low-rank R f introduces a trade-off between model capacity and training complexity. Shah et al. [31]
explored the connection between the continuous function space (i.e., d → ∞) and the ﬁnite case and proved that the
maximum number is R f = d, whereas a much smaller number R f
can be found via eigenanalysis of the covariance
matrix of the functional space. The eigenanalysis approach is consistent with the work of Ramsey and Silverman [45] and
Higdon et al. [4], in which a physical process is characterized using fundamental bases provided by principal component
analysis (PCA), described in Algorithm 1. Another beneﬁt of this approach is a heuristic method to choose the number of
bases by choosing R f , such that at least 90% of the variance of the output is covered by the bases. Higdon et al. [4] reported
that the components that explain the minor trend of the variation do not add to the predictive ability of the GP model.
Since the simulation data is normally considered noise free, we can further omit the noise term τ f in Eq. (18) [34,6,4].
We can then substitute the coregionalization matrix, provided by Algorithm 1, into Eq. (18) to derive a likelihood function
depending on only a small amount of hyperparameters:
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Algorithm 1 Coregionalization via PCA.
Input: Multiﬁdelity high-dimensional simulation data {Y( f ) } Ff =1 , number of bases for each ﬁdelity { R ( f ) } Ff =1 ,
Output: Coregionalization bases {( f ) } Ff =1 and
1: for each f ∈ [1, F ] do

(f)

= HY( f ) , where H = I −

2:

Centering output data, Y

3:

Compute the covariance matrix C( f )

4:

Solve the eigenvalue problem λr ur

=

1
Nf

1
Nf

11 T is the centering matrix.

( f )T ( f )

Y

(f) (f)

Y

(f)

= C( f ) ur ; λ1 > · · · > λ R ( f ) for r = 1, . . . , R ( f )

(f)
(f) (f)
Compute the coregionalization bases ψ r = λr ur

5:
6: end for

Fig. 1. Ground truth (top row) and computed (bottom row) normalized spatial principal components (PCs) for Burger’s equation considered in Experiment
4. The number of data points for computation are {64,14,4} for Fidelity-{1,2,3}. It is clear that Fidelity-3 computed principal components are misleading due
to the lack of training data; the ground-truth principal components are getting more and similar as ﬁdelity increases.

F

Rf

L∝
f =1 r =1

(f)

1
2

(f)

ln |Kr | −

1
2



( f )T

tr Zr

(Kr )−1 Zr
(f)

(f)

(19)

,

(f)

(f)

(f)

(f)

= Y( f ) ψ r is the projection of Y( f ) onto the base ψ r , Kr is as deﬁned in Eq. (8), and [ K r ]i j =


(f)
( f −1)
(
f −1)
k f r ξ i, z
(ξ i ), ξ j , z( f −1) (ξ j ) is the covariance matrix for the latent process ĝr (ξ , z∗
(ξ )) based on its own kernel
where Zr

( f −1)

function k f r and inputs ( f ) and Ze f ,:

3.4.2. Residual principal component analysis
The PCA approach of Algorithm 1 works well for many single-ﬁdelity applications [4,19], but a direct implementation for
our model here is inappropriate. First, the principal components (the bases) are essentially based on the empirical covariance
matrix given data Y( f ) . Since we can afford to have only a limited number of high-ﬁdelity samples, the empirical covariance
matrix is a very rough approximation of the real one, and the resulting principal components are consequently inaccurate
(see Fig. 1). Second, even if we are always given enough samples to explore the output correlation at each ﬁdelity, direct
implementation of Higdon et al. [4] is of low eﬃciency. According to our experiments, when directly implementing PCA, the
dominant components and their corresponding coeﬃcients for each ﬁdelity are always similar (see Fig. 1). The similarity
implies that a using a complicated nonlinear model, e.g., GP, to propagate such a simple correlation in a deep structure is of
low eﬃciency and may lead to inferior model accuracy. Instead, we can limit the information passing down the model and
only model the updated (added) information using a GP model. Speciﬁcally, we specify
8
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Algorithm 2 ResPCA.
Input: Multiﬁdelity multivariate data {Y( f ) } Ff =1 , subset indexes {e f } Ff =1 , and number of bases for each ﬁdelity { R ( f ) } Ff =1 ,
Output: Residual bases {( f ) } Ff =1 and residual coeﬃcients {Z( f ) } Ff =1 ;
1: 
Y(1) = Y(1)
2: for each f ∈ [2, F ] do
3:

( f −1)

Achieve residual information 
Y( f ) = Y( f ) − Y(e ∩e ),:
f
f −1

4: end for
( f ) (on the residual data).
5: Call Algorithm 1 using residual data {
Y( f ) } Ff =1 and the number of bases for each ﬁdelity { R ( f ) } Ff =1 to get the residual bases 
6: for each f ∈ [2, F ] do
( f )
7:
Achieve residual coeﬃcients 
Z( f ) = 
Y( f ) 
8: end for



y( f ) (ξ ) = ( f ) z( f ) (ξ )

for f = 1

y( f ) (ξ ) = ( f ) z( f ) (ξ ) + y( f −1) (ξ )

(20)

for f ≥ 2.

In this formulation, each ﬁdelity layer learns the residual (additional) information compared with the previous ﬁdelity layer
rather than the whole output information, and thus we call this a residual deep structure similar to the work of He et al. [46].
Except for eﬃciency, another advantage of this approach is that the predictive posterior for high-ﬁdelity results naturally
decomposes into an additive structure. The additive structure can help us identify the main sources of uncertainty and
adjust our model at each ﬁdelity accordingly to reduce model uncertainty and improve model accuracy.
For a practical implementation, we do not need to rederive the model likelihood function. The likelihood function (19)
(f)

depends only on the projections Zr

and the kernel functions for the kernels, which indicates that we only need to provide

(f)

the projections Zr on the residual spaces and the alternative bases. To this end, we introduce the residual principal component analysis (ResPCA), a modiﬁcation of PCA applied to the residual information instead of the original data as shown in
( f ) into Eq. (19) to
Algorithm 2. We can then substitute the projections of residual coeﬃcients 
Z( f ) and the residual bases 
replace Z( f ) and ( f ) for model training.
3.5. Prediction and uncertainty propagation
Due to the intractability of a deep GP structure, except for the latent posterior z (1) (ξ ) corresponding to the lowest ﬁdelity
y(1) (ξ ), the predictive latent posterior for each ﬁdelity is
(f)
z∗ (ξ ) =



( f −1 )

g( f ) ξ , z ∗

( f −1 )

(ξ ) p z∗

( f −1 )

(ξ ) dz∗

(21)

(ξ ).

This integral is intractable and the posterior is no longer a Gaussian, but we can approximate it numerically using samplingbased methods. We can further reduce the complexity due to the independent assumption of the LMC; Eq. (21) naturally
decomposes as
(f)

z∗ (ξ ) =

Rf 


( f −1 )

(f)

gk

ξ , z∗

R f −1

(ξ )



( f −1 )

p z∗r

( f −1 )

(ξ ) dz∗r

(22)

(ξ ).

r =1

k =1

We can now easily implement a Monte Carlo sampling method to calculate the latent process posteriors. Another way
to solve the intractable integral is to apply a Gaussian approximation of each latent posterior as in Perdikaris et al. [34]
and Girard et al. [47]. Once we obtain the approximated posterior, the ﬁrst- and second-order statistics admit a tractable
solution due to the summation structure. Given the posterior of the latent processes z ( f ) (ξ ) and the bases ( f ) , the mean
and variance of the ﬁnest ﬁdelity ﬁeld y( F ) (ξ ) can be calculated as
F

(f)

E[y( F ) (ξ )] =

( f ) E[z∗ (ξ )],
f =1
F

(f)

Var[y( F ) (ξ )] =

( f ) Var[z∗ (ξ )]( f )

T

(23)

f =1

(f)

( f )

( f ) Cov[z∗ (ξ ), z∗ (ξ )]( f

−2

) T

,

f = f 


where Var[z( f ) (ξ )] is the diagonal covariance matrix of the ﬁdelity- f latent posterior, and Cov[z( f ) (ξ ), z( f ) (ξ ) is the co
variance matrix of z( f ) (ξ ) and z( f ) (ξ ). This covariance matrix does not have an analytical form and can be calculated
empirically using sampling methods.
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3.6. Model complexity
Before we describe our experiments, we review our model and its implementation details for the emulation of spatialtemporal ﬁelds. 1) To build a surrogate model, we need to collect different ﬁdelity data from simulations at design inputs
. To better explore the response surface, we use a Sobol sequence [48] to generate the design points. For ﬁdelity- f , we
choose the ﬁrst N f design points of  to generate the corresponding outputs Y( f ) . The computational cost at this stage
depends on the simulator and the ﬁdelity setting. 2) We then apply Algorithm 2 to get the residual bases {( f ) } Ff =1 and

corresponding projections {Z( f ) } Ff =1 . The computational cost for ﬁdelity- f data is O (min( N 2f d, N f d2 )) using SVD. For the
choice of low rank R f , we can set a variance ratio as in Higdon et al. [4]. Speciﬁcally, the minimum number of bases
to capture the variance ratio (calculated by the eigenvalues of the covariance matrix) is used. 3) We maximize the joint
likelihood function of Eq. (19)w.r.t. the hyperparameters using the gradient-based optimization methods, e.g., L-BFGS-B.
F
3
This optimization consists of
f =2 ( R f ( R f −1 + 3)) hyperparameters, and the computational complexity is O ( R f N f ) per
iteration. In cases where we have very limited training data, we can instead place a conditional independent assumption [49]
(f)

F

( f −1)

3
for ĝr (ξ , z∗
(ξ )), which reduces the hyperparameters to
f =2 ( R f −1 + 3) and complexity O ( N f ) compared to the fully
independent approach. For large numbers of observations, sparse GPs [50] can be placed on the latent process to reduce the
computational cost. 4) Given a new ξ ∗ , we calculate each latent posterior using Eq. (21) and then compute the mean and
variance of the highest ﬁdelity outputs using Eq. (23).

4. Experiments
In this section, we ﬁrst examine our model with three canonical PDEs and compare it with other methods in terms of
model capacity and accuracy. We then apply our model to a ﬂuid dynamic problem to demonstrate the advantages of our
model in more complicated real-world applications.
Competing methods. We compared deep coregionalization (DC) with four low-rank GP models for emulations of spatialtemporal ﬁelds: 1) PCA-GP [4], the popular LMC-based GP model for high-dimensional simulation data via principal component analysis (PCA); 2) IsoMap-GP [5], an extension of PCA-GP based on IsoMap [51], a classic nonlinear dimension
reduction method; 3) KPCA-GP [6], another extension of PCA-GP based on implicit nonlinear bases through kernel PCA [52];
and 4) HOGP [19], a recent approach that tensorizes the outputs and introduces latent coordinate features (in tensor space)
to model the output correlations.
Parameter settings. All models were implemented in Matlab using L-BFGS-B with a maximum of 100 iterations for model
training and using ARD for all kernel functions. For deep coregionalization, a single low rank R is equally applied to each
ﬁdelity. IsoMap-GP and KPCA-GP used 10% of the training data to solve the additional pre-image problems, as is suggested
in Xing et al. [5,6]. For each dataset, deep coregionalization integrates the examples of all the ﬁdelities for training. Since
the other methods work only on single-ﬁdelity data, we conducted their training based on the examples of each ﬁdelity
separately. For instance, PCA-GP-F1 denotes PCA-GP trained with samples of Fidelity-1, whereas PCA-GP-F2 with Fidelity-2.
Evaluation. We varied the number of bases and the number of training samples to compare the 
performance of each

2
method. The performance was measured using the root-mean-square error (RMSE), deﬁned as R M S E =
i , j ( ŷ i j − y i j ) / Nd,
where here ŷ i j is the j-th dimension of prediction ŷi , yi is the ground truth,
 and i = 1, . . . , N is the index of the total N test
points. We also used the mean absolute error (MAE) ﬁeld, deﬁned as
i (|ŷi − yi |)/ N, to demonstrate the local error. Data
was normalized beforehand to provide a fair comparison among all competing methods.
4.1. Modeling fundamental PDEs
We consider three canonical PDEs: Poisson’s equation, the heat equation, and Burger’s equation. These PDEs play important roles in scientiﬁc and engineering applications [53–55]. They provide some common scenarios in simulations, such
as high-dimensional spatial-temporal ﬁeld outputs, nonlinearities, and discontinuities; they are often used as benchmark
problems for surrogate models [56–59]. For our experiments, Poisson’s equation, u = f , considered a spatial domain
x ∈ [0, 1] × [0, 1] with Dirichlet boundary conditions and f = c · δ(x1 − 12 , x2 − 12 ), where δ is the Dirac delta function.
The simulator was parameterized by the initial condition of the four boundaries and c from 0.1 to 0.9. The 1D viscous
2

Burger’s equation, ∂∂ut + u ∂∂ux = v ∂∂ xu2 , where u represents the volume, x indicates a spatial location, t denotes the time,
and v represents the viscosity, considered solutions for x ∈ [0, 1], t ∈ [0, 3] with an initial condition of u (x, t 0 ) = sin(xπ /2)
and homogeneous Dirichlet boundary conditions. The simulator was parameterized by the viscosity v ∈ [0.01, 0.1]. The
1D heat equation, ∂∂ut + α u = 0, where u represents the heat, α the thermal conductivity, and
the Laplace operator, considered the solutions for x ∈ [0, 1] and t ∈ [0, 5] with Neumann boundary conditions and initial conditions of
u (x, 0) = H (x − 0.25) − H (x − 0.75), where H (·) is the Heaviside step function. The simulator was parameterized by the ﬂux
rate of the left boundary at x = 0 (ranging from 0 to 1), the ﬂux rate of the right boundary at x = 1 (ranging from -1 to 0),
and the thermal conductivity (ranging from 0.01 to 0.1).
Simulation and data generation. We used the second-order ﬁnite difference method (FDM) [60,61] on an uniform grid to
solve these PDEs. For the 2D Poisson’s equation, we used an explicite Euler in time and a second order ﬁnite difference
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Fig. 2. RMSE for Poisson’s equation (top row), heat equation (middle row), and Burger’s equation (bottom row) using varying numbers of training samples.
-F1, -F2 methods use Fidelity-1 and Fidelity-2 data, whereas deep coregionalization uses ﬁxed 256 Fidelity-1 samples and varying Fidelity-2 samples; the
low rank R varies from {4, 8, 16}. (For interpretation of the colors in the ﬁgure(s), the reader is referred to the web version of this article.)

stencil in space to ensure stability; for the 1D Burger’s equation, we used ﬁrst order upwinding for the convection terms
and second order central differencing in space with explicite Euler in time; for the heat equation, we implemented the ﬁrst
order up-wind scheme in space and explicite Euler in time. The number of node/steps in the spatial (and temporal) grid
used in the solver determines the data ﬁdelity: the more nodes/steps in the solver, the higher the ﬁdelity of the results. For
each PDE, we ﬁrst generated 256 design inputs using Sobol sequence [48] and 128 test inputs using uniform sampling. For
each input, three ﬁdelity ﬁeld outputs were generated by running the simulation with three meshes, i.e., 16 × 16, 32 × 32,
and 64 × 64 regular rectangular meshes. The simulation results were recorded using a 100 × 100 spatial-temporal (or just
spatial) grid. Since random shuﬄing can invalidate the Sobol sequence for a better response surface coverage, we did not
test each method using cross-validation.
We ﬁrst conducted a two-ﬁdelity test. We provided each model with 256 Fidelity-1 samples and varied the number of
Fidelity-2 samples from {8, 16, 32, 64, 128, 256} and the model low rank R from {4, 8, 16}. The Fidelity-2 test points were
used as ground truths for validating the predictive results. The RMSE as a function of the number of training samples
is shown in Fig. 2. Deep coregionalization uses Fidelity-1 and Fidelity-2 samples together, whereas the other methods
use only Fidelity-1 or Fidelity-2 samples. In general, the Fidelity-1 based models show poor performance even though
collecting the training samples is computationally cheap; as the number of latent processes increases (higher R), the model
performance normally decreases with the same number of training samples due to the increasing model complexity. As we
can see, deep coregionalization obtains the smallest prediction error in most cases. When the Fidelity-2 data is suﬃcient
11
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Fig. 3. MAE ﬁeld for Poisson’s equation (top row), heat equation (middle row) and Burger’s equation (bottom row). Deep coregionalization uses 256 Fidelity1 and 32 Fidelity-2 samples, whereas the other methods use 256 Fidelity-2 samples; the low rank is ﬁxed at R = 8. The error ﬁelds show similar patterns
for the same PDE. The superiority of deep coregionalization is clearly revealed by its error scale with 8 times fewer Fidelity-2 samples.

and the model low rank is low, i.e., R = 4, HOGP-F2 can achieve better performance due to its advantage of charactering
the output correlations. With a suﬃcient low rank (beyond R = 8), deep coregionalization outperforms other methods by a
large margin. The poor performance of deep coregionalization for the heat equation with R = 16 and 16 Fidelity-2 training
samples may be caused by using too many latent processes (high R) in the deep structure, which makes model training
diﬃcult with limited data. As we have more Fidelity-2 samples, this fault disappears. We should emphasize that with only
16 Fidelity-2 samples, deep coregionalization can outperform most other methods with 16 times more, i.e., 256, Fidelity-2
samples.
To demonstrate the detailed error, we show the MAE ﬁelds produced by deep coregionalization using 256 Fidelity1 samples and 32 Fidelity-2 samples, compared with those produced by Fidelity-2-based methods using 256 Fidelity-2
samples with a model low rank R = 8 in Fig. 3. The methods solely relying on Fidelity-1 data often produce signiﬁcant
errors as shown in Fig. 2; they are thus not included in this detailed demonstration. We can see that for different PDEs, the
MAE ﬁelds have different patterns. For the Poisson’s equation, the errors mainly gather around the energy sources, i.e., the
boundaries and the center. {PCA,HOGP}-GP-F2 show good performances in reducing these errors, particularly in the center.
Nevertheless, deep coregionalization completely outperforms them by orders of magnitudes despite that only an eighth
of Fidelity-2 samples are used. For the heat equation, the overall errors increase along with time and gather at around
the sharp corners of the initial conditions. Deep coregionalization shows a different pattern with faster error reduction
with time and less overall error compared to other methods using 256 Fidelity-2 samples. For the Burger’s equation, the
errors tend to gather around the shock wave, which is consistent with existing studies [31]. The errors generated by deep
coregionalization are not only smaller by an order of magnitude but also decay faster with time. To further assess the shock
wave predictions, we show the absolute prediction error at t={1,2,3} s using a viscosity of 0.05 for all Fidelity-2 methods
(using 256 Fidelity-2 samples) and deep coregionalization (using 256 Fidelity-1 samples + 32 Fidelity-2 samples) in Fig. 4.
The Fidelity-1 methods are not included due to their poor performances. It is clear that all the methods produce reasonably
accurate results. Particularly, the KPCA-GP-F2 shows accurate predictions due to its capacity to capture the nonlinearity of
the Burger’s equation. For most methods, as time increases, the error level remains similar, whereas deep coregionalization
can further reduce the error level by encoding the correlations from the low ﬁdelity.
Predicting the Fidelity-2 can be easy considering how simple the Fidelity-2 simulations are. Thus, we extended the
experiment to include three ﬁdelities and to predict the 128 Fidelity-3 ﬁelds. Since it is diﬃcult to show all the combinations
of different training number settings for the three ﬁdelities, we introduced the ﬁdelity ratio, deﬁned by the ratio of training
points at different ﬁdelities. We can change the ﬁdelity ratio freely here to explore the inﬂuence of the training setting on
the model performance. In practice, this ﬁdelity ratio should be adjusted to reﬂect the ratio of simulation costs to maximize
the eﬃciency. The RMSEs of ﬁdelity ratios of 4 : 2 : 1 and 16 : 4 : 1 are shown in Figs. 5 and 6, respectively. The x-axis
denotes the number of training samples at Fidelity-1 (and consequently samples at Fidelity-2 and Fidelity-3). Overall, the
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Fig. 4. Absolute error at t={1,2,3} s for Burgers’ equation with viscosity=0.05 for deep coregionalization (with 256 Fidelity-1 + 32 Fidelity-2 samples) and
other methods (with 256 Fidelity-2 samples); the row rank is ﬁxed to R = 8.

Fig. 5. RMSE for Poisson’s equation (top row), heat equation (middle row), and Burger’s equation (bottom row) with data of three ﬁdelities, a low rank of
R = {4, 8, 16}, and a ﬁdelity ratio of 4 : 2 : 1.

Fidelity-1- and Fidelity-2-based methods show limited improvements given more training data since the low-ﬁdelity data
do not contain high-ﬁdelity information for the models to learn. The ﬁdelity ratio has a signiﬁcant impact on the Fidelity3-based methods because these method rely merely on the Fidelity-3 samples; with only a few Fidelity-3 samples, they
naturally perform badly. In contrast, the ﬁdelity ratio has less inﬂuence on the performance of deep coregionalization; as
the training samples increase, the performance converges to a similar level, which is also better than other methods with
13
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Fig. 6. RMSE for Poisson’s equation (top row), heat equation (middle row), and Burger’s equation (bottom row) with data of three ﬁdelities, a low rank of
R = {4, 8, 16}, and a ﬁdelity ratio of 16 : 4 : 1.

even 256 Fidelity-3 samples. Except for being stable, deep coregionalization outperforms other methods with a large margin
at the same setting in most cases, especially with the ﬁdelity ratio of 4 : 2 : 1.
4.2. Applications to real simulation problems
Next, we applied deep coregionalization in a more diﬃcult and large-scale physical simulation problem of ﬂuid dynamics.
Speciﬁcally, we emulated the spatial-temporal pressure ﬁeld generated in a square 2D cavity [0, 1] × [0, 1] ﬁlled with a liquid
that is driven by the top boundary representing a sliding lid. The problem is governed by the incompressible dimensionless
Navier-Stokes equations [62]:

∂u
(u · ∇)u − Re −1 ∇ 2 u + ∇ p = 0,
∂t

∇ · u = 0,

(24)

where u = (u 1 , u 2 ) T is the liquid velocity, p is the liquid pressure, and Re is the Reynolds number. The Navier-Stokes (NS)
equation is known to be computationally challenging and has been a frequent benchmark problem for surrogate models [34,
6].
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Fig. 7. RMSE for lid-driven cavity using training data of two ﬁdelities. The number of Fidelity-2 samples varies from {64, 128, 256}, whereas the number of
Fidelity-1 samples is ﬁxed at 256. The low rank R varies from {0.8, 0.9, 0.99}.

Fig. 8. RMSE for lid-driven cavity using data of three ﬁdelities. The ﬁdelity ratio is 16 : 4 : 1, and the low rank R varies from {0.8, 0.9, 0.99}.

Simulation setting. The Reynold’s number and lid velocity were used as input parameters: ξ = ( Re , ulid ) T ∈ [10, 1000] ×
[0, 1]. All other parameters were kept at the default values. We used the Sobol sequence to generate 256 design inputs
for training and uniform sampling to generate 64 inputs for testing. For each input ξ i , we computed ﬁve ﬁdelity pressure
ﬁelds based on ﬁve spatial solver grids, 8 × 8, 16 × 16, 32 × 32, 64 × 64, and 128 × 128. We used ﬁnite differences on
a staggered grid with implicit diffusion, a Chorin projection for the pressure [63], and 5000 ﬁxed time steps to solve the
PDEs. Each pressure ﬁeld was recorded using a 100 × 100 × 100 regular spatial-temporal grid, leading to a million degrees
of freedom. According to our experiments, the average computational costs for generating a result of different ﬁdelity were
0.3519 s, 0.5615 s, 1.4449 s, 5.7714 s and 32.2289 s for the Fidelity-1 to Fidelity-5 results, respectively. As mentioned
previously, in real applications, the low rank R is normally determined by the preserved variance of the data. To reﬂect this
choice, R, from here on, denotes the ratio of preserved variance, which implicitly decides the number of bases being used.
HOGP requires signiﬁcantly greater computational cost for very high-dimensional outputs and thus was not included in the
following experiments.
We ﬁrst conducted similar two- and three-ﬁdelity experiments as before to examine the model capacities. The twoﬁdelity test was done with ﬁxed 256 Fidelity-1 samples; the resulting RMSEs are shown in Fig. 7. Results of the three-ﬁdelity
test with a ﬁdelity ratio of 16 : 4 : 1 are shown in Fig. 8. It is obvious that deep coregionalization outperforms others methods
in most cases except for the second case in Fig. 8 with 256 Fidelity-1 samples.
Finally, we included samples from ﬁve ﬁdelities to demonstrate our model performance when dealing with a more
realistic application. Low-ﬁdelity-based methods, i.e., the competing methods using only Fidelity-1 to Fidelity-4 data, are
not demonstrated since they all show high errors even with 256 training samples. All methods use a low-rank variance
ratio of R = 0.99. For deep coregionalization, we used two strategies to supply the training samples at each ﬁdelity. DC(1)
uses a ﬁdelity ratio of 16 : 8 : 4 : 2 : 1 whereas DC(2) uses 256 : 64 : 16 : 4 : 1. We increased the training samples at Fidelity-5
(and consequently the number of training samples at other ﬁdelities). The maximum number of training point for each
ﬁdelity was restricted to 256 due to the size of our dataset.
Fig. 9 demonstrates the RMSE as a function of simulation cost (in hours), which is the computational cost to generate
the training data. It is clear that deep coregionalization can achieve better performance with reduced computational cost
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Fig. 9. RMSE as a function of the computational cost of generating the training data.

Fig. 10. MAE as a function of time using a simulation cost of approximately 0.7 hour and low rank R = 0.99.

compared with other methods. At the simulation cost of about 0.5 hours, deep coregionalization can achieve a performance
that the other methods cannot beat even with about ﬁve times more simulation cost. Note that the ﬁdelity ratio has only a
small inﬂuence at low simulation cost in terms of model accuracy. PCA-GP is overall a stable method, but it requires more
expensive high-ﬁdelity data to slowly improve. ISOMAP-GP and KPCA-GP do not perform well even compared with PCA-GP.
According to Xing et al. [5,6], these two methods improve slowly after the low rank exceeds a certain value, which is clearly
the case here as we are preserving 99% of output variance. Another interesting discovery is that deep coregionalization
converges not only quicker but also to a much lower error bound. According to Perdikaris et al. [34], due to the Markov
properties, the high-ﬁdelity predictions can beneﬁt from the low-ﬁdelity predictions only with the same input. When using
256 samples for all ﬁdelities, we should see no improvement compared to directly using an LMC on 256 Fidelity-5 samples,
i.e., the PCA-GP-F5. We believe this is due to the residual additive structure, which not only learns correlations between
ﬁdelities but also improves model capacity via the deep structure. The MAE as a function of time at the cost of around 0.7
hour is shown in Fig. 10. KPCA-GP-F5 and ISOMAP-GP-F5’s error accumulates as time increases and propagates from the top
(the driven lid) to the bottom boundary. PCA-GP-F5 shows a better performance in reducing the error, which is particularly
signiﬁcant in the ﬁrst two seconds due to the drastic change in the pressure ﬁeld. In contrast, deep coregionalization shows
more than an order of magnitude lower error compared to PCA-GP-F5 before t = 4 s, after which the error increases,
possibly due to the lack of high-ﬁdelity samples to capture the evolving dynamics.
To further assess the predictions, we show the MAE ﬁelds at t = {1, 2, 3, 4, 5} s in Fig. 11. For all methods, the major
error transfers from the center to the top-right corner as the pressure center is transfered by the driving lid. Compared with
KPCA- and ISOMAP-GP-F5, PCA-GP-F5 shows similar error ﬁelds with smaller levels. However, its error transformation lacks
some smoothness at t = 2 s, possibility due to its incapacity of modeling a nonlinear trend as a linear-based model. Deep
coregionalization shows predictions with signiﬁcantly reduced errors by orders of magnitudes. Furthermore, it suppresses
the error area during the process. In particular, at t = 5 s the large error area is reduced to a much smaller area compared
with the other methods.
5. Discussion and conclusion
We have presented a novel framework for eﬃcient emulations of spatial-temporal ﬁelds of an expensive simulator by
utilizing its multiﬁdelity setting. Our model can be seen as a fundamental generalization of the classic autoregressive model
for high-dimensional problems based on the general assumption of LMC. To focus on the model framework itself, our
implementation is based on a simple yet successful two-stage method [4]. Nevertheless, deep coregionalization is also a
natural extension of LMC for multiﬁdelity data; thus, it is readily implemented with the state-of-the-art methods based on
LMC. For instance, joint learning of the bases can be implemented as suggested by Goovaerts et al. [39], Bonilla et al. [26],
and Alvarez et al. [44] to potentially improve the model performance. Tensor decomposition can be applied to the highdimensional outputs to improve the model scalability when conducting joint learning [19]. To improve model ﬂexibility, the
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Fig. 11. MAE ﬁeld for the NS equation of t={1,2,3,4,5} s (top to bottom rows) using a simulation cost of approximately 0.7 hour and low rank R = 0.99. The
major error transfers from the center to the top-right corner where the pressure gathers. The superiority of deep coregionalization is revealed by the error
scale and the error areas.

bases can be assumed functions of the inputs ξ [28]. The process convolution [23,24] can be implemented for nonstationary
output correlations. Manifold learning [5,6] can be used to derive implicit bases to capture the nonlinear output correlations.
Sparse GPs can be implemented for the latent process to reduce computational costs when dealing with large datasets [50,
64].
Another contribution of this work is the proposed ResPCA algorithm, which presents a new dimension reduction treatment for multiﬁdelity data based on an addictive structure across different ﬁdelities. This method can potentially be used
for eﬃcient base extractions for applications such as reduced order models [58,65,66] and sensitivity analysis [67,68] when
multiﬁdelity data is available.
The proposed method, deep coregionalization, consistently shows superior performance compared to the state-of-the-art
GP-based high-dimensional emulators. Considering the extremely high computational cost for high-ﬁdelity simulations in
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real-life applications, we believe the proposed method should serve as a baseline for the emulations of simulation-based
spatial-temporal ﬁelds.
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Appendix A. Proof of Lemma 1
Firstly, we can write the full covariance speciﬁed by Eq. (9) in a matrix form,





Cov y( f ) (ξ ), y( f ) (ξ  ) = Kd

(f)

· kx (ξ , ξ  ) · k y
(f)

(f)

(f)

( f −1 )

(f)

= Kd · kxy
(f)

[ξ , y∗

( f −1 )

[ξ , y∗

( f −1 )

(ξ )], [ξ  , y∗

( f −1 )

(ξ )], [ξ  , y∗

(f)

(ξ  )]
(25)

(ξ  )]

(f)

where [Kd ]i j = kd (i , j ) is the covariance matrix of outputs and kxy is a representation of the kernel function depending
( f −1)

on ξ and y∗
(f)

Kd

(f)

(ξ ). Since a covariance matrix is always p.s.d., Kd

admits an eigendecomposition of

T

υ r( f ) λr( f ) υ r( f ) .

=

(26)

r =1

For y( f ) (ξ ), the separable assumption enables a general decomposition as follows:
∞

y( f ) (ξ ) =

(f) (f)

ψ r zr

( f −1 )

ξ , y∗

(27)

(ξ ) .

r =1

( f −1)
Place a GP prior for each z( f ) ξ , y∗
(ξ ) , i.e.,

( f −1 )

(f)
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ξ , y∗

( f −1 )

(ξ ) ∼ N 0, kr ([ξ , y∗

( f −1 )

(ξ )], [ξ  , y∗

(ξ  )]) .

(28)

The sum of GPs is still a GP. Likewise, a linear transformation of a GP is also a GP [36]. From Eq. (27), we can derive





y( f ) (ξ ) ∼ N 0, ( f ) Cov z(ξ ), z(ξ  ) ( f )

T

(29)

,





( f −1)

where Cov z(ξ ), z(ξ  ) is the covariance between the multivariate GPs { zr (ξ , y∗
(ξ ))}r∞=1 . We can further place a simplifying assumption that all outputs are independent, i.e., noncorrelated, such that the total covariance becomes
( f −1 )

Cov[z(ξ ), z(ξ  )] = I ⊗ k [ξ , y∗

( f −1 )

(ξ )], [ξ  , y∗

(ξ  )] ,

(30)

where ⊗ is the Kronecker product. With this simpliﬁcation, we can derive



y

(f)

∞

(ξ ) ∼ N 0,



(f)

( f )T

ψr ψr

( f −1 )
( f −1 ) 
k ([ξ , y∗
(ξ )], [ξ  , y∗
(ξ )]

(31)

.

r =1

(f)

If we let the bases in Eq. (31) be the product of the eigenvector and square root of eigenvalue in Eq. (26), i.e., ψ r
(f)

υr

(f)

=

λr , we can clearly see that Eq. (31) has the exact kernel function of Eq. (25). Note that Eq. (31) is achieved with
a few simplifying assumptions. Thus, a covariance function of Eq. (9) is implicitly a special case of the decomposition of
Eq. (27). Consequently, we can say that Eq. (31) is equivalent to a GP with a covariance function of the form of Eq. (9).
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Appendix B. Proof of Lemma 2
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is an arbitrary positive measure. Thus,

(ξ  )) exists and it is also stationary.

Appendix C. Proof of Theorem 3.1
( f −1)

By the LMC formulation of Eq. (14), we know that y( f ) (ξ ) = g( f ) ξ , ( f −1) z∗

(ξ ) is a multivariate GP by its deﬁnition
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where ϕ is an implicit feature mapping, ·, ·V is a proper inner product in the inner product space V , ϕ̂ is the composite function of ϕ absorbing ( f −1) and k̂ is the composite kernel function. ϕ̂ always exists since the input space
( f −1)

( [i , ξ , z ∗
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(ξ )]) is a subspace of [i , ξ , y∗

(ξ )]. Similarly, as k satisﬁes Mercer’s condition, k̂ also satisﬁes Mercer’s
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(35)

(ξ )) can be treated as independent an univariate GP, which

matches the independent assumption for z ( f ) (ξ ).
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